1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Author manuscript
Ann Stat. Author manuscript; available in PMC 2021 December 01.

-, HHS Public Access
«

Published in final edited form as:
Ann Stat. 2021 February ; 49(1): 154-181. d0i:10.1214/20-a0s1951.

ASYMPTOTICALLY INDEPENDENT U-STATISTICS IN HIGH-
DIMENSIONAL TESTING

Yingiu Hel”, Gongjun Xul', Chong Wu?, Wei Pan3
1Department of Statistics, University of Michigan

2Department of Statistics, Florida State University

3Division of Biostatistics, School of Public Health, University of Minnesota

Abstract

Many high-dimensional hypothesis tests aim to globally examine marginal or low-dimensional
features of a high-dimensional joint distribution, such as testing of mean vectors, covariance
matrices and regression coefficients. This paper constructs a family of U-statistics as unbiased
estimators of the ¢—norms of those features. We show that under the null hypothesis, the
U-statistics of different finite orders are asymptotically independent and normally distributed.
Moreover, they are also asymptotically independent with the maximum-type test statistic, whose
limiting distribution is an extreme value distribution. Based on the asymptotic independence
property, we propose an adaptive testing procedure which combines p-values computed from the
U-statistics of different orders. We further establish power analysis results and show that the
proposed adaptive procedure maintains high power against various alternatives.
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1. Introduction.

Motivation.

Analysis of high-dimensional data, whose dimension p could be much larger than the
sample size n, has emerged as an important and active research area (e.g., [19, 21, 23, 63]).
In many large-scale inference problems, one is often interested in globally testing some
overall patterns of low-dimensional features of the high-dimensional random observations.
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One example is genome-wide association studies (GWAS), whose primary goal is to
identify single nucleotide polymorphisms (SNPs) associated with certain complex diseases
of interest. A popular approach in GWAS is to perform univariate tests, which examine each
SNP one by one. This, however, may lead to low statistical power due to the weak effect size
of each SNP [47] and the small statistical significance threshold (~ 1078) chosen to control
the multiple-comparison type | error [40]. Researchers therefore have proposed to globally
test a genetic marker set with many SNPs [40, 64] in order to achieve higher statistical
power and to better understand the underlying genetic mechanisms.

In this paper, we focus on a family of global testing problems in the high-dimensional
setting, including testing of mean vectors, covariance matrices and regression coefficients
in generalized linear models. These problems can be formulated as Hy : & = 0, where 0

is an all zero vector, & = {¢; : € Z} is a parameter vector with & being the index set,

and e/s being the corresponding parameters of interest, for example, elements in mean

vectors, covariance matrices or coefficients in generalized linear models. For the global
testing problem Hy: & = 0 versus H 4 : & # 0, two different types of methods are often used

in the literature. One is sum-of-squares-type statistics. They are usually powerful against
“dense” alternatives, where & has a high proportion of nonzero elements with a large

&= e ge,z or its weighted variants. See examples in mean testing (e.g., [4, 11, 12,

25, 26, 60, 62]) and covariance testing (e.g., [3, 13, 42, 45]). The other is maximum-type
statistics. They are usually powerful against “sparse” alternatives, where & has few nonzero
elements with a large [|&|| (e.9., [6, 8, 9, 27, 36, 46, 58]). More recently, [20, 70]

also proposed to combine these two kinds of test statistics. However, for denser or only
moderately dense alternatives, neither of these two types of statistics may be powerful, as
will be further illustrated in this paper both theoretically and numerically. Importantly, in
real applications, the underlying truth is usually unknown, which could be either sparse,
dense or in-between. As global testing could be highly underpowered if an inappropriate
testing method is used (e.g., [15]), it is desired in practice to have a testing procedure with
high statistical power against a variety of alternatives.

A family of asymptotically independent U-statistics.

To address these issues, we propose a U-statistics framework and introduce its applications
to adaptive high-dimensional testing. The U-statistics framework constructs unbiased and

asymptotically independent estimators of ||&]|q = Y., c wef for different (positive) integers
a, where a= 2 corresponds to a sum-of-squares-type statistic, and an even integer 4 — ©o
yields a maximum-type statistic. The adaptive testing then combines the information from
different ||%||3’s, and our power analysis shows that it is powerful against a wide range of
alternatives, from highly sparse, moderately sparse to dense, to highly dense.

To illustrate our idea, suppose z1, ... , Z,are nindependent and identically distributed
(i.i.d.) copies of a random vector z. We consider the setting where each parameter ¢,
has an unbiased kernel function estimator K{zj, ... , z,-y), and yyis the smallest integer
such that forany 1< i # - # i, < n E[K{zj, .., z,-y,)] = g, This includes many
testing problems on moments of low orders, such as entries in mean vectors, covariance
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matrices and score vectors of generalized linear models, which shall be discussed in
detail. The family of U-statistics can be constructed generally as follows. For integers a
zland 1< i ## i, % % la1)xypl " # Iaxy < 0, since the Z’s are i.ind., we

have E[K/(z;, ..., z,-yl)---Kl(zi(a g+ 10 g x ”)] = ef'. Therefore, we can construct an
unbiased estimator of the parameters of augmented powers ef with different a. Then ||&]|5

has an unbiased estimator

a
-1
%(a) = Z (ngyl) Z H Kl(zi(k_ Dxy+1° ""Zikx;//)’ (1.1)

e Uiy # - Figxy Snk=1

where P} = n! / (n — k)! denotes the number of A-permutations of /. We call athe order of

the U-statistic % (a). If a> b, we say %(a) is of higher order than % (b) and vice versa.

This construction procedure can be applied to many testing problems. We give three
common examples below for illustration and more detailed case studies will be discussed in
Sections 2 and 4.

ExampLE 1. Consider one-sample mean testing of Ay : 1 =0, where & = p is the mean vector
of a p-dimensional random vector X. Suppose Xy, ... , X, are ni.i.d. copies of x. For each 7=
1,...,nJj=1,..,p x;jis asimple unbiased estimator of 4; then we can take the kernel
function Kj(x,) = x; ;. Following (1.1), we know the U-statistic

p a
Uy =PH 'Y Y IT =i
JEll<ij# = #ig<nk=1

is an unbiased estimator of || €% = ||| = 25’= 1 #§. Please see Section 4.1 for the two-

sample mean testing example and related theoretical properties.

ExampLE 2. Suppose Xy, ... , X are ni.i.d. copies of a random vector x with mean vector p
=0 and covariance matrix X = {ay; j,}pxp FOr covariance testing Ay : oj; j,} = 0 for any 1
Sh# < pwehave & = {o):l € Z} With Z = {(j1,jo) : 1 < j1 # j2 < p}. SINCe Xjjy X j» IS @
simple unbiased estimator of oy, 5, then for each pair I = (ji, jo) € &, we can take the kernel

function K(x,) = X;, X; j,- Following (1.1), the U-statistic

a
vo=eh~t Y ) IT i i, 1)
I<j1#jp<pl<i# - #Fig<nk=1

is an unbiased estimator of |Elz = Y < j1# < pa;-’bjz. Please see Section 2 for one-

sample covariance testing with unknown 1, and Section 4.2 for two-sample covariance
testing.
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ExampLE 3. Consider a response variable yand its covariates x € R” following a generalized
linear model: E(yx) = g 1(xT B), where gis the canonical link function and p € R are the
regression coefficients. Suppose that (x; ¥), /=1, ..., n, are i.i.d. copies of (X, J). For
testing Ho : 8= fo, the score vectors (S;;= (Vi to,)Xij: /=1, ..., p)7 are often used in
the literature, where g ; = g_l(xiTﬁO). Note that E(S;)) = 0 under Hp. Thus to test Ay, we can

take & = {E(S;, ) :j = 1,..., p} and use the U-statistic

p a
way=PHt Y > IT si.s
STl <ip# = #ig<nk=1

which is an unbiased estimator of || |4 = Zf: 1 {E(S,-,j)}“. Please see Section 4.3.

Related literature.

For high-dimensional testing, some other adaptive testing procedures have recently been
proposed in [52, 65, 67]. These works combine the p-values of a family of sum-of-powered

statistics that are powerful against different || ||2’s. However, in these existing works,

to evaluate the p-value of the adaptive test statistic, the joint asymptotic distribution of
the statistics is difficult to obtain or calculate. Accordingly, computationally expensive
resampling methods are often used in practice [40, 52, 69]. For some special cases such
as testing means and the coefficients of generalized linear models, [67] and [65] derived
the limiting distributions of the test statistics under the framework of a family of von
Mises V-statistics. However, the constructed V-statistics are usually correlated and biased

estimators of the target ||Z]|5. It follows that in [67] and [65], numerical approximations

are still needed to calculate the tail probabilities of the adaptive test statistics; see Remark
4.1 and Section 4.3. In addition, these existing adaptive testing works mainly focus on the
first-order moments, and their results do not directly apply to testing second-order moments,
such as covariance matrices.

To overcome these issues, this paper considers the proposed family of unbiased U-statistics.
There are some other recent works providing important results on high-dimensional U-
statistics (e.g., [14, 43, 72]). For instance, [72] considered testing the regression coefficients
in linear models using the fourth-order U-statistic; [43] studied the limiting distributions

of rank-based U-statistics; and [14] studied bootstrap approximation of the second-order
U-statistics. However, these results do not directly apply to the high-order U-statistics
considered in this paper.

Our contributions.

We establish the theoretical properties of the U-statistics in various high dimensional testing
problems, including testing mean vectors, regression coefficients of generalized linear
models, and covariance matrices. Our contributions are summarized as follows.

Under the null hypothesis, we show that the normalized U-statistics of different finite orders
are jointly normally distributed. The result applies generally for any asymptotic regime
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with 7— oo and p— co. In addition, we prove that all the finite-order U-statistics are
asymptotically independent with each other under the null hypothesis. Moreover, we prove
that U-statistics of finite orders are also asymptotically independent of the maximum-type
test statistic with a limiting extreme value distribution.

Under the alternative hypothesis, we further analyze the asymptotic power for U-statistics
of different orders. We show that when & has denser nonzero entries, %(a)’s of lower
orders tend to be more powerful; and when & has sparser nonzero entries, %(a)’s of higher
orders tend to be more powerful. More interestingly, we show that in the boundary case

of “moderate” sparsity levels, %(a) with a finite 4> 2 gives the highest power among the
family of U-statistics, clearly indicating the inadequacy of both the sum-of-squares- and the
maximum-type statistics.

An important application of the independence property among %(a)’s is to construct
adaptive testing procedures by combining the information of different % (a)’s, whose
univariate distributions or p-values can be easily combined to form a joint distribution to
calculate the p-value of an adaptive test statistic. Compared with other existing works (e.g.,
[65, 67]), numerical approximations of tail probabilities are no longer needed. As shown in
the power analysis, an adaptive integration of information across different tests leads to a
powerful testing procedure.

The rest of the paper is organized as follows. In Sections 2 and 3, we illustrate the
framework by a covariance testing problem. Particularly, in Section 2.1, we study the
U-statistics under null hypothesis; in Section 2.2, we analyze the power of the U-statistics;
in Section 2.3, we develop an adaptive testing procedure. In Sections 3.1 and 3.2, we report
simulations and a real dataset analysis. In Section 4, we study other high-dimensional testing
problems, including testing means, regression coefficients, and two-sample covariances. In
Section 5, we discuss several extensions of the proposed framework. We give proofs and
other stimulations in Supplementary Material [28].

Motivating example: One-sample covariance testing.

The constructed family of U-statistics and adaptive testing procedure can be applied to
various high-dimensional testing problems. In this section, we illustrate the framework with
a motivating example of one-sample covariance testing. Analogous results for other high-
dimensional testing problems in Section 4 can be obtained following similar analyses. We
showecase the study of one-sample covariance testing problem since this is more challenging
than mean testing due to the two-way dependency structure and the one-sample problem can
be used as the building block for more general cases.

Specifically, we focus on testing
Hy:05,,=0V1<j1i#jp<p 2.1)

where Z = {0, j, : 1 < j1, /o < p} is the covariance matrix of a p-dimensional real-valued
random vector X = (xq, ..., Xp) T With E(X) == (44, ... , 4) 7. The observed data include 7
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i.i.d. copies of x, denoted by xy, ..., X, With X;= (X;1, ..., x,;p)T. In factor analysis, testing
Hp in (2.1) can be used to examine whether X has any significant factor or not [1].

Global testing of covariance structure plays an important role in many statistical analysis
and applications; see a review in [7]. Conventional tests include the likelihood ratio test,
John’s test and Nagao’s test, etc. [1, 50]. These methods, however, often fail in the high-
dimensional setting when both n, p — ©0. To address this issue, new procedures have been
recently proposed (e.g., [3, 8, 13, 36-38, 41, 42, 45, 46, 53, 57-59]). However, these methods
might suffer from loss of power when the sparsity level of the alternative covariance matrix
varies. In the following subsections, we introduce the general U-statistics framework, study
their asymptotic properties and develop a powerful adaptive testing procedure.

We introduce some notation. For two series of numbers
Un,p Vnpthat depend on 7, p Uy p= o(V;, p) denotes
imsup, p— oo | tn, p/ Un, p| =05 tp, p = O(vy, ;) dENOtES limsupy, , _ oo | Uy, p/ Vp, p| < 00;

Unp=O(Vpp) denotes 0 < liminf, , _, o | ty, p/ Up,p| STMSUP, p s oo |ty p/ Un, p| < o0;

. P D
Upp= Vppdenotes lim, ,_, oy p/ Un, p = 1. Moreover, — and — represent the convergence

in probability and distribution, respectively. For p-dimensional random vector x with mean p
and Vi, ..., fr€{1, ..., p}, we write the central moment as

My, .y = B[ Gy = pi)-Cxj, = )] 22)

2.1. Asymptotically independent U-statistics.

For testing (2.1), the set of parameters that we are interested in is
& = {0j, 1 < Jj1 # j2 < p}. Following the previous analysis of (1.1), since oy,  has a

simple unbiased estimator xj, ; Xjy j» = Xiy 1 Xip p With 1 < /4 # /> < 1, then for integers a> 1,
an unbiased U-statistic of |2 = Y <i1#i< pa§1,j2 is

a
n—1
%(a) = (P2q) > X [T Goiog - 1. i¥ink — 1.2 = ik — 1. j1¥inge j2)-
I<ji#ip<pl<it# - #igg<nk=1

This is equivalent to

ww- Y Y- 1)6(‘;)

1<j1#j2<pc=0

P
at+cl<ij#F - Figye<n

a—c a a+c @3)
H iy, j1Xig. jo) H Xig, j1 H Xig, jp -
k=1 s=a—c+1 t=a+1

Remark 2.1. The U-statistics can be constructed by another method equivalently. Given 1 <
A # < p, define g 5 = gy + Uiy Hjp- Then
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a
a - c
Z % = Z Z (c)‘p?bjg X (= HjjHjp) s (2.4)

I<ji#jp<p I<ji#j2spe=0
which is a polynomial function of the moments z;and ¢;; 5. Since gjand g, j, have
unbiased estimators x;;and Xx; j; X; ;, respectively, then for 1 < 4 # =+ # [z . < 1,
— + _ . .
BTk = 9% 1 Xige o LTS = a — e+ 1%, jy 117 = @ + 1%, jo) = @5, 545, 15, Given this and (2.4),

the U-statistics (2.3) can be obtained.

ReEmMARK 2.2. The summed term with ¢=0in (2.3) is

a
oY -1 2 : 2 : I I
%(a) = (PZ) (xik,jlxik,jz)a (25)
1<ij#F-#ig<nl<j1#jp<pk=1

which has the same form as the simplified U-statistic for mean zero observations in Example
2, and is shown to be the leading term of (2.3) in proof.

We next introduce some nice properties of the U-statistics (2.3). The first one is the
following location invariant property.

ProrosiTION 2.1. %(a) constructed as in (2.3) is location invariant, that is, for any vector

A € RP, the U-statistic constructed based on the transformed data{x;+ A : i=1, ..., n} is
still %(a).

The following proposition verifies that the constructed U-statistics are unbiased estimators

a
of I1€lla= X1 < j; # jp < p1. jnr

PROPOSITION 2.2. For any integer a El%(a)] = X1 < j, # jp < 2%, j Under Hy in (2.1),
E[%(a)] = 0.

We next study the limiting properties of the constructed U-statistics under Ay given the
following assumptions on the random vector x = (x, ..., xp)T.

ConoiTion 2.1 (Moment assumption). lim, _, omax; < j < p E(x;j - ﬂj)8 < o0 and

limp_) oominl <j< pE(Xj - /,lj)z > 0.

ConbiTioN 2.2 (Dependence assumption). For a sequence of random variables z

={z;: j= 1} and integers a< b, let =z be the o-algebra generated by

{zi:/€{a ..., b}}. Foreach sz 1, define the a-mixing coefficient

az(s) =sup; > 1{ | PLANB)— P(A)P(B)| :A € Zh1.Be Z% ). We assume that under Hy, X
is a-mixing with ay(s) < M&°, where 6 € (0, 1) and M > 0 are some constants.

ConbiTion 2.2* (Alternative dependence assumption to Condition 2.2). Following the
notation in (2.2), we assume that under H, for any j1, o, € {1, ..., b}, Iy jp s = 0;
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forany ju, jo. Ja Ja €L, - PV o 3y = ¥1(0p00ia * s @pria * Osjairf) TOr
some constant xy < ©o; and for t=6, 8, and any jy, ..., r€{1, ..., p}, T, .. j,= 0 when at
least one of these indexes appears odd times in{y, .., /&

Condition 2.1 assumes that the eighth marginal moments of x are uniformly bounded from
above and the second moments are uniformly bounded from below, which are true for
most light-tailed distributions. Condition 2.2 assumes weak dependence among different
Xj's under Hp, since the uncorrelatedness of x;'s under Ay may not imply the independence
of them, especially when x;’s are non-Gaussian. Under Hp, Condition 2.2 automatically
holds when x is Gaussian or /-dependent. The mixing-type weak dependence is similarly
considered in previous works such as [5, 11, 67] and also commonly assumed in time
series and spatial statistics [24, 55]. Moreover, the variables in our motivating genome-
wide association studies have a local dependence structure, with their associations often
decreasing to zero as the corresponding physical distances on a chromosome increase. We
note that it suffices to have Condition 2.2 hold up to a permutation of the variables.

Alternatively, we can substitute Condition 2.2 with Condition 2.2*. Condition 2.2* specifies
some higher-order moments of x and is satisfied when x follows an elliptical distribution
with finite eighth moments and covariance Z (see [1, 22, 50, 51]). Conditions 2.2* and

2.2 become equivalent when x follows a multivariate Gaussian distribution. The fourth
moment condition is also assumed in other high-dimensional research [6]. In this work, the
eighth moment condition is needed to establish the asymptotic joint distribution of different
U-statistics.

The following theorem specifies the asymptotic variances of the finite order U-statistics and
their joint limiting distribution. Since the U-statistics are degenerate under A, an analysis
different from the asymptotic theory on nondegenerate U-statistics (e.g., [32]) is needed in
the proof.

THeorem 2.1. Under Hy in (2.1) and Conditions 2.1 and 2.2 (or 2.2*), for %(a)’ s defined in

(2.3) and any distinct finite (and positive) integers{ai, ... , am}, ash, p— 0,
U(ay) Ulam)|" D
Tal),...,ram) —>/V(O, Im)» (2-6)
where
|
62((1) = var[?l(a)] ~ a—n Z (Hjijs j3’j4)a, 2.7
Par<ji#p<pl<jp#is<p

withT, j, 5 js defined in (2.2). Note that o*(a) = ®(?9).

Theorem 2.1 shows that after normalization, the finite-order U-statistics have a joint

normal limiting distribution with an identity covariance matrix, which implies that they

are asymptotically independent as n, p — ©0. The nice independence property makes it easy
to combine these U-statistics and apply our proposed adaptive testing later. Moreover, the
conclusion holds on general asymptotic regime for n, p — oo, without any constraint on the
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relationship between nand p. We will also see in Section 4 that similar results hold generally
for some other testing problems.

Remark 2.3. Theorem 2.1 discusses the U-statistics of finite orders, that is, the a values do
not grow with 7, p. When {x, ... , X} are independent, Theorem 2.1 can be extended when
a= O(1) min{log€ n, log€ p} for some e > 0. On the other hand, we will show in Section 2.2
that it is usually enough to include %(a)’s of finite a. Therefore, we do not pursue the general
case when a grows with 7, pin this work.

In the following, we further discuss the maximum-type test statistic %(co), which
corresponds to the &,-norm of the parameter vector & = {¢;:/ € &£}, that is,

€]l = max; ¢ & | ¢ |. In the existing literature, there is already some corresponding
established work [8, 36] on the test statistic:
M:;:= max |8j,/ /,N?JJEJ,Jl,
I<j1#i2<p b2 bAT2 2 28)
where 6, j,))px p= Zi=1 -0 -0 /nand x = ¥/~ 1x; / n. We will take %(c0) = My

below. The limiting distribution of %(co) was first studied in [36] and extended by [8, 46,
58]. Next, we restate the result in [8], which gives the limiting distribution of (2.8) under the
following condition.

ConbiTioN 2.3. Consider the random vectorx = (X, ... , )(p)T with mean vectory = (i, ... ,
,up)T and covarfance matrix L = dia(oy 1,... , app). (xj— uj) /\Jo; jareiid forj=1, ..., p.

Furthermore, Be'0C| x1 = u1 | /o1, D% < oo for some0 < c<2andiy>0.
THeorem 2.2 (Cai and Jiang [8], Theorem 2). Assume Condition 2.3 and'log p =

o(rP), where B= ¢l(4 + ¢). Then P(n x %(c0)* + w, <u)— Gu) = e /Bme=u/
w, = —4log p +loglog p and G() is an extreme value distribution of type I.

2
, Where

Theorems 2.1 and 2.2 give the limiting distributions of %(a) of finite orders and %(c)
respectively; it is of interest to examine their joint distribution. The following theorem
shows that although %() has limiting distribution different from %(a), a< 00, they are still
asymptotically independent.

THeoReM 2.3. Assume that Condition 2.1 /s satisfied, Condition 2.3 holds for ¢ = 2, andlog p
= o(M'7). For finite integers{a, ... , ay}, under Hy, %(ay), ..., % ay) and(co) are mutually

asymptotically independent. Specifically, V21, ... , Zm y €R, asn, p— 00,

U(ay) U(ay)
‘ P(n%(oo)2 + @y 2 y,rzll) <z{, ..., W“mm) < zm)

2 i U(ay)
— P(n% () +wp2y)>< II P67<zr
r=1
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Theorem 2.1 suggests that all the finite-order U-statistics are asymptotically independent
with each other. Given this, Theorem 2.3 further shows that the maximum-type test statistic
%(0) is also asymptotically mutually independent with those finite-order U-statistics. The
conclusion shares similarity with some classical results on the asymptotic independence
between the sum-of-squares-type and maximum-type statistics. Specifically, for random
variables w,... , W, [30, 33] proved the asymptotic independence between Y7 _ | w? and
max =1 ... » |wj for weakly dependent observations. The similar independence properties
were extensively studied in literature (e.g., [31, 34, 44, 48, 54, 67]). However, there are
several differences between existing literature and the results in this paper. First, we discuss
a family of U-statistics %(a)’s, which takes different a values, and %(2) here corresponding
to the sum-of-squares-type statistic is only a special case of general % (a). Furthermore,

we have shown not only the asymptotic independence between % (a) and % (o), but also

the asymptotic independence among %(a)’s of finite a values. Second, the constructed

% (a)’s are unbiased estimators, which are different from the sum-of-squares statistics usually
examined in the literature. Moreover, the x’s are allowed to be dependent and the theoretical
development in the covariance testing involves a two-way dependence structure, which
requires different proof techniques from the existing studies.

ReEmMARK 2.4. An alternative way to construct () is to standardize
Gy, jp by its variance var(s ,, ;,). Specifically, following Cai et al.

[6], we take @(8jl,j2) = n_l Z?= 1 {(xi,jl - )Ejl)(xi’jz - )E./Z) - &jl,jz}z' Deﬁne

My=maxi < £ j<pl&j, | / (Vi) )}/ ? and we take %(co) = M. Theoretically,

we prove that Theorem 2.3 still holds with % () = Mj in Supplementary Material [28],
Section B.11. Numerically, we provide the simulations in Supplementary Material [28],
Section C.2, which shows that M in (2.8) generally has higher power than M.

To apply hypothesis testing using the asymptotic results in Theorems 2.1 and 2.3, we need to
estimate var{%(a)}. In particular, we propose the following moment estimator of (2.7):

2a! - o2 -2
5 I I ey, j1 = %) Kip jp = Xjp) ™+ (29)
(P 1< jfFp<pl<iy#—#igsni=1

Vu(a) =

The next result establishes the statistical consistency of V,,(a).

ConoiTioN 2.4. For integer a, lim,, _, oomax| < j < pE(x;j— yj)S“ < 0.

THEOREM 2.4. Under Hy in (2.1), assume Conditions 2.1, 2.2 and 2.4 hold. Then
Vy(a) / var{%(a)} f) 1.

Theorem 2.4 implies that the asymptotic results in Theorems 2.1 and 2.3
still hold by replacing var{%(a)} with its estimator V,(a). Specifically, under

Ho, [%(ay) [ V,(ap), ... %(ay) [ WV (a]T 2 40, I,,) under Conditions 2.1, 2.2 and 2.4.
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Moreover, Theorem 2.3 implies that {%(a) / ,/V,(a)}’s are asymptotically independent with
U (00).

Power analysis.

In this section, we analyze the asymptotic power of the U-statistics. The power of %(2)

has been studied in the literature. In particular, [10] studied the hypothesis testing of a high-
dimensional covariance matrix with Hp : £ = /,, The authors characterized the boundary that
distinguishes the testable region from the nontestable region in terms of the Frobenius norm
IZ = /,ll 5 and showed that the test statistic proposed by [10, 13], which corresponds to (2)
in this paper, is rate optimal over their considered regime. However in practice, %(2) may be
not powerful if the alternative covariance matrix is sparse with a small IIZ = /,ll = When the
alternative covariance has different sparsity levels, it is of interest to further examine which
% (a) achieves the best power performance among the constructed family of U-statistics.

To study the test power, we establish the limiting distributions of %(a)’s under the alternative
hypothesis H4 : T = Z 4, where the alternative covariance matrix £ 4 = (o ) pxp is specified
in the following Condition 2.5. Define Ja = {(/1, /2) : gj; j» # 0, 1 < 1 # /> < p}, which
indicates the nonzero off-diagonal entries in Z 4. The cardinality of J4, denoted by 1J4l, then
represents the sparsity level of Z 4.

ConpITIoN 2.5. Assume |Jal = o(p?) and for (j1, /o) € Ja, laj, | = ©(p), where p=
Z(I'L/'Z)EJAlaflny”uAl'

Here p represents the average signal strength of Z 4. In our following power comparison of
two U-statistics % (a) and % (b), we say %(a) is “better” than % (b), if, under the same test
power, % (a) can detect a smaller average signal strength p (please see the specific definition
in Criterion 1 on page 163). Condition 2.5 specifies a general family of “local” alternatives,
which include banded covariance matrices, block covariance matrices and sparse covariance
matrices whose nonzero entries are randomly located.

THEOREM 2.5. Suyppose Conditions 2.1, 2.5 and A.1 (an analogous condiition to Condition
2.2* under Hp) in Supplementary Material [28] Ahold. For % (a) in (2.3) and finite integers
{a, ..., ap}, ifp= O(1Jg" Yt a L2y fort=1, ..., m, thenasn, p— o,

%(a1) — E[%(ay)] U(ay) — E[%(ap]|T D
sap T ol = 0L

where fora€ {a, ..., am}, El%(@)] = X(j;. j) e TA% and
o2(a) = var[%(a)] ~ 2alkf xn~ %Y < J1# < PG;ILJ']G;IZJZ’ which is 0f0rder®(p2/7‘a).
Theorem 2.5 shows that for a single U-statistic %(a) of finite order 4,

U(a) E[%(a)]

Pl raz@] ~ - “) —1- (D(Zl — T R @)/

(2.10)
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where 21 is the upper a quantile of .#°(0, 1) and @(-) is the cumulative distribution function
of #(0,1). By Theorem 2.5, the asymptotic power of % (a) of the one-sided test depends on

E[% ()] _ 20172 € T4
\/V&I'[%(a)] {2(1!1(?}1_“21 <j1#ja< P(Ujlvjlo-jZJZ)a}

where (2.11) = O(lJ4l0%07172). It follows that when E[%(a)] is of the same order of
Jvar[%(a)], that is, E[%(a)] = O(1)\/var[%(a)], the constraint of p in Theorem 2.5 is satisfied.

In the following power analysis, we will first compare %(a)’s of finite aand then compare
them with % (). As we focus on studying the relationship between the sparsity level and
power, we consider an ideal case where oj; j, = p >0 for (1, o) € Jaand oj ;= >0 for j=
1,...,p Then

QA1) = | Ja|p?/ (,/2a!;<?02apn—a/2). 212)

We next show how the order of the “best” U-statistics changes when the sparsity level [l
varies. To be specific of the meaning of “best,” we compare the p values needed by different
U-statistics to achieve the same asymptotic power. Particularly, we fix E[%(a)] / y/var[%(a)],
that is, (2.12) to be some constant M / /2 for different &'s and the asymptotic power of each
U(a)is (2.10) = 1 — d(z; _ , — M / /2). Then by (2.12), the p value such that %(a) attains the

power above is
1 1
pa=JK1(@)2a*(Mp / | T4 |)an"7. 213
By the definition in (2.13), we compare the power of two U-statistics %(a) and % (b) with a#
b following the Criterion 1 below:

CriTERION 1. We say U (a) is “better” than % (b) if pz< pp.

Given values of n, p, 1J4l and M, (2.13) is a function of a. Therefore, to find the “best” %(a),
it suffices to find the order, denoted by 4, that gives the smallest p; value in (2.13). We

then have the following proposition discussing the optimality among the U-statistics of finite
orders in (2.3).

ProposiTioN 2.3. Given n, p, |Jal and any constant M € (0, +0), we consider p, in (2.13) as
a function of integer a, ther.

(1) when1Jal = My, the minimum of p, is achieved at ay = 1;

(i) when\Jal < My, the minimum of p, Is achieved at some ay, which increases as My/1Jal
increases.

By Proposition 2.3, the order & that attains the smallest value of p, depends on the
value of M,/1J4l and does not have a closed-form solution. We use numerical plots
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to demonstrate the relationship between gy and the sparsity level. Particularly, let |J4l=
A=A, where S € (0, 1) denotes the sparsity level. To have a better visualization, we use

g(a) = log(pn' / 271/ 2572) = (1 / 20) log a! + a= Nog(Mp?# — 1) instead of o, We plot g(2)

curves in Figure 1 for each g€ {0.1,..., 0.9} with M= 4 and p € {100, 10000}. Other
values of Mand pare also taken, which give similar patterns to Figure 1 and are not
presented.

Figure 1 shows that the &y such that g(4) attains the smallest value increases when the
sparsity level gincreases. In particular, when the sparsity level S< 0.3, that is, when 1J4]

is “very” large and then X 4 is “very” dense, g(&) has the smallest value at gy = 1. This is
consistent with the conclusion in Proposition 2.3 (i). When the sparsity level Sis between
0.4 and 0.5, we note that 4y = 2 achieves the minimum of g(a). This shows that when 1J4l is
“moderately” large and Z 4 is “moderately” dense, %(2) is more powerful than %(1). When
the sparsity level > 0.5, we find that 49 > 2. This implies that when |J4l becomes smaller
and X 4 becomes sparser, U-statistics of higher orders are more powerful. Additionally, we
note that & increases slowly as S increases, which verifies Proposition 2.3(ii). Moreover, the
curves converge as a increases and the differences of g(a) for large avalues (a= 6) are small.
This implies that when selecting the range of considered orders of U-statistics, it suffices to
select an upper bound with g =6 or 8, which gives better or similar p, values to those larger
as.

In summary, when 1J4l is large, that is, X 4 is dense, a small atends to obtain a smaller lower
bound in terms of p. But when |J4l decreases, that is, Z 4 becomes sparse, a U-statistic of
large finite order (or the maximum-type U-statistic as shown next) tends to obtain a smaller
lower bound in p. This observation is consistent with the existing literature [7, 8, 10, 13].

Next, we proceed to examine the power of the maximum-type test statistic (), and
compare it with the U-statistics %(a) of finite a defined in (2.3). By [8], the rejection region
for % (c0) with significance level a is

| U(00) | >ty := n_l/2\/410gp—loglogp—log(87r)—210g10g(1—a)_l.

Note 7, ~ 2\/log p / n and under alternative, the power for %(e) is

P(|U(0) | 21p). (2.14)

As discussed, we consider the alternatives satisfying Conditions 2.2* and 2.5, o;; », = p >0
for (/1. /2) € Ja, and o ;= V2 for j=1,...,p. For simplicity, we assume E(x) = pand 12 are
given, and focus on the simplified

n
%(00) = _ma)g U_zn_l Z (xi,j] - yjl)(xi’jz - MJZ) . (2.15)
I<ji<pp<p i=1

Ann Stat. Author manuscript; available in PMC 2021 December 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Heetal.

Page 14

We show in the following proposition when the power of %(c0) asymptotically converges to
1 or is strictly smaller than 1 under alternative.

< 0o forsome0 < ¢ <2 andy>0, andlog p= o(nP) with B= ¢l(4 + ). Then for(2.15),
when n, p — oo:

(i) there exists a constant ¢, > 2 such that if p > ci\flogp / n, (2.14) — 1;

(ii) there exists another constantQ < ¢, < 2 such that when p < cy\/log p / n, Condition 2.2*
21—y /2)? ! 1

holds for xy <l and| x| =o(W)p™ x;+m (ogp)2 ~ 2(k; +m) for some m> 0, we have

(2.14) < log(1 - a)7L.

Recall that Proposition 2.3 shows that there exists a finite integer a, such that p,, is the
minimum of (2.13), and p4, is a lower bound of p value for the finite-order U-statistics to
achieve the given asymptotic power. With Propositions 2.3 and 2.4, we next compare the
finite-order U-statistics defined in (2.3) with the maximum-type test statistic % (co).

ProposiTION 2.5. Under the conditions of Theorem 2.5 and Proposition 2.4, for any finite
integer a, there exist constants ¢, and ¢, such that when p is sufficiently large.

a

(i) Forany M, when| J 4| < c]%a !)Ex?(log p)‘%M p, %(co0) has higher asymptotic power
than %(a).

a

(ii) When M is big enough and| J 4 | > ¢ “a !)ixli(log p)_%M p, %(a) has higher asymptotic

power than % (co).

From Proposition 2.3, we know when M,/1J4l = (1), there exists a finite 4 such that
%(ag) is the “best” among all the finite-order U-statistics; in this case, Proposition 2.5(ii)

further indicates that %(ag) has higher asymptotic power than % (o). Specifically, if M,/1J4l

<1, a =1, then %(1) is the “best” and its lowest detectable order of p is @(plJ4l 17 1/2).
More interestingly, when X4 is moderately dense or moderately sparse with M,/IJ4l > 1 and
bounded, some U-statistic of finite order 4y > 1 would become the “best.” By Figure 1, the
value of & increases as X 4 becomes denser. On the other hand, when Z 4 is “very” sparse

1 % ag
with|J4 | < cl_ao(ao!)§;c12 (log p)~ 2 M p, %(co) is the “best” and its lowest detectable order

of pis ®(/log p / n).

Remark 2.5. The above power comparison results are under the constructed family of
U-statistics. We note that additional formulation may further enhance the test power. For
instance, [11, 73] showed that an adaptive thresholding in certain é—type test statistics can
achieve high power under the alternatives with sparse and faint signals. It is of interest to
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incorporate the adaptive thresholding into the constructed family of U-statistics, which is left
for future study.

Remark 2.6. The analysis above focuses on the ideal case where the nonzero off-

diagonal entries of Z 4 are the same for illustration. When these entries of X 4 are

different, similar analysis still applies by Theorem 2.5 for general covariance matrices.

In particular, the asymptotic power of %(a) depends on the mean variance ratio (2.11)

and p, = Jign 1/ 2a)! /2 x (MEP_ 169/ T < i < p"?l,jz)l /4 \We can then obtain
conclusions similar to Propositions 2.3-2.5. One interesting case is when X 4 contains both
positive and negative entries; the same analysis applies for even-order U-statistics, since
of, jp s are all nonnegative for even a. On the other hand, the odd-order U-statistics would
have low power, since 31 < j; « j, < p°7, j,'S could be small due to the cancellation of

positive and negative o, jpr We have conducted simulations when the nonzero oj; 5,’s are

different in Section 3.1, and the results exhibit consistent patterns as expected.

2.3. Application to adaptive testing and computation.

Adaptive testing.—Power analysis in Section 2.2 shows that when the sparsity level
of the alternative changes, the test statistic that achieves the highest power could vary.
However, since the truth is often unknown in practice, it is unclear which test statistic
should be chosen. Therefore, we develop an adaptive testing procedure by combining the
information from U-statistics of different orders, which would yield high power against
various alternatives.

In particular, we propose to combine the U-statistics through their p-values, which is widely
used in literature [49, 52, 71]. One popular method is the minimum combination, whose
idea is to take the minimum p-value to approximate the maximum power [52, 67, 71].
Specifically, let T" be a candidate set of the orders of U-statistics, which contains both finite
values and TO. We compute p-values p,’s of the U-statistics %(a)’s satisfying a€ T'. The
minimum combination takes the statistic 7aqpumin = Min{p,: 2 € I'} and has the asymptotic
p-value Padgoumin = 1 = (1 = Tagpumin)'"', Where IT| denotes the size of the candidate set I'.
We reject Hy if pagpumin < @. Under Hp, p2’'s are asymptotically independent and uniformly
distributed by the theoretical results in Section 2.1. The type | error is asymptotically
controlled as P(padpUmin < @) = P(ming e 1 pa < p) — @ Where p = 1 - (1 —a)'/ 1T Since
P(ming, c 1 pg < Pi) > P(p, < pi), the power of the adaptive test goes to 1 if there exists a

€ T such that the power of %(a) goes to 1. We note that the power of the adaptive test is

not necessarily higher than that of all the U-statistics. This is because the power of %(a)

is Alp; < a), and is different from P(p, < p¥) since pi < « when IT'l > 1. Based on our
extensive simulations, we find that the adaptive test is usually close to or even higher than
the maximum power of the U-statistics.

RemaRrk 2.7. Fisher’s method [49] is another popular method for combining independent
p-values. It has the test statistic Tagpur = — zzkI l; '1 log p, Which converges to 1% || under
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Hp. By our simulations, the minimum combination and Fisher’s method are generally
comparable, while Fisher’s method has higher power under several cases. Moreover, we can
also use other methods to combine the p-values, such as higher criticism [16, 17]. We leave
the study of how to efficiently combine the p-values for future research.

We select the candidate set I" by the power analysis in Section 2.2. We would recommend
including {1, 2,..., 6, 00}, which can be powerful against a wide spectrum of alternatives.

In particular, by Propositions 2.3 and 2.5, we include 4= 1, 2 that are powerful against
dense signals; a = oo that is powerful against sparse signals; and also a= {3,..., 6} for the
moderately dense and moderately sparse signals. By Figure 1, it generally suffices to choose
finite 4 up to 6-8, which often give similar/better performance to/than larger a values.

The simulations in Section 3.1 confirm the good performance of this choice of I'; and the
proposed adaptive test appears to well approximate the “best” performance even when I"
may not always contain the unknown “optimal” U-statistics.

We would like to mention that the adaptive procedure can be generalized to other testing
problems, as long as similar theoretical properties are given, such as the examples in Section
4,

Computation.—Next, we discuss the computation in the adaptive testing. A direct
calculation following the form of %(a) in (2.3) and V(a) in (2.9) would be computationally
expensive for large a with a cost of O(£%729). To address this issue, we introduce a method
that can reduce the cost.

We first consider a simplified setting when £{x;,) = 0 to illustrate the idea. As discussed in
Remark 2.2, we examine %(a) defined in (2.5). Let &£ = {(j1.jn):1 < ji # j» < p} denote the

set of index tuples, and for each index tuple I = (ji, ) € Z, define s;/= X;;; X; . Note that
@) = (P Y1 e 2% a), Where %)= T1 < iy £ - =i, <n Ik = 15, Calculating ()
directly is of order O(/7%). We then focus on reducing the computational cost of %;(a). For

I € & and finite integers #,...,4, define

k n k
(GG t (GG /)] t
Vi = II (Z si,rl)’ U = Z I I Sipi- (2.16)
1

1<ij#-#ig<nr=1

We can see that %(a) = UII“ with 1, being an a-dimensional vector of all ones, and

U,(") = V,(“) for any finite integer a. To reduce the computational cost of %;(a), the main

idea is to obtain U,l" from V,("’ ""t"), whose computational cost is O(r). In particular, %(a)

can be attained iteratively from Vl(tl """ ') based on the following equation:

k, 1, _ 1, _ k+1,1, _ ) _
vl =K oy y)r—k o kyxul k=D, @.17)

which follows from the definitions. Algorithm 1 below summarizes the steps.
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Data:s;; (1 <i<n,leLl).
Result: L(a).
forl/ e L do
Compute and store Vf(k) = U!(k) =3, xé,. (k=1,...,a) during the algorithm;
Ujll — v]{l), Uflz — Ul.-ll v{(]) _ UII(Z);
while3<r <ado
fork<r—1toldo
T=VP xU"*—¢-kxT
end
Ulr=m
end

end
U@)= (P~ Y U

Algorithm 1:
Iterative computation implementation

We illustrate the idea of the algorithm by some examples. By definition, U,(I) = Vl(l),

which can be computed with cost O(r). Next, consider in (2.17), if r=2 and k=
1, then U§1’ D= V,(l) X Ufl) -2-Dx U,(z) = V,(l) X V,(l) - Vl(z), which yields U112 with cost

a(n). For U113, we first take =3 and k=2 in (2.17), then with cost O(r7), we have

U =y - u® =y D _y®) a5 viR = y®) by the definition. Given U,

and U1, we obtain U1 = vV 5 12 — 25 0> 1. Thus )3 is also computed with

cost O(n). Iteratively, for any finite integer &, we can obtain U,l“ from V,(tl’ ) \whose

computational cost is O(r7). More closed-form formulae representing U, “ by Vl('l’ " are

given in Section C.1.1 of Supplementary Material [28].

Algorithm 1 reduces the computational cost of Z(a) from O(F%rP) to O(?n). Its idea
is general and can be extended to compute other different U-statistics by changing the
input s; x In particular, the variance estimator V(a) can be computed with cost o(?n) by

specifying s; ; = (i, j; = >Ej1)2(x,-,j2 - )Ejz)z, foreach! € & = {(j1,jp):1 < j1 # j» < p}. Then
V(a) = 2a!(P§)‘221 €L XI<i|##ig<n % = 15i,1 @nd Algorithm 1 can be applied.

Moreover, when £(x; ) is unknown, %(a) can still be computed with cost O(2n) using
the iterative method similar to Algorithm 1. The details are provided in Section C.1.2 of
Supplementary Material [28].
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3. Simulations and real data analysis.

3.1. Simulations.

We conduct simulation studies to evaluate the performance of the proposed adaptive testing
procedures, and investigate the relationship between the power and sparsity levels. For
one-sample covariance testing discussed in Section 2, we generate 7i.i.d. p-dimensional x;
for 7=1,...,n, and consider the following five simulation settings.

Setting 1:x;has pi.i.d. entries of (0, 1) and Gamma(2, 0.5), respectively. Under each case,
we take 7=100 and p € {50, 100, 200,400, 600, 800, 1000} to verify the theoretical results
under Hp and the validity of the adaptive test across different 7and p combinations.

For the following settings 2-5, we generate x; from multivariate Gaussian distributions with
mean zero and different covariance matrices Z 4’s.

Setting 2.4 = (1= p)Ip+ pl gl where 1), 4, is @ p-dimensional vector with the first 4

T
. kg
elements one and the rest zero. We take (7, p) € {(100, 300), (100, 600), (100, 1000)}, and

study the power with respect to different signal sizes p and sparsity levels 4.

Setting 3: The diagonal elements of Z 4 are all one and 1J4l number of off-diagonal elements
are p with random positions. We take (n, p) € {(100, 600), (100, 1000)} and let the signal
size p and sparsity level 14l vary to examine how the power changes accordingly.

Setting 4: The diagonal elements of T 4 are all one and 1J4l number of off-diagonal elements
are uniformly generated from (0, 2p) with random positions. We take (#, p) = (100, 1000)
and similarly let the signal size p and sparsity level [J4l vary to examine how the power
changes accordingly.

Setting 5: \We consider the multivariate models in [13]. Specifically, for each 7/=1,...,1,
X;j=Ezj+ W, where E is a matrix of dimension px m, and z,’s are i.i.d. Gaussian or
Gamma random vectors. Under null hypothesis, /m = p, E = /,, i = 215, under alternative
hypothesis, m= p+ 1, E = (/1= pI,.\2p1,), p = 2(/1 - p ++/2p)1,. We also take the nand p
combination in [13] with (n, p) € {(40, 159), (40, 331), (80, 159), (80, 331), (80, 642)}.

We compare several methods in the literature, including both maximum-type and sum-of-
squares-type tests. In particular, the maximum-type test statistic in Jiang [36] is taken

as % (o) in this framework. Since the convergence in [36] is known to be slow, we use
permutation to approximate the distribution in the simulations. In addition, we consider
some sum-of-squares-type methods. Specifically, we examine the identity and sphericity
tests in Chen et al. [13], which are denoted as “Equal” and “Spher,” respectively. We also
compare the methods in Ledoit and Wolf [42] and Schott [57], which are referred to as
“LW” and “Schott,” respectively.

To illustrate, Figure 2 summarizes the numerical results for the setting 3 when 7= 100 and
p=1000. All the results are based on 1000 simulations at the 5% nominal significance
level. In Figure 2, we present the power of single U-statistics with orders in {1,..., 6, co}.
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“adpUmin” and “adpUf” represent the results of the adaptive testing procedure using the
minimum combination and Fisher’s method in Section 2.2, respectively. The simulation
results show that the type | error rates of the U-statistics and adaptive test are well controlled
under Hp. In addition, Figure 2 exhibits several patterns that are consistent with the power
analysis in Section 2.2. First, it shows that among the U-statistics, when lJ4l is very small,
% (o0) performs best; and when 1J4l increases, the performances of some U-statistics of
finite orders catch up. For instance, when |1J4l = 100, %(6) and %(co) are similar and are
better than the other U-statistics; when 1J4l = 400, %(4) and %(5) are similar and better

than the other U-statistics. When Z 4 is relatively dense, %(2) and %(1) become more
powerful. Particularly, when |J4l = 1600, %(2) is powerful; when |J4l becomes larger,

such as when 1J4l = 3200, (1) is overall the most powerful. Second, Figure 2 shows

that “LW,” “Schott,” “Equal,” “Spher” and %(2) perform similarly under various cases. In
particular, these methods are not powerful when the alternative is sparse but becomes more
powerful when the alternative gets denser. This is because they are all sum-of-squares-type
statistics that target at dense alternatives. Third and importantly, the two adaptive tests
“adpUmin” and “adpUf” maintain high power across different settings. Specifically, they
perform better than most single U-statistics: their powers are usually close to or even higher
than the best single U-statistic. Moreover, “adpUmin” and “adpUf” generally have higher
power than the compared existing methods. We also note that “adpUf” overall performs
better than “adpUmin” in this simulation setting. In summary, Figure 2 demonstrates the
relationship between the sparsity levels of alternatives and the power of the tests, confirming
the theoretical conclusions in Section 2.2. Notably, the proposed adaptive testing procedure
is powerful against a wide range of alternatives, and thus advantageous in practice when the
true alternative is unknown.

Due to the space limitation, we provide other extensive numerical studies in Supplementary
Material [28], Section C.2. The conclusions are similar to those of Figure 2, and consistent
with the theoretical results in Section 2.2. In particular, the results show that the empirical
sizes of the tests are close to the nominal level, suggesting the good finite-sample
performance of the asymptotic approximations. Moreover, under highly dense alternatives
with only nonnegative entries in the covariance matrix, (1) is the most powerful one among
the %(a)’s and the other tests in [13, 42, 57], in agreement with the results in Propositions
2.3 and 2.5. Furthermore, the proposed adaptive testing procedures often have higher power
than most single U-statistics.

Real data analysis.

Alzheimer’s disease (AD) is the most prevalent neurodegenerative disease [56] and is
ranked as the sixth leading cause of death in the US [68]. Every 65 seconds, someone

in the US develops AD [2]. To advance our understanding of AD, the Alzheimer’s Disease
Neuroimaging Initiative (ADNI) was started in 2004, collecting extensive genetic data for
both healthy individuals and AD patients. To gain insight into the genetic mechanisms of
AD, one can test a single SNP a time. However, due to a relatively small sample size of

the ADNI data, scanning across all SNPs failed to identify any genomewide significant SNP
(with p-value < 5 x 1078) [40]. To date, the largest meta-analysis of more than 600,000
individuals identified 29 significant risk loci [35] and can only explain a small proportion
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of AD variance. On the other hand, a group of functionally related genes as annotated in

a biological pathway are often involved in the same disease susceptibility and progression
[29]. Thus, pathway-based analyses, which jointly analyze a group of SNPs in a biological
pathway, have become increasingly popular. We retrieve a total of 214 pathways from the

KEGG database [39] for the subsequent analysis.

Although pathway-based analyses with KEGG pathways are common in real studies,
formally testing the correlations of the genes in a KEGG pathway has been largely
untouched. Here, we apply our method and other competing methods in [13] to test if

all the genes in a pathway have correlated gene expression levels. Perhaps as expected,

all methods reject the null hypothesis for all pathways with highly significant p-values,

since the KEGG pathways are constructed to include only the genes with similar function
into the same pathway [39], while similar function often implies co-expression (and vice
versa). To compare the performance of the different tests, for each pathway we randomly
select 50 subjects and restrict our analysis to pathways of at least 50 genes, leading to

103 pathways for the following analysis. Then we perturb the data by shuffling the gene
expression levels of randomly selected 100(1 — a)% genes in a pathway before applying
each test. Figure 3 shows the performance of the tests with two significance cutoffs, where
“2(2)” represents the single %(2) statistic, “adpU” represents our proposed adaptive testing
procedure using the minimum combination with candidate U-statistics of orders in {1,..., 6,
oo}, and “Equal” and “Spher” represent the identity and sphericity tests in [13], respectively.
Because all pathways are highly significant with all samples, we can treat all pathways

as the true positives. Due to the adaptiveness of our proposed testing procedure, “adpU”
identifies more significant pathways than the competing methods across all the levels of data
perturbation (mimicking the varying sparsity levels of the alternatives).

4. Other high-dimensional examples.

4.1.

In this section, we apply the proposed U-statistics framework to other high-dimensional
testing problems, including testing means, two-sample covariances, and regression
coefficients in generalized linear regression models. Similar theoretical results to Section
2 are developed, with detailed proofs and related simulation studies provided in
Supplementary Material [28].

Mean testing.

Testing mean vectors is widely used in many statistical analysis and applications [1, 50].
Under high-dimensional scenarios, for example, in genome-wide studies, dimension of the
data is often much larger than the sample size, so traditional multivariate tests such as
Hotelling’s 72-test either cannot be directly applied or have low power [18]. To address this
issue, several new procedures for testing high-dimensional mean vectors have been proposed
[4,9, 11,12, 16, 17, 25-27, 60, 62, 67]. However, many of the statistics only target at either
sparse or dense alternatives, and suffer from loss of power for other types of alternatives. We
next apply the U-statistics framework to one-sample and two-sample mean testing problems.

One-sample mean testing.—We first discuss the one-sample mean vector testing.
Assume that x1,..., X, are ni.i.d. copies of a p-dimensional real-valued random vector x
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= (xl,...,xp)T with mean vector p = (,ul,...,up)T, covariance matrix L= {oy 1 1< h, p <
p}. We want to conduct the global test on Ay : 1L = pg wWhere pg = (ﬂl,o,---,ﬂp,o)T is given.

Similar to previous discussion, the parameter set that we are interested in is

& = {1 = u1,0,---» Hp — Hp,0)- FOreach j=1,.... p, Ex;)) = fj, 0 K{X,) = Xjj— ljo

is a kernel function, which is a simple unbiased estimator of the target. Following our
construction, the U-statistic for finite ais

P a
1
U(a) = I E I I (Xig, j = Hj,0), (4.1)
j=1ral<ij# - #ig<nk=1

which targets at || €| = Zf: 1 (1 — 0%, and the U-statistic corresponding to || &|| is

—1,= 2 nith = n
?l(oo):maxlSjspaj7}-(xj—u0’j) WlthXj= Zi=1xi7j/n.

Given the statistics, we have the theoretical results similar to Theorems 2.1-2.3. The
following Theorems 4.1-4.2 are established under similar conditions to that of Theorems
2.1-2.3. Due to the limited space, we provide the conditions and corresponding discussions
in Supplementary Material [28].

THeorem 4.1, Under Hy: U = Yo, assume Condition A.2 in
Supplementary Material [28]. Then for any finite integers{a,...,anmn},

asn, p— o, [Uay) / olay), ..., %(ay) | ola]’ 2 N0, 1), where

oXa) = var[%(a)l = ¥ _ | X7 = 1ale? ;| P} with the order of ©(alpr?).

THeorem 4.2. Under Hy: U = Wg, assume Condition A.3 in Supplementary Material [28].
ThenVu € R, P(n#(w) — 7, < u) — exp{ — 7~ 1/ Zexp(—u / 2)}, as n, p—> o0, where 7, =2
log p—log log p. In addition, for any finite integer a, {%(a) / o(a)} and {n%(co0) — z,} are
asymptotically independent.

By Theorems 4.1 and 4.2, we obtain the asymptotic independence among the U-statistics
and the corresponding limiting distributions of the U-statistics under Hy. Under the
alternative hypothesis, since the power analysis of the one-sample mean testing is similar

to that of the two-sample case, we delay the power analysis after presenting the asymptotic
independence property of the proposed U-statistics in the two-sample mean testing problem.

Two-sample mean testing.—Next, we discuss the two-sample mean testing problem.

Suppose we have two groups of p-dimensional observations {x,-}f)‘= ;and {y,-}?y: |» Which are

i.i.d. copies of two independent random vectors x = (x, ..., xp)T andy=0n, ..., yp)T,
respectively. Suppose E(X) = U= (44, ... , 4p) T, E(y) = v=(v1, ..., vy T, cov(x) = Zand
cov(y) = Z,. We write 7= 11,+ n,and assume 71, = ©(1,). For easy illustration, we first
consider Zy=%, =% = {0 ;1< A, b <p} We will then discuss the case when Iy # X,
where similar analysis applies.
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The two-sample mean testing examines Hp: L = vversus Hu: 1L # v, then
&= —v1, ... up—vp) FOr1<j<p 1< k< ng 1<s<ny, KXk Ys)
= X j— Vsjis a simple unbiased estimator of x;— v;, and thus we construct
ny—1
U@) = X o (P P X T <k o A heg Sngs | S 1 # oo £ 54 < ny II7 = 1 Gk, j = Vs, )

which is also equivalent to

)4 a _1\a-—c
U(a) = Z Z (j)L Z H Xpy, j H Vsmoi- “2)

71
SIS0\ PXPY i<k #Eke<ng i=1  m=

L<s|# = #sgoc<ny

We can check that (4.2) satisfies E{%(a)} = Z;’: 1 (uj— uj)“, S0 %(a) is an unbiased estimator
of |84 = 25’: 1 (uj — v)“. On the other hand, for ||&||, following the maximum-type test
statistic in Cai et al. [9], we have
U(o0) = max o7 Mx;— J7~)2,
15jSPJ,J J J (4.3)
where x; = Z;'x: 1%, j /e V= Z:'y: 1Y, j / ny- We then obtain results similar to Theorems

2.1, 2.3 and 2.5. As the conditions are similar to those in Section 2, we only keep the
key conclusions, and the details of conditions and discussions are given in Supplementary
Material [28], Section A.8.

Treorem 4.3. Under Condition A.4 in Supplementary Material [28],
Zx=Zyand Hy: W= v, for any finite integers (a, ... ,
am), asn, p—> 0, [(U(ay) [ o(ay), ..., % (ay) | o(an)]" 2 X0, 1), where

62(a) ~ a! 2;’1’ =1+ m)%6% 1 [ (nen))® is of the order ©(a\pr).

THeorem 4.4. Under Condiition A.4 in Supplementary Material [28], Zy=Z, and Hy: L= v,

Vu R, P(n:)f:};ly%(oo) — 1y <w —expl — 71/ Zexp(—u / 2)}, asn, p— oo, where t,= 2log

p—log log p. Moreover, {%(a) / o(a)} oOf finite integer a and {nyn,%(c0) / (ng + ny) -t} are
asymptotically independent.

Theorems 4.3 and 4.4 provide the asymptotic properties of finite-order U-statistics and

% (o) Under Hy. To analyze the power of % (a)’s, we derive the asymptotic results of %(a)’s
under the alternative hypotheses. We focus on the two-sample mean testing problem, while
one-sample mean testing can be obtained similarly. Specifically, we consider the alternative
&a={uj—vj=p>0forj=1,..., ky; gj— vj=0for j= kg +1, ..., p}. We then obtain
similar conclusions to Theorem 2.5.

Treorem 4.5. Assume Condition A.4 in Supplementary Material [28] and ky = o(p). For

any finite integers{ay, ... , am}, if p in & 5 satisfies p = O(k,, 1/ U1 Q0,172 for
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(=1, ..., m, then(%(ay) — E{% (a1 ] o), ... [%(ay) — E{Z(am)}1 ] o(am]T 2 #(0, I,y),
asn, p— 00, Here, E[%(a)] = || 4l|2 = kop® and o*(a) = var{%(a)} =~V ,, With

Va=alSh o ko+10x+m)%0% 5 / (neny)® OF the order ©(alpr?).

Next, we compare the power of different U-statistics under alternatives with different
sparsity levels. Theorem 4.5 shows that under the local alternatives, the asymptotic power
of %(a) mainly depends on E{%(a)} / \/var{%(a)}. Therefore, by Theorem 4.5, given constant

M> 0, for each %(a), if p = M/ %G/ VL1 CD then E{u(a)} / Nar{#(@)] ~ M; that s,

different %(a)’s have the same power asymptotically. For easy illustration, we consider oy,
=lwhenp=p€{ko+1 ...,p} and gy p=0when s #pE€{k+1,..,p} then
M a0 L with

1 1 1
pa = a'2a(Myfp / koYal(ng +ny) / (ncny)}2. 4

Therefore, similar to the analysis in Section 2.2, to find the “best” %(a), it suffices to find
the order, denoted by ap, that gives the minimum p, in (4.4). We have the following result
similar to Proposition 2.3.

ProrosiTioN 4.1. Given any constant M € (0, + ) and n, p, ky, we consider p, in (4.4) as a
function of positive integers a, ther.

(i) when ko > M\[p, the minimum of p, is achieved at ay = 1;

(ii) when ko < My/p, the minimum of p, is achieved at some ay, which increases as
M\[p/ | Jp| increases.

Proposition 4.1 shows that when the sparsity level &g is large, that is, &, is dense, a small a

tends to obtain a smaller lower bound in p, and vice versa. As (4.4) and (2.13) are similar,
we have similar patterns to that in Figure 1 when examining the corresponding numerical
plots of p, In addition, [9] shows that when p = p, := Cj4/log p / n for a large C;, the power

of %(c0) converges to 1, and +/log p / n is minimax rate optimal for sparse alternatives; see
also [17]. Thus, if peo < pgy, that is, kg < MC| “\fpag! / 10g%0/ 2, %(co) iis the “best” and its

lowest detectable order of p is ®(/log p / ). On the other hand, Proposition 4.1 shows that
when & 4 is dense with ky > /Mp, %(1) is the “best” and its lowest detectable order of p is

@(ﬁkaln—l /2y, Moreover, for some large Mand C, when & 4 is “moderately dense” or

“moderately sparse” with Cy,/pag! / log™ / 2p < ko <+/Mp, %(ag) is the “best” and its lowest

1
detectable order of pis ©{(/p / kg)agn~! /2y, which is of a smaller order than the optimal
detection boundary of the sparse case O(y/log p / n).
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More generally, when Z, # X, similar results to Theorems 4.3 and 4.5 can be obtained. In
particular, we have the following corollary.

CoroLLARY 4.1. When X # X, under Condition A.4 in Supplementary Material [28],
Theorem 4.3 holds with 62(a) ~ “!Zﬁ’jz =10, j1.jp / nx+ 0y ji.jr / ny)" and Theorem 4.5

. p a
holds withv,, = ‘”Zn,jz = ko + 160x, j1.jp / nx + 0y j1.jn [ 1y)"

Corollary 4.1 shows that the asymptotic power of finite-order U-statistics depends on
E{%(a)} / y/var{%(a)}. By the construction of finite-order U-statistics and the proof, we
obtain that E{%(a)} = kop? and var{%(a)} = O(a!pn—%). We then know that for finite-order

U-statistics, similar results to Proposition 4.1 still hold by examining E{%(a)} / y/var{%(a)}.

The above power analysis shows that the optimal U-statistic varies when the alternative
hypothesis changes. To achieve high power across various alternatives, we can develop

an adaptive test similar to that in Section 2.3. Specifically, we calculate the p-values of

the U-statistics (4.1) and (4.2) following the theoretical results above and the algorithm in
Section 2.3. By combining the p-values as discussed in Section 2.3, the asymptotic power of
the adaptive test goes to 1 if there exists one % (a) whose power goes to 1.

RemARK 4.1. Xu et al. [67] has also discussed the adaptive testing of two-sample mean that
is powerful against various é-norm-like sums of p — v. But [67] is under the framework

of a family of von Mises V-statistics where 7'(a) = Zf= (%)= yj)“. We note that 7' (a) is

equivalent to

a C a—c

D
RN 0= CJonenye=or7! X IT s TT om

j=1lc= 1 <ki,...ke<ny t=1

1<sp,08q—c<ny

which allows the indexes &’s and s’s to be the same, and thus is different from the
U-statistics in (4.2). [67] shows that the constructed V-statistics are biased estimators of

ln = v||4, and 7(a) and 7 (b) are asymptotically independent if a+ & is odd, but are

asymptotically correlated if a+ 6 is even. The constructed U-statistics in this work extend
the properties of those V-statistics such that %(a) in (4.2) is an unbiased estimator of

ln = v||%, and all %(a)’s are asymptotically independent with each other. Given these nice

statistical properties, it becomes easier to obtain the joint asymptotic distribution of the
U-statistics, and then apply the adaptive test.

4.2. Two-sample covariance testing.

The U-statistics framework can be applied similar to testing the equality of two covariance
matrices. Suppose {x,-}f"= and {y,-}?y , are i.i.d. copies of two independent random vectors

X=(x, ..., X)) andy = (3, ..., ¥,)", respectively. Denote E(X) = u = (4, ... , 4p) T, E(Y)
=v=(v, ..., vp)T; cov(X) =Zx=[ox 1, p: 1<, psprandcov(y) =Z,=[oy ;5 j 1
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< i, o< p}. Consider Hy: Zx=Zy=Z= (05, p)pxp GiVeN 1< j1, p<p 1<k # kp < Ny,
and 15 # 9=y Kiy, p Xk Xip Vo1 Yo ) = Kkt Xhwfp = Xkjy X = Wsi Yovo
= Y11 Vso,0) 18 @ simple unbiased estimator of oy, s, » = oy, j1, ». Therefore, for a finite
positive integer &, we have the U-statistic

1
rw= Y IR | LR
1<Jl]2<PP2P IL<ky1#Fk2# 1511 #Fs1,2# 1= (4.5)

# ka1 # kg2 <nx #5q,1# 55,251y
Xkt 2 Ysp, 12 Ys1,2) -

As in Remark 2.1, another formulation of %(a) equivalent to (4.5) is

%(a) Z Z EC (— l)c—b1+b2 Z
bp=0

=001 = 1<jLpS<pl<ii#—# 1w #-#

iZC—bl < nx W(g—¢) — b25”y
2¢ - by

(4.6)
Chy.nya,e,by by X H KXy, j1 Xig, jo) H Xig, j1 H Xit, jo

s=b1+1 t=c+1
a—c 2(a—-c)—

X H (.VLUm _]lywm j2) H ywl J1 H ywq’jZ’

g=a—-c+1

Where Gy c.by.by = Py Pyt _ o) b 10!/ {Ble = blbyla— ¢ — b)), and (4.6)

shall be used in the theoretical developments.

We next present the asymptotic results of the constructed U-statistics under the null
hypothesis. Here, we assume the regularity Condition A.5 or A.6, whose details and
discussions are provided in Section A.13.1 of Supplementary Material [28] due to the

space limitation. We mention that Condition A.5 is a mixing-type dependence assumption
similar to Condition 2.2, and Condition A.6 is a moment-type dependence assumption
similar to Condition 2.2*. Particularly, Condition A.6 extends the moment assumption for
second-order U-statistics in Li and Chen [45] to U-statistics of general orders; please see the
detailed discussions in Section A.13.1.

THeoreMm 4.6. Under Hy and Condition A.5 or A.6 in Supplementary Material [28], for finite
integers{ay, ..., am}, (U(ay) / o(ay), ..., % (ay) | o(a,)]" A N0, I), where for a€ {ay, ...,

am}

62(a) = var{%(a))
a

= z . ‘ =05 o 3 J4 ~ i1 2%3 4 * 7
1<j1,J2,J3,J4 < p

y ) . . .
(Hjl 20 J30 Ja = %1 02%3. )

p x _ 4 y _ 4
WIthTT}) jo ja, jq = EUTr = 1Gx1, j, = )} andnjl,jz,j3,j4 =B{[l/ = 1 01, — v}
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Theorem 4.6 provides the asymptotic independence and joint normality of the finite-order
U-statistics, which are similar to Theorems 2.1, 4.1 and 4.3. To further study the power of
these finite-order U-statistics, we next consider the alternative hypotheses where X, # 3.

Let Jg be the largest subset of {1, ..., p} suchthat oy ;; » = oy, 3, = o, j forany

1, j2 € Jo. We then obtain the following theorem under the regularity conditions given in

Section A.14 of Supplementary Material [28].

THeoreM 4.7. Under Conditions A.7 and A.8 in Supplementary Material [28], for finite
. D
integers{ay, ..., am}, (%(ay) = E{%(a))}] / o(ay), ..., [%(ay,) — E{%(an)}] | o(am)]T = N (O, L),
where

o2(a) = var{%(a)} ~ a!Cy. 4 D a . g4

) %1, 32° 135
J1,42:73-J4 € Jg

and Cy o= {(xx— VI ny+ (x,— 1)In 3¢+ 2(xd ny + x,/my)? with xx and x,, given in
Condition A.7.

Given the asymptotic results under the alternatives, we next analyze the power of the
finite-order U-statistics. By Theorem 4.7, the asymptotic power of %(a) depends on

E{%(a)} / Jvar{%«(a)}. Let Jp={(}1, o) : Ox 1, p % Oy 1, o 1< p, o < o}, then

E{%(@)} = X(j1.jn) € Ip©x. j1.jn = Oy, j1.p)" - Similar to Section 2.2, to study the relationship

between the sparsity level of I, — ¥ and the power of U-statistics, we consider the

case where the nonzero differences between Z, and Z, are the same. Specifically, let

Ox j1, o = 9 i1, o = P for (i, o) € Jp, and then E{%(a)} = | Jp | p Following the

analysis in Section 2.2, we compare the p values needed by different %(a)’s to achieve
E{%(a)} / var{%(a)} ~ M for a given constant M. In particular, for given integer &, suppose
E{%(a)} / \Var{%(a)} ~ M is achieved when p = p,. For any a# b, we compare %(a) and

% (b) following Criterion 1.

We use the following example as an illustration, where X, and Z,, satisfy the conditions

of Theorem 4.7. Specifically, we assume that £, = (oy, ;, j») pxp has the diagonal elements
oy, j j= v and the off-diagonal elements oy 1 5, = Mj—p1 € (0, V2) with A1y =

©(+2) when Ij; — j»l < 5, while ox, j1, jp = 0 when Ij; = joI > s. This covers the moving
average covariance structure of order s, and X, is a banded matrix with bandwidth s. In
addition, we assume the bandwidth s= o(p) and p — | Jy | = o(p). By the definition of J,
the assumption p — | Jg | = o(p) implies that a large square sub-matrix of £, and Z, are the
same. For simplicity, we let 77,= 1, with 7= n,+ n, and a similar analysis can be applied
when 71 # 11, By Theorem 4.7, var(%(a)} = (n / 2)"“a!(2x§ + x§} {(pr®@ + 23 = 1 B (p — )},
where x1 = xyx+ xyand x = xx+ x),— 2. Therefore, we know for given finite integer 4,
E{%(a)} / \Var{%(a)} ~ M holds when p = p, defined as
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1

142 zs: (:Z)a(l—;)} .

t=1

Sy

3 (a!)21a\/ﬁv( Mp )1/a|2+(;<2)a]21a

Py = ey
a (,,/2)1/2|JD|

We next compare the p;’s and obtain the following proposition.

ProrosiTion 4.2. There exists Dy that only depends on the given xy, x, V2, s, and hy, t=1,
..., 5, and satisfies Dy = ©(1 / s%) such that

(i) When| Jp | = Mp / \[Dg, the minimum of p, is achieved at & = 1.

(i) When| Jp| < Mp / \[Dg, the minimum of p, is achieved at some &, which increases as
My\Jpl increases.

Proposition 4.2 is similar to Propositions 2.3 and 4.1. Following the analysis in Section

2.2, Proposition 4.2 shows that when the difference Z, - .,/ is “very” dense with

|Jpl >Mp/ \/[DT, (1) is the most powerful U-statistic; when Z, — X, becomes sparser

as Mp/lJpl decreases, a higher-order U-statistic is more powerful; when the Z, - is
“moderately” dense or sparse, a U-statistic of finite order 4 > 1 would be the most powerful
one.

The power analysis above shows that the power of the U-statistics varies when the
alternative changes. To maintain high power across different alternatives, we can develop an
adaptive testing procedure similar to that in Section 2.3. Given the asymptotic independence
in Theorem 4.6, an adaptive testing procedure using the constructed %(a)’s is valid with

the type | error asymptotically controlled. Also, the adaptive test achieves high power by
combining the U-statistics as discussed in Section 2.3.

We provide simulation studies on two-sample covariance testing in Supplementary Material
[28], Section C.3. By the simulations, we first find that the type I errors of the U statistics
and the adaptive test are well controlled under Hy. This verifies the theoretical results in
Theorem 4.7. Second, similar to the one-sample covariance testing, we find that generally
when the difference Z, - I is sparser, a U-statistic of higher order is more powerful,

and vice versa. Moreover, under moderately sparse/dense alternatives, %(ag) with 4 > 1

could achieve the highest power. The results are consistent with Proposition 4.2. Third, we
compare the proposed adaptive test with existing methods in literature including [6, 45,
57, 61], and find that the proposed adaptive testing procedure maintains high power across
various alternatives.

ReEmMARK 4.2. Similar to Section 2, we can let (o) be the maximum-type test statistic

in [6], and expect that the result similar to Theorem 2.3 holds under certain regularity
conditions. However, as the dependence structure of two-sample covariance matrices is more
complicated than the one-sample case, it is more challenging to establish the asymptotic
joint distribution of %(c0) and finite-order U-statistics. We leave this interesting problem for
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future study, while find in simulations that the performance of %() is similar to high-order
U-statistics Z(a)’s.

4.3. Generalized linear model.

In this section, we consider Example 3 of generalized linear models (on page 156) to show
that the proposed framework can be extended to other testing problems. Similar to the results
in Section 4.1, we show that the constructed U-statistics are asymptotically independent

and normally distributed, and also establish the power analysis results of the U-statistics.

We provide the details in Section A.16 of Supplementary Material [28]. Recently, Wu et

al. [65] also discussed the adaptive testing of generalized linear model. But [65] is under

the framework of a family of von Mises V-statistics, and thus is different from the current
paper as discussed in Remark 4.1. Moreover, the current work provides the theoretical power
analysis while [65] did not.

5. Discussion.

This paper introduces a general U-statistics framework for applications to high-dimensional
adaptive testing. Particularly, we focus on the examples including testing of means,
covariances and regression coefficients in generalized linear models. Under the null
hypothesis, we prove that the U-statistics of finite orders have asymptotic joint normality,
and establish the asymptotic mutual independence among the finite-order U-statistics and

% (c0). Moreover, under alternative hypotheses, we analyze the power of different U-statistics
and demonstrate how the most powerful U-statistic changes with the sparsity level of the
alternative parameters. Based on the theoretical results, we propose an adaptive testing
procedure, which is powerful against different alternatives. The superior performance of this
adaptive testing is confirmed in the simulations and real data analysis.

There are several possible extensions of the U-statistics framework in this paper. First,

by our current proof, the convergence rate in Theorem 2.3 is bounded by O(log=1/2 p),
which is an upper bound and not sharp. From our extensive simulations, we find that

the type | error rate of the adaptive testing is well controlled with a relatively small p,

for example, p=50. We might obtain a shaper bound of the convergence rate, but more
refined concentration property of the high-dimensional and high-order U-statistics is needed.
Second, the proposed framework requires that the elements in the parameter set & have
unbiased estimates. When we cannot obtain unbiased estimates easily, for example, for the
precision matrix, the proposed construction may not follow directly. Nevertheless we may
use “nearly” unbiased estimators to construct “U-statistics” for hypothesis testing, such as
the “nearly” unbiased estimator of the precision matrix proposed in [66]; the main challenge
is then to control the accumulative bias over the parameters under high dimensions. Third,
this paper discusses the examples where the elements in & are comparable. When the
parameters in & are not comparable, such as & containing both means and covariances
parameters, the construction of U-statistics still follows but the theoretical derivation may
require a careful case-by-case examination. Fourth, the construction of the U-statistics treats
the parameters in & with equal weight. More generally, we could assign different weights

to different parameter estimators. For instance, standardizing the data is one example of
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assigning different weights. As inappropriate weight assignments could lead to power loss,
when the truth is unknown, how to effectively assign weights to maximize the test power
is an interesting research question. We shall discuss these extensions in the future as a
significant amount of additional work is still needed.

In addition to the examples in this paper, the proposed U-statistics framework can be applied
to other high-dimensional hypothesis testing problems. For example, it can be applied to
testing the block-diagonality of a covariance matrix, whose theoretical analysis would be
similar to the considered one sample and two sample covariance testing problems. It can
also be used to test high-dimensional regression coefficients in complex regression models
other than the generalized linear models, following a similar construction based on the

score functions. A key step is then to characterize the impact of nuisance parameters that
are estimated under the null hypothesis, and challenges arise especially when the nuisance
parameters are high dimensional. Such interesting extensions will be further explored in our
follow-up studies.
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