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Abstract

In the first phase of axon growth, axons sprout from neuron bodies and are extended by the

pull of the migrating growth cones towards their targets. Thereafter, once the target is reached, a
lesser known second phase of axon growth ensues as the mechanical forces from the growth of
the animal induce extension of the integrated axons in the process of forming tracts and nerves.
Although there are several microscopic physics based models of the first phase of axon growth,

to date, there are no models of the very different second phase. Here we propose a mathematical
model for stretch growth of axon tracts in which the rate of production of proteins required for
growth is dependent on the membrane tension. We assume that growth occurs all along the axon,
and are able to predict the increase in axon cross-sectional area after they are rapidly stretched and
held at a constant length for several hours. We show that there is a length dependent maximum
stretching rate that an axon can sustain without disconnection in steady state when the axon length
is primarily increased near the cell body. Our results could inform better design of stretch growth
protocols to create transplantable axon tracts to repair the nervous system.
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1. Introduction

We have previously developed tissue-engineering techniques that exploit a natural “second
phase” of axon growth creating long tracts of axons spanning two populations of neurons
(Smith et al., 2001; Pfister et al., 2004, 2006) (see Fig. 1). Although generally ignored

in the literature, this axon growth mechanism is perhaps the most remarkable of all,
allowing axons to extend at seemingly impossible rates without the aid of chemical cues
or even growth cones. In the well known “first phase” of axon growth, axons sprout from
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neurons guided by chemotactic and haptotactic factors and typically extend only up to

a few millimeters to reach their targets (Dickson, 2002; Tessier-Lavigne and Goodman,
1996; Wolf et al., 2001; Franze and Guck, 2010). Thereafter, the second phase of purely
mechanically stimulated, “stretch growth of integrated axon tracts,” begins as the animal’s
body grows. Here, integrated axons spanning body regions that progressively move further
apart undergo continuous mechanical tension (Smith, 2009). These forces appear to trigger
growth somewhere along the center lengths of the axons, otherwise they would be stretched
to the point of disconnection.

While relatively unknown, this important form of axon growth occurs in white matter tracts
and nerves, and represents a unique form of tissue expansion that does not involve cell
division. For example, our calculations of the growth of blue whale spinal cord during
development show that axons can increase an astonishing 3 cm in length per day (Smith,
2009), presumably to match the growth of the vertebrae. This increase in volume in the
axon is likely more than doubling the volume of the entire neuron cell body each day as
well, rivaling the growth capacity of the most aggressive cancer cells (Smith, 2009). The
exceptionally elongated geometry of axons must pose a huge challenge for transport of
cellular building materials, especially at the extremes, such as in the 30 m long spinal axons
of blue whales (Smith, 2009).

We demonstrated this natural extreme growth mechanism in the laboratory using bioreactors
that can progressively separate two integrated populations of neurons in culture at
accelerating rates (Smith et al., 2001; Pfister et al., 2004). Opposing current dogma of

the limitations of axon growth, this process has produced tracts containing over 1 million
axons grown up to 10 cm long at rates of up to 1 cm per day (Pfister et al., 2004, 2006).
Yet, despite this rapid stretching, we have found that the axon tracts maintained a normal
lengthwise morphological appearance and that their internal ultra-structure was completely
normal. In particular, a normal complement of microtubules and neurofilaments was found
per cross section area for rapidly stretch grown axons. Surprisingly, however, the average
diameter of these axons had even increased compared to non-stretched axons (Pfister et al.,
2004, 2006).

To explore the cellular dynamics and boundaries of axon extension during the first phase

of axon growth, several groups have developed computational models, with a focus on
polymerization of microtubules as axon cytoskeleton building blocks. In most of these
models, as the growth cone is guided forward, tensile forces are induced at the axon terminal
or tip, just behind the growth cone (Heidemann and Buxbaum, 1994; Heidemann et al.,
1990, 1995). In turn, it is assumed that these forces trigger building of the microtubule
selectively in this region (Van Veen and Van Pelt, 1994; Samuels et al., 1996; Nguyen et al.,
2013). However, once the target is reached typically not more than a few millimeters away,
integration and synapse formation essentially abolish the growth cone. Also, recent work
has shown that growth occurs over the entire length of a towed axon causing an increase in
axon diameter when stretching at high rates causes a reduction in the axon cross-sectional
area (Lamoureux et al., 2010; Holland et al., 2015). Therefore, current mathematical models
do not appear to account for mechanical influences during the extreme second phase of
axon growth and expansion of tracts over tens of centimeters for humans and even many
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meters for very large animals. Furthermore a model of O’Toole et al. (2008) suggests that
growth is dependent on tension through viscosity and adhesions. However, the specific role
of stretch activated ion channels in axon stretch growth has not been explored (Franze and
Guck, 2010; Sigurdson and Morris, 1989; Franze et al., 2009). Here, we propose a model

for stretch growth of integrated axon tracts based on overall mechanical stimulation resulting
in very regional microtubule polymerization (in steady state) and relative contribution of
stretch activated channels in the process.

2. A new model for stretch growth of integrated axon tracts

We assume that the polymerization reaction (of microtubules) in stretch growth occurs at the
base of the axon near its junction with the cell body, to change the axon length L(#) (see Fig.
2(a)), and possibly also along the axon, to change the cross-sectional area A(f) (Lamoureux
et al., 2010). Hence, the total mass M({) of the polymerized species (microtubules) is
proportional to AL. If the concentration of the monomer species is m(# (assumed uniform

over the volume of a reaction chamber) then one can write kinetic equations for ‘Z—Af and

dn
dt

us since we wish to know the evolution of both L(#) and A(?) separately, while an equation

as described in Michael et al. (2016), for example. However, this does not suffice for

for % is proportional to the sum A‘Z—f + L%. Furthermore, the monomer concentration is

not uniform everywhere due to active transport of building materials, and the reactions that

increase L(#) are assumed to be localized at the axon hillock (Lamoureux et al., 2010), so
da4

dr?
axon we note that if the concentration of monomers in the soma is Qsthen d

we write separate equations for % an . To account for polymerization at the base of the

dL
E = aQs - ﬁv (1)

where tis time, a = ek,, and p; = ek, r s, Where eis the length of one monomer, 4, is an

on-rate and k,zis an off-rate. % is the number of connected monomers making up a linear

polymer and k]‘c’i = g Eqg. (1) for the kinetics of polymerization is applicable to linear
on

polymers, including microtubules and F-actin, as summarized in Howard (2001). It has been
used in models for growth of neurites since at least the 1980s as described in Van Veen
and Van Pelt (1994). Samuels et al. (1996) use a similar equation for capturing the rate of
change of length, but they drop the off-rate 8, and assume that polymerization occurs at
the tip of the axon near the growth cone which advances to extend the axon while the cell
body, or soma, is stationary. In the experiments of Pfister et al. (2004, 2006) the growth
cone is abolished and the tip of the axon is stationary after two sets of neurons growing
toward each other have formed a junction. One set of neuronal cell bodies is then pulled
away, so that increase in length L(2) of the microtubules likely occurs at the axon hillock.
Evidence for polymerization at (and near) the axon hillock can be found in the “reverse
towing” experiments described in Lamoureux et al. (2010). This is why Qsenters Eq. (1)
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kosf

for the kinetics. Now, for the rate of growth % to be positive we must have Q, > .
on

(Boal, 2002). Let us assume that the monomers are produced in the soma at a rate /(in
units of number of monomers per second). These monomers are being consumed by the
polymerization reaction given by Eq. (1), transport of monomers away from the soma by
active and passive processes and by spontaneous diffusion into the axon. We are assuming
here that the polymerized microtubules do not diffuse and are not transported, consistent
with the assumptions of Van Veen and Van Pelt (1994) and Samuels et al. (1996). If we
assume that the concentration of monomers at the tip of the axon is Q;, then the diffusive

Qs_Qt
L

diffusion constant and we have approximated the concentration gradient of the monomers as
being constant (Van Veen and Van Pelt, 1994; Samuels et al., 1996). So, the rate of change
of monomer concentration in the soma is given by:

flux of monomers away from the soma can be writtenas J = — D , Where Dis a

dO; I DA A dL M F dL
o =V, VLS Yy a v Sty a9 @

where A is the axon cross-sectional area which possibly depends on time, V;is a small
volume in the soma where the polymerization reaction occurs, gis the cross-sectional area
occupied by a single micro-tubule, Mis a growth independent transport coefficient and ~

is a growth dependent transport coefficient. Once again, the production and diffusion terms
on the RHS are the same as in Van Veen and Van Pelt (1994) and Samuels et al. (1996)

and the transport terms are the same as in Samuels et al. (1996). But, the sign of the term
multiplying Fin the above equation is different from that in Samuels et al. (1996) because in
stretch growth the tip of the axon is stationary with the soma being pulled away, while in the
situation analyzed by Samuels et al. (1996) the soma is stationary and the tip moves away

due to the advancing growth cone. % is the number of microtubules in a cross-section of area
A, so %%(%) is the rate of disappearance of the number of monomers at the axon hillock
(near the soma) due to the polymerization reaction. To convert this to a rate of change of

monomer concentration we divide by the small volume V;and this gives the third term on
. . . . dQy .
the RHS. This term is not present in the equation for % in Van Veen and Van Pelt (1994)

and Samuels et al. (1996) because polymerization is assumed to occur at the axon tip in
these papers, not at the axon hillock.

When the axon is stretched up to twice or thrice its original length in a few hours, initially its
area of cross-section becomes smaller because growth cannot keep up. But, after 10-20 h the
axon recovers its original cross-sectional area (Holland et al., 2015; Lamoureux et al., 2010).
Neither Van Veen and Van Pelt (1994) nor Samuels et al. (1996) accounted for the change

in axon cross-sectional area, but Samuels et al. (1996) did account for active transport of
building materials which are required for assembly away from the soma through growth
dependent and independent active transport terms. We assume that A is proportional to the
number of microtubules in the cross-section. Hence, rate of change of A is given by
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dA
s v0:— xA, (3

where yand y are constants. The first term on the RHS quantifies creation of new
microtubules from monomers and the second term quantifies disappearance of existing
microtubules in the cross-section. The second term on the RHS should be proportional

to the local number of microtubules, but since we assume that the cross-sectional area is
proportional to the number of microtubules we insert A into the second term. Q;enters the
kinetic equation above because it represents monomer concentration away from the soma
which is increased by active and passive transport towards the tip due to which the increase
in area A occurs.

In the models of Van Veen and Van Pelt (1994) and Samuels et al. (1996) the concentration
of monomers away from the soma was Q;and its rate of change was affected by
polymerization at the tip which caused an increase in L(#. In the stretch growth experiments
modeled here the increase in L(#) happens due to polymerization at the axon hillock and
affects the concentration of monomers Q4. In the stretch growth experiments of Pfister et
al. (2004, 2006) the tip is stationary, so we will assume that the rate of change of Qf?) is
affected by the change in A(#, not L(#), as quantified by the second term on the RHS of Eq.
(4). Hence, the equation for the concentration of monomers at the tip of the axon is:

dO, DA 1 dA M
- W(QS -0) - Va di + Vth’ 4

where V;is a small volume at the tip of the axon. Monomers arrive at the tip by
diffusion and transport and could be consumed there if polymerization/depolymerization
of microtubules occurs causing a change in cross-sectional area A(J). Since A is assumed
constant in Van Veen and Van Pelt (1994) and Samuels et al. (1996) the second term in

the RHS above does not appear in their equations. Also note that the transport term FQS‘Z—f

d
which is proportional to the /ocal pulling speed does not appear in the equation for %

because the tip is stationary. This is in accordance with a linear (in a coordinate x along the
axon) stretch flux given in O’Toole and Miller (2011). Also, as in O’Toole and Miller (2011)
and Lamoureux et al. (2010) we assume that the area A is the same for the entire length of
the axon.

Finally, we make a few more remarks to contrast our model against those of Van Veen and
Van Pelt (1994) and Samuels et al. (1996). We will assume M = m(Ay — A) where Ay is the
equilibrium cross-sectional area of the axon (for example, the cross-sectional area before
stretching begins), so that there is a net flux of building materials fowardthe tip of the axon
only if axon cross-sectional area becomes smaller and needs to be restored to its equilibrium
value. By choosing this form for Mwe get /=0 when A = Ag which is consistent with

the assumptions (M= 0, A = Ay, fixed) of Samuels et al. (1996). If we identify % with

G in Samuels et al. (1996) then a constant G in Samuels et al. (1996) is again consistent
with a constant A = Ay. If we hold A(?) constant for all £then our equations reduce to those
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of Samuels et al. (1996) with only one modification pertaining to the location where the
increase in length occurs (axon hillock in this work, axon tip in Van Veen and Van Pelt,
1994; Samuels et al., 1996). In Table 1 we list our variables and the corresponding variable
names in the model of Samuels et al. (1996) with A=1. Following Samuels et al. (1996)

we can write our equations for stretch growth in non-dimensional form and identify the few
dimensionless groups that control the process. This exercise is done in Section 4 for the
special case when A= Ap.

2.1. Steady-state solution

It is possible that /depends on external factors. For example, increasing tension will cause
mechanosensitive channels in the membrane to open causing an influx/outflux of Na*, K*,
Ca?* and other ions. These could carry a signal to the soma either directly in the form of
calcium waves or through active transport by motors to cause a change in /. We will admit
this possibility into our analysis later and treat /as a constant for now. The differential
equations above need to be solved numerically. But, since in stretch growth L(2) is linear
in time (with a constant pulling rate C; specified) we will try to get a simple solution by
plugging in the following ansatz into the differential equation:

L) =Cit+Cy, Q,=const, Q;=const, A =const. (5)

If we assume that the axon is long enough so that diffusion can be neglected we find that all
equations are satisfied if
C] ﬂ

eVa +E ’

_p, G _ A AC
eV’ y ae

1 (6)

Thus, for given pulling rate &y, /, A= Ay, Qsand Q;are all constants at steady state.
Neglecting diffusion is justified because the solution to the non-dimensional equations with
constant A = Ag hardly changes in response to a change in D over a few orders of magnitude
(see sensitivity analysis in appendix). This means that the concentration gradient produced
by the above solution is so small that diffusion plays a very minor role in stretch growth. The
last expression above can be rearranged by solving the quadratic equation for C; in terms

of /and other quantities. Thus, if /is given then C; in steady-state depends on the growth
dependent flux term proportional to ~which has been shown to make a major contribution
to transport of materials in the axon in O’Toole and Miller (2011) as we confirm in the
sensitivity analysis performed in the appendix. If /=0 then the production rate /and the
pulling velocity C; are linearly related in steady state. In particular, if in steady state C; =

0, /must also be zero. For such an axon we expect Q, = Q;, since otherwise there will be

diffusion which violate equilibrium. Hence, we require

§=@. ™

4
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For given a, B, y and y this is an equation that sets the value of Ay. There are several

kosf ‘as

other points to be noted about this steady state solution. First, if C; > 40 then Q, > .
on

k
required for polymerization driven growth. If Q, < ;;ff (which happens when C; < 0) then
on

depolymerization will happen and the axon will shorten. Second, there is a concentration
gradient of building materials along a long axon in steady state stretch growth with
concentration being higher at the soma. Hence, diffusion plays a role in transport, albeit
small. On the other hand, net active transport due to molecular motors is zero in steady
state, M = m(A — Ag) = 0 since A = Ag. In other words, in steady state there is very regional

microtubule polymerization near the cell body. Third, if C;>0 the concentration of building

0

materials all along the axon is higher than the critical value —- /1 required for polymerization
0

and growth to occur all along the axon. This ensures that if the axon is damaged somewhere
along the length then it can be repaired.

2.2. Application to experiments quantifying evolution of axon cross-sectional area

Now consider the stretch and hold experiments of Holland et al. (2015) and Lamoureux et
al. (2010) in which the axons are stretched for 1-5 h and then held at constant length for
up to 20 h. We will focus on experiments in which axons are stretched up to 1.6 (or less)
times their original length. The area A decreases initially so that the total volume of the
axon remains fixed. Let us set =0 when stretching is stopped and call A(0) = A;. As time
progresses, the axons are held at constant length and the cross-sectional area comes back to
Ag over several hours. Recall that when C; = 0, the steady state (or equilibrium) value of
Ais Ap. We now want to determine how A(9 evolves to equilibrium using our differential

equations above. Smce —==0,04= —. Since the axon has only been stretched to 1.6 times
its original length we assume that diffusion quickly causes Q;to become equal to Qs, so
that 0, = ﬂ . Note that a protein of radius 3 nm has a diffusion constant um?/s in water at

room temperature. Thus, it takes of 1 monomer about 1 min to diffuse a distance of 100
pum (see Howard, 2001). This is negligible in comparison to the few hours it takes the axon
cross-sectional area to reach its equilibrium value; hence, our assumption that Q;quickly

reaches g is justified. Then, from the last three differential equations we get

1 dA  m(Ay—A)p

O=-v2a V. ®
dA _
=7 XA, )
1 m(Ay—A)p
0= —s - v, P (10)

J Biomech. Author manuscript; available in PMC 2021 December 26.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Purohit and Smith

Page 8

The first and second equations together imply that all the monomers actively transported
from the soma assemble to increase the area A of the axon. Solving the second equation for
A gives

v

A@) = a + pexp(— yt) = Ag+ pexp(— y1), (11)

where we can determine p from the initial condition A(0) = A; at £= 0. Hence, the solution
for Ais

A(t) = Ag — (Ag — Ay)exp(— x1). (12)

Solving the first equation and using the initial condition for A gives

Alt) = Ay — (Ag — Al)exp(—mTaﬁt). (13)

The constant in the exponential must be the same in the two different expressions for A(2).
Thus,

mafp . _ ¥vB

o 1= A()(x (14)

This means that maA( = y, or active transport of building materials is linked with the
growth in axon cross-sectional area. Now, the third equation says that the production rate
/must depend on fas I(r) = ”’Tﬂ(Ao — Ap)exp( — yxt) during recovery to the equilibrium cross-

sectional area. We can estimate y from the stretch and hold experiments of Holland et al.
(2015) and the “reverse towing” experiments of Lamoureux et al. (2010). Data from five
stretch and hold experiments extending to more than 20 h in Fig. 3 of Holland et al. (2015)
and from neuron 1 in Table 2 of Lamoureux et al. (2010) appear in Fig. 3. In the same figure
we plot two curves using Eq. (12) — the red dashed line capturing the trend in Lamoureux et
al. (2010) has 1/ = 26 h, and the black dashed line roughly capturing the trends in Holland
et al. (2015) has 1/x = 13 h. In reality, each neuron in Fig. 3 of Holland et al. (2015) has

a different 1/y, so 13 h is an estimate of the average 1/ for these neurons. Fig. 3 shows

that Eq. (12) is a good first approximation to the recovery of axon caliber seen in stretch

and hold experiments. We know from Howard (2001) that g ~ 1072 moles/m3. We take a=
Ap/100, meaning there are about 100 microtubules in an axon cross-section (Yu and Baas,

1994). So, from (14) we find that m =~ 10/Ag in SI units (the units of /77 are m/s, same as
velocity).

2.3. Application to stretch-growth experiments

Now, let us determine how steady state is reached when an axon is pulled at a constant speed
Cy. We will assume diffusion to be negligible again, but we will notassume Q; = g because

J Biomech. Author manuscript; available in PMC 2021 December 26.
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the soma is moving away from the tip so that transport toward the tip will be hindered due
Gt/ We differentiate (3)

to a stretch flux in the opposite direction. Then, from (1) 05 = —
. . . d . . .
once with respect to time #and plug in from (2) for % to get a differential equation for A(9)

alone:

2
d°A ( Y )dA_,_ﬂM(A_AO):o (15)

2 Vet a v, .

Call y= A - Ay, then the above equation is

2
+C
Q+(L+ )Q m(+C)

dtz V,a dl Vt a (16)
and its solution is
() = Cs exp(— A1) + Cg exp(— Aot), 7
where Cs and Cj are constants and A4 and A, are given by
2 C
_(_ X\ _ Yy x| _mr4 1
4 _(ZV,a + 2) \/(2V,a 2) a7, (18)
2 C
=X 4+ X v _x)_mt 19
’12‘(2Vta+ 2)+\/(2Vta 2) v 9

Note that when C; =0, 4; = yand 4, = Vita Recalling that y = maAg, m ~ 10/ Ay in Sl units,

v, ~ 10" "¥m3 and y ~ 10745~ L it is easy to see that the exp(— 4,¢) term will die out in a very
short time. Thus

y(t) = Ap — A(t) = Cs exp(—411), (20)

where A1 depends on the stretching speed C; through (18). Also, if Vita > > yand

o . ma
7> > then we can express A4 as

maC|

If we apply the initial condition that A(0) = A; then we can find G, so that
A(t) = Ap — (Ao — Ay)exp(— A1) (22)
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As t — oo, y(t) — 0 and A(¢) — Ag. Since A(J) is known, Q{9 can be computed from (2) and
/(9 can be computed using (4) as follows:

Ci+p
a

C Ci+
+ (Ag — Apexp(—Ait) —a—; + M . (23)

L Fcy -

(1) =

AyC
ae

The first two terms represent the steady state value of /and the last term proportional to
exp(—4qt) shows how /(7) reaches its steady state for given C;.

3. Membrane tension dependent production rate

Although our analysis above shows how the axon cross-sectional area A changes during
stretch growth, it puts no limit on the velocity C; at which the axons can be pulled for
growth to keep up. The resolution of this difficulty lies in determining how the rate of
monomer production /depends on the tension z in the axonal membrane. We show in the
appendix that tension z in the membrane will be isotropic for long cylindrical axons if rate
effects can be neglected. The equilibrium equation for the cylindrical membrane of an axon
of radius R shows that the isotropic tension zis related to the hydrostatic pressure difference
p between the inside and outside of the axon through (see the appendix):

7= pR. (24)

The cell must, of course, ensure that the tension z remains below the failure tension

7 of the axonal membrane. A stretched neuron might do this on short time scales by
releasing the reservoirs of invaginated plasma membrane (caveolae), thereby decreasing the
membrane tension and axon radius as observed by Holland et al. (2015) (see also Dennerll
et al. (1988) and Siechen et al. (2009). Alternatively, the volume and membrane could be
redistributed during stretch, resulting in longer, but thinner axons. In fact, the membrane

of the axon is a viscoelastic material which when stretched along the length will contract
along the circumferential direction at short times if no growth takes place (see the appendix).
However, if stretching continues over long times then the cell must produce materials to
the build the axon, otherwise = will increase beyond the failure tension and the cell will
rupture. As such, the cell must “sense” the increasing membrane tension and increase the
rate of production /so that growth keeps up with the stretching. Furthermore, our previous
in vitro studies demonstrated that the cells appeared to be conditioned to anticipate that
accelerating stretch rates would continue, thereby accelerating the production of building
materials (Pfister et al., 2004).

A potential source of this cell signaling during stretch growth is likely mechanosensitive
channels in cell membranes that have been shown to open in other circumstances when

the tension increases (Sigurdson and Morris, 1989; Franze et al., 2009; Nelson, 2004). Of
course, signaling of the mechanical state of the axon to the soma could also occur due

to cytoskeletal remodeling which happens in many types of cells in response to stretch
(Tojkander et al., 2012). Thus, the proposed signaling mechanism based on ion channels is
one of many possibilities. Opening of these channels can cause an influx of ions such as
Na* and Ca%*. While Na* influx can initiate an action potential for fast signaling, increases

J Biomech. Author manuscript; available in PMC 2021 December 26.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Purohit and Smith Page 11

in intracellular Ca2* concentration can play an important role in phosphorylation of proteins
and activation of transcription factors, which in turn can influence production of tubulin
monomers in the soma. Calcium waves could also carry a message to the soma (Rishal
and Fainzilber, 2014) that can lead to increased /. While the exact mechanism may not be
known it is reasonable to assume that /depends linearly on the probability pype, Of the
mechanosensitive channels being open. The quantitative dependence of this probability on
the membrane tension has been documented in the literature (Wiggins and Phillips, 2005;
Haselwandter and Phillips, 2013). Using those expressions we assume that the monomer
production rate /is a monotonic function of the tension z. We will assume that /is linearly
related to the probability pype, 0f channels being open. For simplicity, we will take this
probability as (Haselwandter and Phillips, 2013)

1
AG +tAA\’
kT

Popen (7) T+ exp(_ C3P0pen +Cy 25)

Here, Gz and Gy are constants, AG = Gejpsea — Gopen < 0 is the free energy difference
between the closed and open states of the channel and AA = A, — Acigseq > 0 i the
difference in cross-sectional area between the open and closed states. AG is usually on the
order of several kg7 while AA is several tens of nm2. Note that Popen () iNCreases when
the tension zincreases but it saturates at 1. We could determine Cy in terms of the other
constants by insisting that /= 0 when the tension z = z; the rest tension of the axon
membrane. If we do so then

G
AG +19AA\ ° (26)
kT

Cy= -

1+ exp(—

Going back to our equations we notice that in steady state we must have C; = Iae/ Ay, so that

_ae C3
AG +AA) | @7
kT

1+ exp(—

This equation relates the pulling velocity to the tension in the axonal membrane in steady
state. As Cj increases r also increases. This result has some implications; (27) sets a limit

on the maximum C; at which polymerization can keep up with the pulling. This maximum
ae(C3 + Cy)

AO T 00

is reached when p, ., = 1 which happens as 7 — o, and is given by C; =

is not realistic because if the tension t reaches the failure tension = = z_then the membrane
will rupture. The C; at which the failure tension == z_is reached is

cmax _ Cae 1 _ 1 -
=4 AG+1.0A AG+10AA) : (28)

1+ exp(—T) 1+ exp(—T
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We will try to make some estimates using this model. For simplicity, let us take

77 =107 N/m, AG= —5kgT, AA=40nm? 1y=0.757]. (29)

Of these, AG and AA values have been obtained from Haselwandter and Phillips (2013),
Haswell et al. (2011), and Phillips et al. (2009). As for the failure tension, Dai et al. (1998)
report it to be 1072 N/m for molluscan neurons. However, Hategan et al. (2003) point out
that high tensions around 1072 N/m cause lysis within a very short time (on the order of
seconds), where as tensions on the order of 1073 N/m or lower can be sustained by cells
before lysis for more than an hour. Since axons are stretched for several days without lysis
we take z; = 1073 N/m. Hategan et al. (2003) report that for spread red cells on substrates
(coated with poly-L-lysine) the static tension is 0.8 mN/m. Since the axons described in
Pfister et al. (2004, 2006) were cultured on poly-L-lysine and collagen coated Aclar film we
expect that their membranes will have a static tension similar to the red cells described in
Hategan et al. (2003), so we take zp = 0.757;. According to Smith (2009) U,.x ~ 100 pm/h

(or about 30 nm/s). Hence, we get C3/G ~ 3 x 10~5 m/s (in SI units). Finally, an explicit
expression for /is

1 1
I() =G5 AG+ tAA\ AG+ ‘L'()AA) : (30)

1+ CXP(_T) 1+ exp(—T

In the previous section we showed how /() evolves to reach steady-state for given pulling
speed C;. In this section we have obtained an expression for the dependence of /on the
membrane tension z. Thus, we can now determine how (£ evolves to a steady state tension
for given C; by equating (30) to (23) (see Fig. 4 in which cross-sectional area and tension
are plotted as functions of time). If we further assume that the tension z in the membrane is
related to the hydrostatic pressure difference pacross the cylindrical axon through

T

T
P=R= Jaiz (31

then we find that p depends only on the pulling rate C; because both zand A depend only
on the pulling rate C;. We do not compute an analytical form for the dependence of pon C;
here, but recall that a recent study (Fernandez and Pullarkat, 2011) combining osmotic shock
experiments with theory concluded that a non-zero hydrostatic pressure difference between
the outside and inside of a PC-12 cell is required to quantitatively capture its response to
osmotic shock. They claimed that due to the viscoelastic nature of the cell cytoplasm this
hydrostatic pressure difference should depend on the volumetric strain rate in a non-linear
way. Rather interestingly, they say that this non-linear viscoelastic response has its origins
in the microtubulues in the neurite. Our argument for the non-linear dependence of z (and
hence, p) on the pulling rate C4 is also connected to the presence of micro-tubules and other
structural components in the axon cross-section.
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Limits on stretch-growth

Suppose during initial stretching the failure tension z; is reached due to purely mechanical
stretching of the membranes. As a result the cell ramps up protein production /to its
maximum. Growth starts, new membrane is added causing the tension to go down for any

Cy < C'**. Eventually, the cell settles into a steady state with < 7. The limit on L(J) is set

by the requirement that zremains at z;. If this is the case then /and A = Ay also remain
constant (a constant A for growth over several days was reported in Lamoureux et al., 2010).
We will find the limiting L(2) by integrating three ODEs with the assumption that = z;,

so that /is at its maximum. For this it is convenient to use the non-dimensionalization that
Samuels et al. (1996) applied. They chose the scales:

I Vi Vil
Oscale = G Iscale = G Lgeqre = F’ (32)
which lets us define non-dimensional quantities:
] = L g = Qs 4= Qt (33)
Lscale ’ y Qscale ’ ! Qscale
Now the non-dimensional ODEs for stretch growth are:
dl
E = (s, (34)
dg qs — 4r
— = 35
ar BT (35)
dq qs — 4r
= = === =4+ a3, (36)

where we have neglected the contribution of A,z (because it is expected to be small) and the
constants y1, y» and y3 are:

_ DAG _FI Vs
/Yl - VSI ’ ),/2_ an’ )(3 - VI . (37)

We integrated this system of ODEs in MATLAB. We used y; = 5.7 and y3 = 5.2 following
Wissner-Gross et al. (2011) and set y, = 0 for simplicity. The resulting curve for L/ L4, VS.
tltscate 100KS Very similar to the L(# curve in the paper by Smith (2009) (see Fig. 5). This
suggests that when z = z; the time scale ¢.,;. = 1 day and the length scale L., = 1 mm.
For normal growth (not stretch growth) Wissner-Gross et al. (2011) give #;.4. = 6.4 h and
Lgcale =51 M. Hence, it must be that a (or equivalently &) for stretch growth is about 4
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times smaller than that for normal growth, and /for stretch growth is about 3-5 times bigger
than that for normal growth.

This approach also reveals that crossing the limiting L(# curve from below using piecewise
linear trajectories causes the tension to exceed z; and will result in disconnection. This is
demonstrated for two different piecewise linear trajectories in Fig. 5(a) shown as blue and
black dashed lines. For each of these trajectories we plot the tension in Fig. 5(b) as blue and
black lines, respectively, with initial tension about 0.78z;. The tension eventually exceeds
the value for lysis for both these trajectories. A piecewise linear trajectory that does not
cross the limiting curve is also shown as the red dashed line in Fig. 5(a). For this trajectory
the tension remains below the failure value. Similar trajectories can also be found in Fig. 4A
of Smith (2009).

5. Discussion

We present the first analytical model to identify mechanisms that govern extreme

stretch growth of integrated axon tracts during development and experimentally in vitro.

Our findings differ greatly from those shown for first phase of axon growth, where
polymerization of microtubules occurs at the tip of the axon (Heidemann and Buxbaum,
1994; Heidemann et al., 1990, 1995). Indeed, we find that once the axon reaches and
integrates with its target, the second phase of very rapid axonal growth occurs at the opposite
end of the axon, along the junction of the axon hillock and the soma. This is preceded by

a short phase in which growth occurs all along the axon so that its cross-sectional area is
restored to its equilibrium value after an initial reduction due to rapid stretching, consistent
with the observations of Lamoureux et al. (2010).

The model also describes the dependence of microtubule monomer production rate in the
soma on the tension in the axonal membrane. This allows us to quantitatively explain
observations of axon stretch growth in vitro, such as apparent cellular conditioning to
anticipate accelerating rates of growth by accelerating production of building materials. For
the model, the conditioning that drives the rate of monomer production depends linearly

on the probability of mechanosensitive channels being open. This probability has been
shown to depend on the mechanical tension in the membrane in a quantitative way that
accounts for the free energy differences between the open and closed states of the channel
(Haselwandter and Phillips, 2013). By connecting this probability in a precise way to the
rate of protein production in the soma we have given a mechanism for how tension can
regulate the response of a growing cell. There have been other models in the literature that
have quantitatively accounted for the tension dependence of growth (Franze et al., 2009),
but they are phenomenological. In contrast, our model arrives at this dependence from the
microscopic physics of the gating of ion-channels and the polymerization of microtubules.
It is, however, important to remember that the model for signaling proposed above is one of
many possibilities.

Moreover, the model partially accounts for the challenge of axonal growth exceeding the
capacity of axonal transport. In the first phase of axon growth during development or
regeneration shown in vivo and in vitro, there appears to be a consistent growth rate
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limitation of approximately 1 mm/day (Smith, 2009), which matches the slow axonal
transport rate determined for a key cytoskeletal protein, neurofilament protein (Brown,
2003; Nixon, 1998; Brown, 2000). However, for the second phase of axon tract stretch
growth, this slow transport rate can clearly be outpaced in large animals. At the extreme
growth rate of the blue whale, even established limits of fast axonal transport at about

3 cm/day (Grafstein and Forman, 1980) for cargoes such as microtubule proteins would
struggle to keep pace with stretch growing axons (Smith et al., 2001; Smith, 2009).

An evolutionary solution to accommodate limitations of axonal transport during extreme
stretch growth may be by extruding new axon structure directly from the cell body. In this
scenario, the growth velocity reflects the sum of axonal transport plus extrusion, thereby
exceeding conventional rates of transport. This mechanism of axon extrusion also mitigates
the necessity of transporting all components needed for complete construction of up to
centimeters of axon length per day very distant from the cell body.

Although we have previously demonstrated the boundaries of accelerating extreme axon
stretch growth in vitro (Pfister et al., 2004), factors leading to growth verses rupture were
not identified. The results of our mathematical model demonstrate that the neuron reaches

a steady state growth rate after an initial transient. In this steady state the tension remains
constant as the axon grows at a constant speed. We posit that the tension must remain below
the rupture tension of the membrane at all times. If the growth program is designed in such
a way as the membrane is exactly at rupture tension at all times then the neuron is pushed to
its limits — stretching any faster than the rate dictated by this limiting growth program which
results in disconnection.

While we have provided a microscopic physical model for stretch growth of neurons
significant challenges still remain in our understanding of the process. For example, we do
not have a quantitative model for how opening of ion channels sends the signal for the cell to
change its rate of production of proteins. Such a model will allow us to quantify how other
types of stimuli (e.g. chemical and electrical) could also influence stretch growth. It could
also be that other signaling mechanisms, such as cytoskeletal remodeling, could cause the
cell to change its rate of protein production and should certainly be explored. Again, tension
in the axon surely depends on the nature of the neuron’s attachment to its substrate. We
have not accounted for this in our model, but we anticipate that this can be accomplished by
following the ideas of O’Toole et al. (2008). Such an extension of our model could explain
how substrate mechanical properties influence stretch growth (Franze and Guck, 2010).

Overall, these findings may contribute to the general understanding of the nervous system
morphogenesis during development by providing potential mechanisms that underlie very
rapid growth of axon tracts and nerves. In addition, the new model provides considerations
of the mechanical limitations and potential of stretch growth of axon tracts that can be used
to refine input parameters for nervous tissue engineering. Indeed, as engineered nervous
tissue constructs have shown promise for repairing nervous system damage in experimental
models, optimized growth methods to create long transplantable axon tracts may accelerate
the path to clinical application (Pfister et al., 2006, Iwata et al., 2006; Huang et al., 2008,
2009).
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Fig. 1.

E)?ample of the process of stretch growth of integrated axons. Two populations of neurons
are plated on two adjacent substrates, one of which serves as a towing membrane (swine
dorsal root ganglia neurons shown on towing membrane, arrow). Over a few days, axons
sprout and connect the two neuron populations. A microstepper motor system then pulls
the towing membrane away from the adjacent substrate at accelerating rates. This induces
tensile forces on the spanning axons, which respond by growing in length to mitigate the
stress. This process also causes axons to coalesce and become organized into relatively
straight large fascicles spanning the two neuron populations (fascicles extending to and
from towing membrane shown on left). This extreme axon growth mechanism can produce
fascicles of at least 10 cm in culture, and many meters in animals. Shown is approximately
0.5 cm of axon fascicles that were grown to 5 cm in total length.
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Fig. 2.

Aichematic of a neuron undergoing stretch growth. The polymerization occurs at the
junction of the axon and soma as well as all along the axon. The production of monomers

in the soma depends on the probability of mechanosensitive channels in the membrane being
open. This probability depends on the membrane tension, which, in turn, depends on how
fast the neuron is being stretched. Thus membrane tension indirectly determines how fast a
neuron can grow.
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Experimental data on recovery of axon cross-sectional area from Lamoureux et al. (2010)
(red circles) and Holland et al. (2015) (black squares) compared with Eq. (12) from our
model. 1/ = 13 h for the black dashed line and 1/ = 26 h for the red dashed line. (For
interpretation of the references to color in this figure caption, the reader is referred to the

web version of this paper.)
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(a) Axon cross-sectional area as a function of time. We start with the initial condition A=

0.6Ay and apply two different stretching speeds 0.5 = C7*** (red curve) and 0.9 = C"** (black

max

curve) where C"** = 30. A(J) reaches the asymptotic value Ag in several hours in both cases.

(b) Membrane tension as a function of time. For long times the membrane tension also tends
to a constant that depends on the pulling speed. The higher the pulling speed, the higher the

steady state tension. If the pulling speed is larger than C7***

the membrane tension exceeds

the failure tension z; causing disconnection of the axon. (For interpretation of the references
to color in this figure caption, the reader is referred to the web version of this paper.)
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Fig. 5.
(@) The green line shows the limiting L(2) curve for y; = 5.7, y3 =5.2 and f0) = 0.13. The

blue dashed line has the following trajectory —% = 0.295CT** for day 1 % = 0.786CT"** for

day 2 and ‘fj—]; = 1.1CT"* for days 3 and 4. The red dashed line has the following trajectory

—‘i—f = 0.295C]"** for day 1 and 12 h on day 2, % = 0.98C"*, thereafter. The black dashed

line has the following trajectory —% =0.295CT"** for 12 h, % = 1.02 = C"** thereafter. The
evolution of the tension zis plotted on the right. (b) The tension crosses z; for the blue

and black curves, but not for the red curve. Therefore, the blue and black protocols lead to
disconnection, but the red protocol does not. Note also that in the black protocol we could

exceed 1" for several hours without causing disconnection because it takes time for the

tension to reach the failure value. We have mimicked the experiments shown in Fig. 4A of
Smith (2009).
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Our list of variable names compared to Samuels et al. (1996).

This work Q © D A L a B | Ak F M V V;

Samuelsetal.(1996) C, C; D A Ly a - S G F 1y Vem Vi
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