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Abstract

Many macromolecules form helical assemblies to carry out their functions.

Helical reconstruction from electron microscopic images is a powerful

approach for solving high-resolution structures of such assemblies. Determina-

tion of the symmetry parameters of the helical assemblies is a prerequisite step

in helical reconstruction. The most widely used method for deducing the sym-

metry is through Fourier–Bessel indexing the diffraction pattern of the helical

assemblies. This method, however, often leads to incorrect solutions, due to

intrinsic ambiguities in indexing helical diffraction patterns. Here, we present

Python-based Helix Indexer (PyHI), which provides a graphical user interface

(GUI) to guide the users through the process of symmetry determination. Dif-

fraction patterns can be read into the program directly or calculated on the fly

from two-dimensional class averages of helical assemblies. PyHI allows deduc-

ing the Bessel orders of diffraction peaks by using both the amplitudes and

phases of the diffraction data. Based on the Bessel orders of two unit vectors,

the Fourier space lattice is constructed with minimal user inputs. The program

then uses a refinement algorithm to optimize the Fourier space lattice, and

subsequently generate the helical assembly in real space. The program pro-

vides both a publication-quality graphic representation of the helical assembly

and the symmetry parameters required for subsequent helical reconstruction

steps.
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1 | INTRODUCTION

Formation of large helical assemblies is a common mech-
anism by which molecules gain unique properties and
functions absent in individual components. The critical
roles of such assemblies in biology are exemplified by the
DNA double helix and microtubules, which are essential
for storing the genetic information and regulating the
shape and mechanical properties of the cell, respectively.

Recently, more and more proteins are found to form heli-
cal assemblies in their physiological or pathological
states, such as large helical complexes of signaling pro-
teins and β-amyloids. Helical reconstruction from elec-
tron microscope (EM) data is a powerful approach for
solving the structures of helical assemblies, critical for
understanding the mechanisms and functions of the
assemblies. The invention of the iterative helical real-
space reconstruction (IHRSR) algorithm and its recent
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implementation in various software packages have led to
high-resolution cryo-EM structures of many helical
assemblies.1–4

One critical initial step in helical reconstruction is to
determine the symmetry parameters of the helical assem-
bly. As discussed in detail previously, helical assemblies
without rotational point group symmetry can be
described with one-start helices.1 Parameters that charac-
terize the symmetry of such helices include the rise and
twist of each subunit, from which the pitch of the helix
and the number of subunits per turn can also be deduced.
More complicated helices may possess Cn rotational point
group symmetry, such as C2 (twofold) and C3 (threefold),
along the helical axis (or referred to as the z-axis). In
addition, a twofold symmetry axis perpendicular to the
helix axis may exist, leading to dihedral symmetry such
as D1, D2, and D3. Several methods have been developed
for deducing the symmetry.5–8 There is also an online
server with a browser-based user interface dedicated for
this purpose (http://rico.ibs.fr/helixplorer/). One of the
most used methods is the Fourier–Bessel indexing pro-
cess based on analyses of the Fourier transform of the
helical assembly. The Fourier transform can be calcu-
lated from one segment of the helix or two-dimensional

(2D) class averages of many segments. Alternatively, the
average of the Fourier transforms of many individual seg-
ments can be used. The image of the amplitudes of the
Fourier transform of vertically aligned helices (also called
the power spectrum) shows evenly spaced horizontal
layer lines with strong intensities (Figure 1).9 The hori-
zontal and vertical axes crossing at the origin of the
power spectrum are referred to as the equator and merid-
ian, respectively (Figure 1a). The reciprocal of the dis-
tance between the neighboring layer lines is the repeat
distance of the helix.9 In general, average power spectra
are of higher quality and easier to interpret than those
calculated from single helical segments or 2D class aver-
ages, as the latter may suffer from artifacts and loss of
information.

The diffraction peaks in layer lines can be described
with Bessel functions.9,10 A Bessel function in the helical
formalism has an argument 2πRr, where R is the distance
of the first peak from the meridian in reciprocal space
and r is the radius of the helix in real space. There is a
direct relationship between the value of 2πRr and the
Bessel order n.11 For example, the Bessel orders n is
1 when 2πRr = 1.8, while the Bessel order n is 2 when
2πRr = 3.1. For Bessel orders larger than 10, 2πRr is

FIGURE 1 Power spectrum and two-dimensional (2D) lattices of a helical assembly. (a) A 2D lattice (red) consistent with peaks in the

power spectrum is drawn based on the two unit vectors v1 (Bessel order 7) and v2 (Bessel order �4). The lattice in cyan is the mirror image

of the red lattice. Layer lines are represented by dashed lines in orange. For simplicity, the bottom halves of the two lattices are not drawn to

completion, because they are the mirror images of the top halves. Likewise, layer lines in the bottom half of the power spectrum are omitted.

(b) Real space lattice generated from the Fourier space lattice in (a). The two blue solid lines are the two real space unit vectors. The first

vector ends at the lattice point (1, 0), which specifies the spacing of the right-handed seven-start helical family (blue dashed lines), because

the Bessel order of the Fourier space vector v1 is 7. The second vector ends at the lattice point (0, 1), which specifies the spacing of the left-

handed four-start helical family (magenta dashed lines), because the Bessel order of the Fourier space vector v2 is �4. The circumferential

vector of the helical assembly begins and ends at lattices points (0, 0) and (4, 7), respectively. The simplest description of the helical assembly

is the one-start helix indicated by the black dashed line. The rise (along the helical axis) and twist (azimuthal angle difference) between two

consecutive lattice points in this one-start helix are the required parameters for helical reconstruction with IHRSR

108 ZHANG

http://rico.ibs.fr/helixplorer/


approximately equal to n + 2. The assignment of Bessel
orders of peaks in power spectra of biological helical sam-
ples containing large number of atoms is, however, often
more difficult. A major issue is that the effective helix
radius r for each diffraction peak could be different due
to varied contributions of atoms distributed at different
radial positions.6,12 With the Bessel orders known, one
method for deducing the symmetry parameters is the
selection rule specified by the following equation:9–11

l¼ t �nþu �m ð1Þ

where l is the layer-line number and n is the Bessel order.
m is an integer, which could be zero, positive or negative.
The numbers t and u mean that the helix contains exactly
u subunits in t turns. The symmetry of a helix is solved
by finding a pair of t and u that satisfy the equation with
all the l and n. A drawback of this method is that the
selection rule could have multiple solutions, only one of
which is correct.8 In addition, defining helical symmetry
in terms of t and u is less meaningful when considering
that a small change in the twist per subunit in a helix
could result in dramatic changes to t and u.8,13

A second method for indexing is by treating a helical
assembly as a 2D crystal rolled into a cylinder.7,8,11,14 The
diffraction patterns of helical assemblies are therefore
similar to those of 2D crystals, except that the diffraction
peaks from helical assemblies are elongated, appearing as
layer lines instead of discrete spots. As a result, a recipro-
cal 2D lattice, also named the (n, l) plot, can describe the
diffraction pattern of helical assemblies. This lattice can
be constructed from two unit vectors with Miller indices
(1, 0) and (0, 1), which define the reciprocal unit cell.7,8,14

The Bessel orders n of a lattice point with the miller
index of (h, k) is given by:

n¼ h �n10þk �n01 ð2Þ

where n10 and n01 are the Bessel orders of the two unit
vectors. This simple linear relationship greatly constrains
the Bessel orders of all the layer-line peaks, reducing the
difficulty in their assignment. In addition, the Bessel
order n of any point in the reciprocal lattice specifies the
n-start number of the helical family that gives raise to
this diffraction peak.7,8,14 Positive and negative Bessel
orders correspond to right-handed and left-handed heli-
ces, respectively. For example, the Bessel order 7 of the
first unit vector comes from the right-handed seven-start
helical family in Figure 1b, which has seven helices that
pass through the circumference. Likewise, the Bessel
order �4 of the second unit vector corresponds to the
left-handed four-start helical family (Figure 1b). The real
space 2D lattice can be generated with the two real space

unit vectors converted from the reciprocal space unit vec-
tors.1 A circumferential vector must be chosen between
two lattice points such that the n-start numbers of the
two principle helical families defined by the two unit vec-
tors are equal to their respective Bessel orders
(Figure 1b).7 The helix can then be generated by rolling
up the 2D lattice into a cylinder to join the beginning and
end of the circumferential vector. This method provides a
graphic representation of the helical structure and con-
tains all the symmetry parameters required for the subse-
quent helical reconstruction steps using IHRSR or
RELION helical reconstruction.1,7,13

Regardless the methods used, the indexing process
remains one of the most difficult tasks in helical recon-
struction. The intrinsic ambiguity in the indexing of
power spectra makes it often very difficult to choose the
correct one from multiple potential solutions. Choosing
incorrect solutions would lead to wrong structures.3,15,16

The method based on the 2D crystal analogy requires
accurate construction of both the Fourier space and real
space lattices, which is not easy to carry out manually. In
this article, I present the Python-based Helix Indexer
(PyHI) program that provides a user-friendly graphic
interface to guide the user from assigning the Bessel
orders to using the 2D crystal method to construct the lat-
tices, making it easier to determine a range of possible
symmetry parameters. The program generates high-
quality graphic representations of the lattices that can
both help understand the helical structure and be used in
publication.

2 | RESULTS AND DISCUSSION

2.1 | Visual inspection of images and
identifying layer lines

The PyHI program allows loading of power spectrum in
the MRC format, a commonly used file format in cryo-
EM,17 or other image formats such as tiff, jpeg, and png.
Average power spectra calculated from many aligned fila-
ments often show better signal-to-noise ratio and less
artifacts, helpful for identifying layer lines and diffraction
peaks. However, phases of the peaks, which are useful
for resolving the ambiguity in assigning the Bessel orders
(see details below), are lost in this case. Alternatively,
images of individual helical segments or 2D class aver-
ages (as MRC stacks) can be loaded. The helix should be
centered and aligned vertically, which can be done by
using the “align img” function and further fine-tuning
with the “rotate img” and “shift img” spin-boxes. PyHI
calculates the Fourier transform of the displayed 2D
image on the fly and displays the power spectrum
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containing the amplitude of each pixel of the Fourier
transform (Figure 2a), while the phases are stored inter-
nally and can be used later. The “class number:” box in
the control area allows quick scrolling through different
2D class averages and selection of the best one for
indexing. The program provides tools for zooming, pan-
ning, as well as adjustment of the contrast and colormap

of the displayed images. In addition, various interpola-
tion algorithms can be applied through the image adjust-
ment tool in the toolbar to smoothen the power spectrum
image for visual inspection.

The coordinates of the mouse pointer in the power
spectrum image are displayed in the toolbar. This infor-
mation allows the distance between layer lines (in pixel)

FIGURE 2 The “power spectrum analyzer” tab. (a) Overview of the user interface. One of the two-dimensional (2D) class averages of

the MAVS filament in the MRC stack format and its power spectrum are shown. The 2D image is centered and vertically aligned by

checking the “align img” checkbox. The blue vertical line in the 2D image window serves as an indicator of the centering and alignment.

The cyan curve represents the horizontal one-dimensional (1D) profile of the 2D image, useful for finding the left and right boundaries of

the helix when measuring the radius. Layer lines are drawn as dotted lines, with every fifth line labeled. The distance between layer lines is

set to 1.95 pixel. The plots of amplitude and phase difference in the “layer-line plots” window are generated with the parameters in the

“layer-line plot parameter” area. Note that the “Y-coord range” should be specified in pixel, not the number of layer lines. The theoretical

amplitude plot with Bessel order 3 (red) is shown for comparison. The range of radius of 4 Å specified in the ± input box is reflected by the

semi-transparent trace in the plot. The red dots indicate that the expected phase difference between the two peaks related by mirror

symmetry along the meridian should be 180�. (b,c) The theoretical amplitude plot with Bessel order 4 matches the data plot reasonably well.

However, the predicted phase difference is 0�, inconsistent with the data
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to be estimated. Layer lines can be plotted on the image
by inputting the number of the distance and clicking
either “Set LL dist” or “Draw LL” (which toggles between
“Draw LL” and “Clear LL” upon mouse click)
(Figure 2a). The repeat distance of the helical assembly,
which is the reciprocal of the layer-line distance, is auto-
matically calculated and displayed at the bottom of the
control area. If the power spectrum is calculated form 2D
images of the helix as in Figure 2a, the center of the
power spectrum is the origin for the equator and merid-
ian. The program uses the center as the default origin
when drawing the equator, meridian, and layer lines.
However, if a power spectrum image is loaded directly,
the center of the image may not be the origin. In this
case, the origin can be manually set by mouse clicking
the correct position while holding the Option (MacOS) or
Alt (Windows and Linux) key. With the origin correctly
set, the user can iteratively change the layer-line distance
and draw layer lines in order to reach the optimal fit to
the data.

In the example shown in Figure 2a, the image size of
the 2D class averages of MAVS filaments is 300 � 300 pixel
and the pixel size is 1.05 Å/pixel. The layer lines drawn
with the distance of 1.95 pixel fit the data very well. The
repeat distance is therefore 300 � 1.05/1.95 = 161.5 Å.

2.2 | Determining the Bessel orders of
peaks in the power spectrum

The radius of the helix is required for determining the
Bessel orders of the peaks in the power spectrum. The
radius can be measured by clicking the “measure” button
followed by clicking the left and right edges of the helix
(Figure 2a). The radius can also be manually set in the
“radius of helix” box. The measured radius of the MAVS
filament is ~40 Å. It is important to note that the “effec-
tive” radius of helices that gives rise to the diffraction
peaks is often different from this measured radius based
on the outer edges.6,18 To deal with this issue, the user
can input the ± range of the set radius into the box next
to the radius box, which makes the program draw the
Bessel plots according to this range (Figure 2a). This
range should be taken into consideration when estimat-
ing the Bessel order of the diffraction peaks in the follow-
ing process.

The major peaks in the power spectrum can be inde-
xed through the following procedure. As an example, to
determine the Bessel order of the first peak on layer-line
5, the user can plot the amplitude of the pixels on this
layer line as a function of R, the distance from the merid-
ian, in the “layer-line plots” window (Figure 2a). The pro-
gram shows the theoretically calculated plot based on the

helix radius range and a trial Bessel order for compari-
son. In Figure 2a, the first pair of peaks of the calculated
plot with Bessel order 3 match those of the data plot quite
well, suggesting that the Bessel order of the peaks is
3. However, as shown in Figure 2b,c, the plot calculated
from Bessel order 4 also appears to match the data plot
well. This ambiguity can be resolved by considering the
plot below that shows the phase difference between each
pair of pixels with equal distance from the meridian. In
theory, with the helix well centered and vertically
aligned, these phase differences for Bessel functions of
even and odd Bessel orders should be 0 and 180�, respec-
tively.8,11 Figure 2 shows that all the pixel pairs within
the major peak pair (pixels 4/�4, 5/�5, 6/�6, 7/�7 from
the meridian) have phase differences close to 180� rather
than 0�, strongly suggesting that the Bessel orders of the
two peaks in this layer line are odd numbers. The Bessel
orders 3 and �3 are therefore the correct solution.

As pointed out previously, out-of-plane tilt of fila-
ments alters both peak positions and phases in power
spectra, which could mislead the assignment of Bessel
orders.7,8,11,16 Position of peaks on layer lines far away
from the equator are affected by out-of-plane tilt more
than those close to the equator. On the other hand, the
effect of out-of-plane tilt on the phase relationship
depends on the Bessel order, with higher order peaks
affected more than lower order peaks. For example, the
first pair of peaks in layer-line 9 in Figure 2a are located
slightly away from the meridian, suggesting the Bessel
orders 1 and �1, respectively. A different 2D class aver-
age as shown in Figure 3, however, shows a single peak
centered on the meridian, incorrectly indicting the Bessel
order 0. In addition, the phase differences for peaks on
layer-line 5 are ~60�, raising ambiguity on whether their
Bessel orders are even or odd. In this regard, it is advan-
tageous to be able to scroll through different 2D class
averages to check for inconsistency and choose the best
power spectrum for indexing.

2.3 | Setting the unit vectors and
generating the lattice in Fourier space

With the layer lines drawn and the Bessel orders of the
major peaks in the power spectrum indexed, the user can
go to the “lattice generator” tab to construct the Fourier
space lattice. The power spectrum chosen in the “power
spectrum analyzer” tab is automatically displayed in this
tab (Figure 4). The display settings are largely the same,
except that the power spectrum can be symmetrized for
easier recognition of the diffraction pattern by checking
the “sym” checkbox. The first task here is to choose two
peaks in the power spectrum to define the two unit
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vectors. In Figure 4, unit vector 1 lands on the peak of
Bessel order 7 on layer-line 1, set by mouse clicking on
the peak while holding the command/control key. Simi-
larly, unit vector 2 is set to the peak of Bessel order �4
on layer-line 4, by clicking on the peak while holding the
Shift key. These actions trigger drawing of the Fourier
space lattice in red, which should generate the lattice
points accounting for one half of the major peaks in the
power spectrum. The second half the peaks should be
accounted for by the lattice in cyan, which is the mirror
image of the red lattice. Alternatively, unit vectors 1 and
2 could be set to the peak of Bessel order �7 on layer-line
1 and the peak of Bessel order 4 on layer-line 4, respec-
tively. The resulting 2D lattices in red and cyan would be
swapped relative to the ones shown in Figure 4. The real
space lattices from these two alternative schemes have
opposite hand. Either one of these indexing schemes
could be correct, because the handedness of helix cannot
be determined at this stage. For a given power spectrum,
there are multiple alternative ways of designating the
unit vectors that give rise to the same set of lattice points.
For example, in Figure 5, unit vector 2 is set to the peak
of the Bessel order 3 on layer-line 5, while unit vector 1 is

the same as in Figure 4. The lattice points generated from
this setting are identical to those in Figure 4.

The two unit vectors can be adjusted iteratively to
improve the match between the lattice points and the
peaks. The number of layer lines and lattice lines dis-
played can be increased or decreased based on the num-
ber of peaks in the power spectrum. The match between
the lattice points and the peaks does not need to be per-
fect at this stage, as it can be improved by the following
refinement routine. In addition, some peaks may deviate
from the lattice because they originate from diffractions
of atoms located at different radii as mentioned above.6,18

2.4 | Refine the parameters and
generating the real space lattice

To refine the manually set Fourier space lattice, the user
needs to first set the Bessel orders of the two unit vectors
by changing the numbers in the “Bessel order” input
boxes (Figure 4). The input numbers are always positive
integers. The program internally switches the sign of the
number if the vector lands on the left side of the meridian

FIGURE 3 Effect of out-of-plane tilt on the power spectrum. The image and power spectrum of a different two-dimensional (2D) class

average from the MAVS filament data are shown. Out-of-plane tilt reduces the phase difference of the two peaks on layer-line 5. It also

causes the first peak on layer-line 9 to sit on the meridian, indicating Bessel order 0, which is incorrect
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and therefore has a negative Bessel order. Clicking the
“refine” button triggers the refinement routine that opti-
mizes the Fourier space lattice as described in the
method section. The user can check again whether the
lattice points overlap with the diffraction peaks. In
Figure 4, the two unit vectors match the two chosen
peaks well. Another example is the peak on layer-line
5, which is also predicted correctly by the lattice, with
Bessel order (7-4) = 3 based on Equation (2).

It should be noted that the lattice drawn based on the
2D crystal analogy of helical diffraction assumes a simple
linear relationship between the Bessel order and the dis-
tance of the diffraction peaks from the meridian. This lin-
ear relationship is, however, an approximation. For
example, the first maxima of a Bessel function with the
Bessel order 1 is 1.8, while the first maxima of a Bessel
function of the Bessel order 2 is 3.1 rather than 3.6. This
is another reason that the lattice points may not align
perfectly with the diffraction peaks even when the
indexing scheme is correct.

The refinement routine automatically draws the plot
of the real space lattice, with the horizontal and vertical

axes corresponding to the circumference and the helical
axis, respectively (Figures 4 and 5). Each dot in the plot
represents one asymmetric unit in the helical assembly.
In addition, the program automatically calculates and
displays the point group symmetry, rise/subunit, and
twist/subunit of the simplest helical family that can rep-
resent the entire helical assembly (Figures 4 and 5). If the
helical assembly does not have rotational point group
symmetry, the simplest helical family is the one-start
helix that passes through all the subunits in the real
space lattice. A dotted strand line is drawn on the plot to
indicate this one-start helix. If there is a rotational point
group symmetry such as C2 and C3, the program detects
it based on subunit arrangement in the real space lattice.
In this case, multiple strand lines are drawn to reflect the
point group symmetry. This type of rotational point
group symmetries can also be deduced from the greatest
common factor of all Bessel orders in the power spec-
trum.7 For example, a common factor 2 (all even Bessel
orders) indicates the presence of the C2 symmetry in the
helical assembly. PyHI does not automatically identify
the dihedral symmetry Dn. However, the presence of the

FIGURE 4 The “lattice generator” tab. The same power spectrum as in Figure 2 is shown, except that it has been symmetrized by

checking the “sym” checkbox. A refined Fourier space lattice and the associated real space lattice are shown in the left and right windows,

respectively. The dotted line in the right panel represents the one-start helix that connects all the subunits in the helical assembly. The

calculated point group, rise, and twist per subunit of this helix are displayed with red text in the control area
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Dn symmetry constraints the phases of all pixels along
the layer lines to be 0 or 180�, provided that the helix has
no out-of-plane tilt.7 PyHI prints the phases of the pixels
in the terminal window when drawing layer-line plots to
help the user decide whether Dn needs be considered. Cn

should be used if unsure, and the presence of Dn may
become clear when the three-dimensional (3D) recon-
struction reaches high resolution. The point group sym-
metry, twist, and rise per subunit are the parameters
needed by the subsequent 3D helical reconstruction with
programs such as IHRSR and RELION.1,13 In Figure 4,
the strand line connecting subunits 1 and 2 represents
the one-start helix of the MAVS filament. The rise and
twist per subunit are 5.05 Å and �101.3�, respectively,
very close to the refined results.1

3 | CONCLUSION

The PyHI program is designed tomake the 2D latticemethod
for indexing power spectrummore accessible to non-experts.
The graphic user interface provides both a platform for learn-
ing Fourier–Bessel indexing and generating high-quality
graphics for publication. Future development will be

directed at more automatic decision making by the program
and further reducing required user inputs.

4 | MATERIALS AND METHODS

4.1 | Example data

The helical filament dataset of the protein MAVS
(EMPIAR entry ID: 10,031; link: https://www.ebi.ac.uk/
pdbe/emdb/empiar/entry/10031/) was used as the exam-
ple. RELION was used for manually picking of filaments
and calculating 2D class averages following the helical
reconstruction procedure as described in detail in Refer-
ence 1. The 2D class averages in the MRC stack format
were loaded into PyHI to illustrate how the program
works.

4.2 | Python code

The program is a Python script that runs under Python
version 3.7. The script depends on the following Python
libraries: Mrcfile 1.1.2,19 numpy 1.18.3,20 matplotlib

FIGURE 5 An alternative indexing scheme leading to the same real space lattice as in Figure 4
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3.3.1,21 Pillow 7.2.0 (https://pillow.readthedocs.io/en/
stable/), PyQt5 5.15.0 (https://pypi.org/project/PyQt5/),
SciPy 1.4.1,22 and mplsursors 0.4 (https://mplcursors.
readthedocs.io/en/stable/). These libraries can be
installed on modern operating systems with standard
Python library management tools such as Python Pack-
age Installer (PIP; https://pip.pypa.io/en/stable/) and
anaconda (https://docs.conda.io/en/latest/). The script
can be freely downloaded from Github (https://github.
com/xuewuzhang-UTSW/PyHI). A brief video demon-
stration on how to use the program is provided at:
https://youtu.be/KxAeo90CIt4.

4.3 | Overall organization of the user
interface

The user interface is designed to guide the user through
the indexing process. The procedure starts with loading
an image file using the menu bar item “File.” Both a sin-
gle image of a filament segment in the MRC format and
MRC stacks of 2D class averages can be loaded. Power
spectra in various image formats can also be loaded. The
graphics window contains two tabs, named “power spec-
trum analyzer” and “lattice generator,” respectively. The
“power spectrum analyzer tab” is for displaying the 2D
image and power spectrum, as well as plotting one-
dimensional plots that facilitate the determination of the
Bessel orders of the peaks in the power spectrum. The
“lattice generator” tab is dedicated for drawing the recip-
rocal and real space lattices, based on the assignment of
the Bessel orders from the first tab. The names of the but-
tons and input fields are in general self-explanatory.
Additional help messages for many of them are provided,
which can be shown by placing the mouse pointer on top
of the buttons or input boxes. Images and plots generated
in the program can be saved in various formats such as
PDF and png. The parameters derived from the program,
such as Bessel orders of the unit vectors, the rise, and
twist the helix, can be saved as a formatted text file and
reloaded for convenience.

4.4 | “Power spectrum analyzer” tab

The 2D image is displayed in the “2D class average” win-
dow the in the “power spectrum analyzer” tab. The user
interface provides tools for switching, rotating, zooming,
panning, as well as adjusting contrast and color map of
the displayed images. The program reads the pixel size
from the MRC file, required for converting the rise per
subunit from pixel to angstrom. If this information from
the MRC header is absent or incorrect, it can be set

manually with the “Set Angpix” button. The Fourier trans-
form of the currently displayed 2D image is calculated
automatically. The amplitude of the Fourier transform is
displayed in the “power spectrum” window. If a power
spectrum image is loaded, it is displayed in the same win-
dow, while the “2D class average” window will remain
blank. This tab provides all the functions for determining
the layer-line distance and Bessel orders of the diffraction
peaks. These functions are described in detail in Section 2.

4.5 | “Lattice generator” tab

The power spectrum image is also displayed in the “Fou-
rier space lattice” window in the “lattice generator” tab.
The power spectrum of a helical segment is expected to
show approximate mirror symmetry along both the
meridian and equator. Power spectra calculated from 2D
class averages, however, often deviate substantially from
such symmetry. Checking the “sym” checkbox in the
control area below the image window symmetrizes the
displayed power spectrum, making it visually easier to
interpret. With the layer lines set in the “power spectrum
analyzer” tab, a Fourier space lattice can be drawn by cli-
cking the “Draw lattice” button in the control area. The
two unit vectors are set arbitrarily at this point and there-
fore need to be adjusted by the user (see below).

With both the Fourier space lattice drawn and the
Bessel orders of the two unit vectors set, the user can
then click the “refine” button to refine the Fourier space
lattice, which also triggers the generation of the real
space lattice on the right side of this tab. Each point in
the real space plot represents one asymmetric unit in the
helical assembly. The point group, rise/subunit, and
twist/subunit of the simplest helical family are calculated
automatically and displayed. One line is drawn in the
plot to indicate this helical family. The Miller indexes
and the sequential numbers along the vertical direction
of the lattice points can be toggled on and off by clicking
the “[h, k] label” and “sequence label” buttons. With the
“Draw strand” box checked, mouse clicks, while holding
the command (MacOS) or control (Windows and Linux)
key, on two neighboring subunits trigger drawing a
strand line linking these two points and calculation of
the twist and rise between them.

4.6 | Generation of the Fourier space and
real space lattices

The two unit vectors in Fourier space are colored magenta
and labeled v1 and v2, respectively. The user sets the two
vectors by clicking on the desired peaks on the power
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spectrum while holding the command/control and shift
key, respectively. The program automatically limits the
end of the vectors to layer lines. In addition, it limits the
angle of the first unit vector (v1) to the range of 0–90�,
while the angle of vector 2 is larger than vector 1 and
smaller than 180�. As a result, vector 1 always ends in the
upper right quadrant of the power spectrum and has a
positive Bessel order, whereas vector 2 could end in either
the upper right or left quadrant and have either a positive
or negative Bessel order. Linear combinations of the two
unit vectors generates the Fourier space lattice (shown in
red), which should account for half of the major peaks in
the power spectrum. The other half of the peaks is the mir-
ror image of the first half, which are accounted for by the
lattice in cyan that is mirror-symmetric to the red lattice.

The angles of the two unit vectors in Fourier space
are converted to the angles of the unit vectors in real
space as described previously:1

a1 ¼� a�2�90�ð Þ ð3Þ

a2 ¼� a�1�90�ð Þ ð4Þ

where a1 and a2 are the angles of the real space unit vec-
tors, whereas a*1 and a*2 are the angles of the Fourier space
unit vectors. The meaning of these equations is that the first
unit vector in real space is perpendicular to the second unit
vector in Fourier space, and vice versa. The negative sign in
the two equations causes mirror operations of the two unit
vectors along the horizontal circumference in real space.
These operations make the calculated values consistent
with the convention that the positive and negative Bessel
orders correspond to right-handed and left-handed strand
families, respectively,10 without changing the absolute
values of the rise and twist per subunit. The length l of the
real space unit vectors is given by:

l¼ 1
l� � sin a12ð Þ ð5Þ

where l* is the length of the corresponding reciprocal space
unit vector. a12 is the angle between the two unit vectors.
With the two unit vectors known, the real space lattice is
determined, which is drawn in the form of blue dots that rep-
resent individual asymmetric units in the helical assembly.

4.7 | Method for refining the Fourier
space and real space lattices

The lattice points in the Fourier space must sit on layer
lines. The program automatically enforces this by round-
ing the y-coordinates, y*1 and y*2, to the closest layer line

when the user manually sets the two unit vectors by
mouse clicks. The x-coordinates of the lattice points are
the distances from the meridian, which have a linear
relationship with the associated Bessel orders. The refine-
ment algorithm enforces this relationship by setting the
initial trial x-coordinates of the two unit vectors, x1i and
x2i, with the following equations:

x�i1 ¼
x�u1
�� ��þ x�u2

�� ��� � � n1j j
n1j jþ n2j j ð6Þ

x�i2 ¼
x�i1 �n2
n1

ð7Þ

where x*u1 and x*u2 are the x-coordinates of the two unit
vectors manually set by the user. n1 and n2 are the Bessel
orders of the two unit vectors. These equations set x*i1 by
taking into consideration of both x*u1 and x*u2, while x*i2
is tied to x*i1 based on the linear relationship between the
x-coordinates and the Bessel orders.

As described in Section 1, the Bessel orders of the
two unit vectors in Fourier space determine the n-start
numbers of the corresponding strand families in real
space. According to this relationship, it can be shown
that the (0, 0) and (n1, �n2) lattice points in real space
are the start and end points of the circumferential vec-
tor, respectively. For example, in Figure 1, the Bessel
orders of the two unit vectors are 7 and �4, respec-
tively. With the (0, 0) and (7, 4) lattice points defining
the circumferential vector, the helical assembly cor-
rectly contains a right-handed seven-start and a left-
handed four-start strand family. Therefore, the y-
coordinate of the (n1, �n2) lattice point in real space
must be 0. The coordinates of the real space unit vec-
tors are determined by the coordinates of the Fourier
space vectors according to Equations (3)–(5). The prob-
lem is simplified to finding the optimal value of x*1,
because x*2 is tied to x*1 as in Equation (7) and y*1
and y*2 are fixed. The refinement routine uses a mini-
mization algorithm from SciPy that that minimizes the
y-coordinate of the (n1, �n2) lattice point in real space
by varying x*1 in the range of 0.5- to 1.5-fold of its ini-
tial value x*i1. If executed successfully, the coordinates
of the two unit vectors in Fourier space would satisfy
all the rules described above, resulting in the 2D lat-
tices in both the Fourier space and real space consis-
tent with the data.
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