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A B S T R A C T

Infectious diseases have been a constant cause of disaster in human population. Simultaneously, it provides
motivation for math and biology professionals to research and analyze the systems that drive such illnesses in
order to predict their long-term spread and management. During the spread of such diseases several kinds of
delay come into play, owing to changes in their dynamics. Here, we have studied a fractional order dynamical
system of susceptible, exposed, infected, recovered and vaccinated population with a single delay incorporated
in the infectious population accounting for the time period required by the said population to recover. We
have employed Adam–Bashforth–Moulton technique for deriving numerical solutions to the model system. The
stability of all equilibrium points has been analyzed with respect to the delay parameter. Utilizing actual data
from India COVID-19 instances, the parameters of the fractional order SEIRV model were calculated. Graphical
demonstration and numerical simulations have been done with the help of MATLAB (2018a). Threshold values
of the time delay parameter have been found beyond which the system exhibits Hopf bifurcation and the
solutions are no longer periodic.
. Introduction

Vaccination is one of the most effective measures in the prevention
nd control of highly contagious diseases like chicken pox, small pox,
IV, SARS, Swine flu, polio etc. It has been proved that vaccination
ay be considered as a key component in the anti-spread drive of such
iseases. Among other measures, complete lockdown, semi lockdown,
ationing, improvement of health services etc. may be mentioned.
onsidering the formidable challenge posed by the social, cultural,
conomic, demographic and geographical impact of such diseases on
uman population, it becomes necessary to discover methods of their
revention. From the inception of viral invasion into human commu-
ity, scientists have constantly made efforts in the study of causes of
ewly infected cases of susceptible and exposed population, and the
ffect of vaccination on recovered population. Mathematical modeling
f these epidemic diseases is very common in the related research
here in the total population is primarily compartmentalized into the

usceptible individuals (𝑆), the exposed individuals (𝐸), the infected
ndividuals (𝐼) and the recovered individuals (𝑅). Another compartment
f the population is considered to be the vaccinated individuals (𝑉 ).
he dynamics of these variables are widely studied using integral order
ifferential equations.1–8 In this communication, we have considered

∗ Corresponding author.
E-mail address: animeshmahata8@gmail.com (A. Mahata).

the Caputo derivative of order 0 < 𝜈 ≤ 1 which is a special type
of fractional order derivative to study the behavior of the spread of
COVID-19 disease. Recently, an extensive investigation is being carried
out to study the spread and prevention of corona virus disease which is
reported to have a high fatality rate.9–21 Kuang22 presents delay logis-
tic equations, which are particularly applicable to epidemic systems.
Mathematical models of epidemic systems with delay are discussed
by Brauer and Chavez23. Xu et al.24 explore the effect of numerous
time delays on fractional-order neural network bifurcation. For even
more published articles, see Refs. 25–30 Since it is quite natural that
the infected population will take some time to recover, here, we have
considered a single time delay in the infected population.

1.1. Motivation and novelties of the work

Fractional derivatives are an effective tool for understanding mem-
ory and inheritance in a variety of systems and situations. The essential
information of a function is preserved in stacked format by fractional
calculus. To study the dynamics of disease transmission, fractional-
order modeling has been applied. Furthermore, whereas fractional
derivative is not local, integer-order differentiation is. This tendency
ttps://doi.org/10.1016/j.padiff.2022.100282
eceived 29 November 2021; Received in revised form 23 January 2022; Accepted

666-8181/© 2022 The Author(s). Published by Elsevier B.V. This is an open acce
http://creativecommons.org/licenses/by-nc-nd/4.0/).
24 January 2022

ss article under the CC BY-NC-ND license

https://doi.org/10.1016/j.padiff.2022.100282
http://www.elsevier.com/locate/padiff
http://www.elsevier.com/locate/padiff
http://crossmark.crossref.org/dialog/?doi=10.1016/j.padiff.2022.100282&domain=pdf
mailto:animeshmahata8@gmail.com
https://doi.org/10.1016/j.padiff.2022.100282
http://creativecommons.org/licenses/by-nc-nd/4.0/


A. Mahata, S. Paul, S. Mukherjee et al. Partial Differential Equations in Applied Mathematics 5 (2022) 100282

𝐶

𝑀

D

D
t
∑

L
𝐶

w
F
a
m

L

D

D

D

D

w

u
𝐶

𝐶

𝐶

𝐶

𝐶

e
t
𝐶

is beneficial in the modeling of epidemics. The Caputo derivative is
extremely useful for discussing real-world situations since it enables
conventional initial and boundary conditions to be used in the deriva-
tion, and the derivation of a constant is zero, which is not the fact
with the Riemann–Liouville derivative. Epidemic models with time
delay are more effective and realistic. Immunity period delays, infection
period delays, latent period delays, and other delays are all frequent.
Therefore, investigation of the role of delay is vital in the dynamics of
epidemic models. Liu31 introduced a delayed 𝑆𝐸𝐼𝑆 epidemic system
and investigated the Hopf bifurcation by employing the time delay
produced by the infected population’s cure period as the bifurcation
parameter. Delay Differential Equations of epidemic models are also
discussed in Refs. 32–40. Motivated by early research, we explore the
study of the disease’s impact using an appropriate mathematical model
[𝑆𝐸𝐼𝑅𝑉 model] in terms of the Caputo derivatives of the dynamical
variables with a single delay parameter.

The objectives of the current work are:

• To investigate the stability of a time-delayed fractional order
𝑆𝐸𝐼𝑅𝑉 model.

• The basic reproduction number as well as the points of equilib-
rium are determined.

• Existence of Hopf bifurcation at interior equilibrium point.
• To obtain a numerical solution, the Adam–Bashforth–Moulton

predictor–corrector technique is used.

1.2. Structure of the article

The construction of the 𝑆𝐸𝐼𝑅𝑉 model, as well as the establishing of
non-negativity and boundedness of the solution and the calculation of
the basic reproduction number, are all covered in Section 2. Section 3
comprises of the stability analysis of equilibrium points. Section 4
consists of the numerical solution of the model using Adam–Bashforth–
Moulton method. Numerical Simulation using MATLAB is presented in
Section 5. Section 6 consists of the conclusion.

2. Formulation

The total population (𝑁) is compartmentalized into five classes,
namely, the susceptible individuals (𝑆), the exposed individuals (𝐸),
the infected individuals (𝐼), the recovered individuals (𝑅) and the
vaccinated individuals (𝑉 ) at any time 𝑡 ≥ 0. Thus

𝑁 (𝑡) = 𝑆 (𝑡) + 𝐸 (𝑡) + 𝐼 (𝑡) + 𝑅 (𝑡) + 𝑉 (𝑡) . (2.1)

Fig. 1 depicts a flow diagram of the proposed 𝑆𝐸𝐼𝑅𝑉 model with
vaccination.

The Caputo fractional derivative41–45 of order 0 < 𝜈 ≤ 1 is defined
as

Definition 1. A function ℎ∶R+ → R with fractional order 0 < 𝜈 ≤ 1, is
defined as

𝐶𝐼𝜈𝑡 (ℎ (𝑡)) =
1

𝛤 (𝜈) ∫

𝑡

0
(𝑡 − 𝑝)𝜈−1ℎ (𝑝) 𝑑𝑝, (2.2)

here the Gamma function is denoted by 𝛤 ().

Definition 2. The Caputo derivative of order 0 < 𝜈 ≤ 1, is defined as

𝐶𝐼𝜈𝑡 (ℎ (𝑡)) = 𝐼𝑛−𝜈𝐷𝜈
𝑡 (ℎ (𝑡)) =

1
𝛤 (𝑛 − 𝜈) ∫

𝑡

0
(𝑡 − 𝑝)𝑛−𝜈−1 𝑑

𝑛

𝑑𝑝𝑛
ℎ (𝑝) 𝑑𝑝, (2.3)

where 𝑛 − 1 < 𝜈 < 𝑛.

Definition 3. Let ℎ ∈ 𝐶 [𝑎, 𝑏] , 𝑎 < 𝑏. The fractional derivative in Caputo
sense or order 0 < 𝜈 ≤ 1 is defined as

𝐷𝜈
𝑡 (ℎ (𝑡)) =

𝑀(𝜈)
(1 − 𝜈) ∫

𝑡

𝑎
ℎ′ (𝑝) 𝑒𝑥𝑝

(

– 𝜈(𝑡 − 𝑝)
1 − 𝜈

)

𝑑𝑝, (2.4)

where the normalization function is denoted by 𝑀 (𝜈) with 𝑀 (0) =
1 = 1.
( )

2

efinition 4. The Laplace transform for the fractional operator of order
0 < 𝜈 ≤ 1 is defined as

𝐿(𝐶𝐷𝜈
𝑡 ) (ℎ (𝑡)) = 𝑝𝜈𝐿 (ℎ (𝑡)) −

𝑘−1
∑

𝑖=0
𝑝𝜈−𝑖−1ℎ(𝑖) (0) , 𝑘 − 1 < 𝜈 ≤ 𝑘 ∈ N. (2.5)

efinition 5. One-parametric and two-parametric Mittag-Leffler func-
ions are described as follows: 𝐸𝑎1 (𝑝) =

∑∞
𝑖=0

𝑝𝑖

𝛤 (𝑎1𝑖+1)
and 𝐸𝑎1 ,𝑎2 (𝑝) =

∞
𝑖=0

𝑝𝑖

𝛤 (𝑎1𝑖+𝑎2)
where 𝑎1, 𝑎2 ∈ R+.

Definition 6. For 𝑎1, 𝑎2 ∈ R+ and 𝐴 ∈ C𝑛×𝑛 where C denotes complex
plane, then

𝐿
{

𝑡𝑎2−1𝐸𝑎1 ,𝑎2 (𝐴𝑡
𝑎1 )

}

=
𝑝𝑎1−𝑎2
𝑝𝑎1 − 𝐴

, where 𝐸𝑎1 ,𝑎2 ∶ Mittag-Leffler function.

(2.6)

emma 1. Consider the following fractional order system:

𝐷𝜈
𝑡 (𝑌 (𝑡)) = 𝛷 (𝑌 ) , 𝑌𝑡0 =

(

𝑦𝑡0
1, 𝑦𝑡0

2,… , 𝑦𝑡0
𝑛
)

, 𝑦𝑡0
𝑗 , 𝑗 = 1, 2,… , 𝑛

ith 0 < 𝜈 < 1, 𝑌 (𝑡) = (𝑦1 (𝑡) , 𝑦2 (𝑡) ,… , 𝑦𝑛 (𝑡)) and 𝛷 (𝑌 ) ∶
[

𝑡0,∞
]

→ R𝑛×𝑛.
or 𝛷 (𝑌 ) = 0, we get all the equilibrium points. These equilibrium points
re locally asymptotically stable iff each eigen value 𝜆𝑗 of the Jacobian
atrix 𝐽 (𝑌 ) = 𝜕(𝛷1 ,𝛷2 ,…,𝛷𝑛)

𝜕(𝑦1 ,𝑦2 ,…,𝑦𝑛) calculated at the equilibrium points satisfies
|

|

|

arg
(

𝜆𝑗
)

|

|

|

> 𝜈𝜋
2 .

emma 2. Let ℎ (𝑡) ∈ R+ be a differentiable function. Then, for any 𝑡 > 0,

𝐶𝐷𝜈
𝑡

[

ℎ (𝑡) − ℎ∗ − ℎ∗ ln
ℎ(𝑡)
ℎ∗

]

≤
(

1 − ℎ∗

ℎ(𝑡)

)

𝐶𝐷𝜈
𝑡 (ℎ (𝑡)) , ℎ

∗ ∈ R+,∀𝜈 ∈ (0, 1) .

The integral order 𝑆𝐸𝐼𝑅𝑉 model46,47 with vaccination as a dynamical
variable is as follows:

DtS(t) = 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡)

tE(t) = 𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇0 + 𝜇1)𝐸(𝑡), (2.7)

t I(t) = 𝜇1𝐸(𝑡) − (𝜇0 + 𝜇2)𝐼(𝑡)

tR (t) = 𝜇2𝐼(𝑡) − 𝜇0𝑅(𝑡)

tV (t) = 𝛿𝑆(𝑡) − 𝜇0 𝑉 (𝑡)

here
𝛬 : birth rate of 𝑆,
𝛽 : infection rate of 𝑆,
𝜇0: mortality rate of 𝐼 ,
𝛿 : vaccination rate,
𝜇1: progression rate from 𝐸 to 𝐼 ,
𝜇2: recovery rate of 𝐼 .

In this presentation, we analyze the 𝑆𝐸𝐼𝑅𝑉 model with time delay
sing Caputo operator of order 0 < 𝜈 ≤ 1.

𝐷𝜈
𝑡 𝑆 (𝑡) = 𝛬𝜈 − 𝛽𝜈𝑆 (𝑡) 𝐼 (𝑡) − 𝜇0𝜈𝑆 (𝑡) − 𝛿𝜈𝑅 (𝑡) ,

𝐷𝜈
𝑡 𝐸(𝑡) = 𝛽𝜈𝑆(𝑡)𝐼(𝑡) − (𝜇0𝜈 + 𝜇1𝜈 )𝐸(𝑡), (2.8)

𝐷𝜈
𝑡 𝐼 (𝑡) = 𝜇1

𝜈𝐸 (𝑡) − 𝜇0𝜈𝐼 (𝑡) − 𝜇2𝜈𝐼(𝑡),

𝐷𝜈
𝑡𝑅 (𝑡) = 𝜇2

𝜈𝐼 (𝑡) − 𝜇0𝜈𝑅 (𝑡) ,

𝐷𝜈
𝑡 V(t) = 𝛿𝜈𝑆 (𝑡) − 𝜇0𝜈𝑉 (𝑡).

The time dimension of the system (2.8) is confirmed to be valid,
ven though both sides have dimension (𝑡𝑖𝑚𝑒)−𝜈 . Let 𝑡0 = 0 and ignore
he super script 𝜈 and the system becomes:

𝜈
𝐷𝑡 S (t) = 𝛬 − 𝛽𝑆 (𝑡) 𝐼 (𝑡) − 𝜇0𝑆 (𝑡) − 𝛿𝑆 (𝑡) ,
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𝐶

Fig. 1. Diagrammatic representation of the 𝑆𝐸𝐼𝑅𝑉 model.
H

𝑁

R

𝐷𝜈
𝑡 E(t) = 𝛽𝑆(𝑡)𝐼(𝑡) − (𝜇0 + 𝜇1)𝐸(𝑡), (2.9)

𝐶𝐷𝜈
𝑡 I (t) = 𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(𝑡 − 𝜂1),

𝐶𝐷𝜈
𝑡 R (t) = 𝜇2𝐼(𝑡 − 𝜂1) − 𝜇0𝑅(𝑡),

𝐶𝐷𝜈
𝑡 V(t) = 𝛿𝑆 (𝑡) − 𝜇0 𝑉 (𝑡),

where 𝜂1 is the time delay describing the period of cure the infected
individuals.

The initial conditions are

𝑆 (𝜑) = 𝜓1 (𝜑) , 𝐸 (𝜑) = 𝜓2 (𝜑) , 𝐼(𝜑) = 𝜓3 (𝜑) ,

𝑅(𝜑) = 𝜓4 (𝜑) , 𝑉 (𝜑) = 𝜓5 (𝜑) ,
(

−𝜂1 ≤ 𝜑 ≤ 0
)

, (2.10)

where 𝜓 =
(

𝜓1, 𝜓2, 𝜓3, 𝜓4, 𝜓5
)𝑇 ∈ 𝐵, such that 𝜓𝑖 (𝜑) ≥ 0, 𝑖 = 1, 2, 3, 4, 5.

Where B denotes the Banach space of continuous mapping from the
interval [−𝜂1, 0] to R5. We presume, by biological meaning, that 𝜓𝑖 (𝜑) >
0 for 𝑖 = 1, 2, 3, 4, 5.

Non-negativity and boundedness

Theorem 2.1. The closed region 𝛺 = {(𝑆,𝐸, 𝐼, 𝑅, 𝑉 ) ∈ R5 ∶ 0 < 𝑁 ≤ 𝛬
𝜇0
}

is non-negative invariant of system (2.9) for all 𝑡 ≥ 0.

Proof. We have
𝐶𝐷𝜈

𝑡 (𝑆 + 𝐸 + 𝐼 + 𝑅 + 𝑉 )(𝑡) = 𝜆 − 𝜇0(𝑆 + 𝐸 + 𝐼 + 𝑅)(𝑡).

•
𝐶𝐷𝜈

𝑡𝑁(𝑡) = 𝜆 − 𝜇0𝑁(𝑡)

•
𝐶𝐷𝜈

𝑡𝑁(𝑡) + 𝜇0𝑁(𝑡) = 𝜆. (2.11)

Applying Laplace transforms, we get

𝑝𝜈𝐿 (𝑁 (𝑡)) − 𝑝𝜈−1𝑁 (0) + 𝜇0𝐿 (𝑁 (𝑡)) = 𝜆

𝑝

3

•
𝐿 (𝑁 (𝑡))

(

𝑝𝜈+1 + 𝜇0
)

= 𝑝𝜈𝑁 (0) + 𝜆

•
𝐿 (𝑁 (𝑡)) =

𝑝𝜈𝑁 (0) + 𝜆
𝑝𝜈+1 + 𝜇0

=
𝑝𝜈𝑁 (0)
𝑝𝜈+1 + 𝜇0

+ 𝜆
𝑝𝜈+1 + 𝜇0

. (2.12)

Taking inverse Laplace transform, we have

𝑁 (𝑡) = 𝑁 (0)𝐸𝜈,1
(

−𝜇0𝑡𝜈
)

+ 𝜆𝑡𝜈𝐸𝜈,𝜈+1
(

−𝜇0𝑡𝜈
)

. (2.13)

According to Mittag-Leffler function,

𝐸𝑐,𝑑 (𝑧) = 𝑧𝐸𝑐,𝑐+𝑑 (𝑧) +
1

𝛤 (𝑑)
ence,

(𝑡) =
(

𝑁 (0) − 𝜆
𝛿0

)

𝐸𝜈,1
(

−𝜇0𝑡𝜈
)

+ 𝜆
𝜇0

Thus

lim
𝑡→∞

𝑆𝑢𝑝𝑁(𝑡) ≤ 𝜆
𝜇0
. (2.14)

And hence the model (2.9) is bounded above by 𝜆
𝜇0

.

Thus 𝑆,𝐸, 𝐼, 𝑅, and 𝑉 are all non-negative, and the model (2.9) is
non-negative invariant.

Basic reproduction number
The basic reproduction number R0 provides the number of sec-

ondary cases induced by single susceptible individual.
Using next generation matrix method,48,49 R0 can be determined

from the maximum eigen value of 𝑉 −1 where,

 =

[

0 𝛽𝛬
𝜇0+𝛿

0 0

]

and 𝑉 =
[

𝜇0 + 𝜇1 0
−𝜇1 𝜇0 + 𝜇2

]

.

Therefore, the reproduction number

0 =
𝛽𝛬𝜇1

( ) ( ) . (2.15)

𝜇0 + 𝛿 𝜇0 + 𝜇1 (𝜇0 + 𝜇2)



A. Mahata, S. Paul, S. Mukherjee et al. Partial Differential Equations in Applied Mathematics 5 (2022) 100282

w

𝑅

w
𝑃

P
(

(

E

𝜂

𝐶

N

𝐶

S

3. Stability analysis

The disease-free equilibrium points 𝐸0 and the epidemic equilibrium
point 𝐸1 of are obtained from
𝐶𝐷𝜈

𝑡 𝑆 (𝑡) = 𝐶𝐷𝜈
𝑡 𝐸 (𝑡) = 𝐶𝐷𝜈

𝑡 𝐼 (𝑡) =
𝐶𝐷𝜈

𝑡𝑅 (𝑡) = 𝐶𝐷𝜈
𝑡 𝑉 (𝑡) = 0. (3.1)

We have 𝐸0 =
𝛬

𝜇0+𝛿
, 0, 0, 0, 𝛬𝛿

𝜇0(𝜇0+𝛿)
) and 𝐸1 = (𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗, 𝑉 ∗),

here 𝑆∗ = (𝜇0+𝜇1)(𝜇0+𝜇2)
𝛽𝜇1

, 𝐸∗ = (𝜇0+𝜇2)
𝜇1

𝐼∗, 𝐼∗ = 𝛬𝜇1
(𝜇0+𝜇1)(𝜇0+𝜇2)

− 𝜇0+𝛿
𝛽 ,

∗ = 𝜇2
𝜇0
𝐼∗, 𝑉 ∗ = (𝜇0+𝜇1)(𝜇0+𝜇2)𝛿

𝛽𝜇0𝜇1
.

Now we consider the community matrix of the model (2.9) at 𝐸0 is
given by

𝐽0 = 𝑃 +𝑄𝑒−𝜆𝜂1 ,

where

𝑃 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑃11 0 𝑃13 0 0
0 𝑃22 𝑃23 0 0
0 𝑃32 𝑃33 0 0
0 0 0 𝑃44 0
𝑃51 0 0 0 𝑃55

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑄 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 0
0 0 0 0 0
0 0 𝑄33 0 0
0 0 𝑄43 0 0
0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

ith 𝑃11 = −(𝛿 + 𝜇0), 𝑃13 = −𝛽𝑆0, 𝑃22 = −(𝜇1 + 𝜇0), 𝑃23 = 𝛽𝑆0, 𝑃32 = 𝜇1,
33 = −𝜇0, 𝑃44 = −𝜇0, 𝑃51 = 𝛿, 𝑃55 = −𝜇0, 𝑄33 = −𝜇2, 𝑄43 = 𝜇2.

Theorem 3.1. When R0< 1, the equilibrium point 𝐸0 of the model (2.9) is
locally asymptotically stable, and when R0 > 1, it is unstable in the absence
of time delay.

Proof. The characteristic equation of 𝐽0 is given by determinant
(

𝑃 +𝑄 − 𝜆𝐼5
)

= 0.
The roots of the characteristic equation are −𝜇0, −𝜇0, −(𝛿 + 𝜇0) and

𝜆2 − 𝜆
(

𝑃22 + 𝑃33 +𝑄33
)

+
(

𝑃22𝑃33 + 𝑃22𝑄33 − 𝑃23𝑃32
)

= 0.
The roots are negative if

(

𝑃22 + 𝑃33 +𝑄33
)

< 0 and
(

𝑃22𝑃33+𝑃22𝑄33−
𝑃23𝑃32

)

> 0, using Routh–Hurwitz Criterion.
Now

(

𝑃22𝑃33 + 𝑃22𝑄33 − 𝑃23𝑃32
)

> 0

=>
(

𝜇1 + 𝜇0
) (

𝜇0 + 𝜇2
)

−
𝛽𝛬𝜇1

(

𝜇0 + 𝛿
) > 0

=> R0 < 1

Therefore the point 𝐸0 is locally asymptotically stable or unstable
according as R0 < 1or R0 > 1.

Theorem 3.2. The equilibrium point 𝐸0 of the model (2.9) is locally
asymptotically stable when 𝜂1 ∈ [0, 𝜂1∗], 𝜂1∗ = 1

𝑘 𝑠𝑖𝑛
−1

(

𝑣𝑥+𝑢𝑦
𝑥2+𝑦2

)

.

roof. The characteristic equation of 𝐽0 is given by determinant
𝑃 +𝑄𝑒−𝜆𝜂1 − 𝜆𝐼5

)

= 0.
Now

𝜆5+𝑃4𝜆4+𝑃3𝜆3+𝑃2𝜆2+𝑃1𝜆+𝑃0)+
(

𝑄4𝜆
4 +𝑄3𝜆

3 +𝑄2𝜆
2 +𝑄1𝜆

)

𝑒−𝜆𝜂1 = 0

(3.2)

Where

𝑃4 = −
(

𝑃11 + 𝑃22 + 𝑃33 + 𝑃44 + 𝑃55
)

,

𝑃3 =
(

𝑃11 + 𝑃44 + 𝑃55
) (

𝑃22 + 𝑃33
) (

𝑃11𝑃44 + 𝑃11𝑃55 + 𝑃44𝑃55
)

− (𝑃22𝑃33 − 𝑃23𝑃32),

𝑃2 =
[

−𝑃11𝑃44𝑃55 −
(

𝑃11𝑃44 + 𝑃11𝑃55 + 𝑃44𝑃55
) (

𝑃22 + 𝑃33
)

−
(

𝑃11 + 𝑃44 + 𝑃55
) (

𝑃22𝑃33 − 𝑃23𝑃32
)]

,

𝑃1 = [𝑃11𝑃44𝑃55
(

𝑃22 + 𝑃33
)

+(𝑃11𝑃44+𝑃11𝑃55+𝑃44𝑃55)(𝑃22𝑃33−𝑃23𝑃32)],

𝑃 = −𝑃 𝑃 𝑃
(

𝑃 𝑃 − 𝑃 𝑃
)

,
0 11 44 55 22 33 23 32

4

𝑄4 = −𝑄33,

𝑄3 = 𝑄33(𝑃11 + 𝑃44 + 𝑃55),

𝑄2 = −𝑄33
(

𝑃11𝑃44 + 𝑃11𝑃55 + 𝑃44𝑃55
)

,

𝑄1 = 𝑄33
(

𝑃11𝑃44𝑃55
)

.

Let 𝜆 = 𝑖𝑘 be a root of the Eq. (3.2), then we have

𝑥 cos
(

𝑘𝜂1
)

+ 𝑦 sin
(

𝑘𝜂1
)

= 𝑢, 𝑥 sin
(

𝑘𝜂1
)

− 𝑦 cos
(

𝑘𝜂1
)

= 𝑣, (3.3)

where

𝑥 = 𝑄2𝑘
2−𝑄4𝑘

4, 𝑦 = 𝑄3𝑘
3−𝑄1𝑘, 𝑢 = 𝑃4𝑘

4−𝑃2𝑘2+𝑃0, 𝑣 = 𝑘5+𝑃3𝑘3−𝑃1𝑘

We find that

𝑥2 + 𝑦2 = 𝑢2 + 𝑣2

=> 𝑘10 + 𝑅4𝑘
8 + 𝑅3𝑘

6 + 𝑅2𝑘
4 + 𝑅1𝑘

2 + 𝑅0 = 0, (3.4)

where

𝑅4 = 2𝑃3 + 𝑃42 −𝑄4
2, 𝑅3 = 𝑃3

2 − 2𝑃1 − 2𝑃4𝑃2 −𝑄3
2 + 2𝑄2𝑄4,

𝑅2 = −2𝑃1𝑃3 + 𝑃22 + 2𝑃0𝑃4 + 2𝑄1𝑄3 −𝑄2
2,

𝑅1 = 𝑃1
2 − 2𝑃0𝑃2 −𝑄1

2, 𝑅0 = 𝑃0
2.

Putting 𝑘2 = 𝑡 in Eq. (3.4), then we have

𝑡5 + 𝑅4𝑡
4 + 𝑅3𝑡

3 + 𝑅2𝑡
2 + 𝑅1𝑡 + 𝑅0 = 0. (3.5)

If 𝑡1∗ is a positive root in Eq. (3.5), then 𝑘 =
√

𝑡1∗ is a positive root in
q. (3.4). Eliminating cos

(

𝑘𝜂1
)

from the Eq. (3.3), we obtain

1
∗ = 1

𝑘
𝑠𝑖𝑛−1(

𝑣𝑥 + 𝑢𝑦
𝑥2 + 𝑦2

)

Theorem 3.3. When R0< 1, the equilibrium point 𝐸0 of the model (2.9)
is globally asymptotically stable, and unstable when R0 > 1 for any positive
𝜂1.

Proof. Consider the suitable Lyapunov function:

F (t) = F1 + F2

where,

F1 =
(

𝜇1
)

E (t) +
(

𝜇0 + 𝜇1
)

I (t) and F2 = −∫

t

t−𝜂1
I (z) dz

Taking fractional derivative, we get

𝐶𝐷𝜈
𝑡 F (𝑡) = 𝐶𝐷𝜈

𝑡 F1 (𝑡) + 𝐶𝐷𝜈
𝑡 F2(𝑡)

From (2.5) we get,

𝐷𝜈
𝑡 F (t) = [𝜇1𝛽𝑆 (𝑡) 𝐼 (𝑡) −

(

𝜇0 + 𝜇1
) (

𝜇0 + 𝜇2
)

𝐼(𝑡)]. (3.6)

ow,

𝐷𝜈
𝑡 F (t) = [𝛽𝑆𝜇1 −

(

𝜇0 + 𝜇1
) (

𝜇0 + 𝜇2
)

]𝐼

ince 𝑆 = 𝛬
𝜇0+𝛿

, it follows that

𝐶𝐷𝜈
𝑡 F (𝑡) = 𝐼[

(

𝜇0 + 𝜇1
)

(𝜇0 + 𝜇2)][
𝛽𝛬𝜇1

(

𝜇0 + 𝛿
) (

𝜇0 + 𝜇1
)

(𝜇0 + 𝜇2)
− 1]

= 𝐼[
(

𝜇0 + 𝜇1
)

(𝜇0 + 𝜇2)][R0 − 1].

Hence if R0 < 1, then 𝐶𝐷𝜈
𝑡 F (t) < 0. As a result of LaSalle’s extension

to Lyapunov’s principle,50,51 𝐸0 is globally asymptotically stable and
unstable if R0 > 1.

Theorem 3.4. If R0 > 1, the equilibrium point 𝐸1 = (𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗, 𝑉 ∗)

is locally asymptotically stable when 𝜂1 = 0.
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Proof. The characteristic equation of the system (2.9) at the epidemic
equilibrium 𝐸1 is

(

−𝜇0 − 𝜆
) (

−𝜇0 − 𝜆
)

(𝜆3 + 𝐴𝜆2 + 𝐵𝜆 + 𝐶) = 0.
where

𝐴 = −
(

𝐺11 + 𝐺22 + 𝐺33 +𝐻33
)

,

𝐵 = 𝐺11
(

𝐺22 + 𝐺33 +𝐻33
)

+
(

𝐺22𝐺33 − 𝐺23𝐺32 + 𝐺13𝐺21𝐺32
)

,

𝐶 = −𝐺11(𝐺22𝐺33 − 𝐺23𝐺32 + 𝐺13𝐺21𝐺32),

with

𝐺11 = −𝛽𝐼∗ − 𝛿 − 𝜇0, 𝐺22 = −𝜇0 − 𝜇1, 𝐺33 = −𝜇0,

𝐻33 = −𝜇2, 𝐺13 = −𝛽𝑆∗, 𝐺23 = 𝛽𝑆∗, 𝐺32 = 𝜇1, 𝐺21 = 𝛽𝐼∗, 𝐺23 = 𝛽𝐼∗.

Using Routh–Hurwitz Criterion, the system (2.9) is locally asymp-
totically stable at 𝐸1 as 𝐴 > 0, 𝐶 > 0, 𝐴𝐵 > 𝐶.

Theorem 3.5. The epidemic equilibrium 𝐸1 = (𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗, 𝑉 ∗) of the
system (2.9) is locally asymptotically stable when 𝜂1 ∈ [0, 𝜂1∗], 𝜂1∗ =
1
𝑚10

𝑠𝑖𝑛−1( 𝑎𝑑+𝑏𝑐
𝑎2+𝑏2 ); system (2.9) undergoes a Hopf bifurcation at 𝐸1 when

𝜂1 = 𝜂1∗.

Proof. The characteristic equation of the system (2.9) at the epidemic
equilibrium 𝐸1 is given by determinant

(

𝐺 +𝐻𝑒−𝜆𝜂1 − 𝜆𝐼5
)

= 0.
Now

5 + 𝐴4𝜆
4 + 𝐴3𝜆

3 + 𝐴2𝜆
2 + 𝐴1𝜆 + 𝐴0

+
(

𝐵4𝜆
4 + 𝐵3𝜆

3 + 𝐵2𝜆
2 + 𝐵1𝜆 + 𝐵0

)

𝑒−𝜆𝜂1 = 0. (3.7)

where

𝐴4 = −
(

𝐺11 + 𝐺22 + 𝐺33 + 𝐺44 + 𝐺55
)

,

𝐴3 = (𝐺11𝐺22 − 𝐺23𝐺32 + 𝐺11𝐺33 + 𝐺22𝐺33

+ 𝐺11𝐺44 + 𝐺22𝐺44 + 𝐺33𝐺44 + 𝐺11𝐺55 + 𝐺22𝐺55 + 𝐺33𝐺55),

𝐴2 =
[

−𝐺13𝐺21𝐺32 + 𝐺11𝐺23𝐺32 − 𝐺11𝐺22𝐺33 − 𝐺11𝐺22𝐺44 + 𝐺23𝐺32𝐺44

− 𝐺11𝐺33𝐺44 − 𝐺22𝐺33𝐺44 − 𝐺11𝐺22𝐺55 + 𝐺23𝐺32𝐺55

− 𝐺11𝐺33𝐺55 − 𝐺22𝐺33𝐺55 + 𝐺44𝐺55 − 𝐺11𝐺44𝐺55

− 𝐺22𝐺44𝐺55 − 𝐺33𝐺44𝐺55
]

,

𝐴1 = [𝐺13𝐺21𝐺32𝐺44 − 𝐺11𝐺23𝐺32𝐺44 + 𝐺11𝐺22𝐺33𝐺44

+ 𝐺13𝐺21𝐺32𝐺55 − 𝐺11𝐺23𝐺32𝐺55 + 𝐺11𝐺22𝐺33𝐺55 + 𝐺11𝐺22𝐺44𝐺55

− 𝐺23𝐺32𝐺44𝐺55 + 𝐺11𝐺33𝐺44𝐺55 + 𝐺22𝐺33𝐺44𝐺55],

𝐴0 = −𝐺13𝐺21𝐺32𝐺44𝐺55 + 𝐺11𝐺23𝐺32𝐺44𝐺55 − 𝐺11𝐺22𝐺33𝐺44𝐺55,

𝐵4 = −𝐻33,

𝐵3 = 𝐺11𝐻33 + 𝐺22𝐻33 + 𝐺44𝐻33 + 𝐺55𝐻33,

𝐵2 = −𝐺11𝐺22𝐻33 − 𝐺11𝐺44𝐻33 − 𝐺22𝐺44𝐻33 − 𝐺11𝐺55𝐻33

− 𝐺22𝐺55𝐻33 − 𝐺44𝐺55𝐻33,

𝐵1 = 𝐺11𝐺22𝐺44𝐻33 + 𝐺11𝐺22𝐺55𝐻33 + 𝐺11𝐺44𝐺55𝐻33 + 𝐺22𝐺44𝐺55𝐻33,

𝐵0 = 𝐺11𝐺22𝐺44𝐺55𝐻33,

with 𝐺 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐺11 0 𝐺13 0 0
𝐺21 𝐺22 𝐺23 0 0
0 𝐺32 𝐺33 0 0
0 0 0 𝐺44 0
𝐺51 0 0 0 𝐺55

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝐻 =

⎡

⎢

⎢

⎢

⎢

⎢

0 0 0 0 0
0 0 0 0 0
0 0 𝐻33 0 0
0 0 𝐻43 0 0

⎤

⎥

⎥

⎥

⎥

⎥

,

⎣
0 0 0 0 0

⎦

5

where 𝐺11 = −(𝛽𝐼∗ + 𝛿 + 𝜇0), 𝐺13 = −𝛽𝑆∗, 𝐺21 = 𝛽𝐼∗, 𝐺22 = −(𝜇1 + 𝜇0),
𝐺23 = 𝛽𝑆∗, 𝐺32 = 𝜇1, 𝐺33 = −𝜇0, 𝐺44 = −𝜇0, 𝐺51 = 𝛿, 𝐺55 = −𝜇0,𝐻33 =
−𝜇2,𝐻43 = 𝜇2.

If we consider 𝜆= 𝑖𝑚1 to be a root of the Eq. (3.7), we get

𝑎 cos
(

𝑚1𝜂1
)

+ 𝑏 sin
(

𝑚1𝜂1
)

= 𝑐, 𝑎 sin
(

𝑚1𝜂1
)

− 𝑏 cos
(

𝑚1𝜂1
)

= 𝑑, (3.8)

where

𝑎 = 𝐵2𝑚1
2 − 𝐵4𝑚1

4 − 𝐵0, 𝑏 = 𝐵3𝑚1
3 − 𝐵1𝑚1,

𝑐 = 𝐴4𝑚1
4 − 𝐴2𝑚1

2 + 𝐴0, 𝑑 = 𝑚1
5 + 𝐴3𝑚1

3 − 𝐴1𝑚1

Now we have
2 + 𝑏2 = 𝑐2 + 𝑑2

=> 𝑚1
10 + 𝐿4𝑚1

8 + 𝐿3𝑚1
6 + 𝐿2𝑚1

4 + 𝐿1𝑚1
2 + 𝐿0 = 0, (3.9)

here

4 = 2𝐴3 + 𝐴4
2 − 𝐵4

2, 𝐿3 = 𝐴3
2 − 2𝐴1 − 2𝐴4𝐴2 − 𝐵3

2 + 2𝐵2𝐵4,

2 = −2𝐴1𝐴3 + 𝐴2
2 + 2𝐴0𝐴4 + 2𝐵1𝐵3 − 𝐵2

2 + 2𝐵0𝐵4,

1 = 𝐴1
2 − 2𝐴0𝐴2 − 𝐵1

2 − 2𝐵0𝐵2,

𝐿0 = 𝐴0
2 − 𝐵0

2.

Put 𝑚1
2 = 𝑗 in Eq. (3.9), then we have

𝑗5 + 𝐿4𝑗
4 + 𝐿3𝑗

3 + 𝐿2𝑗
2 + 𝐿1𝑗 + 𝐿0 = 0. (3.10)

Now consider that
Case-1: If 𝑗0 is a positive root in Eq. (3.10), then 𝑚10 =

√

𝑗0 is a
ositive root in Eq. (3.9).

Eliminating cos
(

𝑚1𝜂1
)

from (3.8) and substituting 𝑚1 = 𝑚10, where
10 is a positive root of Eq. (3.9), we have

1
∗ = 1

𝑚10
𝑠𝑖𝑛−1(𝑎𝑑 + 𝑏𝑐

𝑎2 + 𝑏2
)

Now, by differentiating Eq. (3.7) with regard to 𝜂1 and simplifying
with 𝜆= 𝑖𝑚10, we get

Re
[

𝑑𝜆
𝑑𝜂1

]−1

𝜆=𝑖𝑚10

=
𝑓 ′
1(𝑗0)

𝑎2 + 𝑏2
(3.11)

herefore, Re
[

𝑑𝜆
𝑑𝜂1

]−1

𝜆=𝑖𝑚10
≠ 0 if the condition

𝑓 ′
1
(

𝑗0
)

= 𝑑𝑓1(𝑗)
𝑑𝑗 ≠ 0 at 𝑗 = 𝑗0 holds, where 𝑓1 (𝑗) = 𝑗5 +𝐿4𝑗4 +𝐿3𝑗3 +

𝐿2𝑗2 + 𝐿1𝑗 + 𝐿0.

Thus, according to the Hopf bifurcation theorem,52 we obtain the
result of Theorem 3.5 if Case-1 hold.

Theorem 3.6. The epidemic equilibrium 𝐸1 is globally asymptotically stable
if R0 > 1.

Proof. Consider the non-linear Lyapunov function:

𝑊 (𝑡) =
(

𝑆(𝑡) − 𝑆∗ − 𝑆∗𝑙𝑜𝑔
𝑆 (𝑡)
𝑆∗

)

+
(

𝐸(𝑡) − 𝐸∗ − 𝐸∗𝑙𝑜𝑔
𝐸 (𝑡)
𝐸∗

)

+ 𝑄
(

𝐼(𝑡) − 𝐼∗ − 𝐼∗𝑙𝑜𝑔
𝐼(𝑡)
𝐼∗

)

.

Using Lemma 2 and taking the fractional derivative of 𝑊 (𝑡) with
espect to time is,

𝐷𝜈
𝑡𝑊 (𝑡) ≤

(

1 − 𝑆∗

𝑆(𝑡)

)

𝐶𝐷𝜈
𝑡 𝑆 (𝑡) +

(

1 − 𝐸∗

𝐸(𝑡)

)

𝐶𝐷𝜈
𝑡 𝐸 (𝑡)

+ 𝑄
(

1 − 𝐼∗

𝐼(𝑡)

)

𝐶𝐷𝜈
𝑡 I(t). (3.12)

sing system (2.9) we get,

𝐷𝜈
𝑡𝑊 (𝑡)

≤
(

𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡) −
𝑆∗(𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡))

)

𝑆(𝑡)
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F
𝐶

𝐶

I

4

M

𝐶

𝐼

𝑅

P

𝑆

𝐼

𝑅

w

𝜈

a

𝛩

+

(

(𝛽𝑆(𝑡)𝐼(𝑡) −
(

𝜇0 + 𝜇1
)

𝐸(𝑡)) −
𝐸∗(𝛽𝑆(𝑡)𝐼(𝑡) −

(

𝜇0 + 𝜇1
)

𝐸(𝑡))
𝐸(𝑡)

)

+ 𝑄

(

(𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1)) −
𝐼∗

(

𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1)
)

𝐼(𝑡)

)

.

(3.13)

We have Eq. (2.9) in steady state,

𝛬 = 𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗. (3.14)

Substituting Eq. (3.14) into (3.13) we have,
𝐶𝐷𝜈

𝑡𝑊 (𝑡)

≤
(

𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗ − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡)

−
𝑆∗(𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗ − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡))

𝑆(𝑡)

)

+

(

(𝛽𝑆(𝑡)𝐼(𝑡) −
(

𝜇0 + 𝜇1
)

𝐸(𝑡)) −
𝐸∗(𝛽𝑆(𝑡)𝐼(𝑡) −

(

𝜇0 + 𝜇1
)

𝐸(𝑡))
𝐸(𝑡)

)

+ 𝑄

(

(𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1))

−
𝐼∗

(

𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1)
)

𝐼(𝑡)

)

.

urther simplification gives,

𝐷𝜈
𝑡𝑊 (𝑡)

≤
(

𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗ − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡)

−
𝑆∗(𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗ − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜇0𝑆(𝑡) − 𝛿𝑆(𝑡))

𝑆(𝑡)

)

+

(

(−
(

𝜇0 + 𝜇1
)

𝐸(𝑡)) −
𝐸∗(𝛽𝑆(𝑡)𝐼(𝑡) −

(

𝜇0 + 𝜇1
)

𝐸(𝑡))
𝐸(𝑡)

)

+ 𝑄

(

(𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1))

−
𝐼∗

(

𝜇1𝐸 (𝑡) − 𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1)
)

𝐼(𝑡)

)

. (3.15)

Collecting all infected classes from (3.15) to zero without a single star
(*):

𝑆∗𝛽𝐼(𝑡) −
(

𝜇0 + 𝜇1
)

𝐸(𝑡) +𝑄
(

𝜇1𝐸(𝑡) − −𝜇0𝐼 (𝑡) − 𝜇2𝐼(t − 𝜂1)
)

= 0. (3.16)

The steady state of equilibrium point (2.9), we get

𝑄 =
𝑆∗𝛽

(

𝜇0 + 𝜇2
) ,

(

𝜇0 + 𝜇1
)

=
𝐼∗𝑆∗𝛽
𝐸∗ , 𝜇1 =

(𝜇0 + 𝜇2)𝐼∗

𝐸∗ . (3.17)

Substituting the expression from (3.17) into (3.15) gives:
𝐶𝐷𝜈

𝑡𝑊 (𝑡)

≤
(

𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ + 𝛿𝑆∗ − 𝜇0𝑆 − 𝛿𝑆(𝑡)

−
𝑆∗(𝛽𝑆∗𝐼∗ + 𝜇0𝑆∗ − 𝜇0𝑆 − 𝛿𝑆)

𝑆

)

+
(

−
𝐸∗𝛽𝑆𝐼
𝐸

+ 𝐼∗𝑆∗𝛽
)

+ (−
𝐼∗𝑆∗𝐸𝛽𝐼∗

𝐼𝐸∗ + 𝛽𝑆∗𝐼∗).

Using 𝐴.𝑀. ≥ 𝐺.𝑀., we get:

(2 − 𝑠
𝑆∗ − 𝑆∗

𝑆
) ≤ 0, (3 − 𝑆∗

𝑆
− 𝐼∗𝐸
𝐼𝐸∗ − 𝑆𝐸∗𝐼

𝐸
) ≤ 0.

Thus

𝐷𝜈
𝑡𝑊 (𝑡) ≤ 0 for R0 > 1

Therefore 𝐸1 is globally asymptotically stable, according to LaSalle’s
nvariance Principle.51
6

. Adam–Bashforth–Moulton method for the 𝑺𝑬𝑰𝑹𝑽 model

For fractional order initial value situations, the Adams–Bashforth–
oulton approach is the most commonly used numerical technique.

Let

𝐷𝜈
𝑡 𝐿𝑗 (𝑡) = 𝑔𝑗 (𝑡, 𝐿𝑗 (𝑡) , 𝐿𝑗 (𝑡 − 𝜂1)), 𝑡 ∈

[

−𝜂1, 0
]

, 𝐿𝑟𝑗 (0) = 𝐿𝑟𝑗0, (4.1)

𝑟 = 0, 1, 2,… , ⌈𝜈⌉, 𝑗 ∈ N
where 𝐿𝑟𝑗0 ∈ R, 𝜈 > 0 and 𝐶𝐷𝜈

𝑡 is same as Volterra integral equation in
the Caputo sense.

𝐿𝑗 (𝑡) =
⌈𝜈⌉−1
∑

𝑛=0
𝐿𝑟𝑗0

𝑡𝑛

𝑛!
+ 1
𝛤 (𝜈) ∫

𝑡

0
(𝑡 − 𝑢)𝜈−1𝑔𝑗 (𝑢, 𝐿𝑗 (𝑢) , 𝐿𝑗 (𝑢 − 𝜂1))𝑑𝑢, 𝑗 ∈ N.

(4.2)

Let ℎ = 𝑇
𝑚̂ , 𝑡𝑛 = 𝑛ℎ, 𝑛 = 0, 1, 2,… , 𝑚̂.

Corrector formulae:

𝑆𝑛+1 = 𝑆0 +
ℎ𝜈

𝛤 (𝜈 + 2)

(

𝛬 − 𝛽𝑆𝑝𝑛+1𝐼
𝑝
𝑛+1 − 𝜇0𝑆

𝑝
𝑛+1 − 𝛿𝑆

𝑝
𝑛+1

)

+ ℎ𝜈

𝛤 (𝜈 + 2)

𝑛
∑

𝑗=0
𝛼𝑗,𝑛+1

(

𝛬 − 𝛽𝑆𝑗𝐼𝑗 − 𝜇0𝑆𝑗 − 𝛿𝑆𝑗
)

,

𝐸𝑛+1 = 𝐸0 +
ℎ𝜈

𝛤 (𝜈 + 2)

(

𝛽𝑆𝑝𝑛+1𝐼
𝑝
𝑛+1 − (𝜇0 + 𝜇1)𝐸

𝑝
𝑛+1

)

+ ℎ𝜈

𝛤 (𝜈 + 2)

𝑛
∑

𝑗=0
𝛼𝑗,𝑛+1(𝛽𝑆𝑗𝐼𝑗 − (𝜇0 + 𝜇1)𝐸𝑗 ),

𝑛+1 = 𝐼0 +
ℎ𝜈

𝛤 (𝜈 + 2)

(

𝜇1𝐸
𝑝
𝑛+1 − (𝜇0 + 𝜇2)𝐼

𝑝
𝑛+1

)

+ ℎ𝜈

𝛤 (𝜈 + 2)

𝑛
∑

𝑗=0
𝛼𝑗,𝑛+1(𝜇1𝐸𝑗 − (𝜇0 + 𝜇2)𝐼𝑗 ),

𝑛+1 = 𝑅0 +
ℎ𝜈

𝛤 (𝜈 + 2)

(

𝜇2𝐼
𝑝
𝑛+1 − 𝜇0𝑅

𝑝
𝑛+1

)

+ ℎ𝜈

𝛤 (𝜈 + 2)

𝑛
∑

𝑗=0
𝛼𝑗,𝑛+1(𝜇2𝐼𝑗 − 𝜇0𝑅𝑗 ),

𝑉𝑛+1 = 𝑉0 +
ℎ𝜈

𝛤 (𝜈 + 2)

(

𝛿𝑆𝑝𝑛+1 − 𝜇0𝑉
𝑝
𝑛+1

)

+ ℎ𝜈

𝛤 (𝜈 + 2)

𝑛
∑

𝑗=0
𝛼𝑗,𝑛+1(𝛿𝑆𝑗 −𝜇0𝑉𝑗 ).

(4.3)

redictor formulae:

𝑝
𝑛+1 = 𝑆0 +

1
𝛤 (𝜈)

𝑛
∑

𝑗=0
𝛩𝑗,𝑛+1

(

𝛬 − 𝛽𝑆𝑗𝐼𝑗 − 𝜇0𝑆𝑗 − 𝛿𝑆𝑗
)

,

𝐸𝑝𝑛+1 = 𝐸0 +
1

𝛤 (𝜈)

𝑛
∑

𝑗=0
𝛩𝑗,𝑛+1(𝛽𝑆𝑗𝐼𝑗 − (𝜇0 + 𝜇1)𝐸𝑗 ), (4.4)

𝑝
𝑛+1 = 𝐼0 +

1
𝛤 (𝜈)

𝑛
∑

𝑗=0
𝛩𝑗,𝑛+1(𝜇1𝐸𝑗 − (𝜇0 + 𝜇2)𝐼𝑗 ),

𝑝
𝑛+1 = 𝑅0 +

1
𝛤 (𝜈)

𝑛
∑

𝑗=0
𝛩𝑗,𝑛+1(𝜇2𝐼𝑗 − 𝜇0𝑅𝑗 ),

𝑉 𝑝
𝑛+1 = 𝑉0 +

1
𝛤 (𝜈)

𝑛
∑

𝑗=0
𝛩𝑗,𝑛+1(𝛿𝑆𝑗 − 𝜇0𝑉𝑗 ),

here

𝑗,𝑛+1 =

⎧

⎪

⎨

⎪

⎩

𝑛𝜈+1 − (𝑛 − 𝜈) (𝑛 + 1)𝜈 , 𝑖𝑓 𝑗 = 0,
(𝑛 − 𝑗 + 2)𝜈+1 + (𝑛 − 𝑗)𝜈+1 − 2(𝑛 − 𝑗 + 1)𝜈+1, 𝑖𝑓 0 ≤ 𝑗 ≤ 𝑛,
1, 𝑖𝑓 𝑗 = 1,

nd

= ℎ𝜈 [

(𝑛 + 1 − 𝑗)𝜈 − (𝑛 − 𝑗)𝜈
]

, 0 ≤ 𝑗 ≤ 𝑛.
𝑗,𝑛+1 𝜈
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Fig. 2. Time series analysis corresponding to 𝜂1 = 0 for (a) 𝜈 = 0.6 (b) 𝜈 = 0.8 (c) 𝜈 = 1.
2

F
t
3
a

Table 1

Parameters Value Source

𝛬 5 Estimated
𝛽 0.01 Estimated
𝜇0 0.731 Estimated
𝛿 0.03 Model to fit
𝜇1 0.015 Estimated
𝜇2 0.5 Estimated
R0 0.0534 Estimated

5. Numerical simulation

We have studied and analyzed the dynamical behavior of the so-
lutions of (2.9) using an extensive numerical simulation. In this sec-
tion, we use MATLAB to analyze the solutions generated by Adams–
Bashforth–Moulton scheme. The results of model simulations and the
associated findings have been classified as follows:

Case - 𝐈
In this case, we analyze the dynamical characteristics of all popula-

tion for various fractional order with 𝜂1 = 0.
From Figs. 2(a) to 2(c) illustrate that when R0 < 1, the number

of exposed individuals, infected individuals and recovered individuals
drops to zero. So the point 𝐸 is locally asymptotically stable when
0 i

7

Table 2

Parameters Value Source

𝛬 0.0182 Estimated
𝛽 0.476 Estimated
𝜇0 0.0073 Estimated
𝛿 0.01 Model to fit
𝜇1 0.071 53,54

𝜇2 0.286 53,54

R0 1.55 Estimated

R0 < 1 for different values of 𝜈. Table 1 displays the values of
parameters.

Case - 𝐈𝐈
In this case, we analyze the dynamical characteristics of all pop-

ulation for various fractional order with 𝜂1 = 0, 𝜂1 = 0.5 and 𝜂1 =
.

The values of parameters in Table 2 are used to plot the figures in
igs. 3 to 10. The behavior of all individuals with time corresponding
o 𝜂1 = 0.5 for different fractional order 𝜈 is shown in Figs. 3(a) through
(e). The number of susceptible individuals and infected individu-
ls decreases when 𝜈 increases. The number of recovered individuals
ncreases when 𝜈 increases.
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Fig. 3. The behavior of 𝑆,𝐸, 𝐼, 𝑅 and 𝑉 for varied values of 𝜈 = 0.9, 0.8, 0.7 with 𝜂1 = 0.5.

8
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Fig. 4. The behavior of all individuals for different values of 𝜈 = 0.9, 0.8, 0.7 with 𝜂1 = 0.

9
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c
t
0
i
o

Fig. 5. The behavior of all individuals for values of 𝜈 = 0.9, 0.8, 0.7 and 𝜂1 = 2.
Figs. 4(a) to 4(e) shows the behavior of all individuals with time
orresponding to 𝜂1 = 0 for different fractional order 𝜈. Fig. 4(a) depicts
hat the number of susceptible individuals increase when 𝜈 changes to
.9 to 0.7. An increase value of 𝜈 leads to decrease in the exposed rate
n the exposed population in Fig. 4(b). We see in Fig. 4(c) that number
f infected individuals increase when 𝜈 changes to 0.9 to 0.7. Fig. 4(d)
10
depicts that the number of recovered individuals increase with time
when 𝜈 increases.

The behavior of all individuals with time corresponding to 𝜂1 = 2 for
different fractional order 𝜈 is shown in Figs. 5(a) through 5(e). Fig. 5(a)
depicts that the number of susceptible individuals increase when 𝜈
increases. We see in Fig. 5(c) that number of infected individuals
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Fig. 6. Dynamical behavior of all individuals for 𝜈 = 0.7 and different values of 𝜂1 = 0.5, 3, 5.5.

11
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Fig. 7. Dynamical behavior of all individuals for 𝜈 = 0.8 and different values of 𝜂1 = 0.5, 3, 5.5.
increase when 𝜈 changes to 0.9 to 0.7. Fig. 5(d) depicts that the number
of recovered individuals increase when 𝜈 increases.

The behavior of all individuals with time corresponding to 𝜈 = 0.7
is shown in Figs. 6(a) through 6(e) for various time delays 𝜂 .
1

12
Figs. 7(a) to 7(e) shows the behavior of all individuals with time
corresponding to 𝜈 = 0.8 for different time delays 𝜂1. The num-
ber of vaccinated individuals increase when 𝜂1 changes to 0.5 to
5.5.
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Fig. 8. The behavior of all individuals for 𝜈 = 0.9 and different values of 𝜂1 = 0.5, 3, 5.5.
i

a

The performance of all individuals with time corresponding to 𝜈 =
0.9 is shown in Figs. 8(a) through 8(e) for various time delays 𝜂1.

Case - 𝐈𝐈𝐈

The existence of the Hopf bifurcation of the model system (2.9) with
fractional order 𝜈 = 1 is discussed in this case. The following set of
parametric values is chosen:
 (

13
The values of the parameters in Table 3 are used to study the
bifurcation analysis. The model system (2.9) is unstable at 𝐸1, as shown
n Fig. 11.

Using the parametric values in Table 3, the roots of the Eq. (3.10)
re −0.6240,−1.2724, 0.1345, 0.5832±0.1750𝑖. Thus we obtain 𝑓 ′

1 (0.1345)
≠ 0. The Hopf bifurcation diagram is shown in Fig. 12(a) through 12
e). For 𝜂 = 41.56 and 𝑚 = 0.3668, we obtain 𝐸 = (9.7467, 379.4148,
1 10 1
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𝜂
s

6

d

p

Fig. 9. Time series analysis for 𝜂1 = 3 and 𝜈 = 1 of Eq. (2.9).
Fig. 10. Phase diagram of the model (2.9) corresponding to 𝜂1 = 3 and 𝜈 = 0.6, 0.8, 1.
c
H
𝜂
r
j
r
i
v
t

D

c
i

A

i

Table 3

Parameters Value Source

𝛬 5 For model fit
𝛽 0.010 Estimated
𝜇0 0.025 Estimated
𝛿 0.002 Model to fit
𝜇1 0.009 Estimated
𝜇2 0.0008 For model fit

132.3540, 10.5883, 0.7797). Now 𝐸1 is locally asymptotically stable when
1 ∈ [0, 𝜂1∗], confirming our theoretical results in Theorem 3.5. The
ystem (2.9) produces a Hopf bifurcation when 𝜂1 = 𝜂1∗.

. Conclusion

We have studied the 𝑆𝐸𝐼𝑅𝑉 model (2.9) considering a single time
elay parameter 𝜂1. The stability analysis of the system depicts that

point 𝐸0 of the system (2.9) is locally asymptotically stable when R0<
1, and unstable when R0 > 1 in the absence of time delay. The endemic
equilibrium 𝐸1 = (𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗, 𝑉 ∗) is locally asymptotically stable
if R0 > 1, when 𝜂1 = 0. However, in the presence of time delay
arameter 𝜂 , both the points 𝐸 and 𝐸 are asymptotically stable in the
1 0 1 p

14
interval [0, 𝜂1∗] where 𝜂1∗ is given by 𝜂1∗ = 1
𝑚10,

𝑠𝑖𝑛−1( 𝑎𝑑+𝑏𝑐
𝑎2+𝑏2 ). Numerical

omputations reveal that if 𝜂1 > 41.56 then the system (2.9) exhibits
opf bifurcation. Thus, it becomes apparent that beyond the value of
1
∗ = 41.56 the dynamics of the system becomes unstable. It may be

ecalled that the time delay parameter was incorporated in (2.9) to
ustify the argument that the infected population will take some time to
ecover. When the time delay owing to the time period required by the
nfected individuals to recover from the disease surpasses a threshold
alue, the model described here produces a Hopf bifurcation around
he endemic equilibrium point.
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Fig. 11. Time series solution of the model system (2.9) for 𝜂1 > 𝜂1∗ , 𝜈 = 1 with different initial and parameter values as given in Table 3.

15
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Fig. 12. Diagram of a single parameter bifurcation with respect to 𝜂1.

16
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