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a b s t r a c t 

Multiple strains of the SARS-CoV-2 have arisen and jointly influence the trajectory of the coronavirus 

disease (COVID-19) pandemic. However, current models rarely account for this multi-strain dynamics and 

their different transmission rate and response to vaccines. We propose a new mathematical model that 

accounts for two virus variants and the deployment of a vaccination program. To demonstrate utility, we 

applied the model to determine the control reproduction number ( R c ) and the per day infection, death 

and recovery rates of each strain in the US pandemic. The model dynamics predicted the rise of the 

alpha variant and shed light on potential impact of the delta variant in 2021. We obtained the minimum 

percentage of fully vaccinated individuals to reduce the spread of the variants in combination with other 

intervention strategies to deaccelerate the rise of a multi-strain pandemic. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) 

as first reported in 2019 and has since amounted to over 388 

illion confirmed cases and 5.7 million confirmed deaths around 

he globe [1] . Much of the world struggled throughout 2020 to 

low the spread of the virus by implementing non-pharmaceutical 

trategies (NPI’s), such as partial or total lockdowns, the usage 

f face masks, among others [2] , although these measures were 

ometimes insufficient to stop the pandemic. Multiple mathemat- 

cal models have demonstrated that the implementation of face 

asks did mitigate the spread of the virus [ 3 , 4 ]. Since 2021, the

cenario has shifted with the rollout of vaccinations campaigns 

ixed with the emergence of new SARS-CoV-2 variants with dif- 

erent transmission rates and capable of evasion from the protec- 

ion provided by the vaccine [ 5 , 6 ]. 

SARS-CoV-2 is an RNA virus capable of mutagenesis, and new 

ariants have emerged in the ongoing COVID-19 pandemic. The 

utated variants are characterized by different sets of mutations 
∗ Co-corresponding Authors: Facultad de Matemáticas, Universidad Autónoma de 
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nd may show varying levels of infectiousness, lethality, and re- 

ponse to the vaccine. The most threatening ones are identified as 

ariants of concern (VOCs) [7] . For example, the SARS-CoV-2 alpha 

ariant, designated B.1.1.7 under the Pango lineage, is among one 

f the first VOCs. This variant has an N501Y mutation, for which 

he affected amino acid residue determines how well the virus will 

nteract with the hosts cellular receptor angiotensin-converting en- 

yme (ACE2) [8] . This mutation resulted in the alpha variant hav- 

ng a 75% higher transmission rate than the original strain [9] . 

nother important variant, delta or B.1.617.2, was identified in De- 

ember 2020 and by April 2021 became the most common variant 

10] . This variant is characterized by mutations in the spike protein 

hat have the ability to affect the immune response of the host and 

nhance transmission. Creating a variant that is 60% more trans- 

issible than the alpha variant and resistant to the vaccine [11] . 

Mass vaccination started in the US in mid-December with the 

eployment of BNT162b2 (Pfizer/BioNTech), followed by mRNA- 

273 (Moderna) and Ad26.COV2.S (Janssen, J&J, the only vaccine of 

ne dose). By the beginning of May 2021, 34.6 of the US popula- 

ion had been fully vaccinated by either one of these three vac- 

ines [ 12 , 13 ]. While vaccines applied in the US are highly effective

n controlling the spread of the Wild-type SARS-CoV-2 strains, they 

how different effectiveness against new strains like alpha and 

elta variant [14] . This difference im plies that the trajectory of the 

OVID-19 pandemic will depend on several vaccine related param- 

ters. Multiple mathematical models have been derived to evalu- 

https://doi.org/10.1016/j.chaos.2022.111927
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chaos
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2022.111927&domain=pdf
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te the behavior of COVID-19, but not many evaluate the dynam- 

cs of the spread of a two-strain pandemic. For example Gonzalez- 

arra et al, 2021 [ 15 ] derived a compartmental model based on dif-

erential equations to evaluate how a new variant can affect the 

ehavior of the pandemic, generating more infections, hospitaliza- 

ions and deaths [15] . Another important mathematical model us- 

ng control theory considered multiple strain and waning immu- 

ity from natural infection [16] . Both mathematical models de- 

cribe the interaction between two or more variants, but they do 

ot evaluate the importance of vaccine to stop the spread. Model 

ormulation by Tchoumi et al, 2021 incorporated vaccination in two 

train dynamics; they showed that a variant would become dom- 

nant if it had a higher reproduction number with respect the 

ther strain. This study only considered vaccine effectiveness for 

he dynamics of the spread, and the compartment for exposed 

opulation was not considered, a latent stage that is present in 

OVID-19. 

We developed a mathematical informed approach where we 

epict the dynamics of two strains under one vaccination regime, 

pplied to the US COVID-19 pandemic. We quantified the impact 

f SARS-CoV-2 variants and their response to the vaccination strat- 

gy on developing new infections and deaths. Our approach di- 

ectly addresses the behavior of a vaccine and how it manages to 

educe the spread of a virus. It also includes parameters of an im- 

erfect vaccine [17] and three levels of transmission: low, where 

on-pharmaceutical intervention strategies (NPI) are heavily im- 

lemented; baseline, NPI strategies are relaxed; and high trans- 

ission where no NPI are deployed. In terms of the vaccination 

ate, we acknowledge three rates: 50% less than the baseline rate, 

aseline rate and 200% of the baseline rate. The rest of the paper 

s structured as follows. We formulated the mathematical model, 

omputed the basic reproduction number, and conducted the lo- 

al sensitivity analysis. We also derived the minimum percentage 

f vaccination and the stability of the disease-free equilibrium. In 

ection 3 we calibrated our mathematical model using daily cu- 

ulative of infected and death individuals and the global sensi- 

ivity analysis of the set of differential equations. In Section 4 we 

xplore the simulations of the cases in the US between vari- 

nts. Lastly, we provided discussion and conclusion remarks in 

ection 5 . 

. Mathematical Model of a two strain of SARS-CoV-2 with 

symptomatic individuals and Vaccination 

We develop and apply a compartmental differential equation to 

nderstand the dynamics of the spread of two virus variants in the 

S. The mathematical model contains two separate sets of equa- 

ions for the virus strains that affect the same susceptible popu- 

ation and vaccinated subpopulation. Our SEIARD model evaluates 

he dynamics of ten subpopulations at any given time t , which are 

enoted as: S(t) , E 1 (t) , etc. Fig 1 shows a diagram of the flow

hrough the compartmentalized subpopulations. In table S1 are the 

alue of the parameters used to evaluate the dynamics of the two 

train SARS-CoV-2 in the US. 

Susceptible population S(t) : We do not consider any natu- 

al recruitments (births) at any time t . Susceptible population de- 

reases when they interact with a symptomatic original variant in- 

ection at a rate β1 and an asymptomatic original variant infection 

t a rate β2 . Also, they become exposed with a symptomatic alpha 

ariant at a rate β3 and asymptomatic at a rate β4 . The suscepti- 

le population may increase at a rate α associated with the wan- 

ng rate of a vaccine, describing that protection descends over time 

nd vaccinated individuals become fully susceptible to infection at 

 rate α. Finally, the susceptible population will be vaccinated at a 

ate ρ ≥ 0 , multiplied by the all or nothing protection of a vaccine 

1 − ε a ) which means individuals who received the vaccine, but 
2 
he vaccine fails to protect a fraction ε a of individuals. The rate of 

hange of the susceptible population is expressed in the following 

quation: 

dS 

dt 
= −

(
β1 I 1 + β2 A 1 

N 

)
S −

(
β3 I 2 + β4 A 2 

N 

)
S + αV + ηR − ( 1 − ε a ) ρS. 

(1) 

Population exposed to strain 1, E 1 (t) : Because we are simu- 

ating an infection caused by a virus, we need to include the ex- 

osed population. This subpopulation are individuals that are in- 

ected but not infectious. It increases at a rate of infection β1 and 

2 for symptomatic and asymptomatic infection from strain, this 

ncrease is due to unvaccinated individuals. In addition, it increases 

ith individuals who are already vaccinated but develop a symp- 

omatic infection at a rate ( 1 − ε L ) β1 and an asymptomatic infec- 

ion at a rate ( 1 − ε LA ) β2 . This behavior is associated with the leak- 

ness or vaccine efficiency, that describes when the vaccine reduces 

ut does not eliminate the risk for infection. This population de- 

reases at a rate w , which denotes the average length of the latent 

eriod. Hence, 

d E 1 
dt 

= 

(
β1 I 1 + β2 A 1 

N 

)
S + (1 − ε L ) 

β1 I 1 V 

N 

+ ( 1 − ε LA ) 
β2 A 1 V 

N 

− w E 1 . 

(2) 

Population infected by strain 1, I 1 (t) : Infected individuals that 

evelop symptoms for the original variant are generated at a pro- 

ortion p ∈ ( 0 , 1 ) from the exposed subpopulation. They recover at 

 rate γ1 and die from the disease at a rate δ1 . Consequently, 

d I 1 
dt 

= pw E 1 − ( δ1 + γ1 ) I 1 . (3) 

Asymptomatic population infected by strain 1, A 1 (t) : This 

opulation is considered an infected population but do not de- 

elop symptoms of COVID-19. They are important to include in our 

odel because they can spread the virus, they are generated at a 

roportion ( 1 − p ) fr om the exposed class. This population r ecov- 

rs at a rate γ1 . This population does not die from this disease 

ecause they do develop symptoms. So, 

d A 1 

dt 
= ( 1 − p ) w E 1 − γ1 A 1 . (4) 

Population exposed to strain 2, E 2 (t) : We include the ex- 

osed population to strain 2 because we are modeling a virus and 

e need to include the latent period. The population enlarges at 

 rate β3 for symptomatic infected individual and at a rate β4 

or asymptomatic individuals, both from strain 2 and unvaccinated 

ndividuals. Moreover, vaccinated individuals who interact with 

ymptomatic or asymptomatic are incorporated at a rate ( 1 − ε LB ) , 

hich is the vaccine efficiency associated with that strain. Also, in- 

ividuals that are vaccinated and protected from strain 1 can get 

e-infected and develop symptoms or not at a rate β3 and β4 re- 

pectively from strain 2. This subpopulation deceases at a rate w , 

he length were individuals pass from infected to infected and in- 

ectious. Hence, 

d E 2 
dt 

= 

(
β3 I 2 + β4 A 2 

N 

)
S + ( 1 − ε LB ) 

(
β3 I 2 + β4 A 2 

N 

)
V − w E 2 . (5) 

Population infected with strain 2, I 2 (t) : All individuals that 

re infected and develop symptoms at a proportion q ∈ ( 0 , 1 ) who 

ill recover at a rate γ2 and die at a rate δ2 . Consequently, 

d I 2 
dt 

= qw E 2 − ( δ2 + γ2 ) I 2 . (6) 

Asymptomatic population infected with strain 2, A 2 (t) : indi- 

iduals that are infected but do not develop symptoms at a pro- 

ortion ( 1 − q ) from the exposed class. They recover at a rate γ . 
2 
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Fig. 1. Flow diagram of the multi-strain mathematical model with vaccination to evaluate the spread of the current COVID-19 pandemic. S: susceptible, V: vaccinated with 

Pfizer, E 1 : exposed to strain one, I 1 : infected with strain one, A 1 : infected asymptomatic with strain one, E 2 : exposed to strain two, I 2 : infected with strain two, A 2 : infected 

asymptomatic with strain two, R: Recuperated from strain one or two and D: death by either strain one or two. 
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d A 2 

dt 
= ( 1 − q ) w E 2 − γ2 A 2 . (7) 

Recovered population, R(t) : All individuals infected with 

ymptoms or not will recover at a rate γ1 from the original variant 

nd a rate γ2 from the alpha variant. We acknowledge in this pop- 

lation the loss of protection from natural immunity at a rate η. 

s well recovered individuals vaccinated or not can get re-infected 

ith another SARS-CoV-2 variant at a rate β3 and β4 for symp- 

omatic or asymptomatic infections respectively. Consequently, 

dR 

dt 
= γ1 ( I 1 + A 1 ) + γ2 ( I 2 + A 2 ) −

(
β3 I 2 R 

N 

+ 

β4 A 2 R 

N 

+ ηR 

)
. (8) 

Deceased population, D (t) : Infected individuals with symp- 

oms die at a rate δ1 from the original variant and δ2 for the alpha 

ariant. So, 

dD 

dt 
= δ1 I 1 + δ2 I . 2 . (9) 

Vaccinated population, V (t) : This population is vaccinated at a 

ate ρ ≥ 0 , multiplied by the all or nothing protection of a vaccine 

 a this parameter means individuals who received the vaccine but 

he vaccine fails to protect them. This population decreases due to 

he effectiveness of the vaccine at a rate ( 1 − ε L ) for symptomatic 

train 1 individuals. Decreases at a rate ( 1 − ε LA ) for the asymp- 

omatic strain 1 individuals, and at a rate ( 1 − ε LB ) for the symp- 

omatic or asymptomatic of the strain 2. As well, decreases due to 

he loss of protection from the acquired immunity (vaccine) at a 

ate α. Hence, 

dV 

dt 
= ( 1 − ε a ) ρS −(

( 1 −ε L ) 
β1 I 1 

N 

+ ( 1 −ε LA ) 
β2 A 1 

N 

+ α+ ( 1 −ε LB ) 

(
β3 I 2 + β4 A 2 

N 

))
V. (10) 

Henceforth, the system of differential equations that will simu- 

ate the dynamics of the original strain and the alpha variant with 
3 
accination is: 

dS 

dt 
= −

(
β1 I 1 + β2 A 1 

N 

)
S −

(
β3 I 2 + β4 A 2 

N 

)
S + αV + ηR 

−( 1 − ε a ) ρS, 

dV 

dt 
= ( 1 − ε a ) ρS 

−
(

( 1 −ε L ) 
β1 I 1 

N 

+ ( 1 −ε LA ) 
β2 A 1 

N 

+ α+ ( 1 −ε LB ) 

(
β3 I 2 + β4 A 2 

N 

))
V, 

d E 1 
dt 

= 

(
β1 I 1 + β2 A 1 

N 

)
S + (1 − ε L ) 

β1 I 1 V 

N 

+ ( 1 − ε LA ) 
β2 A 1 V 

N 

− w E 1 , 

d I 1 
dt 

= pw E 1 −( δ1 + γ1 ) I 1 , (11) 

d A 1 

dt 
= ( 1 − p ) w E 1 − γ1 A 1 , 

d E 2 
dt 

= 

(
β3 I 2 + β4 A 2 

N 

)
S + ( 1 − ε LB ) 

(
β3 I 2 + β4 A 2 

N 

)
V 

+ 

β3 I 2 R 

N 

+ 

β4 A 2 R 

N 

− w E 2 , 

d I 2 
dt 

= qw E 2 − ( δ2 + γ2 ) I 2 , 

d A 2 

dt 
= ( 1 − q ) w E 2 − γ2 A 2 , 

dR 

dt 
= γ1 ( I 1 + A 1 ) + γ2 ( I 2 + A 2 ) −

(
β3 I 2 R 

N 

+ 

β4 A 2 R 

N 

+ ηR 

)
, 

dD = δ1 I 1 + δ2 I 2 . 

dt 
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We can derive that N(t) at a time t is given by, 

N ( t ) = S ( t ) + E 1 ( t ) + I 1 ( t ) + A 1 ( t ) + E 2 ( t ) + I 2 ( t ) 

+ A 2 ( t ) + R ( t ) + D ( t ) + V ( t ) 

.1. Control reproduction number with a disease-free equilibrium 

In our mathematical model, there exists a disease-free equilib- 

ium which happens when the vaccination rate ρ = 0 . So E 1 = I 1 = 

 1 = E 2 = I 2 = A 2 = 0 , and the disease-free equilibrium is: 

 0 = ( S ∗, 0 , 0 , 0 , V 

∗, 0 , 0 , 0 , 0 ) 

Where S ∗ ≥ 0 and V ∗ > 0 . 

This equilibrium represents where the vaccination logistic pro- 

ram has ended, with a certain number of individuals that are vac- 

inated, and a population that may be susceptible to get infected. 

e will compute the control reproduction number R c in this 

isease-free equilibrium. By applying the next generation method 

o find R c , we must solve the following equation: R c = ρ( F V −1 ) 

12] . Where F are the derivatives of the new infections, V is the 

ransition matrix (flow between compartments) and ρ is the spec- 

ral radius. The entire derivation of R c is as follows. 

The matrix of new infections F is given by 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

(
β1 I 1 + β2 A 1 

N 

)
S + ( 1 − ε L ) 

β1 I 1 V 
N 

+ ( 1 − ε LA ) 
β2 A 1 V 

N 

0 

0 (
β3 I 2 + β4 A 2 

N 

)
S + ( 1 − ε LB ) 

(
β1 I 1 + β2 A 1 

N 

)
S + 

β3 I 2 R 
N 

+ 

β4 A 2 R 
N 

0 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. 

While the transition matrix V is given by 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

w E 1 
−pw E 1 + ( δ1 + γ1 ) I 1 
−( 1 − p ) w E 1 + γ1 A 1 

w E 2 
−qw E 2 + ( δ2 + γ2 ) I 2 
−( 1 − q ) w E 2 + γ2 A 2 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

. 

Using the following transformations a ′ = −pw , b′ = −( 1 − p ) w ,

 = γ1 + δ1 , d = γ1 , e = −qw , f = −( 1 − q ) w , g = γ2 + δ2 , h =
2 , u = 

β1 S 
∗

N ∗ + ( 1 − ε L ) 
β1 V 

∗
N ∗ , x = 

β2 S 
∗

N ∗ + ( 1 − ε LA ) 
β2 V 

∗
N ∗ , y = 

β3 S 
∗

N ∗ +
 1 − ε LB ) 

β3 V 
∗

N ∗ and z = 

β4 S 
∗

N ∗ + ( 1 − ε LB ) 
β4 V 

∗
N ∗ consequently, 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

0 u x 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 y z 
0 0 0 0 0 0 

0 0 0 0 0 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

. 

 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

w 0 0 0 0 0 

a ′ c 0 0 0 0 

b′ 0 d 0 0 0 

0 0 0 w 0 0 

0 0 0 e g 0 

0 0 0 f 0 h 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

. 

In consequence, 

 

−1 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 
w 

0 0 0 0 0 

− a ′ 
cw 

1 
c 

0 0 0 0 

− b′ 
dw 

0 

1 
d 

0 0 0 

0 0 0 

1 
w 

0 0 

0 0 0 − e 
gw 

1 
g 

0 

0 0 0 − f 0 

1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. 
hw h 

4 
So that, 

 V 

−1 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

a u 
c 

x 
d 

0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 b y 
g 

z 
h 

0 0 0 0 0 0 

0 0 0 0 0 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

. 

Where 

a = − b′ x 
dw 

− a ′ u 

cw 

= 

( 1 − p ) 
[

β2 S 
N 

+ ( 1 − ε LA ) 
β2 V 

N 

]
γ1 

+ 

( p ) 
[

β1 S 
N 

+ ( 1 − ε L ) 
β1 V 

N 

]
γ1 + δ1 

. 

b = − ey 

gw 

− f z 

hw 

= 

( 1 − q ) 
[

β4 S 
N 

+ ( 1 − ε LB ) 
β4 V 

N 

]
γ2 

+ 

( q ) 
[

β3 S 
N 

+ ( 1 − ε LB ) 
β3 V 

N 

]
γ2 + δ2 

. 

Since is F V −1 upper triangular, we have that F V −1 − λ6 is also 

riangular, whence its determinate is the product of the main di- 

gonal, that is, the characteristic polynomial is given by 

λ4 ( λ − a )( λ − b ) , then the basic reproduction number is given 

y R c = max { | a | , | b| } . 

 c ( a ) = 

( 1 − p ) 
[

β2 S 
N 

+ ( 1 − ε LA ) 
β2 V 

N 

]
γ1 

+ 

( p ) 
[

β1 S 
N 

+ ( 1 − ε L ) 
β1 V 

N 

]
γ1 + δ1 

, 

(12) 

 c ( b ) = 

( 1 − q ) 
[

β4 S 
N 

+ ( 1 − ε LB ) 
β4 V 

N 

]
γ2 

+ 

( q ) 
[

β3 S 
N 

+ ( 1 − ε LB ) 
β3 V 

N 

]
γ2 + δ2 

. 

(13) 

As we can see in 12 and 13, we have the control reproduc- 

ion number of strain 1 (12) and strain 2 (13). We can reformulate 

oth control reproduction numbers based on the basic reproduc- 

ion number and the force of infection of both symptomatic and 

symptomatic for both variants, as follows: 

For strain 1, the control reproduction number can be re-written 

ased on the force of infections with or without symptoms in the 

bsence of vaccination like in [ 18 ] . The basic reproduction num- 

ers are: R 01 A = 

( 1 −p ) β2 
γ1 

for asymptomatic; R 01 I = 

p β1 
γ1 + δ1 

for symp- 

omatic infections. So, 

 c ( a ) = R 01 A 

[ 
S 

N 

+ ( 1 − ε LA ) 
V 

N 

] 
+ R 01 I 

[ 
S 

N 

+ ( 1 − ε L ) 
V 

N 

] 
, 

 c ( a ) = R 01 A 

[ 
S + V 

N 

− ε LA 

V 

N 

] 
+ R 01 I 

[ 
S + V 

N 

− ε L 
V 

N 

] 
. 

We apply the same idea to the control reproduction number for 

he second strain. The reproduction numbers are: R 02 A = 

( 1 −q ) β4 
γ2 

; 

 02 I = 

q β3 
γ2 + δ2 

. Consequently 

 c ( b ) = R 02 A 

[ 
S 

N 

+ ( 1 − ε LB ) 
V 

N 

+ 

R 

N 

] 
+ R 02 I 

[ 
S 

N 

+ ( 1 − ε LB ) 
V 

N 

+ 

R 

N 

]

 c ( b ) = R 02 A 

[ 
S + V 

N 

− ε LB 
V 

N 

] 
+ R 02 I 

[ 
S + V 

N 

− ε LB 
V 

N 

] 
. 

We can still rearrange the terms, to try to evaluate how the 

mpact of vaccinations is associated with diminishing the control 

eproduction number. From the disease-free equilibrium defined by 

 

∗ = 

(
S ∗, 

( 1 − ε a ) ∗S ∗

α
, 0 , 0 , 0 , 0 , 0 , 0 , 0 

)
, (14) 



U.A.-P. de León, E. Avila-Vales and K.-l. Huang Chaos, Solitons and Fractals 157 (2022) 111927 

w

N (15) 

R (16) 

s ectively in Eq. 16 , it follows 

R

R
 

) ρ

ε a ) ρ

)]
. 

ϕ (17) 

R (18) 

mber for strain 2. Consequently, 

R (19) 

2 e spread SARS-CoV-2 variants in the US 

e can compute the minimal fraction of the population of the US that 

n  asymptomatic eradication of COVID-19 by placing R c ( a or b ) = 1 . For 

s

(20) 

ase-free equilibrium. Substituting 20 in equation in 16, we obtain, 

R (21) 

y threshold, or the minimum of percentage denoted as P ca . 

P (22) 

ber for the second strain, the herd immunity threshold for the second 

s

P (23) 

2

d in the following theorem [11] : the disease-free equilibrium NC = 

( is locally asymptomatically stable if R c < 1 and unstable if R c > 1 . We 

c s at the disease-free equilibrium, which is given by 
β4 S 

0 

 

0 + V 0 , f = ( 1 − ε L ) 
β1 V 

0 

S 0 + V 0 , g = ( 1 − ε LA ) 
β2 V 

0 

S 0 + V 0 , h = ( 1 − ε LB ) 
β3 V 

0 

S 0 + V 0 , i = 

( q ) w y n = γ2 + δ2 , we have the associated characteristic polynomial 

t  

0

−d −e η
−h −i 0 

0 0 0 

0 0 0 

0 0 0 

d + h e + i 0 

−n − λ 0 0 

0 −γ2 − λ 0 

γ2 γ2 −η − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
e find the following term: 

′′∗ = S′′ ∗ + V ′′∗ = S ∗ + 

( 1 − ε a ) ∗ S ∗

α
= S′′ ∗

(
1 + 

( 1 − ε a ) ρ

α

)
Thus, 

 c ( a ) = R 0 A 

[ 
1 − ε LA 

V 

N 

] 
+ R 0 I 

[ 
1 − ε L 

V 

N 

] 
, 

ubstituting the value of V and N derived from Eqs. 14 and 15 resp

 c ( a ) = 

[ 

1 −
ε LA 

(
( 1 −ε a ) ρ

α

)
1 + 

( 1 −ε a ) ρ
α

] 

+ 

[ 

1 −
ε L 

(
( 1 −ε a ) ρ

α

)
1 + 

( 1 −ε a ) ρ
α

] 

, 

 c ( a ) = R 01 A 

[
1 − ε LA 

(
( 1 − ε a ) ρ

α + ( 1 − ε a ) ρ

)]
+ R 01 I 

[
1 − ε L 

(
( 1 − ε a

α + ( 1 −
The vaccine impact is given by: 

 = 

(
( 1 − ε a ) ρ

α + ( 1 − ε a ) ρ

)
. 

Hence, 

 c ( a ) = R 01 A [ 1 − ε LA ϕ ] + R 01 I [ 1 − ε L ϕ ] . 

We follow the same calculation for the control reproduction nu

 c ( b ) = R 02 A [ 1 − ε LB ϕ ] + R 02 I [ 1 − ε LB ϕ ] . 

.2. Derivation of the minimum percentage of vaccination to reduce th

Based on the derivation of the control reproduction numbers, w

eed to be vaccinated so that they can achieve herd immunity or

train 1 and Eq. 16 we derive the following, 

f v = 

V 

∗

N 

∗ . 

Is the proportion of vaccinated individuals in the US at the dise

 c ( a ) = R 01 A [ 1 + ( 1 − ε LA ) f v ] + R 01 I [ 1 + ( 1 − ε L ) f v ] . 

Setting R c ( a or b ) = 1 and solving f v , we obtain a herd immunit

 ca = 

1 − ( R 01 A + R 01 I ) 

( 1 − ε LA ) ( R 01 A ) + ( 1 − ε L ) ( R 01 I ) 
( f or R 01 A and R 01 I > 1 ) . 

We apply the same derivation for the control reproduction num

train is 

 cb = 

1 − ( R 01 A + R 01 I ) 

( 1 − ε LB ) ( R 01 A + R 01 I ) 
( f or R 01 A and R 01 I > 1 ) . 

.3. Stability of the disease- free equilibrium 

The stability of our disease-free equilibrium can be explaine

 N, 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) of our system of differential equations 

alculate the Jacobian matrix of our system of differential equation

Let a = ( 1 − ε a ) ρS 0 , b = 

β1 S 
0 

S 0 + V 0 , c = 

β2 S 
0 

S 0 + V 0 , d = 

β3 S 
0 

S 0 + V 0 , e = 

S

 1 − ε LB ) 
β4 V 

0 

S 0 + V 0 , j = pw , k = γ1 + δ1 , l = ( 1 − p ) w , m = qw , o = ( 1 −
o the Jacobian matrix in infection-free equilibrium equaled to 0 is

 = 

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−a − λ α 0 −b −c 0 

a −a − λ 0 − f −g 0 

0 0 −w − λ b + f c + g 0 

0 0 j −k − λ 0 0 

0 0 l 0 −γ1 − λ 0 

0 0 0 0 0 −w − λ
0 0 0 0 0 m 

0 0 0 0 0 o 
0 0 0 γ1 γ1 0 
5 
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=

0 0 0 

0 0 0 

0 0 0 

 − λ d + h e + i 
m −n − λ 0 

o 0 −γ2 − λ

∣∣∣∣∣∣∣∣∣∣

−

0 

0 

0 

e + i 
0 

−γ2 − λ

∣∣∣∣∣∣∣∣∣∣
, 

=

0 0 

0 0 

0 0 

d + h e + i 
−n − λ 0 

0 −γ2 − λ

∣∣∣∣∣∣∣∣∣∣
=

d + h e + i 
−n − λ 0 

0 −γ2 − λ

∣∣∣∣∣. 
o negative eigenvalues λ2 = −a − α y λ3 = −η. Three other eigenvalues 

0

0

2

n number for strain 1 (12) and strain 2 (13) to visualize the importance 

o om the sensitivity analysis permits us to see how R c ( a or b ) changes 

w ing definition (6): 

ormalized forward sensitivity index of R c is defined by 

�

ol reproduction number for strain 1 ( R c (a ) ) with respect to the follow- 

i

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 
 ( −a − λ) ( −α − λ) ( −η − λ) 

∣∣∣∣∣∣∣∣∣∣

−w − λ b + f c + g 
j −k − λ 0 

l 0 −γ1 − λ
0 0 0 −w
0 0 0 

0 0 0 

aα( −η − λ) 

∣∣∣∣∣∣∣∣∣∣

−w − λ b + f c + g 0 0 

j −k − λ 0 0 0 

l 0 −γ1 − λ 0 0 

0 0 0 −w − λ d + h 

0 0 0 m −n − λ
0 0 0 o 0 

 λ( λ + a + α) ( −λ − η) 

∣∣∣∣∣∣∣∣∣∣

−w − λ b + f c + g 0 

j −k − λ 0 0 

l 0 −γ1 − λ 0 

0 0 0 −w − λ
0 0 0 m 

0 0 0 o 

 λ( λ + a + α) ( −λ − η) 

∣∣∣∣∣
−w − λ b + f c + g 

j −k − λ 0 

l 0 −γ1 − λ

∣∣∣∣∣
∣∣∣∣∣
−w − λ

j 
o 

In this way the Jacobian matrix has a null eigenvalue λ1 = 0 , tw

are determined by the solutions of 

 = 

∣∣∣∣∣
−w − λ b + f c + g 

j −k − λ 0 

l 0 −γ1 − λ

∣∣∣∣∣. 
While the remaining three are the solutions of 

 = 

∣∣∣∣∣
−w − λ d + h e + i 

j −n − λ 0 

o 0 −γ2 − λ

∣∣∣∣∣
.4. Local Sensitivity Analysis of the Control Reproduction Number 

We will perform a sensitivity analysis for the control reproductio

f each parameter in disease transmission. The values obtained fr

hen a parameter varies. To obtain these values we use the follow

If R c is differentiable with respect to a given parameter θ , the n

R c 
θ

= 

θ

R c 
∗ ∂ R c 

∂θ
. 

First we will calculate the local sensitivity analysis for the contr

ng parameters β1 , β2 , p, ε LA , ε L , γ1 and δ1 . Thus, 

∂ R c ( a ) 

∂ β1 

= 

p ( 1 − ε L ϕ ) 

γ1 + δ1 

. 

∂ R c ( a ) 

∂ β2 

= 

( 1 − p ) [ 1 − ε LA ϕ ] 

γ1 

. 

∂ R c ( a ) 

∂ p 
= 

β1 [ 1 − ε L ϕ ] 

γ1 + δ1 

− β2 [ 1 − ε LA ϕ ] 

γ1 

. 

∂ R c ( a ) 

∂ ε LA 

= −
[

( 1 − p ) β2 

γ1 

]
ϕ. 

∂ R c ( a ) 

∂ ε L 
= 

−β1 

( γ1 + δ1 ) 
( ϕ ) 

∂ R c ( a ) 

∂ γ1 

= 

−p β1 

( γ1 + δ1 ) 
2 

[ 1 − ε L ϕ ] − ( 1 − p ) β2 

( γ1 ) 
2 

[ 1 − ε LA ϕ ] . 

∂ R c ( a ) 

∂ δ1 

= 

−p β1 

( γ1 + δ1 ) 
2 

[ 1 − ε L ϕ ] . 
6 
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P
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0
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4
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4

v

B

a

v

(

[  

t

t

t

e

o

T

r

W

c

u

n

s

0

d

∂ R c (a ) 

∂ ε a 
= 

p β1 

γ1 + δ1 

[
− ( 1 − ε a ) ε L ρ

2 

( α + ( 1 − ε a ) ρ) 
2 

+ 

ε L ρ

α + ( 1 − ε a ) ρ

]

+ 

(1 − p) β2 

γ1 

[
− ( 1 − ε a ) ε LA ρ

2 

( α + ( 1 − ε a ) ρ) 
2 

+ 

ε LA ρ

α + ( 1 − ε a ) ρ

]
. (31) 

∂ R c (a ) 

∂ρ
= 

p β1 

γ1 + δ1 

[
( 1 − ε a ) 

2 ε L ρ

( α + ( 1 − ε a ) ρ) 
2 

− ( 1 − ε a ) ε L 
α + ( 1 − ε a ) ρ

]

+ 

(1 − p) β2 

γ1 

[
( 1 − ε a ) 

2 ε LA ρ

( α + ( 1 − ε a ) ρ) 
2 

− ( 1 − ε a ) ε LA 

α + ( 1 − ε a ) ρ

]
. (32) 

∂ R c ( a ) 

∂α
= 

p β1 ε L ρ( 1 − ε a ) 

( γ1 + δ1 ) ( α + ( 1 − ε a ) ρ) 
2 

+ 

( 1 − p ) β2 ε LA ρ( 1 − ε a ) 

( γ1 ) ( α + ( 1 − ε a ) ρ) 
2 

. 

(33) 

Eqs. 24 - 33 will be substituted with the value of each parame- 

er in table S1 to evaluate if they decrease or increase the control 

eproduction number of strain 1. The derivation of the local sen- 

itivity analysis for the control reproduction number of strain 2 is 

ncluded in the supplementary material. 

.1. Parameter Estimation for the Mathematical Model 

To estimate the parameters of the two variant comparisons, it 

as divided into two parts: First the parameters for the original 

ariant vs alpha variant, then the alpha variant vs delta variant. To 

escribe the evolution of the two-strain COVID-19 pandemic in the 

S, taking into account the vaccination rate and the level of im- 

lemented NPI, we assumed that the infection, recovery, and death 

ate are time-dependent functions like described in [ 18,19 ]. For es- 

imating parameters for the original variant, we considered the 

ata of COVID-19 infections, recovery, and death from the period 

f November 11th, 2020 to December 12th, 2020, the date before 

he vaccination period began in the United States [13] . Parameter 

stimation for the original variant was pursued by applying a vac- 

ination rate equal to zero and the subpopulation associated with 

he alpha variant equal to cero as well. For the alpha variant, the 

stimation of the parameters was the same, only the subpopula- 

ion for the original variant was equal to zero. We used the global 

roportion of alpha infections from the CDC genomic surveillance 

rom January 25th to May 31st. For the delta variant, we used the 

ame approach for the alpha variant, but the time period was from 

une 1st to July 31st. 

For this approach, there were only two fixed parameters 

he average length of the latent period and the proportion 

f symptomatic individuals. For the alpha variant, the estima- 

ion of the parameters was the same, only the subpopula- 

ion for the original variant was equal to zero. The system 

f differential equations was solved using Matlab R2016b and 

DE45 solver. The parameters were fitted by applying two meth- 

ds, first the one mentioned in [ 18 , 19 ]. The code and im-

lementation can be downloaded at https://github.com/UgoAvila/ 

wo- Strain- Covid- 19- Mathematical- Model- in- the- US . 

.2. Local Sensitivity Analysis of the Parameters of the Control 

eproduction Number 

To perform local sensitivity analysis, we performed a one-at- 

-time parameter evaluation. This approach allows us to evaluate 

he impact of the partial derivative of a parameter with respect to 

hanging the input of said parameter in the control reproduction 

umber. The sensitivity analysis of the control reproduction num- 

er was carried out using the following definition [20] : 
7 
If is differentiable with respect to a given parameter, the nor- 

alized forward sensitivity index is defined by 

R c 
θ

= 

θ

R c 
∗ ∂ R c 

∂θ
. (34) 

We obtained the partial derivatives of each parameter, with re- 

pect to the control reproduction number, the equations for each 

arameter are represented in section 2.2 of the theoretical analy- 

is of the derivation of the mathematical model. Once we obtained 

he values of the parameters (Table S1), we were interested to per- 

urb them to determine how their changes affect the reproduction 

umber, we solved the equations using Mathematica. A positive 

ign of the parameter correlates with an increase of the control 

eproduction, meanwhile, a negative sign is associated with a de- 

rease of the control reproduction number. Local sensitivity analy- 

is was carried out to obtain which parameters are the most im- 

ortant to decrease the control reproduction number, in turn, find 

hich are the parameters that we must avoid so that the repro- 

uction control number does not rise. 

.3. Global Sensitivity Analysis of the Mathematical Model 

Unlike local sensitivity analysis, global analysis allows us to 

uantify the impact of the inputs (parameters) and their interac- 

ion with the outputs (for example dynamics of fully vaccinated 

ndividuals). To identify which parameters are important for the 

ehavior of our compartmental differential equations, we applied 

nd adaptive to our model the technique in [21] . We sampled our 

7 parameters and evaluated which were important in determin- 

ng the behavior of our model. All parameters were sampled 10 

 0 0 times using a Latin hypercube sampling with a uniform distri- 

ution for the probability density function. Parameters with a p- 

alue were used to explain the dynamics of the response function. 

RCC values greater than 0.4 or -0.4 indicated a high correlation 

etween the input and the output. Values ranging between 0.2-0.4 

nd -0.2- -0.4 indicate a moderate correlation and values less than 

.2 or -0.2 are not significantly different from zero, meaning that 

hey have no correlation between the inputs and outputs. 

. Evolution of the outbreak of two strain of SARS-CoV-2 in the 

S 

.1. Impact of vaccination and the parameters related to an imperfect 

accine 

We simulated immunity acquired by two doses of the 

NT162b2 vaccine (the first FDA-approved COVID-19 vaccine) 

gainst the original virus, alpha, and delta variant. We used this 

accine because it is the vaccine most widely applied in the Us 

 ∼60% of the US vaccinated individuals have received BNT162b2 

12] ) and the availability of real-world effectiveness data [ 22 , 23 ] in

he period during alpha was the dominant strain[22], followed by 

he period when delta was the dominant strain[23]. Vaccine effec- 

iveness or leakiness occurs when the vaccine reduces but does not 

liminate the risk for infection. Vaccine effectiveness may change 

ver time as new variants carrying different mutations emerge. 

he effectiveness data first published in December of 2020 likely 

elate to strains similar to the original virus that emerged from 

uhan [24] , and as new strains emerge (i.e., alpha, delta, and omi- 

ron), vaccine effectivity may reduce. For the original strain we 

sed the value obtained from the clinical trial, vaccine effective- 

ess for the original variant for two doses for the prevention of 

ymptomatic COVID-19 is 0.913 (95% confidence interval (CI),0.89- 

.932) [24] . For alpha and delta strain, we thus obtained real-world 

ata from two different studies in the same Country. For alpha, 

https://github.com/UgoAvila/Two-Strain-Covid-19-Mathematical-Model-in-the-US
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Fig. 2. Fitting and projecting the vaccination rate. (A) Deriving a function that describes the behavior of the daily doses applied in the US. (B) Dynamics if the vaccination 

rate is doubled or diminished 50% based on the baseline vaccination rates. 
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h
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e
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t

t

e obtained the vaccine effectiveness from a study analyzing data 

etween February 23 through March 18 where the value is 0.89 

CI,0.859-0.923) [22] . Finally, the vaccine effectiveness for the delta 

ariant between the period where the delta variant was the dom- 

nant variant is 0.519 (CI, 0.47-0.564) [23] . We also included the 

ll-or-nothing protection, which means people who received the 

accine, but the vaccine fails to protect a ε a fraction of individuals. 

his value is 0.0862 (CI, 0.0689,0.10344). Finally, waning immunity 

escribes that protection descends over time, and vaccinated indi- 

iduals become fully susceptible to infection at a rate. Parameter 

as assumed herein by vaccine-induced immunity being worn off

fter six months and represented a conservative estimate that may 

pply for a variant with high resistance to vaccine-induced immu- 

ity. We also obtained the transmission rates for symptomatic and 

symptomatic infections by fitting the parameters using data of 

aily infections and deaths provided by the repository developed 

y Johns Hopkins University [1] . 

To approximate the real-world situation, we further considered 

accination rate as a function that varies in time instead of a con- 

tant. The daily anti-SARS-CoV-2 vaccines applied in the US from 

ecember 12th to July 20th were plotted ( Fig. 2 A) and used to

erive a function that represented the projected vaccination rate. 

ased on this projection (black line), if the US maintains the base- 

ine vaccination rate from May 1st to December 2021, over 65% of 

he population of the US will be vaccinated ( Fig. 2 B). We also

imulated the percentage of the population that will be vacci- 

ated given a 200% or 50% project vaccination rate from May 1st. 

he real-world vaccination rate may vary due to a wide range of 

actors, and thus we simulated all three situations in subsequent 

odels. 

.2. Evaluating the consequence of different transmission rate and 

accination rates between the original variant and the alpha variant 

In this section we evaluated how different vaccine rate affect 

he spread of the virus. In the scenario of low transmission in the 

ommunity the different vaccination rates stabilized the infection 

y the original strain and the alpha variant. The cases of infected 

ndividuals regardless of the strain was stable between June and 

uly 2021 due to the actions of the vaccine ( Fig 3 A). If a new vari-

nt is not entered or surges in this period by August 2021, the 

ases of SARS-CoV-2 will continue to descend ( Fig 3 A). The red 
8 
otted line is the scenario where no vaccines are being adminis- 

ered, despite the use of NPI, the US would have a fourth wave. 

he asymptomatic infections behave in the same manner, increas- 

ng the daily doses up to 200% it does not deaccelerate the new 

nfections of SARS-CoV-2 ( Fig 3 B). The dynamics of recuperated in- 

ividuals is not affected by the vaccination rate (Fig S1A) and death 

ate is affected and controlled significantly by the vaccines applied 

Fig S1B). The latter scenario was modeled where NPI strategies 

re still being used, a scenario that in the US does not hold. The 

ormal or baseline transmission does affect the dynamics of the 

pread. Infected SARS-CoV-2 cases nearly doubled with respect to 

ow transmission rate. June and July 2021 will be the period with 

ore SARS-CoV-2 cases, roughly 20 million accumulated cases and 

ince then the cases will descend ( Fig 3 C). Most of the cases be-

ween this period will be from the alpha variant, the original vari- 

nt was contained by the vaccine. Asymptomatic infection is de- 

ained by vaccination rate, but the difference between the rate is 

ittle but significant ( Fig 3 D). Recuperated individuals are not al- 

ered by vaccination rates (Fig S1C). By early July 2021, there will 

e around more than 600 00 deaths associated with COVID-19, if 

he tendency maintains by the end of July 2021 there will be 620 

 0 0 deaths. If we compare baseline transmission deaths with low 

ransmission nearly 50 0 0 0 deaths could have been avoided if NPI 

ad been maintained. In the scenario of high transmission of the 

lpha variant, the pharmaceutical intervention will not be enough 

o stop the spread, other strategies need to be applied ( Fig 3 E and

). Recuperated individuals do not change their rate despite vac- 

ination rates, meanwhile death rate can be altered due to the 

mount vaccine applied (Fig S1E and F). 

.2.1. Varied vaccine efficiencies influence the proportions of the 

riginal vs the alpha variant 

Because we are using efficiency parameters based on interim 

esults of phase III clinical trials, there is still an unpredictability 

f how well the efficiency of the COVID-19 vaccine is going to be- 

ave in the real world. So, we evaluated different values for the 

eakiness parameters and the all or nothing protection with differ- 

nt vaccination rates. 

We begin with low efficiency and low vaccination rate (LVR) 

rom both variants. From February to May 2021, the cases of infec- 

ion of SARS-CoV-2 dropped drastically, this behavior is because of 

he action of a vaccine in lowering the infections produced by the 
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Fig. 3. Simulation of different vaccine rates and different transmission rates. (A) Simulation of the dynamics of the infected subpopulation of the original variant and 

the alpha variant considering low transmission and different vaccination rates. (B) Simulation of the dynamics of the infected but asymptomatic subpopulation of the 

original variant and the alpha variant considering low transmission and different vaccination rates. (C) Simulation of the dynamics of symptomatic infected individuals for 

both variants considering normal transmission. (D) Simulation of the dynamics of asymptomatic infected individuals for both variants considering normal transmission. (E) 

Simulation of the dynamics of symptomatic infected individuals for both variants considering high transmission. (F) Simulation of the dynamics of asymptomatic infected 

individuals for both variants considering high transmission. 

Fig. 4. Simulation of different vaccine efficiencies with different vaccination rates. (A) Simulation the dynamics of symptomatic individuals with the lower bound of the 

95% confidence intervals associated with the clinical trials on the Pfizer vaccine with low vaccination rate (B) Simulation the dynamics of symptomatic individuals with the 

lower bound of the 95% confidence intervals associated with the clinical trials on the Pfizer vaccine with normal transmission. (C) Simulation the dynamics of symptomatic 

individuals with the lower bound of the 95% confidence intervals associated with the clinical trials on the Pfizer vaccine with high vaccination rate. (D) Simulation the 

dynamics of symptomatic individuals with the baseline value of the 95% confidence intervals associated with the clinical trials on the Pfizer vaccine with low vaccination 

rate. (E) Simulation the dynamics of symptomatic individuals with the baseline value of the 95% confidence intervals associated with the clinical trials on the Pfizer vaccine 

with normal vaccination rate. (F) Simulation the dynamics of symptomatic individuals with the baseline value of the 95% confidence intervals associated with the clinical 

trials on the Pfizer vaccine with high vaccination rate. (G) Simulation the dynamics of symptomatic individuals with the upper bound of the 95% confidence intervals 

associated with the clinical trials on the Pfizer vaccine with low vaccination rate. (H) Simulation the dynamics of symptomatic individuals with the upper bound of the 95% 

confidence intervals associated with the clinical trials on the Pfizer vaccine with normal vaccination rate. (I) Simulation the dynamics of symptomatic individuals with the 

upper bound of the 95% confidence intervals associated with the clinical trials on the Pfizer vaccine with high vaccination rate. 
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riginal variant (Fig S2A). But in June 2021, the tendency shifted 

rom a 4-month decay to a slightly growth of infections mainly 

ecause of an increase of the alpha variant ( Fig 4 A). Cases from

he alpha variant will still increase in the following months if no 

ew variant is introduced, this increase is associated with a low 

aily dose application presented since June 2021 (). We can ob- 

erve as well that regardless of the vaccine having high efficiency 

ixed with a low vaccination rate the cases of COVID-19 from the 

lpha variant will increase rapidly. The increase of cases may be 
9 
ue to a high population of people not vaccinated and not from 

reakthrough cases of individuals vaccinated ( Fig 4 D and G). Once 

ransmission is little high, we can see a difference on the imper- 

ection parameters of a vaccine, the highest number of infections 

ill be roughly between September and October 2021 ( Fig 4 D and 

). There is no variation in recuperated individuals and death rate 

ue to different efficiencies (Fig S3 A and B). For the normal vac- 

ination rate (NVR), the valley for symptomatic and asymptomatic 

as reached between April and May 2021, since then a continuous 
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ut stabilized increase is happening ( Fig 4 B and E). This change is

ue to the presence of the alpha variant ( Fig 4 B), the imperfection

f the vaccine associated with this variant and the relaxation of 

PI strategies. Despite relaxation of NPI strategies, the vaccine is 

elping in lowering the number of infected with the alpha variant. 

eath toll and recuperated individuals roughly behave the same as 

ow transmission (Fig S3 C and D). Finally, if there was a high vac- 

ination rate (HVR), the pace of lowering will maintain between 

pril and May 2021. In the summer of 2021, there will be a high

ommunity transmission specifically of the alpha variant ( Fig 4 C), 

ven the most perfect vaccine is not going to help stop the spread 

f the virus and alpha as we know will become the dominant if 

o new variants surges ( Fig 4 F and I). Death toll and recuperated

ndividuals roughly behave the same as in the other transmission 

ates analyzed in this subsection. This similarity can be associated 

hat the alpha variant does not has a high death rate mixed with 

he protection provided by the vaccine (Fig S3E and F). 

.2.2. Behavior of the control reproduction number of the original 

nd alpha variant with the importance of the parameters of 

accination 

To evaluate the behavior of the control reproduction num- 

er R c for the alpha variant and the original we substituted 

q. 12 and 13 in terms of two important populations: vaccinated 

acquired immunity) and recuperated (natural immunity) to re- 

uce the R c and achieve herd immunity. Consequently, a sce- 

ario of the disease-free equilibrium mentioned above is x DF = 

 S ∗, 0 , 0 , 0 , V ∗, R ∗) and the total population is N 

∗ = S ∗ + V ∗ + R ∗. We 

an rearrange Eq. 12 in the following manner: 

Because we want to define a proportion of susceptible, vacci- 

ated and recovered individuals, we can divide Eq. 20 by the total 

opulation. So, 

S ∗

N 

∗ + 

V 

∗

N 

∗ + 

R 

∗

N 

∗ = 1 , 

V 

∗

N 

∗ = x and 
R 

∗

N 

∗ = y. 

It follows that, 

S ∗

N 

∗ = 1 − x − y. 

We rewrite Eq. 12 with the expression mentioned above. 

ence, 

 c ( a ) = R 0 A 

[ 
S ∗

N 

∗ + ( 1 − ε LA ) 
V 

∗

N 

∗

] 
+ R 0 I 

[ 
S ∗

N 

∗ + ( 1 − ε L ) 
V 

∗

N 

∗

] 

 R 0 A 

S ∗

N 

∗ + R 0 A ( 1 − ε LA ) 
V 

∗

N 

∗ + R 0 I 
S ∗

N 

∗ + R 0 I ( 1 − ε L ) 
V 

∗

N 

∗

 [ R 0 A + R 0 I ] ( 1 − x − y ) + [ R 0 A ( 1 − ε LA ) + R 0 I ( 1 − ε L ) ] x (35) 

To investigate the control reproduction number for the alpha 

ariant Eq. 13 , we apply the same derivation used for the original 

train. Hence, 

R c ( b ) ( x, y ) = [ R 0 AUK + R 0 IUK ] ( 1 − x − y ) + [ R 0 AUK ( 1 − ε LB ) 

+ R 0 IUK ( 1 − ε LB ) ] y (36) 

In a scenario of low transmission for the alpha variant, to re- 

uce the value of R c = 1 we need 60% of fully vaccinated individ- 

als in combination with natural immunity despite the efficiency 

f the vaccine. In the case of baseline transmission to reduce the 

alue of R c = 2 (which is still an increasing disease) we need less 

han 30% of acquired immunity, we can observe that natural im- 

unity impact in diminishing the R c is absent in this transmission. 

o reduce the value of R c = 1 , we need more than 70% of individ-

als fully vaccinated (Fig S5). In an event of high transmission, we 
10 
oticeably need more vaccinated individuals of roughly 80% to re- 

uce the growth to a more stabilized pace of SARS-CoV-2. By the 

nal days of July, the US has only 50% of individuals fully vacci- 

ated, which may not be sufficient to reach herd immunity regard- 

ess of the variant. ( Fig. 5 and Fig S5). 

.3. Local Sensitivity Analysis of the control reproduction number for 

he original and the alpha variant 

To evaluate how sensitive the R c is with respect the parameters 

hat define it, we substituted Eqs. 24 - 33 with the values of the pa-

ameters in table S1 from the original variant. For the alpha variant 

e used the same methodology, only we replaced the parameters 

ith the value for the alpha variant in table S1 in the equations 

1-S9. The results of the change of each parameter with respect to 

he R c are depicted in Fig. 6 . As we can see the R c is sensible to the

arameters that define it. Let us start by explaining which param- 

ters are involved in increasing the R c and which are involved in 

ecreasing the R c for the original variant. Asymptomatic infected 

ndividuals ( β2 ) are associated with increasing the R c the double 

ompared with symptomatic infected individuals (β1 ) . This behav- 

or may explain why this virus became a pandemic due to a higher 

nfectivity from asymptomatic individuals ( Fig 6 A). Recovered indi- 

iduals ( γ1 ) is implicated in decreasing the value of R c because 

hese individuals are no longer susceptible to infection due to the 

act of natural immunity. Increasing death is associated with de- 

reasing the R c but not at the same pace than recuperated indi- 

iduals ( Fig 6 A). Increasing symptomatic individuals of the original 

ariant is associated with slightly increasing the control reproduc- 

ion number. Vaccine efficiency ( ε LA and ε L ) of the Pfizer vaccine 

gainst the original variant regardless of developing or not symp- 

oms is implicated in decreasing significantly the value of R c . The 

ll or nothing protection is related with increasing the R c the value 

s so small compared with the rest of the imperfect vaccine pa- 

ameters. Not surprisingly increasing the vaccination rate (ρ) is 

mplicated in decreasing the value of R c due to the acquired im- 

unity from the vaccine. But as neutralizing antibodies are waned 

ver time, vaccinated individuals become susceptible individuals 

ncreasing the value of R c at the same index as the vaccination rate 

 Fig 6 A). The alpha variant has the same behavior than the original 

ariant but with a slight difference. Sym ptomatic individuals ( β3 ) 

re associated with increasing the R c , as the asymptomatic indi- 

iduals ( β4 ) , but for this variant the symptomatic individuals are 

he carriers for augmentation the R c ( Fig 6 B). Increasing the recu- 

eration rate ( γ2 ) of the alpha variant is clearly associated with a 

ecrease of R c . Increasing death ( δ2 ) produced by the alpha variant 

s implicated in decreasing the R c but not at a significant man- 

er. For decreasing the spread of the virus, the parameters of an 

mperfect vaccine are of great importance. Vaccine efficiency ε LB 

o the alpha variant is associated with significantly decreasing the 

alue of the control reproduction number, the double compared 

ith the original variant. If the all or nothing protection increases, 

he R c increases but not as much we thought. The loss of pro- 

ection provide by the vaccine has the same index as the rate of 

accination but in the opposite behavior. If we increase the vacci- 

ation rate, we can diminish the R c due to the protection of the 

accine, but if the protection wanes, the R c augments in the same 

ndex ( Fig 6 B). 

.4. Global Sensitivity Analysis of the set of differential equations for 

he wild-type and the alpha variant 

Mathematical models are vulnerable to large variations regard- 

ng social interactions that can shape the behavior of our model 

orecasts. To model this impact, we used a global sensitivity ap- 

roach with the partial rank correlation coefficient (PRCC). We are 
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Fig. 5. Reproduction Control Number of the alpha variant. The heatmaps of the left represent the decrease of the control reproduction number when transmission is low and 

different vaccination efficiencies for the Pfizer vaccine. The heatmaps of the center represent the decrease of the control reproduction number when transmission is baseline 

and different vaccination efficiencies for the Pfizer vaccine. And the heatmaps of the left represent the decrease of the control reproduction number when transmission is 

high and different vaccination efficiencies for the Pfizer vaccine. 

Fig. 6. Sensitivity analysis of the control reproduction number for the original and the Alpha variant (A) β1 and β2 represent the force of infection of the symptomatic 

and asymptomatic individuals. γ1 is the rate at which the individuals recuperate from the original variant. δ1 the rate at which individuals passed away from the original 

variant. p is the percentage of individuals that develop symptoms. ε LA is the vaccine efficiency or leakiness to prevent asymptomatic infection by the original variant. ε L is 

the vaccine efficiency or leakiness to prevent symptomatic infection by the original variant. ε a is the all or nothing protection of the vaccine to get infected to the original 

variant. α is the waning rate or loss of protection provided by the vaccine to the original variant. ρ is the rate of vaccination. (B) β3 and β4 represent the force of infection 

of the symptomatic and asymptomatic individuals. γ2 is the rate at which the individuals recuperate from the alpha variant. δ2 the rate at which individuals passed away 

from the alpha variant. q is the percentage of individuals that develop symptoms. ε LB is the vaccine efficiency or leakiness to prevent being infected or not by the alpha 

variant. ε a is the all or nothing protection of the vaccine to get infected to the alpha variant. α is the waning rate or loss of protection provided by the vaccine to the alpha 

variant. ρ is the rate of vaccination. 
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nly interested in those parameters whose p-value is less than 

r equal to 0.05, basically the parameters that do not have a bar 

eight ( Fig 7 B, D, F and H and the B panel for Fig S6 through S10).

xposed individuals to the original variant are affected by some 

arameters (Fig S6A and B). The parameter associated with time 

etween the onset of symptoms (w) is involved in decreasing this 

opulation, this means that the latent stage is over, and the in- 

ectious period is starting to commence. The force of infection of 

ymptomatic or asymptomatic infections ( β1 , β2 ) are implicated 

n increasing this population, because more individuals are enter- 

ng the latent stage once they were infected by positive cases re- 

ardless of whether or not they have symptoms. Vaccine effective- 
11 
ess ( ε LA , ε L ) to this variant is associated in decreasing this pop- 

lation (Fig S6A), because if the acquired immunity is higher the 

robability of getting infected once an individual gets in contact 

ith a positive case is lower. Enhancing the vaccination rate is in- 

olved in decreasing this population because the probability of get- 

ing in contact with a positive case is lower since most individu- 

ls are vaccinated and indirectly protecting individuals that are not 

Fig S6A). Waning immunity is associated with increasing the pop- 

lation of exposed individuals because they become susceptible to 

nfection again (Fig S6). Infected symptomatic individuals with the 

riginal variant are affected in growth by the force of infection of 

ymptomatic and asymptomatic for said variant. The recuperation 
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Fig. 7. Global Sensitivity Analysis of the set of differential equations. Partial Rank Correlation Coefficient (PRCC), of the dynamic change of (A) infected symptomatic indi- 

viduals, (B) Vaccinated individuals, (E) Infected symptomatic to the alpha variant and (G) Diseased individuals, -1 means negatively correlation with the response function, 

meanwhile value near 1 is associated with positive correlation with the response function. p- values of the PRCC values of the parameters evaluated of the response function, 

(B) for infected symptomatic to the wild type, (D) of vaccinated individuals, (F) infected symptomatic to the alpha variant and (H) deceased individuals. 
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ate ( γ1 ) is associated in decreasing the population of infected in- 

ividuals, the death rate ( δ1 ) for this variant is not statistically 

ignificant ( Fig 7 B) in decreasing the infected symptomatic sub- 

opulation ( Fig 7 A). The only parameters involved in decreasing 

his population are vaccine associated parameters. Vaccine effec- 

iveness for symptomatic infections ( ε L ) is correlated in decreasing 

t the same rate as ( γ1 ) the population of infected symptomatic 

ndividuals. However, vaccine effectiveness for asymptomatic infec- 

ions ( ε LA ) is associated in decreasing this population but not at 

he same rate as ( ε L ) . If we increase the population of vaccinated

ndividuals (ρ) this is correlated with decreasing the population 

f infected individuals. Waning immunity is the only parameter of 

 vaccine that is positively correlated in increasing the population 

f infected individuals, because protection is wearing off ( Fig 7 A 

nd B). Asymptomatic individuals to the wild type variant are af- 

ected by the same parameters, only at a different rate (Fig S7). For 

accinated individuals only two parameters are statistically signif- 

cant ( Fig 7 D) in shaping the behavior. Increasing the vaccination 

ate is positively correlation in increasing this population, mean- 

hile waning immunity is strongly correlated in decreasing this 

opulation ( Fig 7 C and D). Exposed individuals to the alpha vari- 

nt behave in the same manner as exposed to the original variant 

Fig S8). Infection by the alpha variant is enhanced by the force of 

nfection for symptomatic and asymptomatic associated with this 

ariant ( Fig 7 E and F). The recuperation rate associated with this 

ariant ( γ2 ) is correlated with decreasing this population. As well 

he vaccine effectiveness ( ε LB ) to this variant is correlated in de- 

reasing at the same rate as the wild type the population of in- 

ected individuals with this variant. Increasing the vaccination rate 

ρ) and the waning immunity parameter (α) are associated in de- 

reasing and increasing respectively this population. To decrease 

nfected asymptomatic infections by the alpha variant the same pa- 

ameters are involved as the symptomatic infections (Fig S9). For 

isease individuals regardless of the variant is one of the popula- 

ions that is heavily influenced by the parameters. The force of in- 

ection of symptomatic individuals notwithstanding the variant is 

mplicated in enhancing this population. The recuperation rate for 

oth variants is implicated in reducing this population, but first 

ou must get infected. Vaccine effectiveness regardless of the vari- 

nt is positively correlated in decreasing the population of diseased 

ndividuals. Increasing the vaccination rate is associated in decreas- 
12 
ng this population as well. Waning immunity is slightly associated 

ith increasing this population ( Fig 7 G and H). Recovered individ- 

als are positively correlated in increasing this population by the 

ction of the force of infection regardless of the variant. Vaccine 

ffectiveness is correlated in decreasing this population, because 

accinated individuals do not get infected by the virus, so they do 

ot recover from it. Waning immunity is associated with increas- 

ng this population because vaccinated individuals can get infected 

egardless of the variant (Fig S10). 

.5. Behavior of the alpha variant with the emergence of the delta 

ariant in the US 

.5.1. Evaluating the consequence of different transmission rate and 

accination rates between the alpha variant and the delta variant 

In this section we evaluated the behavior between the alpha 

nd the delta variant. We assessed how different transmission 

ates mixed with different vaccination rate affect the behavior of 

he alpha variant, and how the efficiency rate may slow the pace of 

he either variant. Regardless of the transmission rate from June to 

uly 2021, the infected of SARS-CoV-2 were descending because of 

he efficiency of the Pfizer vaccine to reduce the spread of symp- 

omatic infected by the alpha variant. In low transmission, if indi- 

iduals decided not to vaccinate the pace of increment of cases will 

e faster with respect to the different vaccination rates. By August 

021, there will be between 500 000 and 1 million active symp- 

omatic cases. Despite the vaccination the tendency of increment 

f cases will maintained passing October 2021 for symptomatic or 

symptomatic cases ( Fig 8 A and B). In a normal transmission rate, 

he vaccination rates in slowing infected new cases still matter, by 

ugust 2021 there may be roughly two million infected individu- 

ls mixed with 5 million cases of asymptomatic cases ( Fig 8 C and

). For a scenario with high transmission, accelerating the vacci- 

ation rate to 200% (black line) will help diminish the cases but it 

ould not be enough, other strategies like NPI need to be included. 

he recuperation increases with respect to vaccination rates and 

eath rates pace can be diminished by the action of the vaccine 

Fig S11). Overall, the efficiencies of the vaccine in preventing in- 

ection by the delta variant affects the number of infected individ- 

als (Fig S12), but relying on the vaccine efficiency is not sufficient 
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Fig. 8. Simulation of different vaccine rates and different transmission rates between the alpha and the delta variant. (A) Simulation of the dynamics of the infected 

subpopulation of the alpha variant and the delta variant considering low transmission and different vaccination rates. (B) Simulation of the dynamics of the infected but 

asymptomatic subpopulation of the alpha variant and the delta variant considering low transmission and different vaccination rates. (C) Simulation of the dynamics of 

symptomatic infected individuals for both variants considering normal transmission. (D) Simulation of the dynamics of asymptomatic infected individuals for both variants 

considering normal transmission. (E) Simulation of the dynamics of symptomatic infected individuals for both variants considering high transmission. (F) Simulation of the 

dynamics of asymptomatic infected individuals for both variants considering high transmission. 

Fig. 9. Reproduction Control Number of the delta variant . The heatmaps of the left represent the decrease of the control reproduction number when transmission is 

low and different vaccination efficiencies for the Pfizer vaccine. The heatmaps of the center represent the decrease of the control reproduction number when transmission 

is baseline and different vaccination efficiencies for the Pfizer vaccine. And the heatmaps of the left represent the decrease of the control reproduction number when 

transmission is high and different vaccination efficiencies for the Pfizer vaccine. 
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o halt the spread of the delta variant and other measures would 

e needed (Fig S13). 

.5.2. The control reproduction and the parameters need to diminish 

he spread of the delta variant 

We computed the reproduction number of the delta variant. For 

he scenario of a low transmission (non-pharmaceutical strategies 

re still being used), in conjunction with low efficiency, vaccinat- 

ng the entire population is not enough to decrease the value lower 

han R c = 2 ( Fig. 9 A). With baseline vaccine effectiveness as in low

ransmission is not enough to decrease the value of R c . High effi- 

iency of the vaccine with 80% of vaccinated individuals the R c = 2 , 

nd 90% reduces the value of the control reproduction number to 

.5 ( Fig 9 G). For Baseline transmission, low and baseline efficiency 
13 
ill not be enough to reduce the R c ( Fig 9 B and E). Only high ef-

ciency with more than 90% of the individuals vaccinated will de- 

rease the value of R c less than 2 ( Fig 9 H). In a scenario of high

ransmission, only high efficiency will try to descend the value of 

he R c ( Fig 9 C, F and I). But other strategies need to be applied

o reduce the control reproduction and descend the spread of the 

elta variant in the US. 

.5.3. Local Sensitivity Analysis of the control reproduction number of 

he delta variant 

To slow the spread of the delta variant, we need to evaluate 

hich parameters are important to diminish the R c (c) . Overall, the 

arameters behave in the same manner as in the other evaluated 

ariants, but we will describe the vaccine parameters to acknowl- 
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Fig. 10. Sensitivity analysis of the control reproduction number for the original variant. β5 and β6 represent the force of infection of the symptomatic and asymptomatic 

individuals. γ3 is the rate at which the individuals recuperate from the original variant. δ3 the rate at which individuals passed away from the original variant. p is the 

percentage of individuals that develop symptoms. ε L is the vaccine efficiency or leakiness to prevent asymptomatic infection by the original variant. ε L is the vaccine 

efficiency or leakiness to prevent symptomatic infection by the original variant. ε a is the all or nothing protection of the vaccine to get infected to the original variant. α is 

the waning rate or loss of protection provided by the vaccine to the delta variant. ρ is the rate of vaccination. 
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dge the importance of this strategy. If we increase vaccine effi- 

iency the R c (c) decreases significantly, this parameter is not easy 

o increase because it depends from other variables, but using face 

asks or implementing social distancing may increase vaccine ef- 

ciency because a physical barrier impedes of getting in contact 

ith the virus. Increasing the all or nothing protection is associ- 

ted with enhancing R c (c) . Waning rate or loss of protection is 

mplicated in increasing the R c (c) , this parameter can be manip- 

lated with possible doses applied annually like the influenza vac- 

ine. The only parameter involved in the vaccination strategy that 

e can manage or manipulate directly is the vaccination rate. If 

he US increases the daily doses of COVID-19 vaccine, the R c (c) de- 

reases, meaning less new infections of the delta variant ( Fig 10 ). 

.5.4. Global Sensitivity Analysis for the delta variant 

For this section we only evaluate the global dynamics of the 

quation that model the behavior of the delta variant. As in the 

lobal sensitivity section of the original and alpha variant, the plots 

n the right-hand side are the p values of each parameter. We 

nly describe the parameters whose p value is equal to or less than 

.05, in this case those whose height of the histogram is not ob- 

erved in the Fig. 11B, D and F. Exposed individuals to the delta 

ariant are affected by q which is statistically significant (Fig. S14B) 

he parameter associated with developing symptoms; this param- 

ter is associated with increasing individuals of the exposed sub- 

opulation. The force of infection of symptomatic ( β3 ) or asymp- 

omatic ( β4 ) of the delta variant is involved in increasing this sub- 

opulation. The recuperation rate ( γ2 ) is implicated in diminishing 

he population of exposed individuals. Vaccine effectiveness ( ε LB ) 

owards the delta variant is correlated in decreasing this subpopu- 

ation, as well the rate of vaccination (ρ) is involved in decreasing 

his subpopulation. The waning immunity or loss of protection pro- 

ided by the vaccine is correlated in increasing this population (α) . 

he loss of protection provided by the antibodies after recovering 

rom the delta variant has no relation in modifying the dynam- 

cs of the exposed population because it is not statistically signif- 

cant (Fig S14A and B). For the vaccinated individuals their behav- 

or is different with respect to the variant. The force of infection 
14 
 β1 , β2 ) of the alpha variant has no relation with the dynamics of 

his subpopulation because it is not statistically significant ( Fig 11 A 

nd B). Meanwhile the force of infection ( β3 , β4 ) of the delta vari-

nt are involved in decreasing this subpopulation, which means 

espite being vaccinated your most likely to get infected by the 

elta variant than the alpha. The vaccine effectiveness regardless 

f the variant are involved in increasing this subpopulation, but 

he effectiveness ( ε LB ) from the delta virus it increases at a higher 

ace than the effectiveness from alpha ( ε L ) ( Fig 11 A). The vacci-

ation rate (ρ) is positively correlated in increasing this subpopu- 

ation and the waning rate in decreasing this subpopulation, note 

hat this parameter has a strong negative correlation with this sub- 

opulation, this imperfect parameter needs to be monitored. For 

he infected symptomatic individuals of the delta variant, the force 

f infection ( β3 , β4 ) are strongly correlated in increasing this sub- 

opulation ( Fig 11 C), meanwhile the recovery rate ( γ2 ) is associ- 

ted in decreasing this subpopulation ( Fig 11 C and D). The vaccine 

ffectiveness parameter ( ε LB ) is correlated in decreasing the sub- 

opulation of infected individuals, this decrease has a strong cor- 

elation. The vaccination rate and waning immunity behave in the 

ame manner as in the other subpopulation evaluated in this sec- 

ion. Asymptomatic individual of the delta variant behaves in the 

ame manner as symptomatic individuals (Fig S15A and B). Dis- 

ased individuals increase by the action of the force of infection 

f the delta variant, alpha variants force of infection have no rela- 

ion in affecting the dynamics of this subpopulation ( Fig 11 E and 

). Vaccine effectiveness of the delta variant can decrease the pop- 

lation of diseased individuals at a strong correlation. The vaccina- 

ion rate decreased this subpopulation, instead waning immunity 

ncreases this subpopulation, because the protection provided by 

he vaccine is wearing off ( Fig 11 E and F). 

.6. Derivation of the minimum percentage of vaccination based on 

he three variants: Original, Alpha and Delta 

In a population, the proportion of individuals immune against 

he virus sufficient to prevent the spread is considered “herd im- 

unity” and may be achieved by a combination of natural immu- 
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Fig. 11. Global Sensitivity Analysis of the set of differential equations for the delta variant. Partial Rank Correlation Coefficient (PRCC), of the dynamic change of (A) Vaccinated 

individuals, (C) infected symptomatic individuals, (E) Diseased individuals, -1 means negatively correlation with the response function, meanwhile value near 1 is associated 

with positive correlation with the response function. p- values of the PRCC values of the parameters evaluated of the response function, (B) Vaccinated individuals, (D) of 

infected symptomatic individuals, (F) Diseased individuals. 

Fig. 12. Control Reproduction Number of the delta variant. (A) Low transmission, (B) Baseline Transmission and (C) High Transmission of the control reproduction number 

as a function of the vaccine efficiency of the delta variant and the vaccine coverage of the US population. 
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ity or acquired immunity (vaccination). For COVID-19, the natu- 

al immunity acquired by infection may result in a higher mortal- 

ty rate (ex. Sweden relative to their neighbor countries that im- 

lemented NPI ́s throughout 2020) [25] , although vaccination alone 

ay not be sufficent [26] . The theoretical derivation was obtained 

n section 2.2 and we used the parameters from table S1 for each 

ariant in question. We depicted the following results to evaluate 

ow vaccine coverage or proportion mixed with vaccine efficiency 

ffects the behavior of the control reproduction number of each 

train. The results for the comparison between original and Alpha 

ariants during the period between March and July 2021 are in 

ig. 12 for Alpha and in Fig. S16 for original. For the original vari-

nt mixed with NPI’s the control reproduction number ranges from 

.3 to 0.7 (Fig S16), where the R c decreases as vaccine coverages 

nd efficiency increase. In the scenario of low transmission, where 

e explore the impact of NPI ́s and 50% of the population vacci- 

ated to decrease the value of the control reproduction number to 
15 
.2. There is no difference in reducing the R c between a higher ef- 

ciency or higher percentage in low transmission. In the case of 

aseline transmission with 80% of efficiency and 60% for the pop- 

lation vaccinated the value of R c will be 1.5 (Fig S16B). For high 

ransmission, we will need a higher vaccine coverage and efficiency 

o reduce to a value of 1.8 (Fig S16C). For the Alpha variant in 80%

accine efficiency and 60% individuals vaccinated, the R c will only 

ecrease to a value of 1.6. The same pattern is observed in baseline 

nd high transmission, we need more vaccine coverage to reduce 

he value of R c to 1.9 and 2.5 respectively (Fig S17). For the delta 

ariant, the only scenario where the value of R c may be less than 

 is when strict NPIs are still being used mixed with vaccination. 

ith 80% of vaccine efficiency and a coverage of 60%, the pan- 

emic will not decrease and reach a plateau of infected cases. For 

aseline and high transmission, the value will never decrease from 

. For this variant, non-pharmaceutical strategies still need to ap- 

ly for the reduction of the control reproduction number ( Fig 12 ). 
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. Discussion 

Our mathematical model allowed us to evaluate which are the 

ost important characteristics of the variants to become the dom- 

nant strain in a partially vaccinated population before the arrival 

f omicron in the US in early December 2021. Many of the vari- 

nts of concern/interest have higher transmissibility than the ori- 

in variant that emerged from Wuhan, but as we can see this at- 

ribute is not sufficient to give rise to a dominant strain [27] . The

lpha variant took a long duration to become the dominant strain 

n early 2021 despite being more transmissible [9] . This was be- 

ause the immune escape of the alpha variant was not higher than 

he original variant. For the mRNA vaccines (BNT162b2 and mRNA- 

273.211), which were being applied when the alpha variant ar- 

ived in the US, their neutralizing activity decreased only 3.3 fold 

ompared with the original variant, and there was no evidence of 

mmune escape [ 28 , 29 ]. Even the Beta and Gamma variants were

etter at evading the protection acquired by mRNA vaccines [ 30 , 31 ]

ut their transmissibility was not as higher compared with the al- 

ha variant [32] . The Johnson & Johnson single-dose vaccine also 

ad a neutralizing effect against alpha. 

The delta variant was first detected in December 2020 and 

uickly became the common variant across many countries in 2021 

33] . This speed may be attributed to two main reasons: delta 

ad a higher transmission rate than alpha even in vaccinated in- 

ividuals. In addition, several individuals in the US population had 

eceived the full regimen of vaccination for many months, a pe- 

iod where the immunity waned with respect to the delta variant 

 34 , 35 ] . Higher transmission mixed with a decrease in the neu-

ralization effect, demonstrating the immune escape capacity of 

he delta of the protection provided by vaccination [36] gave rise 

o delta becoming the dominant strain causing another pandemic 

ave in the US; this wave was slightly controlled with the ap- 

lication of the booster dose, which generated greater protection 

gainst infection with delta [6] . At the time of writing, the omi- 

ron variant has swiftly taken over as the dominant strain across 

he US and much of the world, stressing the importance of consid- 

ring multi-strain dynamics in a pandemic. 

Our model has several limitations, some of which are addressed 

n other new models developed under this pandemic. First, our 

odel does not consider the population heterogeneity, which has 

hown to tamper the required number of vaccinated individuals 

o achieve herd immunity [37] . Other models have been used to 

lan the strategy of vaccination to reduce death or infections [38] . 

econd, we do not consider one vs two doses and the variation 

f immunity for individuals with different doses. Saad-Roy et al 

39] . developed a mathematical approach wherein the short term 

aving more individuals with one dose will reduce infections, but 

n a long term, the virus can mutate and develop characteristics 

o avoid elimination by the immune response [40] . We obtained 

he immunity parameters for the Pfizer vaccine that is the most 

idely used in the US, but our model can be further extended us- 

ng data for other vaccines. Third, we did not consider seasonal- 

ty. And lastly, we only considered two strains, although the pan- 

emic is characterized by multiple strains each with its own trans- 

ission dynamics and associated immunity parameters. While the 

ominant strain has shifted in this pandemic, the model developed 

erein, especially considering the variant’s different transmission 

ates and responses to vaccines, may be adapted and modified to 

eflect the multi-strain nature of future pandemics. 
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