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Abstract

This paper aims to suggest a time-fractional (rSp Epl ?I}S,P HpRp) model of the COVID-19 pandemic disease in the
sense of the Atangana—Baleanu—Caputo operator. The proposed model consists of six compartments: susceptible, exposed,
infected (asymptomatic and symptomatic), hospitalized and recovered population. We prove the existence and uniqueness of
solutions to the proposed model via fixed point theory. Furthermore, a stability analysis in the context of Ulam—Hyers and the
generalized Ulam—Hyers criterion is also discussed. For the approximate solution of the suggested model, we use a well-known
and efficient numerical technique, namely the Toufik—Atangana numerical scheme, which validates the importance of arbitrary
order derivative ¥ and our obtained theoretical results. Finally, a concise analysis of the simulation is proposed to explain the
spread of the infection in society.

© 2022 International Association for Mathematics and Computers in Simulation IMACS). Published by Elsevier B.V. All rights
reserved.

Keywords: Fractional calculus; COVID-19; Banach contraction mapping principle; Schauder fixed point theorem

1. Introduction

Infectious diseases have been a constant threat to humanity. This threat has increased in recent decades due to
the emergence and re-emergence of several lethal infectious diseases. Mathematical analysis and modeling enable
officials to comprehend and forecast the dynamics of an infectious disease under several distinct circumstances
(see [7,11,17,26,45]).

Fractional calculus is used to examine the effect of memory on computer models, resulting in more accurate
results. Due to hereditary characteristics and the notion of memory, fractional calculus is more adaptable than
classical calculus. Caputo [28], Liouville-Caputo [13], and Caputo and Fabrizio [12] all put out many ideas
on fractional-order operators, and these ideas are highly useful in constructing models for a variety of real-
world applications (see [1,3-5,18,20,24,31-33,38] and the references therein). Furthermore, when using numerical
approaches and comparing the relationships between different situations, the above-mentioned derivatives have been
shown to be highly effective. Many studies have shown that using fractional-order derivatives produces better results
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in obtaining actual data for various models (see [22,34,37,39] and the references therein). Atangana and Baleanu [9]
first implemented a new fractional-order derivative in 2016. It was based on the principle of a generalized Mittag-
Leffler function in the role of a non-singular and non-local kernel. The newly formulated Atangana—Baleanu (AB)
derivative produces better results in many real-world problems (see [10,14,29]).

Coronavirus infection (COVID-19) is a contagious disease that began in December 2019 in China and has since
spread worldwide (see [42,43]). The World Health Organization (WHO) named this epidemic on 11 February 2020
as severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) (see [15,27]). The WHO announced it as a Public
Health Disaster of International Significance on 30 January 2020 (see [44]). As of 11 March 2020, the disease
was recorded in more than 118,000 individuals worldwide in 114 nations. Among them, more than 90 percent of
infections occurred in only four countries (two of these — China and the Republic of Korea-have dramatically
reduced epidemics), and the WHO proclaimed it to be a pandemic, the first triggered by a coronavirus (see [2]).
Officially confirmed incidents and deaths on 1st April 2020 were 872,481 and 43,275, respectively, and there was
no antidote expressly developed for this strain, with proven efficacy.

The literature includes several mathematical models that aim to explain the dynamics of COVID-19’s devel-
opment. Three phenomenological models are provided in [30], which have been validated for outbreaks of other
diseases other than COVID-19, seeking to produce and test short-term estimates of the total recorded events. Other
research (see, e.g., [21]) suggests minor modifications of the SEIR form, including stochastic components.

COVID-19 is a disease triggered by a modern virus that creates a worldwide emergency and requires a model that
considers its unique characteristics. In specific, creating a model that integrates the following would be appropriate:

e the impact of undetected infected individuals (see [25]) indicates that COVID-19 is based on the ratio of cases
observed overestimated gross infected people;

e the impact of various sanitary and contagious factors on hospitalized individuals (differentiating those with
moderate and extreme conditions to survive from others that would ultimately die);

e calculating bed demands in hospitals (one of the main issues confronting policy-makers tackling COVID-19).

The main objective of this research is to study an epidemic fractional-order (S pEpl ?Igp HPRPP model, which
investigates the significance of COVID-19 spread in society. The paper is organized in the following sections.
The derivation of the proposed compartmental model is outlined in Section 2. In Section 3, we presented some
basic results related to fractional calculus. The existence and uniqueness of solutions to the proposed COVID-19
fractional-order model are given in Section 4. Section 5 explores some mathematical properties of the fractional
model in detail. The proofs of the positivity and boundedness of solutions are done in Section 5. The stability
analysis of the proposed model in the form of Ulam-Hyers and generalized Ulam-Hyers has been discussed in
Section 6. In the end, we have used a Toufik—Atangana numerical scheme for the approximate solution of the
proposed fractional model.

2. Formulation of the model

The model described here is an update of the SEIR model having two additional compartments. We propose
an (S pEpIp 1;” HpR p) constituent model, which contains the susceptible, exposed, infected (asymptomatic and

symptomatic), hospitalized, and recovered population (see Fig. 1).

Because of this operator’s performance in simulating epidemic diseases and inspired by the practical applications
of certain fractional operators in modeling such problems, in this paper, we are investigating the dynamics
of the novel coronavirus model in the context of the nonlinear differential equation method involving the
Atangana—Baleanu—Caputo (shortly, ABC) fractional derivative. Here, we give the following fractional system:

Sp(t
ABCDY §,(r) = T — p(1)

Sp(t
’;5 ) (E1 1RO+ &, 17 0) = (7 + &) Ep(o),

ABCRI IR = x A Ep(t) — (v +3) Ip(0), 2.1
ABCDI IS0 = (1 — ) A Ep(t) = (v3) +&3) I3 (1),

ABCDIHp(1) = v 15 (1) + v 1) — (€7 +«f) Hp(1),

ABCDY Rp(t) = € Hp(t) — d” Rp(2),

(1120 +€8,10 ) = d" Sp(@),

ABC@g EP(I) —
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d19

Fig. 1. Flowchart of (SpEpI{A 15" HpRp) model.

with the initial conditions

Sp(0) = Spo,

Ep(0) = Epo,

I5(0) = Iy,

Sp Sp 2.2)
1p7(0) = Ipy,

Hp(0) = Hpy,

Rp(0) = Rpo,

where IT ;= nx N, N is the total number of individuals and n is the birth rate, 45D} denotes the ABC fractional
derivative of order ¢ € [0, 1) and all other parameters are described in Table 1. It is important to note that the
model’s parameters are non-negative and having dimensions ﬁ

The total population at time ¢ is N which is further divided into Sp(t), Ep(t), I f,‘(t), IIS,P (1), Hp(t) and Rp(2).
The key assumptions are as follows:

1. natural mortality and birth rates are same;

2. the natural causes of death account for fatalities are presented in compartments Sp and Rp;

3. the model’s death population is made up of individuals who died as a result of exposure «} Ep(t), during
infectious period (/cg 1 ,/,*(t) and Kg IgP (#)) and hospitalization K}f Hp(1);

4. the total number of dead population from each compartment can be calculated by vN := d’Sp + d” Rp +
kVEp+ i1 +K§’I£P + k) Hp;

5. other natural disasters have had a minimal effect on the population; therefore, we are neglecting them.
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Table 1
Description of the parameters.
Parameter Description
a’ Death rate of individuals
Z, S?P Transmission rates to the susceptible population from the asymptomatic and symptomatic populations, respectively
)\%, Incubation period of an exposed individual
X, (1—x) Fraction of the exposed population that becomes asymptomatic after the incubation period and the remaining of the
population are symptomatic, respectively
ylﬂ , yzﬁ Infectious rates of an asymptomatic and a symptomatic individual, respectively
2 Recovery rate through hospitalization

/clﬂ, Kg , Ké’ , K}f Mortality rates of the exposed, asymptomatic, symptomatic and hospitalized populations, respectively

3. Auxiliary results

The following concepts and proven results would be needed in the sequel.

Definition 3.1 (/35]). Let p € [1, co) and O be an open subset of R, the Sobolev space H”(9) is defined by
HP (D) ={¥ e L} (D) : D" ¥ e L*(D), for all |u| < p}.

Based on the above definition, Atangana and Baleanu [9] gave the following definition of the Atangana—Baleanu
fractional derivative in Caputo sense.

Definition 3.2 (/9]). Let ¥ € H'(a, b), where a, b € R with a < b, and 9 € [0, 1). The Atangana and Baleanu
fractional derivative in Caputo sense (shorten, ABC) are defined as follows:

ABC 9 w@®) [d - »
DVU() = —— —¥(¢c)E t— dc, 3.1
D0 = 15 | o VOE | =0 ds (3.1)
where  is the normalization function defined by w(¥) = 2’_’;19, for all 0 < ¢ < 1. Also, Ey stands for the

Mittag-Leffler function which is a generalization of the exponential function (see [16,23,28]).

Remark 3.3. If we replace Ey [ =5t — ¢)”] by E; = exp [ =5t — )], then we get the so-called Caputo—Fabrizio
differential operator. Further, it is to be noted that

ABCDY (Constant) = 0. (3.2)

Definition 3.4 (/9]). The Laplace transform of (3.1) is defined as follows:

' o
r {ABC@Z w(r)} (s) = %E |:/ U(c)Ey {—ﬁ%}d;]
_w®@) SPL{T@)) (s) — s~ @ (0) (33)
1= s+ L ' :

Definition 3.5 (/9]). Let ¥ € H'(a, b), where a, b € R with a < b, and ¥ € [0, 1). The corresponding integral in
ABC sense are defined as follows:

ABCTO _ 1-9 v _
PO =Toy YOt sorm

where ' is a gamma function.

/ (i — &) W()ds, (3.4)

Lemma 3.6. The solution of the given problem for 0 < ¥ < 1,

ABCDY w(t)y = o (1), t€[0,T], ¥(0)= W, (3.5)
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where ¥ : [0, T] — R is an unknown function and ¥, is a fixed constant, provided by
T(t) = Ty + ﬂa(r) + —[ (t— <o) o(o)ds. (3.6)
() HI'(D)
For the qualitative analysis, we define the Banach space F =Y x Y x Y x Y x Y x Y, where Y = C[0, T] with
0 < T < oo, under the norm given for ¥ = (Y, ¥, ¥3, Yu, Vs, ¢6)T e F by

11 = | (W1, Yo, U3, Ya. s, ¥e) |
max [V O]+ V2] + a0l + el + [0l + eI

Throughout this paper, for v = (v, vz, ..., v6) € RS, we use this notion |-| as the taxicab norm in R®.

4. Existence and uniqueness of a solution

We shall examine the existence and uniqueness of a solution to our main model (2.1) with the condition (2.2)
in this section. Let us write the model (2.1) with the condition (2.2) as

MECDYSp(1) = 01 (Sp(0), Ep(0), I3), 17 (1), Hp(1), Rp(1))
DY Ep(r) = 6 (Sp(0), Ep(0), I3(), 17 (1), Hp(1), Rp(1))
MECDYIA®) = 04 (Sp(), Ep(0), 150, I3 (1), Hp(1), Rp(®))
4.1)
ABEDYIL (1) = O4 (Sp(1), Ep(t). 12(), 1 (1), Hp(0), Rp(0))
MDY Hp(t) = 05 (Sp(), Ep(), 120, 137 (0, Hp(0), Rp(1)
MDY Rp(r) = O (Sp(0), Ep(0), I3, 17 (1), Hp(1), Rp(1))
where
S
01 (600, E). 130). 13700 Hptt), Ro) = 11 = 2 (e8 120 + 4,157 1)
—d"Sp(1),
S
6 (Sr(0). Er(0), 120, 137 @), Hp(0, Re) = “2 (511200 +85, 157 0))
— (xﬁ +&)) Ep(t),
63 (Sp(. Ep(0), 130, 13 (0, Hp(0), Re(0)) = 3" En(t) = (v} + ) 13),
Os (Sp(). Er (), 130, 13 (1), Hp(t), Re(0)) = (1 = ) " Ep(®) = (3 + k1) 157 (1),
65 (Sp. Ep(), 130, 13 (0, Hp(0), Re(®)) = v/ 130 + v 17 (0) = (¢ +]) Hp0),
{86 (Sp). Ep), 1), 1 1), Hp(0), Re (1)) = € Hp(t) = @” Rp() (42)
with the condition (2.2). By using (2.1), we transform (4.2) with (2.2) to the following system:
AR W) = Q. ¥ (1)), 43)
7(0) = ¥, ’
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where
M Sp ] r ABCDIS, 7] " Spo ]
Ep ABCDIEp Epo
W_ 111;‘ ABC@I?EP_ ABC’{DgIIIé y7 _ I?O
- ISP ’ 0 - ABC@??ISP ’ 0= ISP ’
P 0°P PO
Hp ABCDI Hp Hpy
L Rp L ABCDIRp | L Rpo
and
[ 61 (Sp(), Ep(t), Ip(0), Iy" (1), Hp(t), Rp(1)) |
6 (Sp(t), Ep(0), If (1), I;" (1), Hp(1), Rp(1)
05 (Sp(), Ep(t), In(1), 12”(:), Hp(t), Rp(1)
A, ¥(1)) =

Sp(1), Ep(t), I2(t), 157 (1), Hp(1), Rp(t)
Sp(1), Ep(t), I2(t), 157 (1), Hp(1), Rp(t)
Sp(t), Ep(t), I2(t), I (1), Hp(t), Rp(t)

Using Lemma 3.6, the model (4.3) can be turned to the fractional integral equation in the sense of ABC fractional
integral as follows:

6,4
Os
B

N N N N N N’

TN NN TN TN T

_ 1-9 1% ! e
¥ (1) = %+—w(19) Q, W(t))—i_—w(z?)F(ﬁ)/o(t $)"Q(s, ¥(s)ds. (4.4)

Here we impose the following conditions:
(A,) there exist two constants p; > 0 and p; > 0 such that
Q@ )| < prI ¥l + p2, 4.5)

for all t € [0, T].
(4,) there exists p3 > 0 such that

Q@ ¥() — Q(t, ¥())| < p3 | W(1) — V(1)
foreach W, W e Fand ¢t € [0, T].

, (4.6)

We start with the following result.
Lemma 4.1. The operator € : F — F are defined in (4.4) is completely continuous.
Proof. First, we see that if ¥ € IF, then €¥ € F. For each ¥ € Dy .= {V¥ € F: | ¥]| < Z}, we obtain

-9 LA
@) (O] < 11 oll + o max 1Q (1, V)l + max —rs

y /0 (t— )’ 1Q (s, W(e)lds

1 -9
= %l 4+ —— (P 11l + p2)

()
L ! _ 9—1
+a)(19)F(?9)/0(t o (o 171 + pa)ds
BT EN Ll A i B R 2
=1%o 0@ o I®) | P ew) e rw) |’
S %I+ A PN+ p2)

< 400,
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_ » o
where A = (% + m). This implies that

€Y < +o0.

Hence, € is uniformly bounded on D;.
Next, we have to prove that the operator € is equicontinuous. For this, let ¥ € D and t, 1, € [0, T] such that
t; < tp. Then

9}
€U () — €U (1)] < (t— )9 (s, ¥(s)lds

o ),
() I'(D) Jy,

i & N R |
T o) fo {2 =9 = = )"} 1Q (s, W(s)Ids

(1Z+p2) o _
Em{z(h ) + (1) H)}

Due to the fact that 1, — ¢, the right hand side of the preceding inequality approaches to zero. As a result of the

Arzela—Ascoli theorem, € is compact and therefore completely continuous. [

Theorem 4.2. Assume that Q : [0, T] x R® — R is continuous and (A,) is satisfied. Then the integral Eq. (4.4)
which is equivalent to the proposed COVID-19 model (2.1)—(2.2) has at least one solution.

Proof. Consider G = {¥ € F: ¥ =4§(C¥)(t),0 < § < 1}. From Lemma 4.1, it is clear that the operator € :
& — F as given in (4.9) is completely continuous. From (4,), for any ¥ € &, we obtain

7)) = [8(C¥)()

1_ v R |
< %l + (19) 1Q @, ()| + (ﬂ)F(l‘/‘)/( )9 (s, ¥(sNlds
1 - -l
< 1%l + —(19) P+ p2) + ———— (z‘})F(z‘}) /O =) (Il + p2)ds
< %l+ A2+ pi 1%

< 400,
_ (1=2 T? et :
where A := (W + m). This implies that
| ¥]l < +oo0.

As a result, G is bounded. Hence, the operator has at least one fixed point, which happens to be the solution of the
COVID-19 model (2.1)—(2.2). O

Theorem 4.3. Suppose that ¥ € F and ¥ maps a bounded subset of [0, T] into relatively compact subset of RC.
Then the integral Eq. (4.4) which is equivalent to the proposed model (2.1) with the condition (2.2) has a unique
solution provided that Ay, Aps < 1, where

—{1_ﬁ+ - } 4.7)
| e® oI’ '

and

1= T 4.8
"_{ww) w(z?)r(ﬁ)}” : 9

Proof. Let the operator € : ' — F defined for each ¥ € F by

1_ .z _ ¥—1
€¥)(1) = Y+ o) Q(r, ¥(0) + (z?)F(ﬂ)/ (t—¢)""Q(s, ¥(s)ds, (4.9)
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for all € [0, T']. It can be seen that the operator € is well defined and the unique solution of (4.9) is just the fixed

point of €. Here, we consider Dy = {¥ € F : |

Ao+ [0 T 10
2= 1% o@) o I@) |’ '
Thus, it is enough to show that €D C Dz. Now, for any ¥ € Dy, it yields
1 -
w;<w+—grm +—/z—)l“g,y7 d
(€)@ < || Dol (ﬁ)l (t, ¥l (ﬁ)F(ﬁ) (t—=6)"" 19, ¥(s)lds

1-
< 12l + =L [ 120+ pal + —— f - )" M p 1) + pald
< [1%ll o) (P11l + p2] (z?)F(ﬂ) | (=) [pi1¥Il + p2ldg

<W”+[1—ﬂ+ T’ } +[1—19+ T’ }
=1%o o@) oI |2 | ew) T e@ro) |

= ;12 + ;112
< Z.
Now, let ¥;, ¥, € F and ¢ € [0, T] Then, we obtain

11—
€& (1) — CW ()| = —— |Q(§, ¥1(5)) — Q (s, ¥a(s))l

()
7 -1 _
+ (z?)F(z?)/( $) 12 (s, Yi(s)) — Q (s, Ya(s)lds
< 1—19+ T —
w@) e l@) | P
=Ap; |V — Dol

This implies that
€Y — Ch|| < Aps | ¥1 — Dol
As Aps < 1, therefore € is a Banach contraction mapping. Hence, the integral Eq. (4.4) has a unique solution.
Consequently, the proposed COVID-19 model (2.1)—(2.2) has a unique solution. [J
5. Properties of the model
Here, we discuss some critical aspects of the model (2.1) or, more precisely, the system (4.3), including the
boundedness and positivity of the solutions for # > 0.

5.1. Invariant region

The boundary of solutions for the nonlinear system (2.1) with non-negative initial conditions is determined in
this subsection. Our major goal is to prove that the feasible region produced in Rfr is positively invariant with
respect to the fractional model (2.1).

Theorem 5.1. The feasible region of the proposed fractional model (2.1) is given by
7
0= {(Sp, Ep I3, 13" Hp,Rp) €RS :0<N < —:1 Sp,Ep.Ip. 13" Hp, Rp > 0} (5.1)
v

The existence and uniqueness of the solution of model (2.1) have already been shown in the preceding section;
all that remains is to demonstrate that the set {2 is positively invariant with respect to the condition (2.2). For the
proof of Theorem 5.1, the following theorem will be utilized.

Theorem 5.2. The solutions of the system (2.1) are bounded.
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Proof. To obtain the fractional derivative of total population, we add all the relations in system (2.1). So
ABCDIN() = APCD) Sp(0) + YBCDY Ep(t) + AECDY 1P (1) + MDY 1 (1)
+A5CDN Hp(t) + *P“ D) Rp
= IT —d’Sp(t) —d’ Rp(t) — k! Ep(t) — kJ I} (t) — kI 137 (1) — k) Hp(1)
=1 —vN(@). (5.2)

By applying the Laplace transform on both sides of above inequality, we obtain
I
L{PDIND} (5) = — = vLIND) (5)

and then
w(®)s” L {N (1)) (5) onn . @@N©0)s”!
+VLIN@®}(s) = Ts"7 0D ¢ ————
P TUEINON =TI I+ (1 — )
where N(0) represents the initial value of the total population and w is the normalization function defined in
Definition 3.2. This implies that

I [(1 —9)s? + 19] s70FD L ()s?IN(0)
v 4+ (1 — 9)s? + w(d)s? ’
Now, by applying the inverse Laplace transform, we have

LAN@®)} (s) =

mnyt’ (1 -9) o(P)N(0)
N(t)= ——————E —pt? Eyi (—pt”) |, 53
0= T ram o 8 )+[(l—ﬁ)v+a)(l9) @) 1 (1= oy (21 63
where p = m, and E, ; is the Mittag-Leffler function with two parameters ¢ > 0 and b > 0 may be

defined by the following series
oo hn
E,,(h) = _,
a.o() n2=(:) I'(an +b)
whose Laplace transform is
sa—h
saF A’
provided that s >| A |'/*. For a, b > 0, the Mittag-Leffler function satisfies

LAt" Eap (£419)} =

1 1
E.»(h) = = |Eup_o(h) — —— |,
o) =+ [ s—a() F(b_a)}
and forthecasea=9, b=9+1and i = —g)tﬁ, we have
1
Epoi1 (—pt”) = o1 [1—Egp (—01")]. (5.4)

From [9], it is clear that the Mittag-Leffler function is bounded for all # > 0 and possess an asymptotic behavior.
Therefore, from (5.2) and (5.3), we can say that N(¢) < % as t — 00. Thus, N(¢) and all other variables of the
model (2.1) are bounded in a region 2.

The solution remains x = 0 for all + > 0 if Xy = 0. Furthermore, for any non-negative set of initial conditions
in {2, every solution of model (2.1) in

T
RS ={yeR°:y>0}, yi)= (sP,EP,I;‘,IiP,HP,RP) ,

approaches asymptotically in finite time ¢, enters and remains in {2. Thus, the closed set {2 is positively invariant
for our system (2.1). O

5.2. Positivity of solutions

In this subsection, we will show that for all ¢+ > 0, the state variables Sp, Ep, I j,ﬁ‘, I,f” , Hp and Rp are positive.
This characteristic is essential in order to demonstrate that our model is physically feasible.
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Theorem 5.3. The solution space (Sp, Ep, I IP ,Hp, Rp) of the system (2.1) will remain positive forever with
any non-negative initial data.

Proof. First equation of the model (2.1) is rearranged to give

APCDYSp(r) = — (% (Er1p 0 +8, 150 0) + dl’) Se(0).

A Sp
As all the solutions are bounded, therefore, we let % and % are bounded by p; and p, respectively. Then,
ABEDISH(1) = —qSp(1), (5.5)

where g = &7 AP+ gl spp2+d 7 is a constant. Applying the Laplace transform on both sides of (5.5), we obtain

w(®)s” o(®)s?
T Aoy PN = G Sr 0 2~ S0
and
w(®)s” ' Sp(0) s71

LA{S |
{p(l)}(s)zw(ﬁ)+q(l—ﬁ) s? +m

Now, by applying the inverse Laplace transform, we have
w(9)s" ' Sp(0) E 9 qv

o) +q—0) ! <_t (@) +q(1 = ﬂ))
Because both of the values on the right-hand side of (5.6) are positive. Therefore, for every ¢ > 0, the solution

Sp(t) also remains positive. Likewise, for every ¢+ > 0 corresponding to any non-negative initial data, we can simply
argue that Ep > 0, I{,‘ > 0, IIEP >0, Hp > 0, Rp > 0. As a result, the solutions in Ri will always be positive. [

Sp(1) = (5.6)

5.3. Equilibrium points

Here, by solving the following system yields the equilibrium points of the suggested fractional model (2.1):
ABC@ZS ABch?E ABC@&IA ABCY | Sp = AP, ABC@ﬂ —0.

The proposed model (2.1) has a unique non-negative Corona free equilibrium at the point after simple computations
given by

* * * Ax 7Spx * * I
EPy = (Spo Epo: 1po: Ipy » Hpos Rpo ) = —,0,0,0,0,0),
v
and a unique non-negative Corona present equilibrium at the point given by
* * * * Spx * *
EP} = (Sm’ Ebpys I?l’ Ipi"s Hpy, RP]) ’
in the epidemiological region {2, where

Sp1 = oo >0,
Ry, — 1 d? s*
E;,1=< 12)* > S 0P0 7 >O,
PO Rpy (A +«7)
e () (s )
Rro )\ R 07 D) (7 74)

e <R;0 - 1) d?(1 = x)A? S, o
" Rpog J\Rpo (W7 + ) () +3)
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R%, —1 d? )V S* 1— v
H;’l = < PO* ) * 9 ) Poﬁ 9 <( 5 X));? +X) > 07
R} Rpg (A +x) (€5 + &) Yy Tk

R — Rpy — 1 d’ ")’ Sp, (1= X)) + -0
P1 — R* R (A7 + D Eﬁ + D L + 9 X :
PO PO( "1)( ? "4) V) T K3

5.4. Threshold parameter Ry

The value of the threshold parameter, commonly represented by Ry, can be used to define the dynamics of
mathematical models. Any infectious disease spreads when an infected individual comes into contact with a group
of entirely susceptible persons. As a result, at the time ¢ > 0, a threshold parameter refers to the total number of
new infections created by an infected individual. It secretly predicts a model’s dynamical behavior, indicating that
it gives more excellent knowledge regarding the disease’s future spread or containment.

The value of the threshold parameter in model (2.1) is determined using the conventional next generation matrix

T
technique. If v = (vy, vp, v3, 14) = (Ep, Ij.f‘, I;SP, HP) S ]Ri, then the model (2.1) can be written as
ABCQIv, = Fi(v) — Gi(v). i = 1(1)4,

where F;(v) represents the rate of appearance of new infections in compartment i and G;(v) denotes the rate of
transfer of infections to and from compartment i.

Now, by taking the Jacobian of the matrices at point E P, we have

[dF  9F 3F AT
IEp 91 a1ﬁ” 0Hp
aFy AR 0F  0F 0 & € 0
S 7A 3
Fo IEp  BIp arpP dOHp {0 0 0 0
T3 B A/ 3BT (00 0o o}’
IE 914 Sp 0H
P P dp ’ 0 O 0 O
dFy 0Fy dFy 0Fy4
9E A Sp  3H
B P alp alp P_
991 9G; 9G; 091 7]
JdEp 3[1’;‘ 312P dHp
3G,  9G, 3G, G A+ k) 0 0 0
9E A Sp OH b3 4 4
G = " e Alp g = —A X Vi +K2 o 0 % 0
#0% % g |T|Mam0 0] g o
podp e, 4 0 -y AR5
0Gs4 994 3Gy 0G4
JdEp 311’9 algP dHp

The maximum absolute eigenvalue of the positive matrix FG~! is the value of R for the model (2.1). That is,
(180 (v +3) + (= 0083, O +xd)] 27
(A + ) (7 +4]) () +1])

Ro =

5.5. Strength number Ay

The strength number is the expansion of the reproduction number. Without a doubt, the reproduction rate is
critical in the study of epidemiology when it comes to the spread and extinction of diseases. The epidemiologist
uses a variety of strategies to get such numbers (i.e., violation of the reproduction number’s uniqueness and many
others). The primary conclusion of this strategy depends on the prediction of the waves of the transmission of
illness. The essential point is that this number is evaluated using the next-generation matrix approach by assuming
coronavirus-free equilibrium in the system (2.1) and calculating the second derivative of infectious classes. As a
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result, the transmission and transition matrices are denoted by F and G [8], respectively, where:

otrm R PR PR
AER  AIpr GpP? 0Hp ,
9 _

P2Fy,  BPF  P2F 0AF 0 i g
3E2 5142 5P aH2 N2 N2
F=l? P 0lp Pl_]0 o0 0 0

32 F3 3> F3 82 F3 8273 0 0 0 0
9E2  327AZ Sp2 H2
ot i 0 0 0 0
02F, 92 Fy 02 F, 02 F,
2 A2 Sp2 aH2
| 0Ep  pT 2ppP dHp |
Then

Det (FG—‘ - 914) —o.

Hence, the strength number Ay is

< 0.

o (= [ 0 )+ 08, (7 +42)
°_<N2> (7 +x]) (7 +7) (v +15)

A negative strength number indicates that the system (2.1) will have a single magnitude, either a maximum
with two infection sites suggesting a single wave or a quick drop from the coronavirus-free equilibrium. As a
result, the infection will grow to a minimal point with the renewal process, then stabilize or halt as requested
later.

6. Stability results

The consistency of solutions has a strong emphasis on the theory of mathematical modeling. For illustration, slight
variations in the model, induced by natural measurement errors in practical situations, have a minor proportional
impact on the solution. The mathematical calculations that explain the system will not accurately forecast the
probable result. Hence, the stability of the suggested mathematical model (2.1) with ((2.2) ) must be discussed
here. For the detail of the Ulam—Hyers and generalized Ulam—Hyers stability, we refer [6,19,40,41].

The definitions that follow are required in the upcoming results. Let ¢ > 0 and consider the following
inequality:

‘AB%g () - Q (r, @(z))‘ <e, 1€[0.T] 6.1)

where ¢ =max(ej)r, j=12...,6.

Definition 6.1. The proposed problem (3.5), which is equivalent to model (2.1)—(2.2), is Ulam—Hyers stable if
there exists = > 0 such that, for every € > 0 and for each solution ¥ € [F satisfying inequality (6.1), there exists
a solution ¥ € F of problem (4.3) with the initial condition ¥(0) = ¥(0) such that

’iv(t) - W(t)’ < Ze, 1[0, T],

where
Sp Spo =
~ - €1
E =
~P EPO €
5 1A 5 jA =
P — — €
U= . , WUy = PO , 5 = max , € = max 3,
Jsp jse = €4
P PO ¢
Hp cuskip[3pt] Hpg Zs 65
- - _ 6
| Rp a L RPO _ L —6 _
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and
6
6, (S

Sp(0), Ep(0), I£(), I (1), Hp(1), Rp(t)
Sp(1), Ep(0), I2(t), I3F (1), Hp(1), Rp(t)
Sp(t), Ep(0), I2(0), TP (1), Hp(1), Rp(1)
Sp(), Ep(0), I3 (0), IpF (0), Hp(t), Rp()
Sp(), Ep(0), I3(0), Ip7 (1), Hp(t), Rp(1)

Sp(), Ep(0), IA(0), Ip7 (1), Hp(t), Rp(1)

[}

i
AAAAAA

Q(t, @(t)) -

A

N N N N e

Os

Definition 6.2. Problem (4.3), which is equivalent to the model (2.1) with (2.2), is referred to as being generalized
Ulam-Hyers stable if there exists a continuous function ¢ : RT™ — R with ¢(0) = 0 such that for each solution
¥ € F of the inequality (6.1), there exists a solution ¥ € IF of Problem (4.3) such that

¥ - w)| =ge, 1€0,T],
where ¢ = max (cpj)T, j=12,...,6.

Assumption 6.3. Consider a small perturbation 4 € C[0, T] such that £(0) = 0 with the following properties:

() [h(t)| < e, h = max (h;)", 1 €[0,T] and € > 0;
@ii) for ¢ € [0, T'], we have the following model

ABCRDY W (1) = Q (t, @(:)) + h(1),
where h(t) = (h((?), ha(2), ..., he(t))T.
Lemma 6.4. The solution of the perturbed problem

ABCDY W(1) = Q (r, @(;)) + h(),
v (0) = W,

6.2)

satisfies the given relation
By(1) — U1 < e,

where @h(t) is a solution of (6.2), Q'/(t) satisfies (6.1) and A = (% + #;(ﬂ))'

Proof. In view of (ii) of Assumption 6.3 and Lemma 3.6, the solution of (6.2) is given by

1-9 LA AP z
B0) = T+ =0 (1 70) + s [0 = 7710 (1 70) de
- o
b+ s [ o o,

Furthermore, we have

1 - 4 ' 91 =
et o b0) + A /O (- o2 (1. ¥(e)) ds
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Using (i) of Assumption 6.3, we get

- vo| = =l wor+ s [ o ol
MO OL= ey O s S, T NS
(1—19 T’ )
< + ‘
(@) | o) I®)
= /e,

_ [(1=» T?
where A = (W + —w(z?)l“(z?))'

This implies that

‘@h(t) - Q'/(t)‘ < Ae.

Hence, we get the desired result. [

Theorem 6.5. Under the assumptions of Theorem 4.3, the model (2.1)—(2.2) is Ulam—Hyers and, consequently,
generalized Ulam—Hyers stable.

Proof. Suppose that ¥ e T satisfies inequality (6.1) and ¥ € F is a unique solution of problem (4.4) with the
condition

T (0) = ¥(0). (6.3)
Due to (6.3), we can write (4.4) as
1 - 9—1
v = O+ )Q(t 20— — <z9>rw> f (t — "' Q (e, W(e) ds.
Thus, by (4;) and Lemma 6.4, we obtain
b0 — v = \@(n— %(t)) + | 0(0) - w0

< Ae + W )Q(r W(t)) oY LT/(t))‘ + Ae

— 9—1
w(ﬁ)]ﬂ(ﬁ)/(t S) ‘Q(t W(t)) Qt, ¥()|dc

_ 4 B
= 2e+ (lw(ﬁl;} + w(z?ff(ﬁ‘)) ps H V- “DH

=2Ae+/1p3H@— WH

Hence,

2Ae
1= AP%

|7~ 7] =

As, Ap; < 1, we obtain

H b — y'/H < Ze,
where = = ; 2//11 . O
—Ap3

Remark 6.6. If we set ¢(¢) = Z'e such that ¢(0) = 0, then from the above theorem, we conclude that the proposed
model (2.1) with (2.2) is generalized Ulam—Hyers stable.
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7. Numerical simulations and discussion

In this section, we need to examine the estimated solutions of the ABC fractional-order model (2.1) with (2.2).
The theoretical models are then obtained by employing the current scheme. The ABC fractional derivative is utilized
to develop the computational procedure for the simulation of our model (2.1).

7.1. General algorithm

In this subsection, we offer a numerical technique for analyzing and predicting the numerical stability of a
Coronavirus fractional model (2.1) with (2.2) based on a recently developed Toufik—Atangana criterion [36]. We
first outline the concept briefly before applying it to the fractional model (2.1) with (2.2) to get an iterative approach.
The system (2.1) may be represented using the fundamental theorem of fractional calculus.

1-2 L APPR
A1) = 20) = s W 2) + o F( ry / (t =)’ (s, 2(c)ds,
Att=t,1, n=0,1,2,..., N with h = ﬁ,wehave
1— Tj+1
i) = 20) + 2 bt 2 + W Z / (tar1 — )" W (s, 2(e))ds. (7.1)

The function ¥ (g, z(g)) can be approximated over [tj, tj+1], using the interpolation polynomial

(s, xs) = M M

By substituting this in (7.1), we obtain

x(t—tj_1)— x (t —t)).

. 9 [, 2(t))
W) = 200+ o 0G0 + w)nm;)[ e

Tj+1 U(ti_y, z(ti— Tj+1
/1 ([n+1 i 1)071(1 _ tjfl)dt _ w / / (thrl . [)071(1‘ _ tj)dt] .
1 1

J

Finally, we get the approximate solution as:

1— ¥ =[P, 2(t)
Z(tn+1) Z(to) + ( ) W(tna Z(tn)) + (19) Jgo [ F(l? + 2) x

{n=—j+2+D)n+1- )’ (n—j+2+20)0n— )"}
R W(tj_y, z(tj-1)) 9
- A 1= )" —m—j+1+9)n— )"},
TG +2) {m+1-p n—j+1+NH0n—j"}
Hence, we obtain the following recursive formula for the model equations:

¥ —[h? Ui(t), z2(t)))
o) Lpl(lm z2(t,)) + o(9) 12:; [ Ir'w+2) X

{m=—j+24+9)n+1- )’ (n—j+24+29)n— )’}

14 . .
B h Wl(ljfl,Z(ljfl)) {(n—}-l—j)ﬁﬂ—(n—j—}-l—i—z?)(n—j)ﬂ}],

INC; +2)
1— ¥ = [h Uo(t;, z(t)))
Epltni) = Eplto) + o5 S 0ty 2(0)) + @) ;[ ro+2

{m=—j+2+Nn+1-))"(n—j+2+20)0n— )"}

WP Wi (ti_y, z(ti_1)) . ; i
- 1]’(jﬁl+2)jl {(”+1—1)M‘(”‘f+1+ﬁ)("_1)0}]’

1—
Sp(tag1) = Sp(to) +
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REEERREERREA

Susceptible population
N

0 10 20 30 40 50 60 70 80 90
time t (Days)

Fig. 2. The graph illustrating the approximate solution for the susceptible class (Sp) at different fractional values of .

h? Ws(t;, 2(15))
rw+2)

A A 0y
Ip (thy1) = 1p(20) + () %(ln’ 2t)) + () ; |:

{n—j+24+Dn+1—)"(n—j+2+420)n— )"}

1 . .
B h %(t,q,z(t,q)) {(n+ 1 _j)19+1 =10 _1)19}:| ’

re+2)
Sp 1— O = [ R Wty 2(t))
I (tay) = 15" (1) + o0 )W4(tn,z(tn))+ (ﬁ);[ T +2) x

{n=—j+2+D)n+1-))’(n—j+24+20)n— "}

1 . .
B h Wl(l‘jflyZ(l‘jfl)) {(n+1_j)1;+1 —(n—j+1+19)(n—j)ﬂ}:|,

I+ 2)
1— ¥ —[h Us(t;, z2(t;))
Hp(ty41) = Hp(to) + —— o) Ws(tn, 2(tn) + @) 12:(; [ ro+2

{n=j+2+Nm+1-)"(n—j+2+20)0n— )"}

W W(ti_y, z(ti—1)) . ; 1
- lr(jﬂl+2)j 1 {(”+1—f)’”1‘(”‘J’LHI?)("_N}}’

(7.2)

3 1— O = [ R Ws(t), 2(t)))
RP([n_H)_ Rp(t0)+ (19) W6(tna (tn))+ (19) 12:(;[ F(ﬁ‘i‘z)
(1= j+24 )0+ 1- )0 —j+2+20)n — )}
hY Wy(tj-1, 2(t;-1))
r®w+2)

{(n+1—j)“l—(n—j+1+l9)(n—j)1’}]

7.2. Results and discussion

This portion includes a computational simulation of the transmission dynamlcs of COVID-19 in society. To
this end, the initial conditions are posited as Sp(0) = 600, [ A(O) and Ip Sp (0) = 40. Here, for the
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Fig. 3. The graph illustrating the approximate solution for the exposed class (Ep) at different fractional values of .
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Fig. 4. The graph illustrating the approximate solution for the infected asymptomatic class (/ ;,*) at different fractional values of .

model’s parameters, we choose SZ =1x 10’10,§§9P = 1.2312, 17 =9.9618 x 10’3,/<{9 = 3.3491 x 10’3,/<§9 =
1 x 10719 x¥ = 3.0859 x 107%, k) = 2.1222 x 107>, x = 1.5683 x 1071,y =2.6628 x 1072, y) = 1,£" =
6.170 x 1073,

In the following Figs. 2-7, by using a MATLAB package, we create an algorithm to simulate the effects of
different parameters corresponding to various fractional values of ©. We presented numerical data of 90 days.
As you can see in Figs. 2—7, the parameters have different impacts but demonstrate the same behavior in different
proportions of ¥. Figs. 2 and 3 indicate that over time 7, Sp(t), and Ep(¢) (increase and decrease) hit the equilibrium
point. It means the susceptible individuals will expand over time, while the exposed population will decline. It is
apparent from Figs. 4 and 5 that, with time, the affected community (asymptomatic Zj(¢) and symptomatic Igp 1))
hits their stable points. As COVID-19 infection cases initially rose, the amount of hospitalized patients Hp(t) was
higher (as seen in Fig. 6), although it would decrease with time. Also, the number of COVID-19 contaminated
classes decreases over time; therefore, the recovered class Rp(¢) eventually decreases (see Fig. 7).
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solution for the infected symptomatic class (I[S,” ) at different fractional values of ¥.
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Fig. 6. The graph illustrating the approximate solution for the hospitalized class (Hp) at different fractional values of ¥.

8. Conclusion

In this work, we developed a fractional-order (S pEpI j.f‘ IgP HpRp ) model to examine the dynamics of a new
Coronavirus infection. We employed the Atangana—Baleanu derivative operator with the generalized Mittag-Leffler
function to formulate the suggested fractional model. Due to its non-local and non-singular kernel, the Atangana—
Baleanu derivative operator was selected. Our study’s objective was to concentrate on an (SpEpl ;‘Igp HpRp
model that accurately depicted the predominant properties of the Coronavirus. The fixed point theorems were used to
verify the existence and uniqueness of the solution to the suggested fractional model. The basic reproduction number
and strength number were calculated theoretically and numerically to account for the model’s dynamical behavior.
Also, we developed some results about the qualitative theory and Ulam—Hyers stability analysis. Additionally, we
calculated numerical solutions for the given model using an efficient method. Graphic representations had created
to verify the dynamic behavior of the solution using Matlab. The results collected are critical in explaining the
present dynamics of the COVID-19 epidemic. Moreover, it can be seen that the fractional calculus can explain the
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Fig. 7. The graph illustrating the approximate solution for the recovered class (Rp) at different fractional values of ¥.

population’s dynamics more concisely. The studies reported may be more efficient with the current outbreak and
use preventive measures to mitigate infection. The suggested framework may be utilized in the future to explore
other nonlinear fractional differential problems using the ABC fractional derivative.
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