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ARTICLE INFO ABSTRACT
Keywords: In this paper, a compartmental mathematical model has been utilized to gain a better insight about the future
COVID-19 dynamics of COVID-19. The total human population is divided into eight various compartments including sus-

Atangana-Baleanu (ABC) Fractional Derivative
MATLAB

Basic Reproduction Number

Disease Free Equilibrium

Endemic Equilibrium

ceptible, exposed, pre-asymptomatic, asymptomatic, symptomatic, quarantined, hospitalized and recovered or
removed individuals. The problem was modeled in terms of highly nonlinear coupled system of classical order
ordinary differential equations (ODEs) which was further generalized with the Atangana-Balaeanu (ABC) frac-
tional derivative in Caputo sense with nonlocal kernel. Furthermore, some theoretical analyses have been done
such as boundedness, positivity, existence and uniqueness of the considered. Disease-free and endemic equi-
librium points were also assessed. The basic reproduction was calculated through next generation technique. Due
to high risk of infection, in the present study, we have considered the reported cases from three continents
namely Americas, Europe, and south-east Asia. The reported cases were considered between 1st May 2021 and
31st July 2021 and on the basis of this data, the spread of infection is predicted for the next 200 days. The
graphical solution of the considered nonlinear fractional model was obtained via numerical scheme by imple-
menting the MATLAB software. Based on the fitted values of parameters, the basic reproduction number R, for
the case of America, Asia and Europe were calculated as Ro ~ 2.92819, Ry ~ 2.87970 and Ry ~ 2.23507
respectively. It is also observed that the spread of infection in America is comparatively high followed by Asia
and Europe. Moreover, the effect of fractional parameter is shown on the dynamics of spread of infection among
different classes. Additionally, the effect of quarantined and treatment of infected individuals is also shown
graphically. From the present analysis it is observed that awareness of being quarantine and proper treatment
can reduce the infection rate dramatically and a minimal variation in quarantine and treatment rates of infected
individuals can lead us to decrease the rate of infection.

1. Introduction economy (Bendavid et al., 2021). In the last couple of months, several
SARS-CoV-2 variants have been emerged with some of them demon-
COVID-19 affected many countries in terms of public health and strating active circulation and transmission dynamics (Khan and
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Atangana, 2020; SANCHEZ et al., 2020). Predicting and understanding
the future viral transmission is key for infection control and prevention
(Burki, 2020; Jin et al., 2020; Pellis et al., 2021; Zhao and Chen, 2020).
Mathematical models are precious tools for this purpose. Indeed,
different types of mathematical models with different fractional de-
rivatives are utilized to investigate the dynamics and control of
COVID-19 (Grassly et al., 2020; Grigorieva et al., 2020; Kassa et al.,
2020; Memon et al., 2021). Many studies are reported for the dynamics
and forecasting of COVID-19 by considering real data of different re-
gions. Like, the early dynamics and clinical severity of COVID-19 in
China by using mathematical tools can be seen in (Kucharski et al., 2020;
Wu et al., 2020). Similarly, mathematical modeling and forecasting with
intervention strategies, social media advertisement, isolation, quaran-
tine, community awareness, global information compaigns with the
consideration of real data from India in order to predict the future sce-
nario of the disease can be seen in (Khajanchi et al., 2020, 2021b;
Khajanchi and Sarkar, 2020; Rai et al., 2022; Samui et al., 2020; Sarkar
et al., 2020; Tiwari et al., 2021).

Fractional derivative is a powerful tool to discuss the complexity of the
physical and engineering problems. Observations indicates that some
physical phenomenon cannot be explained properly through classical
order derivatives. Non-integer order derivatives are proven to be a best
tool to best fit the theoretical results with the real data (Qureshi and
Atangana, 2019; Yavuz and Ozdemir, 2019; Yusuf et al., 2020). The ap-
plications and uses of fractional derivatives can be seen in different
physical, engineering and health sciences such as sustainable energy, fluid
mechanics, infectious disease modeling, biochemistry, electrical circuits
and so on (Z. Ahmad et al., 2020b, 2021; AHMAD et al., 2021; AHMAD
et al., 2021; AHMAD et al., 2021; AHMAD et al., 2021; Ali et al., 2020;
Murtaza et al., 2022; Sinan et al., 2022). Besides this, previous work re-
ported on the fractional dynamics of COVID-19 which is proved to be best
fit with the real data. The reported study indicates that fractional models
with power law kernel, exponential kernel or Mittag-Leffler kernel gives us
best results as compared to classical models. Yadav and Verma investi-
gated the transmission of COVID-19 in Wuhan China by using fractional
derivatives (Yadav and Renu Verma, 2020). They observed that the real
data can be best fit in case of fractional order derivative. Rajagopal et al.
investigated the spread of COVID-19 in Italy (Rajagopal et al., 2020). They
compared the results for the case of integer and non-integer derivative and
found less error with the real data for the case of fractional derivative.
Nisar et al. predicted the spread of COVID-19 via fractional derivatives
(Nisar et al., 2021). They compared their model’s results with the real data
of Wuhan China for initial days.

Some physical problems obey power law while some satisfy exponential
law. Reported studies indicates that epidemiological problems can be best
explain with the exponential laws because it obeys exponential laws. The
fractional differential operatorshaving exponential or Mittag-Leffler kernels
can best explain the problems concerned with exponential laws. Due to the
cross-over behavior, the fractional operator having Mittag-Leffler kerneli.e.,
Atangana-Baleanu fractional differential operator can best explain the
complex dynamics of epidemiological problems (Abdullah et al., 2021;
Abdullah et al., 2021; Abdullah et al., 2021; Abdullah et al., 2021; S. Ahmad
et al., 2020; Z. Ahmad et al., 2020a; Arfan et al., 2021; Naik et al., 2020;
Qureshi et al., 2019a, 2019b; Qureshi and Yusuf, 2019b, 2019a; Shah et al.,
2020; Shatanawi et al., 2021). Qureshi et al. predicted the transmission of
varicella zoster virus via different fractional operators i.e., Caputo, Caputo
Fabrizio (CF) and Atangana-Baleanu (AB) fractional operators (Qureshi
et al., 2019b). They found that AB fractional derivative gives the highest
performance as compared to the rest of fractional derivatives. Similarly, it
was reported the comparison of different fractional operators for the dy-
namics of diarrhea and found that AB fractional derivative gives the
outstanding performance (Qureshi et al., 2019a). Qureshi and Yusuf re-
ported the dynamics of chicken pox disease among the children in Schenzen
city of China (Qureshi and Yusuf, 2019a, 2019b). They investigated their
results by generalizing the classical model through different fractional de-
rivatives and found that the dynamics can be best explain with AB fractional
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differential operator. Ahmad et al. analyzed the dynamics of COVID-19 in
Pakistan by using AB fractional derivative (Z. Ahmad et al., 2020a). Naik
et al. investigated the future scenario of COVID-19 in Pakistan by using
different fractional operators and they noticed that AB fractional derivative
givesusthehighestefficiency rate with thereal data (Naik etal., 2020). Inthe
same way, Arfan et al. utilized the generalized Euler method for the results of
fractional order COVID-19 model to predict the spread of COVID-19 in
Pakistan (Arfan et al., 2021). Shatanawi et al. analyzed the spread of TB in
Yemen for the period between 2000 and 2019 by using generalized AB
fractional operator (Shatanawietal., 2021). Shah et al. forecast the spread of
COVID-19 using factional derivative by implementing Adomian decompo-
sition technique (Shah et al., 2020). The modified Euler method was utilized
by Ahmad et al. for the solution of the fractional order COVID-19 model in
order to forecast the transmission of COVID-19 in Wuhan, China (S. Ahmad
et al.,, 2020). Similarly, Abdullah et al. analyzed the transmission of
COVID-19 in Wuhan, China under the consideration of fractional derivative
(Abdullah etal., 2021; Abdullah etal., 2021; Abdullah et al., 2021; Abdullah
etal., 2021). Shaikh et al. analyzed fractional order COVID-19 model for the
spread and control of COVID-19 in India (Shaikh et al., 2020). Singh et al.
reported the stability analysis and numerical investigation of the non-integer
COVID-19 model (Singh et al., 2021). Danane et al. studied the numerical
analysis of the stochastic COVID-19 model with the Levy noise model
(Danane et al., 2021).

The main concern of epidemiological models is to find some possible
ways to vanish or minimize the spread of infection. For this, the optimal
control is proved to be a best tool and is applied to many infectious
disease problems. Sharomi and Malik studied some applications of
optimal control in epidemiological problems (Sharomi and Malik,
2017). Agusto and Khan reported the spread of dengue infection with
the implementation of optimal control strategies and found that optimal
control can drastically reduce the transmission of illness (Agusto and
Khan, 2018). Sinan et al. reported the analysis for the transmission of
malaria disease with optimal control and observed that optimal control
such as spray of insecticides or proper treatment can quickly reduce the
disease spread (Sinan et al., 2022). Ali et al. reported the optimal control
of zika virus disease with the fractional derivatives (Ali et al., 2022a,
2022b). Similarly the utilization of the idea of optimal control for the
control of COVID-19 can be seen in (Aba Oud et al., 2021; S. W. Abdullah
Ahmad et al., 2021; S.\W. Ahmad et al., 2021; z Ahmad et al., 2021; Z.
Ahmad et al., 2021; Grigorieva et al., 2020; Zamir et al., 2020).

This study aimed to present a mathematical model for the dynamics
of COVID-19 spread among human population. The constructed model
was applied on the data obtained from three regions (Americas, Europe
and southeast Asia) for the period between 1st May 2021 and 31st July
2021. Based on the above-mentioned literature, no one considered the
fractional order analysis of COVID-19 model by considering such type of
compartmental study such as by including quarantine and hospitaliza-
tion or asymptomatic pre-symptomatic or symptomatic classes which
makes it a more general model. Moreover, in the present analysis, we
have considered the recent time interval in order to choose the real re-
ported data which can give us the most accurate future scenario of the
disease. Introduction and detailed literature review is provided in Sec-
tion 1 of this manuscript while the basic preliminaries are given Section
2. The mathematical formulation of the considered problem is provided
is Section 3. Positivity and boundedness of the considered model and the
equilibria and basic reproduction number was also calculated which are
given in Sections 4 and 5 respectively. Moreover, the classical model was
generalized using Atangana-Baleanu fractional operator which has
nonlocal kernel and is provided in Section 6. The uniqueness for the
solution fractional model is also shown and is given in Section 7. The
graphical solutions of the considered model were achieved via numer-
ical scheme by making use of computational software MATLAB which is
provided in Section 8. The model fitting of the considered problem is
given in Section 9 while the discussion and conclusion of the results are
elaborated in Sections 10 and 11 respectively. On the basis of available
data, the future scenario for the spread of COVID-19 was predicted for
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the next 200 days. The effect of fractional parameter ¢ was shown
graphically. The impact of quarantine and hospitalization on the dy-

namics of COVID-19 among different classes was dementated.

2. Basic Preliminaries

Definition 2.1. The Atangana-Baleanu (AB) time fractional derivative
in Caputo sense with fractional order ¢ is defined as (Atangana and
Baleanu, 2016; Atangana and ig‘ret Araz, 2021).

t _ Y4
wegteln) = 20 [ E¢< o= )g’@)dé, for 0<p<l )

1—¢ 1

Here, G(¢) is the normalization function and E,(.) is the Mittage-
Leffler function (Sene, 2020).

Definition 2.2. The integral operator for the ABC fractional derivative
can be defined as (Atangana, 2017; Atangana and Igret Araz, 2021):

1-¢
G(¢)

S I8 =

80+ JF( 7 / (-8 se)as @

Definition 2.3. The numerical scheme for the solution of fractional
order ODE is defined by Toufik and Atangana (Toufik and Atangana,
2017):

Consider a non-linear fractional ODE:
@!g(t) = w(t, g(1))withg(0) = g 3

The numerical solution for Eq. (3) is given as (Toufik and Atangana,
2017):

ABC

- - ¢ (i, g(1,))
811 =80+ G(¢) (tzvg(tf)) + G(¢) < [ F(¢ + 2)

=0

s R |

3. Mathematical Modeling

In the present model, we have considered the spread of COVID-19 in the
human population in different continents of the world i.e., southeast Asia,
Europe and Americas (North and South America). The total population is
denoted with N(t) which is further classified into different compartments i.
e., susceptible population is denoted by S(t), E(t) are the exposed, pre-
symptomatic are denoted with Ap(t), while symptomatic and asymptom-
aticindividuals are represented by A(t) and I(t)respectively. Similarly, Q(t)
and H(t) are the quarantined and recovered infectious individuals and R(t)
are the recovered or removed/deceased individuals. The flow diagram for
the considered problem is displayed in Fig. 1, where susceptible individuals
can interact with Ap(t),A(t),I(t),Q(t) and H(t) with a route
(A +114,Ap +ity] +11oQ +uyH) § and become exposed. More importantly,
E(t) consists of early-infected individuals. Similarly, the exposed in-
dividuals further enter to the pre-symptomatic compartment with a rate of &
whereas the pre-symptomatic Ap(t) has the ability to transmit the disease.
After the completion of mean incubation period, the individuals are divided
in to two groups. Some of the infectious individuals have the disease
symptoms while some are not. The individuals which do not have clear
symptoms will enter to the asymptomatic class A(t) with a rate of (1 —{)y4
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while those individuals having clear clinical symptoms of COVID-19 will
enter to the symptomatic class I(t) with the positive rates (. Similarly,
some of the pre-symptomatic class will recover or die out due to the
infection with the positive rate y while some of the pre-symptomatic in-
dividuals will enter to the quarantine class with a positive rate . Addi-
tionally, the symptomatic infectious individuals are quarantined or
hospitalized with a positive rate ko and kg respectively. kg and Ag are the
recovery or removal rates due to the disease of symptomatic or asymp-
tomatic infected individuals respectively. At the last, these hospitalized and
quarantined individuals are recovered or removed due to the disease with
the rates 7 and Sy respectively. The natural death rate of all the classes is
denoted with 6 while the recruitment or birth rate is denoted by A. The flow
diagram of the considered model for the spread of COVID-19 is given as:

The system of equations for the considered problem with non-
negative IC’s is given by:

{er1-nfe+2-rt9) - -n'c+2-r+20)}

ds s
o = A At Ar il + 160 + iy H) 1 = 35,
dE s
= A+, Ae o+l + o0 + pyH) 3 — E(o +6),
dAp
o = OE — (L= Oy + Qyy + v +yp +8)Ar,
dA
e (1= OyuAp — (dr + 0)A,
; (5)
dI
i Sy, Ap — (ko + ki + kg + 8)I,
d
d_? =WoAp + Kol — (Br +9)0,
dH
a kul — (1 + 8)H,
dR
I = MRA+ WeAp kel + ngH + frQ — 6R.
4
With
S(0) =8y >0, E(0) =Ey >0, Ap(0) =Ap* >0, A(0) =Ay >0,
10)=1,>0, Q(0)=0Q >0, HO)=Hy >0, R(0)=Ry>0.
(6)

4. Positivity and Boundedness of the COVID-19 Model

In this section, we will show that the solution of the considered
problem is bounded as well as non-negative. For this, we will state the
following lemma (AHMAD et al., 2021; AHMAD et al., 2021; AHMAD
et al., 2021; AHMAD et al., 2021; Z. Ahmad et al., 2020b, 2020a):

Lemma 4.1. Consider ®cR x C" is open, g; € C(®,R),q=1,2,.,n. If

gqy(t)foygq:_'—onzo’ Y. = (_ylt7y2t7'7yrlt)T~, qg= 1, 2, ., n, then
q(t)=0,Y;

Clo{e = (01,99, 0n) : @ € C([—0,0],R",)} is the invariant domain of
the subsequent equations.

dy,(t)
dt

=gt Y),t>p,q=12,.,n @

Where
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RZO{(ylvy%'?yn):yt]ZOﬁ q:1!27'7n} (8)

Preposition 4.1. The system (5) is invariant in [Ri.
Proof: By rewriting the system (5), we have:

aw

o M(W(1), W(0) = Wo >0, 9
My (W), Mo (W), M5 (W), Ma(W), "

M(W(H) = ' ' . 10
W) <M5<W),M6(W>,M7<W>,M8(W> a0
We noted that
dt|s_g
dE S
| = (At Aptpd H >0
dr),_, (kaAttp, Ar -t pgQ by )(S+A+AP+I+Q+H+R+D)_ :
@ =cE>0,
dr |4,—o
dA
2 =(1-0)y,Ap>0,
dr), , (1=0)y,Ap>0,
al
Tl =ap,Ar>0
dt o QI/I PV,
dQ
= =y Aptkl >0
dt 0=0 WQ P+KQ -
dH
2 =xul>0,
dt |y
dR
| =rA+yAptrpl -+ HAB,0>0.
dt |y

1)

Hence, R® is invariant set.

Preposition 4.2. The system (5) is bounded in the region:

@ = { (500 B0 Ar (.40, 10,000, 0, R() € R () <5

Proof:. Boundedness of the problem (5) can be verified by adding all
equations of system (5), we obtained:

dN(1)
dt

The solution of Eq. (12) takes the form:

= A — 8N, withN(0) — Ny > 0. (12)

N(t) < Noe ™ +%(1 —e™). (13)

It can be clearly seen from Eq. (13) that if t—oco then N(t) < %which

(6 +5) 0 0 0
-0 ((1=Qwy+lw,+yrt+wy+8) 0 0
v | o (1=, I +6 0
- 0 Ly, 0 (ko + Ky + kg + 6)
0 W, 0 —Ko
0 0 0 —Ky

means that the feasible region for the given model will be:
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o= {(S(l)»E(t)7AP(t)7A(I)7l(l)vQ(l%H(t%R(t)) eRY:N(r) < /—(;} a4

Hence the solution of the considered COVID-19 model is bounded.

5. Model Equilibria and Basic Reproduction Number

The possible equilibrium points of model (5) can be obtained via the
steady state by assuming:

—=0 (15)

dS _dE _dA, dA dl _dQ dH dR
dt dt  dt  dr  dt dt  dt  dt

Using Eq. (15), model (5) becomes:

S
0=1- (/"EE+.MAA+.MAPAP+ﬂ11+”QQ+ﬂHH)N7§S~,

0= (uaAA+ A ] + igQ + pigH) & — oF — O,

0="0E — ((1 =Q)ys +Cw; +wr +yp + Yy +0)Ap,

0=(1-Oy,Ap — (g +Ap + O)A, , (16)
0=y ,Ap — (kg + ki + kg + Kkp + 8)1,

0 =woAp + Kol — (BrQ + BpQ + 9)Q,

0 =xpl — (z +1p + O)H,

0 = ArA + WpAp + kgl + nxH + prO — 6R.

The possible unique disease-free equilibrium (DFE) of system (16)
can be achieved by consideringE =Ap =A =1 =Q =H =R =0. The
possible DFE is given as:

A
¥pre = (SovEU:AngOaIO?QovHovRo) = (5505070¢070$070>‘ a7)

Now have to compute the basic reproduction number %,. The basic
reproduction number R, gives the average number of the secondary
infections created by a single infective individual during its entire
infection period in a susceptible individuals (Khajanchi et al., 2021a). 3,
is typically known as a basic reproduction number or a contact number
in the epidemiological models [1,17] and obtained by next generation
matrix approach (Van Den Driessche and Watmough, 2002a). For this,
we introduce the two matrices F and V at ¥ g by applying the procedure
of Next Generation Technique (Van Den Driessche and Watmough,
2002b):

O Ha, Ho M Ho Hy
o 0 0 0O 0 O
o 0 0 0 0 o0
F= o 0 0 0 0 O as)
o 0 0 0 0 O
o 0 0 0 0 O
and
0 0
0 0
0 0
0 0 (19)
Pr+0o 0
0 Ng +6

According to the next generation technique given in (Van Den
Driessche and Watmough, 2002b) [28], the spectral radius p(FV!) is
the essential R, which is given below:
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(/"A’94 + ‘93/4Ap)6 o, (ke + 9ap;) | (Cxow; + Osyp)omy

Ry = . 20
0 9,995 9192959, 9192959 (20)
Where
==y, +8y, +yp+wy+6, S=0+65 9=+,
9 =1-Q0w,, 95 =ko+kn+kg+6, d6=pp+6 97 =np+6.
(21)

Next, we have to find the endemic equilibrium (EE) of the considered
problem which is symbolized by ¥g = (S*,E*,Ap, A", I*,Q", H,R*) and
is given as:

A xS E'c ., Apd,

g B " A 7
S+y o+ P9 Ag+6

e Qv Ap 0= Ap(Croy;+959) H— I'ky
K'Q-'!‘K)r-l-‘rl('}e-i‘(s7 19519(, K'Q-'!‘K)r-l-‘t‘KR-F(S7

_Ar  H'g I'Brkg I'kx Apbrio W

9,6 959;6 96 5 | 966  9,9,8(6+y)

(22)

%

Where

4= HAA" + i, Ap + I + 1o Q" + pyH'
N*

6. Fractional Model of COVID-19 with Mittag-Leffler Function

To generalize the classical model of COVID-19 given in Eq. (5), we
apply the definition of Atangana-Baleanu fractional operator in Caputo
sense. Thus, Eq. (5) becomes:

S
CQIS() = A (HaA + iy Ap + iyl + 1o Q + pyH) 1 = 35,

S
MBCOPE(r) = (A + p, Ap + ] + poQ + i H) N (E +d)E,

ABCW?)AP(t) =0E — (1 = QOw, +Cw; tyr +yp +6)Ap

MCHIA(r) = (1 — Qw,Ap — (A + 8)A, (23)
ABC@IJ)I(I) = é’ll/lAP - (KQ + Ky + KRr + (S)I7
M O(1) = woAp + kol — (fr + )0,

)
MCQIH(t) = kul — (g + O)H,
ABC@f)R(t) = ArA + W pAp + krl +ngH + 0 — 6R.

Where ABC@?(.) is the definition of ABC fractional derivative having
fractional order ¢.

7. Uniqueness of the AB-Time Fractional Model

This section of the present paper provides the existence of a unique
solution of the ABC-time fractional model, which is given in Eq. (23). Let
us consider B(w) be a Banach space of the real-valued continuous
functions with supremum norm defined on the interval w = [0, T] and
= B(w) x B(w) x B(w) x B(w) x B(w) X B(w) x B(w) x B(w) with the
norm ||(S,E,Ap,A,LLQHR)| = || + Al + 11l + 1@l +

[H|| + [IR]|, where [|S|| = sup{|S(t)| : t € @}, [IE]| = sup{|E(t)| : t € 0},
[4pl] = sup{|Ap(®)] : te @}, [A] = sup{lA(t): tew}, I =
sup{|I(t)] : t € w}, [IQll = sup{|Q(t)| : t € @}, [|H| = sup{|H(t)| : t € w}
and ||R|| = sup{|R(t)| : t € w}. By applying the ABC-fractional integral

operator given in Eq. (23), the equation takes the following form:
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N
S(t) _ S(O) _ /SBC[? (/1 — (/IAA +ﬂAPAP + pd + /lQQ +ﬂHH) N — 5S) s

. s
E(f) — E(0) = 2519 ((MAA + ta Ap + il + o0 + iy H) N~ (E+ 5)E> ;

Ap(1) = Ap(0) = I (0E — (1 = O)wy + Ly + Wy + o + 8)Ap),

A1) = AO) = 35T (1 = Oyiydr — U + 5)A),
I(f) — 1(0) = 25€1? (Cy,Ap — (kg + Ky + kg + O)I),
0(1) — 0(0) = I (WA + kol — (B +8)0),
H(1) — H(0) = §I] (kul — (nz + 8)H),
R(t) — R(0) = 8%CI? (ARA + wpAp + kil + nzH + BrQ — OR).
@24)
Which implies:
S(1) — S(0) = %H(z S(1)) r / HE S@E)(t — &) de,
()~ E() = G Ho ) + % 'H@, @)t — £ d,
_ _1-9 ¢ _ gy
Ar(0) = 42(0) = G (e An0) + s [ e An(E) -0
A() = A0) = G 0 AW) + g b [t a@)o- o e
1(1)—1(0)—%H(1,1( e r((/) /H (& 18) (1 — &) e,
0() - 00) = g 0.0 + b [ e 0@ - 9% a
HO) - HO) = G b1 0) + 5t [t @) - o e
()~ RO) = 0RO + 5 [ r@) - o e
25)
Where
H(1,8(t)) = 2 — (A + pa, A + il + Q0 + iy H) % - s,
H(t,E(1)) = (A + pa, Ap + pyl + pgQ + pyy H) 1% —(E+9)E,

—((1=Qwy + Cw; + gty +0)Ap
t7A(Z)) = (1 - é’)WAAP - ("LR + 5)A7 (26)

The expressions H(t,S(t)), H(t,E(t)), H(t,Ap(t)), H(t,A(t)), H(t,I(t)),
H(t,Q(t)), H(t,H(t)) and H(t,R(t)) are thought to satisfy the Lipchitz
condition if and only if S(t), E(t),Ap(t),A(t),I(t), Q(t),H(t) and R(t) are
upper bounded. Let us consider S(t) and S; (t) be the two functions, then
we have:

2S(1)E(

— B
Hg(hs(f))*g(tvsl())H*HHpSI() 2+(K1’ o’S(1))C1(t)+y’ Co(1)

)7 (K/)'*G/}Sl (t))Cl (l‘)*l[//;CZ(I)

(27)
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AR

HaA + pa,Ap + ) S

S (#1' +1oQ + uyH E‘

Fig. 1. Graphical Scheme of the model.

A (A A T 1 gQ g H) 08 |H (e, EW) — H(s, E (1) | < LIE@) — E ()],
I (1,S(0)~H (1,5, (1)) | = S HZE”Z‘E’()?) fo(I(; Al ”LS”LX(”f”(Z z)A”p,l(r>||,
At (p A tg, Ap I+ O+ H) —+6S, L, A1) — H(z, <Ly — A ()],
b Ar bl o 1)y (1, 1(0) — H(t, 1 ()] < Ls11(0) — 1, ()] 30)
ol TR TR R
: . 1, t t,Hy (1 < t
Equivalent to: 16 R — H6 ROV = LR — R0,

<
I (5, $(2)) = H5 S @) < LSO = $i 0l (29 Hence, the above functions satisfy the Lipchitz condition with the

corresponding Lipchitz constants, i.e., Ly, Ly, L3, L4, Ls, Lg, L7 and Lg.

Where L; = ' ‘ hav- Recursively, we can write Eq. (25) as:

(a4, Ap -+l Qi) (3~ ) 45061 -5
ing Ny =S +E4+Ap+A+I+Q+H+R is the corresponding Lipchitz

constant.

In similar way, we can attain:

Sm(t) - S(O) = %H(Z» Sm—l(t)) + G(¢)¢ (¢)

g7 | HES (@) -9 de,
Em(’)‘E(‘)):%H(%Em—I()) JF /H:E_ @) — &g,
Apn(t) = Apn1(0) = %H (t.Apni (1)) +W /0 tH(é,Ap,mfl(f))(z -’ lag,
A =1=¢ v
) = A00) = g H Ao 00+ s [ (e Awn @)1= 87 @31
In(0) —100) = %H (11 (1) +W / HE 1 (€))(— &),
0ul0) = 0(0) = G Hlt 0urs(0) + gt [ G 0 (€0 - 0% e
Hu0) — H0) = G H0 o (0) 4 s [ (e o () - 97
Ralt) = RO) = 0 R 0) + g [ e R )0 - 0"
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By the difference of consecutive terms, we get:

( - 4)){1_](’7 mel (t))
()’{H(:, O 1(8))
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Yol Iz k(t). Moreover, using Eqgs. (29) and (30) and taking [ [ ,,_; (t)

Smfl(t) - Smfz(t), HE,m—l (t) = Emfl(t) - EmfZ(t)’ HAp.mfl(t)
( ){H t Sm 1( )) H(t Sm 2( ))}
L. () = $u(6) = $.1(0) +_ / S (6)) — HE S a0 — e |
1 (1 - ¢){H(Zv Emfl(t)) - H(t: Em—Z(t))}
L0 =550 o +% (,’{H(f,Emfl(f:)) — H(E En2(8)} (e = &) 'de |
| — ) {H (1, Ap-1(t)) — H(t,Apu2(t) }
HAPM('?) =Apu(t) = Appi (1) = G b [ 4o }
() ) /0 {H (& Apu1(8)) — H(& Apna(8)) }(1 — &) de
| (1= p){H(t,An1 (1)) — H(t,An2(1))}
m m—1 = ! N 32
LLan®= 0 =405 | [t )~ G A s 0 | 2

_H(t: mel(t))}
7H(§7Qm—2(§))}(t75)¢7Id§ '
_H(t-erfZ(t))}
—H(& Ha(9)} (1 = )" e |
— H(t,Ru2(1))}
H(E Ry (8}t — &) 1de |

Apm-1(t) = Apm—2(t)s [Tama®) = Am-1(t) — Am-2(t), [lgm-1(t)

It is important to mention here that Sp(t) = kol lsx(t) En(t)  Qur(0) = Qu-2(0)Ilum1(t) = Hno1(6) ~Hn2(t) and [Tgm,(0)
= Y kollzk(®), Apm(t) = ol lak (1), Am(t) = Ylollak(t), In(t) = Rm-1(t) — Rm-2(t), we reach the following form:

kol (®); Qm(t) = 3opollor(0):Hm(t) = 3ol ls(t), and Rm(t) =

1L, 00 < G 2ulIL, 01+ gt [ L, @lc- o

ITL,, 01 < IG‘ 1L, 0l Jw [ LIIL,, ©lc-oa

IIL, .01 < 2Ll 0+ gt [ LI, ©l6- o

L, 0l < G“’” LITL,. 0l + ¢;’; [T, @l -o e »
1L, 00 < G I, o) ¢§’r [, @l -o* e

(| RCIES I § SO By WA § PG

L. 00 < Gt T O+ gty [ 2L (@l - 0 e

ML 01 < o bl T, 1 + ¢;‘; i [ 6l @l o e
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Theorem. The present fractional model (23) has a unique solution for t €
[0, T] if the following condition satisfies (AHMAD et al., 2021; AHMAD
et al., 2021; AHMAD et al., 2021; AHMAD et al., 2021; Qureshi and
Yusuf, 2019c; Sinan et al., 2022, 2021):

(1 _ (/)) (/’ )
L, Lib 1, k=1,2,3,4,5.
6@) e <t o
Proof. :Asitisalready shown that S(t), E(t), Ap(t),A(t),I(t),Q(t),H(t)

and R(t) are bounded functions. It is also shown in Eqs. (29) and (30)
that H(S(t),t),H(E(t),t),H(Ap(t),t),H(A(t),t),H(I(t),t),H(Q(t),t),H(H(t), t)
and H(R(t), t) satisfy the Lipchitz condition. Thus, by implementing the
recursive application, Eq. (33) takes the following shape:

b

L, 01 < s (e + 5 (q;;r(@w)’ﬂ
L0l < e (g )LZ o)
ITL, .01 < s (2 + gt )
ITL.0 < 1o (‘g ¢f>L4 )
L 00 < b (U + )
T, 01 < oot (P + (¢§¢r(¢)Lﬁb¢)m,
1L, Ol < IH)] (“G(‘ D ¢’;;( ¢)L7w)m,

]

1-— b m
L, 00 < o (S + o o)

Therefore,

HHS,m(

(34)

the above-mentioned sequences exist and satisfy

B)]=0, [em(®)[| =0, [TLap m(@®)[| =05 [TLam | =0, [[Trm(®)[| =0,
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Fig. 2. Cumulative reported cases in south-east Asia, Europe and Americas
between 1st May 2021 and 31st July 2021.

Table 1
List of Parameters with Description.

Parameter  Description

Ha Contact rate among asymptomatic and susceptible individuals

Ha, Contact rate among pre-asymptomatic and susceptible individuals

Hy Contact rate among symptomatic and susceptible individuals

Ha Contact rate among quarantined and susceptible individuals

My Contact rate among hospitalized and susceptible individuals

o Incubation period

4 Proportion of exposed developing asymptomatic infections

Wa Disease progression rate from the pre-asymptomatic to asymptomatic
individuals

"t Disease progression rate from the pre-asymptomatic to infectious
individuals

Vo Quarantined rate of pre-asymptomatic individuals

KQ Quarantined rate of symptomatic individuals

KH Hospitalization rate of symptomatic individuals

KR Recovery or removal rate of symptomatic individuals

R Recovery or removal rate of hospitalized individuals

Pr Recovery or removal rate of quarantined individuals

YR Recovery or removal rate of pre-asymptomatic individuals

AR Recovery or removal rate of asymptomatic individuals

A recruitment rate

S Natural mortality rate

Where %Lk +WZ@L,( < 1 by assertion and Sy, S, S3, 34, s, Se, S
are the terms and Jg given enclosed in brackets of Eq. (34), corre-
spondingly. Thus Sy, En,Apm,Am,In, Qm,Hn and R,, represents the
Cauchy sequences in B(w). As a result, they are all uniformly conver-
gent. As m—oo is applied to Eq. (31), it shows that the limit of these
sequences is the model (23) unique solution. The existence of a unique
solution for the system (23) is eventually established.

8. Numerical scheme for the Solution of the Fractional Model

Applying the procedure in Definition (2.3), the numerical algorithm
for the model (23) can be stated as:

[TIom®]|=0, |11;m(®)||—>0 and ||[Iz()[|~0 as m—co. Further, by
applying the triangular inequality for any j, we get:
m+j amtl  emtl
e S-S
[[Smis(2) = Su(1)|| < Z 3 *#v
k=m+1
mzﬂ orm+l _ 31r1+j+1
[|Ems(2) — 2
k=m+1 1-3 7
Z (~m+1 sm+j+l
HAP.er/( ) APm 2
k=m+1 1=35 7
ctm+1 Sm+j+l
HA”I*/'(I) Z -3, )
k=m+1
(35)
m+j amtl emtjtl
ST -3
Hlm+j(t) 711?10)“ S Z 8/; :5170‘57
k=m+1 -9
% c~m+l _ Sm+j+l
HQm+j( Qm = 46!
k=m+1 1S
m+j cgm+1 cgmj+1
377 -3
(|Hosi (1) = Ha(0)]| < $; = %7
k=m+1 7
+1 gm+j+1
-3
Rt R < 5 o = =T

k=m+1
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9. Model Fitting and Forecasting

In the present analysis, three continents are targeted to investigate
the spread of COVID-19 namely South East Asia, Europe and Americas
(North and South America which is considered as a single continent).
These three continents are chosen on the basis of high rate of spread of
the infection throughout the population. The real data is considered for
the period of the last three months i.e., 1st May 2021-31 st July 2021.
The reported cases for the selected regions are displayed in the bar chart
given in Fig. 2. To match the considered model with the real data, some
parameters are found in the literature while some (Table 1) are fitted or
estimated. The detail of model fitting for each continent is given below:

9.1. South East Asia

The real reported cases in the south east Asia chosen are between 1st
May 2021-31 st July 2021 which are displayed in the bar graph dis-
played in Fig. 3. Some parameters values are found in the literature
while some are estimated or fitted. The fitted model with the real data is
portrayed in Fig. 4. According to WHO (“WHO Coronavirus (COVID-19)
Dashboard | WHO Coronavirus (COVID-19) Dashboard With Vaccina-
tion Data,” n.d.), the cases which are reported on 1st May 2021 are
22,280,802 which gradually increases and becomes 38,264,653 on 31st
July 2021. The total population of south east Asia for the year 2021 is
reported as 655 million (“Southeast Asia - Wikipedia,” n.d.). Life ex-
pectancy in south east Asia is given as 76.22 years 2021 (“Life expec-
tancy at birth, total (years) - East Asia & Pacific | Data,” n.d.). Similarly,
other initial conditions are chosen randomly such that exposed in-
dividuals are chosen as 6 million, pre-asymptomatic and asymptotic
individuals are considered to be 6 million and 4 million respectively.
The symptomatic individuals are considered as the total reported cases
on 1st May 2021 i.e., 22,280,802. In the same way, quarantined and
hospitalized individuals are taken as 5 million and 1 million respec-
tively. While the sum of recovered and removed which is denoted by R(t)
are considered as 10 million. The remaining total population is consid-
ered to be susceptible which is approximately equal to 600 million.
Other parameters are fitted which are given in Table 2. On the basis of
table values, the basic reproduction number %, for the spread of COVID-
19 in the continent of south east Asia is estimated as 2.8797.

9.2. Europe

The same interval of time for the reported cases is chosen for the case
of Europe and the cumulative reported cases are displayed in Fig. 5.
According to WHO (“WHO Coronavirus (COVID-19) Dashboard | WHO
Coronavirus (COVID-19) Dashboard With Vaccination Data,” n.d.), the
cases which are reported in Europe on 1st May 2021 are 51,503,191
which rapidly increases up to 60,036,987 at the end of July 2021. The
total population of Europe is reported as 746.4 million (“Europe https://
data.worldbank.org/indicator/SP.DYN.LEOO. IN - Wikipedia,” n.d.). Life
expectancy in Europe is recorded as 81.06 years (“Life expectancy at
birth, total (years) - European Union | Data,” n.d.). Similarly, other
initial conditions are chosen randomly as the previous case while
symptomatic individuals are considered as the total reported cases on
1st May 2021 i.e. 51,503,191. Other parameters are fitted or estimated
which are given in Table 3 while the fitted model with the real data is
depicted in Fig. 6. On the basis of table values, the basic reproduction
number R, for the spread of COVID-19 in the continent of Europe is
calculated as 2.23507.

9.3. Americas

The time interval for the spread of COVID-19 is chosen same as the
case of Europe and south-east Asia. The cumulative corona virus cases in
the continent of Europe for the considered period is portrayed in Fig. 7.
According to WHO (“WHO Coronavirus (COVID-19) Dashboard | WHO
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Coronavirus (COVID-19) Dashboard With Vaccination Data,” n.d.), the
cases which are reported in America on 1st May 2021 are 62,109,967
which rapidly increases up to 77,003,547 at the end of July 2021. The
total population of America for the year 2021 is reported as 1.002 billion
(“United States Population, 2021 - Worldometer,” n.d.). Life expectancy
in America is recorded as 79.11 (“United States of America - Place Ex-
plorer - Data Commons,” n.d.). Similarly, other initial conditions are
chosen randomly as the case of Europe and Asia while the symptomatic
individuals are considered as the total reported cases on 1st May 2021.
Other parameters are fitted which are given in Table 4. The curve fitting
between real data and considered model is displayed in Fig. 8. On the
basis of table values, the basic reproduction number R, for the spread of
COVID-19 in the continents of Americas is calculated as 2.92819.

10. Results and Discussion

The impact of fractional parameter ¢ on different compartments for
the case of south-east Asia is displayed in Fig. 9. Similarly, Figs. 10 and
11 portrays the impact of ¢ on different subclasses for the cases of
Europe and America. By varying ¢ while keeping other values fixed, the
obtained solutions generate interesting results and gives a variety of
solutions of the present model. On the basis of real data reported be-
tween 1st May 2021 and 31st July 2021, the results are predicted for the
next 200 days. It is noticed that the effect of ¢ is same in all cases i.e.,
Asia, Europe and Americas. From Fig. 1, it is noticed that by decreasing
¢, the susceptible individuals S(t) increases which means that less
people become exposed. Similarly, increase in S(t) leads to decrease in
exposed class and less people becomes exposed by decreasing ¢. These
exposed individuals gradually move to pre-asymptomatic class Ap(t)
which is also decreases by decreasing ¢. Now, there are two routes to
move the pre-asymptomatic individuals i.e., Asymptomatic A(t) and
symptomatic individuals I(t). Some of pre-asymptomatic individuals
move to enter asymptomatic class A(t). It is noticed that A(t) also de-
creases by decreasing ¢. Some pre-symptomatic individuals with clear
symptoms join the asymptomatic class I(t) where I(t) is also decreases
with decrease in ¢. Furthermore, these symptomatic individuals move to
the quarantined Q(t), hospitalized H(t) or recovered/removed class R(t)
with different rates. It has been observed that Q(t) and H(t) also de-
creases by decreasing ¢ because ¢ decreases I(t) which means that there
will be not enough infected individuals which move to the Q(t) and H(t).
Similarly, recovered or removed individuals R(t) also decreases by
decreasing ¢ because all the classes from which the infected individuals
move to join the recovered or removed class R(t) decreases with
decrease in ¢.

The variation against ¢ for the dynamics of different compartments
for the case of Europe and Americas is same as the case of south-east Asia
which is already discussed above. However, some differences are
noticed for the case of Asia and Europe. From the figures, it is noticed
that the spread of COVID-19 in Asia is comparatively fast to Europe.
Similarly, the transmission of disease in Americas is very fast as
comparatively to both Europe and Asia. It is also given that the basic
reproduction number §, estimated for Asia is high than that of Europe
while the basic reproduction number for America is much greater that of
the both cases Europe and Asia which is also shown clearly through
figures that how the transmission of COVID-19 is high in Americas as
compared to the other regions.

The effect of hospitalization rate of symptomatic individuals kg on
the spread of COVID-19 in different compartment is shown in Fig. 12. It
is observed that xy dramatically decreases the number of infected in-
dividuals over time in the symptomatic class I(t). It means that by
increasing the facilities of treatment in public can control the spread of
COVID-19. Similarly, it also increases the number of hospitalized in-
dividuals H(t) which is obvious. In the same way, xy is also responsible
in the decrease of Q(t) because most of the infected individuals from I(t)
enters to H(t) and there will be not enough individuals left to enter Q(t).
Additionally, kg also increases the number of susceptible population S(t)
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Table 2
Fitted Parameters for south-east Asia.
Parameter Value Source
a 0.5841  Fitted
Ha, 0.6233  Fitted
1% 0.2346 Fitted
Ho 0.1241  Fitted
m 0.1454  Fitted
c 0.1981 Fitted
4 0.6000 Fitted
Wa 0.2342  Fitted
" 0.1223  Fitted
vq 0.0561 Fitted
Ko 0.3345  Fitted
KH 0.0634 Fitted
KR 0.0145 Fitted
I 0.0184  Fitted
Br 0.0193  Fitted
” 0.3360  Fitted
AR 0.4480 Fitted
A N(0) x & Estimated
S 1 (“Life expectancy at birth, total (years) - East Asia
76.22 x 365 & Pacific | Data,” n.d.)

because there will be not enough number of individuals left in symp-
tomatic class I(t) which also decreases the interaction rate between
susceptible and infected population which results to keep more people in
the susceptible class S(t). As the interaction decreases which results to
decrease the spread of virus in overall compartments i.e., E(t), Ap(t) and
A(t) because they are dependent to each other. Finally, the effect of xy
on the recovered population can also be seen from the figure. As, we
have already noticed that xy decreases the spread as well as interaction
among all compartments. So, there will be a smaller number of in-
dividuals being infected which means that there will also be a smaller
number of individuals become recovered because most of the people will
still remain as susceptible.

The effect of quarantine rate of symptomatic individuals x, on the
spread of COVID-19 in different compartment is shown in Fig. 13. It has
been noticed that xq decreases the number of infected individuals I(t).
So, by increasing the awareness of being quarantine among the public,
we can better control the spread of COVID-19. Similarly, it also increases
the number of quarantined individuals Q(t). kq is also responsible in the
decrease of H(t) because most of the infected individuals from I(t) enters
to Q(t) and there will be not enough individuals left to enter H(t).

#107

Number of cumulative reported cases in Europe

10 20 30 40 50

Days

60 70 80

Fig. 5. Cumulative reported cases in Europe between 1st May 2021 and 31st
July 2021.
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Table 3
Fitted Parameters for Europe.
Parameter  Value Source
o 0.5126  Fitted
Ha, 0.5252  Fitted
m 0.2175  Fitted
Ho 0.1126  Fitted
iy 0.1526  Fitted
o 0.1926 Fitted
¢ 0.5982  Fitted
Wa 0.2120  Fitted
v 0.1463  Fitted
A 0.0684  Fitted
Kq 0.1545  Fitted
KH 0.0723 Fitted
KR 0.0267 Fitted
. 0.0192  Fitted
Pr 0.0294 Fitted
Vi 0.3725  Fitted
AR 0.4051 Fitted
A N(0) x & Estimated
8 1 (“Life expectancy at birth, total (years) -
81.06 x 365 European Union | Data,” n.d.)
7
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Fig. 6. Model Fitting versus reported cases in Europe between 1st May 2021
and 31st July 2021.

Additionally, xq also increases the number of susceptible population S(t)
because there will be not enough number of individuals left in symp-
tomatic class I(t) which also decreases the interaction rate between
susceptible and infected population which results to keep more people in
the susceptible class S(t). As the interaction decreases which results to
decrease the spread of virus in overall compartments i.e., E(t), Ap(t) and
A(t) because they are dependent to each other. Finally, the effect of o
on the recovered population can also be seen from the figure. As, we
have already noticed that ko decreases the spread as well as interaction
among all compartments. So, there will be less number of individuals
being infected which means that there will also be less number of in-
dividuals become recovered because most of the people will still remain
as susceptible.

The quarantine ko parameter and hospitalization parameter g,
which are used as the control parameters of COVID-19 in the present
analysis. From Figs. 12 and 13, we have observed that a minimal vari-
ation in both the quarantine and hospitalization parameters can reduce
the spread of infection more quickly. The graphs show that by varying xq
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Table 4
Fitted Parameters for Americas.
Parameter  Value Source
Ha 0.5148 Fitted
Ha, 0.6532  Fitted
" 0.1928  Fitted
Ho 0.1395  Fitted
. 0.1294  Fitted
o 0.1029 Fitted
¢ 0.5732 Fitted
Va 0.2253  Fitted
77 0.1109  Fitted
v 0.0534  Fitted
Kq 0.3102  Fitted
KH 0.0590 Fitted
KR 0.0140 Fitted
R 0.0178  Fitted
Pr 0.0165 Fitted
Vr 0.3778  Fitted
AR 0.5487 Fitted
A N(0) x & Estimated
S 1 (“United States of America - Place Explorer - Data
79.11 x 365 Commons,” n.d.)

and kg, it reduces the number of infected individuals dramatically.
Hence, if the health authorities aware the people of being quarantine by
means of campaign through TV channels, newspapers and social media
and also if they facilitate public with a proper treatment, then control of
disease can be reduced more quickly.

11. Concluding Remarks

Different mathematical paradigms can provide considerable insights
and scientific evidences pertinent to any ongoing epidemic dynamics.
Based on those valuable information, health officials and public health-
experts can set up potential control strategies to battle against any
epidemic. From the emergence of the novel coronavirus in China, re-
searchers and scientists are working relentlessly to develop various
mathematical modeling approaches to gain a deeper understanding on
the progression dynamics of COVID-19 in the world. On the basis of
robust forecasting results of reliable epidemiological models, govern-
ment officials can deploy different public health intervention strategies
to control the rapid transmission of the virus. Herein, the dynamics and
transmission of COVID-19 is predicted for the next 200 days. Based on
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Comulative COVID-19 Cases inAmerica

the fitted values of parameters, the basic reproduction number %, for the
case of America, Asia and Europe isfy =~ 2.92819, Ry ~ 2.87970 and
R =~ 2.23507 respectively. This means that the spread of COVID-19 in
America is high which is follower by Asia and Europe. Basic Repro-
duction number is very crucial number through which we can find that
the disease is an endemic or it will vanish and approach to it disease free
equilibrium. Here, the basic reproduction number is between 2 and 3 for
all the considered regions which means that every infected individual
will infect at least 2-3 susceptible individuals and the disease dynamics
will approach to endemic state because Ry > 1. Our data indicates that
awareness of being quarantined and proper treatment can minimize the
virus risk. the number of infected cases is expected to decrease in a faster
way if governments continue to adhere to COVID-19 restrictions and
control measures. We believe that if the government restricts people to
their homes only, avoids shaking hands, follows proper hand washing
procedures, limits visits to endemic areas, restricts places where infec-
tion can be spread further, and carefully monitors physical and social
distances, the number of infected cases will reduce more quickly.

This work can be extended in different directions such as by
including different classes of human population be categorized the
population via age wise or gender or characteristic wise. Moreover, the
present problem can be analyzed through a different numerical or
analytical technique. The idea of different fractional operators such as
Caputo, Caputo-Fabrizio, generalized Caputo or AB or Prabhakar type
fractional operators can be utilized and the results can be compared to
show that which type of fractional operator can give us the best results.
The idea of different fractal-fractional operators of different kernels can
be implemented to the existing model. In addition to that, this model can
be used for a different area, location or the data of different time interval
can be used. This model can also be linked to other diseases through the
co-infection model. Different incidence rates such as generalized,
bilinear, saturated or half saturated type or many others can be used.
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