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Abstract: In this paper, we consider the stationary double-diffusive natural convection model, which
can model heat and mass transfer phenomena. Based on the fixed point theorem, the existence and
uniqueness of the considered model are proved. Moreover, we design three finite element iterative
methods for the considered problem. Under the uniqueness condition of a weak solution, iterative
method I is stable. Compared with iterative method I, iterative method II is stable with a stronger
condition. Moreover, iterative method III is stable with the strongest condition. From the perspective
of viscosity, iterative method I displays well in the case of a low viscosity number, iterative method II
runs well with slightly low viscosity, and iterative method III can deal with high viscosity. Finally,
some numerical experiments are presented for testing the correctness of the theoretic analysis.

Keywords: double-diffusive natural convection; finite element discretization; iterative methods;
viscosity; uniqueness condition

1. Introduction

The double-diffusive natural convection model, which does not only incorporate
the velocity vector field as well as the pressure field, but also contains the temperature
field and the concentration field, has been widely used in scientific, engineering and
industrial applications such as nuclear design, cooling of electronic equipment, aircraft
cabins, insulation with double pane windows, and so on. For greater understanding
of the physical background, authors can refer to [1-3]. In recent years, the impact of
nanofluid on free convection heat transfer was investigated by researchers in [4]. The free
convective flow of a Nano-Encapsulated Phase Change Material (NEPCM) suspension
in an eccentric annulus was investigated numerically in [5]. The authors obtained that
the volume fraction of the NEPCM particles and Stefan number effect the thermal and
hydrodynamic characteristics of the suspension. The effect of the arrangement of the tubes
in a multi-tube heat exchanger during the solidification process was considered in [6],
which focused on the natural convection effect in phase change material in this research.

Let QO C R? be a open bounded domain with a Lipschitz continuous boundary 90
and oI is a subset of dQ), u = (11, uy) denotes the velocity field, p is the fluid pressure, T is
the temperature, C is the concentration, g = (0, 1) is the gravitational acceleration vector, f;
is the forcing function, i = 1,2. Moreover, n represents the outer normal vector, v > 0 is the
viscosity, D, is the Darcy number, v > 0 is the heat diffusivity, D, is the mass diffusivity,
Br and B¢ are the thermal and solutal expansion coefficients.

The governing equations of this double-diffusive natural convection model are pre-
sented as follows [7].
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Many numerical studies were made concerning the double-diffusive natural convec-
tion model. A projection-based stabilized finite element method for steady-state natural
convection problem was considered in [8]. A stabilized finite element error analysis for the
Darcy-Brinkman model of double-diffusive convection in a porous medium was discussed
in [9]. An efficient two-step algorithm for the steady-state natural convection problem
was presented in [10]. The melting process of a nano-enhanced phase change material in a
square cavity was investigated in [11]. In numerical test, the author used the Galerkin finite
element method to solve the dimensionless partial differential equations. Based on the idea
of curvature stabilization, Cibik et al. [12] discussed a family of second order time stepping
methods for the Darcy-Brinkman equations. A decoupled finite element method called
the modified characteristics method was considered in [13]. Rajabi et al. performed the
detailed uncertainty propagation analysis and variance-based global sensitivity analysis
on the widely adopted double-diffuse convection benchmark problem of a square porous
cavity with horizontal temperature and concentration gradients in [14]. In [15], the mixed
convection heat transfer of AL203 nanofuid in a horizontal channel subjected with two
heat sources was considered. In [16], the curvature-based stabilization method was consid-
ered for double-diffusive natural convection flows in the presence of a magnetic field and
unconditionally stable and optimally accurate second order approximations were obtained.
There are several works devoted to the efficient numerical methods for the treatment of
nonlinear problems. For example, several iterative methods for the 2D steady penalty
Navier—Stokes equations were presented and discussed in [17]. He et al. [18] discussed
a combination of two-level methods and iterative methods for solving the 2D /3D steady
Navier-Stokes equations. Some iterative finite element methods for steady Navier-Stokes
equations with different viscosities were discussed in [19]. Furthermore, the authors refer
to the Oseen method [20], the Newton method [21] and the Euler implicit-explicit meth-
ods [22]. Recently, Huang et al. [23] have considered and analyzed the Oseen, Newton
and Stokes iterative methods for the 2D steady Navier-Stokes equations. He et al. [24]
considered and analyzed three iterative methods for the 3D steady MHD equations.

The main work in this paper is to design, analyze, and compare three iteration methods
to solve nonlinear equations based on the finite element discretization. Then, we will show
the performance of these numerical methods in both theoretical analysis and numerical ex-
periments. By setting o = ma?v=2N(y Y| f1||_; + D Y 2l ;) + ma?v IN(y 2| Al 4 +
D72||f2||_1), we obtain the conclusion that the three iterative methods are stable and con-
vergent as o € (0, 1). Iterative method I and I are valid as o € [}, %) and only iterative
method I runs well as o € [3,1).

In this paper, by developing some techniques and using some ideas in [7], we prove the
existence and uniqueness with a different method, then we obtain a different uniqueness
condition. Furthermore, we propose and analyze iterative methods I and IIL. In addition
to this, we use iterative method II to computer a smaller viscosity than them in numerical
experiments. Compared with He et al. [24], although the iterative methods are the same,
the considered problems are different.

The paper is organized as follows. In Section 2, we describe the considered problem
and some mathematical preliminaries. In the next section, we prove the existence and
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uniqueness of the weak solution to the considered equations. Then, we analyze stability
and iterative error estimates of three iterative methods in Section 4. In Section 5, we show
some numerical experiments to verify the correctness of theoretical results. In the last
section, conclusions are presented.

2. Preliminaries

In this section, we present some basic notations and properties for the stationary
double-diffusive natural convection problem. First, for1 < g < coand m € N *, we use
standard notations for Sobolev space W"4((Q)) and Lebegue space L1(Q2). In particular,
L?(Q) norm and its inner product are denoted by || - ||o and (-, -). Moreover, for f, an
element in the dual space of H!(Q), its norm is defined by

_ |(f 9)]
”f”—l - 1/JesHulI()Q) HVI/J”O

Next, we introduce the functional spaces associated with the velocity, the pressure, the
temperature, and the concentration:

X={ueH(Q) ulzn=0}, W={peH(Q):¢lor=0},
Q={sc H(Q):s|pr =0}, M= {q cL*(O): /qux = 0}.
Then, we define the following particular subspace of the velocity space X
V= {v eX: /quivvd() —0,¥g € M}.

Moreover, define several continuous bilinear forms ag(-,-), a1 (-, -), a2(-,-) and d(-, -)
on X XX, Wx W,Q x Qand X x M, respectively,

ap(u,v) =v(Vu,Vv), Vuvel a1 (T, p) =v(VT,Vy), VT,peW,
a7(C,s) = D.(VC,Vs), VC,s€eQ, d(g,v) = (g,divv), VveX\Vge M.

Further, denote three skew-symmetric trilinear forms:

co(u,v,w) = ((u-V)v,w) + %((div u)v,w)
1 1
= E((u V)v,w) — E((u V)W,V), Yu,w,v € X,
(0, T,9) = (u- V)T, 9) + 5 ((div w)T, )
- %((u-V)T,lp) - %((u-V)gb,T), VueX, T,pcW,
e2(,C,5) = ((u-V)C,5) + 5 ((div u)C.s)

(u-V)C,s) — %((u-V)S,C), VueX, Cse Q.

N —

Please note that the bilinear form d(-,-) is continuous on X x M and satisfies the
inf-sup condition [25]: there exists a positive constant B¢ such that

|d(q,v)|
su > , VYge M.
S ol = Pollalor ¥

The trilinear forms [18] satisfy

co(w,v,w) = —co(u,w,v), |co(u,v,w)| < No||Vullo|| Vvl V|, 2
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and

Cl(u/ Tr lp) = _Cl(u/ llJ/ T)r CZ(u/ C,S) = _CZ(urS/ C)/ (3)
lc1(w, T, )| < Nil[Vullg[VT o[Vl lea(u,C,s)] < Na|[Vullo[VCl|o[[Vsllo,

where N; > 0,i =0, 1,2, are three constants defined as Ny = sup,, , wex HVHI‘\CO\I(;%’
4 0 0 0

le1(u,T,9)|

oll

_ _ 2 (w,C,s)|
N1 = SUPuex,rpew Tulg v, Iwel,” 209 N2 = SUPyex,cseq Tul, [VCT VST,
Furthermore, we recall the Poincaré inequality [25]

ullg < &||Vully, Vue HY(Q), )

where « is a positive constant depending on Q).
The variational form of the model (1) is presented as follows: find (u,p,T,C) €
X x M x W x Qsuch that for all (v,q,¢,s) € XX M x W x Q

a (T, ¢) +a(w T, ¢) = (fi,9), (5)

{ ag(u, v) + co(u,u,v) + D, ' (u,v) —d(p,v) +d(q,u) = (BrTg + cCg, V),
13(C,s) +c2(u,C,s) = (fa,5).

3. Existence and Uniqueness

This section gives the existence and uniqueness of (5), which is crucial to consider the
discrete scheme.

Theorem 1. There exists at least a solution pair (u,p,T,C) € X x M x W x Q which satis-
fies (5) and

IVTllg <y Al 1VCll < D2l -1

6
IVully < v ma(r Y filly + DI fall o). ©
Proof. First, for u € X, it is easy to see that a;(-,-) +¢1(u,-,-) and a(+,-) + c2(u, -, -) are
continuous, elliptic bilinear forms of W x W and Q x Q, respectively. Hence, according to
the Lax—Milgram theorem, there exists a unique solution T € W to the second equation
of (5), and a unique solution C € Q to the third equation of (5). The theorem will be proved
if we can show that there is at least a solution u € X in the first equation of (5).

Secondly, ag (-, -) is a continuous and elliptic bilinear form on X x X. Using (2) and (4)
we obtain

[—co(w,u,v) + (BrTg + feCg v)| < (Nol| Vulld + ma(| VTl + [VCll)) [V,

where m = |g| max{|Br|,|Bc|}. Then, we define a mapping A : X — X by A(u) = w;
where

ao(wy,v) + Dy Y (wy,v) = —co(u,u,v) + (BrTg + BcCg,v), Vv EV. (7)

Clearly, u is a solution of the first equation of (5) with v € V, if it is a solution of
A(u) = u. Using the Leray-Schauder Principle [26], A(u) = u has at least one solution
u € X, if (a) A is completely continuous; (b) there exists M; > 0 such that for every
A € [0,1] and v € X with AAv = v, v satisfies the bound || Vv||, < M;.

Assume uj, up € X and subtract the equations obtained from (7) with u = u; and
u = up. Then, set w = A(uz) — A(u;) and choose v = w to yield

ag(w, w) + D, 1(w, w) = — co(uz — ug, up, w) — co(uy, uy — ug, w)

+ (Br(T2 — T1)g + Bc(C2 — Ci)g, w). ®
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Moreover, in order to estimate ||V (T, — T1)||, and |V (Cy — C1)||, we substitute T; and T,
in the second equation of (5) and subtract the ensuing equations to obtain

a(T = To, ) = —c1(wp —wy, To, ) —c1(uy, To — Ty, ).
Taking ¢ = T, — T; and using (3) we obtain
IV(T2 = T1)llp < v~ Ni|V (w2 — 1) o[ VT2 - ©)
Analogously, we have
IV(C2 = Ci)llg < D' N[V (w2 — 1) [o | VCall- (10)

Further, combining (9) and (10), we obtain the bound of (8) as follows

IVwly < v (NOHVulHo + Nol| V|l + ma?(y "' N[V T2 + D51N2||VC2H0)) IV (uz = wi)fo-

Hence, A is completely continuous.
Now, we prove (b). If A = 0, then v =0and ||Vv|, = 0. Assume A € (0,1] and v € X
satisfies AAv = v. Then, from (7), we have

A lag(v,v) + A7ID Y (v, v) = —co(v,v,v) + (BrTg + BcCg, V).
Using (2) and (4), we arrive at
IVvllg < v ' Ama®(|[V Tl + | VCllo)-
Thirdly, setting i = T in the second equation of (5), we have
WYTllg +er(w T,7) < Al IV T .

Thus, applying (3) leads to
IVTl < v Al

Similarly, taking s = C in the third equation of (5), we obtain
IVCll < DIf2]l -4
Moreover, choosing v = u in the first equation of (5) and using (4), we arrive at
V[ Vull§ + co(u, u,w) < ma®(|[V Tl + [V Cllo) [ Vullo,
which combines with the above two equations to give
IVully < v='ma?(y7HIfll -y + DI fall -y)-
The proof is completed. [

Theorem 2. Assume that (u,p,T,C) € X x M x W x Q is a solution pair of (5). Ifv, D¢, vy, C
and T satisfy the following uniqueness condition

0 < o= ma®v2No(v Y| fill .y + DI f2ll -q) + mav™ (v Nal fill oy + D2 Nallfall ) < 1,

then (u, p, T, C) is unique solution pair of (5).

Proof. Suppose (uy, p1, T1, Cq) is also a solution pair of (5) and uy # u,p; # p,T1 #
T,C1 # C, then
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ao(uy, v) + co(ug, ug,v) + D, (ug, v) —d(p1,v) +d(q,u1) = (BrTig + BcCig, V),
ao(w,v) + co(u,u,v) + D; ' (u,v) — d(p,v) + d(q,u) = (BrTg + BcCg, V),

(11)

forall (v,q) € X x M.
Now, choosing v =u — u; and g = p — p;, we obtain
ap(u—uj,u—w)+ D, (u—u,u—1u)
= —co(u—up,w,u—wy) + (Br(T —T1)g + fc(C—Ci)gu—u).

Hence, applying (4), (9), (10), Theorem 1 and the uniqueness condition, we have

2 - - 2
V[V (u w3 < (Nol|Vullg + ma?(y Ny [V T}y + D Nl VCllg) ) ¥ (= ) 3
2
<v[[V(u—wm)lf,
a contradiction. Hence,u; =u, 1) =T, C; =C. O

4. Several Iterative Methods Based on the Finite Element Discretization

In this section, we propose three iterative methods for the double-diffusive natural
convection model. Then the stability and convergence of these iterative methods are
considered. First, let 0 < h < 1 denote the mesh size which is a real positive parameter and
K, = {K: Ugca K = Q} be a uniform partition of ) into non-overlapping triangles. Next,
given a Kj,, we consider the finite element spaces X, M, Wy, and Q,

Vi, = {vh e VN CY(Q)?: vy € P2(K)?, VK € Ky},
My, = {g, e MNCY(Q) : g|x € P1(K), VK €Ky},
Wy = {g, e WNCY Q) : |k € P,(K), VKE€EK;},
Qn = {sn € QNCY(Q) : sk € P2(K), VK € Ky},

where P;(K) represents the space of the order polynomial on the set Kj,, i = 1,2. Please note
that the Taylor-Hood element Xj, x M, satisfies the following discret inf-sup condition

d(q,v)|
su > , Vg€ My,
vE)I(Dh HVVHO .BHqHO q h

where the constant > 0 is independent of .
With the above notations, the finite element scheme for the natural convection problem
is defined as follows: find (uy, pj,, Ty, C;) € X X M x W x Q such that

ag(uy, v) + co(ap, uy, v) + Dy H(up, v) —d(py, v) +d(q, )

= (BrTug + BcCrg V), (12)
a1 (T, ) +c1(up, T, ) = (fr, ),
a2(Cp,s) + ca(up, Cp,5) = (f2,8),

forall (v,q,1,s) € Xj, x My, x Wy, x Qy,. The following stability and convergence results of
the numerical solutions to (12) are showed.

Theorem 3. ([7,8,26,27]) Let (u, p, T,C) € (H3(Q)?NX) x (H2(Q)NM) x (H3(Q)NW) x
(H3(Q) N Q). Under the assumption of Theorem 2, the numerical solution pair (wy, py,, T, Cy,)
to (12) satisfies

IVTillo < 77 HIfl -1 IIVCall < DEMIf2ll 4,

and
IVuylly < v lma(y YAl + DIl o)-
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Moreover, the following error estimate holds

IV (= up)llo + [[(p = pu)llo + V(T = Ti)llo + [V(C = Ci)llg
<ch?([ulls+ Ipll, + T3+ ICll5),

where c is a positive constant depending on h.

In the following part of this section, we propose and analyse three iterative methods.

Iterative method I. Find (u}}, pj;, T}, C}l) € Xj, x My, x Wy, x Qy, such that

ao(u}},v) +co(u) ™ 1 Jul,v) + D;l(u,’;,v) —d(pj,v) +d(q,uj;)

= (BrT; g+ BcCi8 v), (13)
ar (T, o) +a(u LT 9) = (fu ),
a(Cjl,s) + cz(uﬂ_l,Cﬂ,s) = (f2,9),

for all (Vh,q,¢,5) S Xh X Mh X Wh X Qh'
Iterative method II. Find (u}}, pj;, T}, C}!) € Xj, x My, x W), x Qy, such that

ag(uj,v) +co(uy ™ ! uh, )+co(uZ,uZ_1, v) —co(uy,~ 1,uZ_1,v) + D, (ul,v)
“d(v, i)+ dluq) = (BrTjg+ peClgv) ”

ay (T}, ) + 1 (uy ! T" ¥) + e (), T p) —Cl(uh LT e) = (Au9),

a(C}l, )—l—cz(uh CZ, )—l—cz(uh,Cgfl,s)—cz(uh C”*1 ) (f2,s),

forall (v,q,¢,s) € X;, X My, x Wy, X Q.
Iterative method IIL Find (u}, pj;, T}, C}l) € Xj, X My, x Wy, x Qj, such that

a0(u,v) + colw! w1, v) 4+ Dy, v) — d(pf,v) + (g, )

= (BrTjjg + BcCys V), (15)
a (T, ¢) + e (wy L T h ) = (fu ),
a(Cpl,s) + cz(uzfl,Cﬁfl,s) = (f2,9),

forall (v,q,¢,s) € X, X My, x Wy, x Q.
For the above three iterative methods, the initial guess (uh, ph, T,?, Cg) € Xp, x My, X
Wy, x Qy, is defined by solving the following equations

u%,v +D, (uh, V) — d(ng") +d(q, uh) (ﬁTT;fg + ,BCChg, v),
;6/ fl/ )r (16)
S ) (fr5),

forall (v,q,¢,s) € X, X My, x Wy, x Q.

Now, we will establish the stability and iterative error estimates of the presented
iterative methods for the double-diffusive natural convection model. For the sake of
simplicity, let (e",#",&",6") = (w, —u}, p, — pj, Tn — T}, C — C1).

Theorem 4. Under the assumptions of Theorem 3, (uZ, vy Ty, CZ’) defined by iterative method I
satisfies
IVujilly < v ime? (v Al + D fall ),

VT, <y 1 vCH|, < D1 17)
VTl < v il 1, IVCillg < Dl f2ll 1
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forall n > 0. Furthermore, the following iterative error bounds hold

IVe" g < v ma® (v | fill -y + DZIf2ll ),
IV llg < 47 " ma* (M| fill -y + D[ f2ll ), (18)
IV llo < o™y HIfill 1 [IV8"llg < oD fall -y,

foralln > 0.

Proof. First, the induction method is used to consider the stability of iterative method I.
Setting (v, q,¢,s) = (u), p), T?, CY) in (16) leads to
|vT||, <Al ||vel]| < Dt
|vui], < v tma*([ o]+ lvei]) )
<vtme? (v fill g+ D fall )

which shows that (17) holds for n = 0.

Next, assuming that it holds for n = k, we prove that it is valid for n = k + 1.
Taking (v, q,9,5) = (uf !, pk™, TFF1 CKF1) in (13) with n = k + 1 and applying (2), (3)
and (4) yield

k _
|vTt | <Al

[wuiet], < v tmaome + vei ]y

vert| < Dtfll

Hence, we finish the induction method.
Moreover, we consider the iterative error estimates of iterative method I. Making use
of (12) and (13) yields the error equations

ag(e",v) +co(uj ", e",v) +co(e" !, wy, v) + Dy (e, v) —d(y", v) +d(q,e")
= (Br"g + Bcd"g v),
ai (gn/ lp) +Cl(u]7,:71/ ”/l/«’ Cl<en71/ Th/ I,L’> = 0/

20
)+ (20)
ap(6",s) + cz(uZ_l,(S”,s) +cp(e" 1, Cy,5) = 0.

Setting 1 = ¢", s = ¢" in the second and the third equation of (20) and using (3), (17),
and Theorem 3, we obtain

198" lo < Niy 2I1fil| o[ Ve

, VYn>1,
) ) 0 (21)
IV6"lg < NaDZ2| o || V"~

, Vn>1.
0

Then, taking (v,q) = (e",5") in the first equation of (20) and using (2), (4), (17), (21) and
Theorem 3, we arrive at

v Vel <No|| Ve || IVwillg + ma?([ V" o + (V5" o)
<No|| Ve || v tma? (v Iy + D fall )
+ ma?(Nyy 2 fill g + NaD 2 foll ) || 0
Hence, using uniqueness condition, we have

Ve, < o|| Ve || <o"||Vel
0 0

s V=l (22)
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Furthermore, subtracting (16) from (12), we obtain

ﬂo(eO,V) + co(up, up, v) + Dg_l(eo, V) — d(?]O,V) +d(q, eo) = (ﬁTgog + ﬁc(sog, v),
a1 (&%, ) +c1(wy, Ty, ) =0,
02(50,5) + Cz(uh, Ch,S) =0.

Applying (4), the Theorem 2 and the Theorem 3, we obtain

|ve|, <Ny 2 tme (Al + DI DA < A
|8, <MD ma (M Aall oy + DAl I f2ll 4 < DEIfN
| Ve[, <Nov2nPat (v T LAl + D Ifally)? 23)
+ Ny vt (Al + DAl ) A
+ NoD vt (|l + Dl ) L2l
<vma(y Al g+ Dl ),

which combines with (21) and (22), we arrive at

IVe"[lg < v ma (v Y fill oy + De I f2ll20),
IVE"llo < Nuy 2l fill o v tma® (v Y Al 2y + De I f2ll o)
<"y Al
IV8"lg < NaD2 foll 4ot ma® (v Y| Aull Zy + D2l f2ll ),
< "D Y| fall -y,
foralln > 0.

Finally, applying the discrete inf-sup condition, from the first equation of (20) with
g = 0, the error estimate of the pressure can be stated as follows.

17"l <871 (v Ve g + No | Vup~?

Vel + No|| Vet [ vuwlo)
+ B~ (a2 (19" o + Ve ly))

<p~! ("ma? (7 | filly + DIl )
+ Nov2ma (0" + " ) (v full g + DY fall )
+me?o" (v Al + D foll-)

<4p~'o"ma® (77 All_y + DIl o),

foralln > 0. O

Theorem 5. Under the assumptions of Theorem 3, suppose that the following condition (the strong
uniqueness condition)

1
0<0<§, (24)

holds. Then (uj,, pj;, T)!, C}}) generated by iterative method II satisfies

4 _ 4
IVTillo < 377 Al IVCllo < 3D If2l -1, 5)

4 _ _ -
IVl < gv=tme(v7 || All g + D2l -0),
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forall n > 0. Furthermore, the following iterative error bounds hold

9O NTT a1 1

Vel < (30) v tmadlr AL + D A ),

n 19, 1(9 z 20,1 -1 26

199l < 587 (30)  mer Al + DAl ), (26)
9

Ve o <

2n—1 . 9 2"—-1 .
(3) Al 198 < (30) DAL
foralln > 0.

Proof. Combining with (19) and (23), it is found that (25) and (26) hold for n = 0.
Supposing that (25) and (26) hold for n = k, we shall prove that they are valid for
n=k+1.

Subtracting (14) from (12), we obtain the error equations

ag(e",v) +co(u 1 e, v) +co(e”, u) 1, v) +co(e"
—d(v,n") +d(e",q) = (Bri"g+ pcd"g, v), o

ar(§", ) + (w8 ) +ea(e”, T ) +en(e" L8 ) =0,

az(a”,s)+cz(uZ*1,(5”, s)+ca(e”, Cp Ls)+cp(e" 16" 1, s) =0.

“Lv)+ D (e v)

Setting (v,q,¢,s) = (e}, 7}, ¢}, 0}) in (27) with n = k + 1 and applying (2), (3), (4)
and the assumptions on n = k, we have

ot = -t o, o et o]
< éNn*znfl\l_lHVe"“H + Nyt we| v .
o et v, voctfoet] o],

4

< 3N 2ol - 1HVek+1H + NoD; HVe H Hv&k

[,

| /\

and

v vest] ) <nf[ vt [[vest |+ o[ e ma(va] + ve )
<3N ma (il + D all ||Vt + N o

e (GNi 24l [T+ mi e | 92 )

+me?(SN2D 2l [ V| 8D [ | o)

Moreover, imply the strong uniqueness condition (24) on (29), we obtain

Veltl ggNov_l 2
[vet] =5

2k+1_»o
o) v A D] 2

k+1
9 _ 9 \* % _ oy _
vt (30) v ey 2 AL+ DAL)AL

ok+1_»o (30)
9 1 o (9 -1 -1 1
+gvmacNy{ £o vima? D (y | All oy + Dl ) 1 f2l -

9 2k+1_q
<(30) v AL + DA ).
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Hence, making use of (30), we rewrite (28) as

k+1
4. 9 \* ' _ _ _
et <5Mn Al (30) v matr AL + DAL

k+1
(9N TP _ _ _
L ) IR T R T T

g \ 21
<(3) Al
. (31)
[vet] <3meD2l o (30) v tmaty AL+ D)
9 \2"-2
L ) R P R TR T
2k+1_q

9 o
<(3) DAl

Combining the first equation of (27) with n = k + 1 and g = 0 and the discrete inf-sup
condition, we have

2
“to e vt mo vt o]+ ol vt

+p7 (me([ e+ | va]))

e ®

2k+1_q

<p" (v@r) v a2 ( Al + D fel )

2k+1_q

+No<5‘7> v ma(y A+ D fall )

4 _ _ (32)
x v me (Y fill g + DIl -0)
2k+1_2
+no(30) v AL+ DA 2
9 2k+171 9 2k+171
+ moﬁ((Sa) 7 Al (30) Dclnfznl))
k+1
119 /9 \* ! _ _
<p () ml0 AL+ DALY
Furthermore, subtracting (16) from (14) with n = 1 that
ao(u}, — ug, V) + co(u?l, u}l — ug,v) + co(u,lq, ug,v) + D;l(u,ll — ug,v) —d(v, p}l - pg)
+d(w, —u),q) = (Br(Ty — T})g + Bc(Cp — C)g, V), )

ar(Ty; — Tp, ) + e (uj, Ty — Tp, ) + 1 (uy, Tp, ) = 0,
a2(Ch — C,s) + ca(u), Ch — CD,5) + ca(u}, CY,s) = 0.

Then, taking ¢ = T} — T} in the second equation of (33), we observe that

[vm =], = mo o] 97l

and
foici <, <o e il
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Moreover, setting v = u}l1 - u2 in the first equation of (33), we obtain

1_ .0 -1 1 0
[t -], <o o v | [ 7],

+v*1ma2(”V(T1§ - Tf(’))Ho + HV(C’1 N Cg)”o)

<Nov2ma (v foll g + D foll o) | V| (34)
+ v ma (N2 fill g + NaD2 a1l o) ||V

< 1H )

_aHVuh 0

Combining (14) with n = 1 and using (34), we obtain

v < | el = ud)|| 9T+ AL
+r7 Al

[veh|,+ Dl

A
<y 2Nl il [ V|

<D Nyo | fall | Vuh |, + DL fell s

0
vCh| <D M| V() - uf)

(=)

Vu}, o Sv_lNo’ V(u} - ug)‘

0
Vuh’

o7+t omi] + il

<o 2o | V| a1y + D)
v tma (2N il | V| A
+ D Nga | fall ||V |+ DL f2l-0)

SUZHVu}lHO +1/*1m¢x2('y*1||f1|\71 + Dc71Hf2H71)-

In view of the strong uniqueness condition (24), we arrive at

9

|vull|, < gv e AN + DA ),

8
HVT’}HO = %FlelH_V vc}l’Ho = gDc_leZH_l'

Next, taking (v,q,¢,s) = (u?,p?, T, C") in (14) with n > 2, and using (2), (3
g (v.q,9 e P i G &
and (26), we obtain

VTl
<y le(u) —up L T =T e) AN
<y N [Vier ! —en)| [Vt —en| + Al

_ 9\, 9\ _ _ _ _ _
= 1N1<(5o-) +5cr) v Ay + Dl )7 AL+ A

2
_ 3\> 3\ _ _ _ _ _
= 1N1<(5) +5> v (Al + D)y AN+ Ay

4 4
Sg’? Il

Similarly, we obtain

4
IVCilly < gDc £l s
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Finally, it has

IVuglo

2
<v N[V — )| v ma (VT + VG o)

2
§1/_1N0HV(e”_1 —e) ‘0 + v ma? (yIN

‘V(e”_1 —e)

v -en

|, + D2l

A+ Al

+ vflmtxz(D;lNzHV(e”*l —e")

v =a

2
- 3\ 3\ _ _ ~
<v 1N0<(5> +5> v2mPat (v A1l + DI )

2
_ _ 3\ 3\ _ _ _ _ _
v mal(y 1N1<(5) +5> v (Al D Ay Al + 7 AL

2
_ _ 3\ 3\ _ _ _ _ _
+v 1ma2<Dc1Nz((5) +5> v lme (il + DAl ) D I fall -+ D A2l )

4 _ _
<gvTime (Y All g+ DI -

The proof is completed. O

Theorem 6. Under the assumptions of Theorem 3, suppose that the following condition (the
stronger unigueness condition),

O<a<%, (35)

holds. Then (uy;, pji, T}, C}}) defined by the iterative method III satisfies

IVujlly < 20~ ma (v fill oy + D 2l 1),

VTH|, <297t vCH|, < 2D 1 (36)
IVTillg <2y Al [IVCilly < 2D | f2ll -1,

forall n > 0. Furthermore, the following iterative error bounds hold

IVello < (Bo)"v™ ma (v Y| full 4 + D fall -y,
IV llo < 571 (30) " ma (v~ || full .y + D [ fall -y, (37)
IVE"llo < Bo)"™ il g, 1V llg < 3)" DT fall -y,

foralln > 0.

Proof. From (19) and (23), it is obvious that (36) and (37) hold for n = 0. Supposing
that (36) and (37) hold for n = k, we shall prove that they are valid for n = k + 1.
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Setting (v,q,¢,s) = (u},pj;, T}/, C}) in (15) with n = k + 1 and using (2), (3), (4)
and (36), we obtain that
k+1 <1 k k -1

[vmitly <v e ol + oA
<y 'Ni2v tme? (v Al + Dl )2y A+ AN
<27 Al

[veill, <o maf v |veill, + oy
<D 'N22v~tma? (77| full g + DI f2ll 2D foll -1 + DI fall -y
<2D M foll -y,

2
[veirt ], <ot ol[ vk, + v tmet om + oei])

< INp|| Vb 2+v_1m0c2('y_1N | Vul|| VTk +7_1\|f 1)
= h 0 1 hllo h 0 1—1
+ v lma2 (DN | | [[wct]| + DAl
<v 'Nodv 2m*a* (v | fll_y + D2 M| f2ll_1)?
+4v 2y 22 Ny (v Al g + DRl Ay
+v i may 7 full g + v me® DY fal 4
+ 42D 2 Ny (y I full -y + DMl ) N 2l
<2v'me? (v | fill -y 4+ D2l )

Hence, (36) is valid for n = k + 1. Consequently, subtracting (15) from (12) yields

ap(e",v) + co(uZ_l, e v
A"

= (Br¢"g + Bcd"g,
a (&7, 9) + () ey
a2 (8",5) + o (w1, 0" s

+eo(e" ! wy, v) + Dy (e, v) —d(y", v) +d(q,€")

38
+c1(e" 1, Ty, p) =0, (38)
+ca(e" 1, Cy5) = 0.

Now, choosing ¢ = ¢", in the second equation of (38) and using (3), (36), (37) and
Theorem 3, we can deduce that

192",
<Ny v Iy Iy + Dl )92+ Ny 20AlL [ 9e
<Ny e (g YAl + DAl Be) M AL )
Ny 2 Ay Go) v ey il + DE el )
<Goyy il Va1
Similarly, one has
15",
<MD v (0 Al + DAl )90 + MDAl Ve
<2N, D v tma? (v | fill -y + DI fall 1) (B30)" D fal -y (40)

+N2D 2 foll o1 (Bo)" o tma? (v fill g + D 2l o)
<(30)"D M fall g, V=1
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Moreover, taking (v,q) = (e", ") in the first equation of (38) and using (2), (4), (36),
(37) and the Theorem 3, we find that

IVe|ly <v="No(v-'ma2(y M filly + D2 fall o) ) [ Ve

+ 207" No [ Ve | (vTtma2 (Al + D2l )

+maty= 2y v ma (v N il + DN fall )| Ve
+ Ny 2 il Ve )

+ma2v ™! (2D v ma (v N iy + D Nl ) [ Ve
+ N2D 2 fol Ve )

<3u No(30)" v 2ma (v full g + D | fall )2

+ma2v ™ (N2 fol Ly Bo)" v ma (Al + D2l )
+2y v e (v N+ D N fall ) Be) AL )

+maty! <NzDEz||f2||_1(30)"*11fflmtxz(7’1 11l + DI fall )

(41)

+2D; v ma (v N il + DNl 1) Be)" D folly)
<@o)v ' ma (v filly + DM fally) Ve 1.

Finally, combining the first equation of (38) with 4 = 0 and the discrete inf-sup
condition, the error estimate for the pressure can be stated as follows

" llo <87 WIVelly + No|| Vai=? | [[wem | +No|| Ve || vl
+ ma(|VE" o + 1176 lp))
<~ (v(30)"v e (v Y full -y + DI folly)
+ No(30)" 1w ma® (| full_y + DY fall y)2v tma (v Y Ally + D2l )
+ No(30)" v me (7 Ay + D fall ) ma (v Al + D2l )
+ma2(30)" (v il + De Y foll )
<567 30 ma (7~ Al + D1l )

5. Numerical Experiments

In this section, several numerical experiments are presented to compare these iter-
ative methods for the considered equations. We use the public finite element software
FreeFem++ [28].

5.1. An Analytical Solution Problem

For numerical implementations, the iterative tolerance is 1.0 x 10~°. The first issue to
be considered here is to compare these iterative methods for the stationary double-diffusive
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natural convection in the case of QO = [0,1] x [0,1] € R?, to reveal the relationship between
the iterative methods and the viscosity. We consider the following exact solutions.

p(x,y) = cos(7tx) cos(my),
uy(x,y) = 27 sin?(7tx) sin(7ty) cos(mry),
us(x,y) = —27sin(7rx) sin®(7ry) cos(mx), (42)
T(x,y) = u1(x,y) + u2(x,y),
Clxy) = m(xy) —u2(x,y).

Set the Darcy number D, = 1, the thermal expansion coefficient 1 = 1, the solutal
expansion coefficient fc = 1, the heat diffusivity v = 1, the mass diffusivity D, = 1 and
u;=0,T=0,C=00n0dQ,i=1,2. The forcing function f; can be calculated using (42),
i=1,2. We use a fixed value of mesh size h = 61—4, and perform tests for the values of the
viscosity coefficients going from v = 1tov = 1.0 x 1074,

We compare the numbers of iteration and the computational time in Table 1. This
table shows that all iterative methods run well in the case of v = 1. When the viscosity
number increases to v = 1.0 x 1072, iterative method III is divergent. Finally, iterative
methods II and I1I can not export the data with v = 1.0 x 1074, iterative method I is still
convergent. From a computational point of view, the calculation time of iterative method
I and iterative method 1I is similar. However, iterative method II saves about 30% of
calculation time compared iterative method III when v = 1. Iterative method II saves about
35% of calculation time compared with iterative method I when v = 1.0 x 10~2. We can
conclude that iterative method III is the simplest method for a high viscosity number. The
iterative method Il is a fast and high accuracy method for a slightly lower viscosity number.
Iterative method I is stable under uniqueness condition of weak solutions in the case of
the lowest viscosity number. For three iterative methods, the relative error estimates are
presented in Tables 2—4.

Table 1. CPU-time in second (iterative step) needed to reach the convergence tolerance.

Scheme v=1 v=1.0 x 102 v=10x10"4
I 50.696 (4) 174.857 (14) 424,661 (41)
I 49.432 (4) 112.317 (6) —
111 78.703 (7) — —

Table 2. Comparison of three iterative methods using P, — P; — P — P (h = 61—4 and v =1).

Scheme IV ]l il v, Vel
[Vl llplly VT, IvCll

I 0.000717912 0.000206301 0.000359132 0.00094964

1I 0.000717912 0.000206303 0.000359132 0.00094964

III 0.000717912 0.000206251 0.000359145 0.000949645

Table 3. Comparison of three iterative methods using P, — P} — P, — P, (h = 61—4 and v = 1.0 x 1072).

Scheme ”V(”_”ﬁ)uo ”P_PZHO ||V(T—Ti’)||0 ”V(C_C;:)HO
IVully llplly IVTIl, Ivcll

I 0.000738137 0.000200965 0.000359132 0.00094964

I 0.000738136 0.00020096 0.000359132 0.00094964

I — — — —
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Table 4. Comparison of three iterative methods using P, — P} — P, — P, (h = 61—4 and v = 1.0 x 107%).

Scheme |V u—u) |l l[P=rilly Iva—1)]|, Ivc=cpll,
IVully lIpllo VTl Ivclly
I 0.00759437 0.000203286 0.000359133 0.000949641
I — — — —
11 — — — —

5.2. The Cavity Problem

In this numerical experiment, we assume that the boundary conditions satisfy [7,9]

T=1, C=1, u=0 at x3 =0,
T=-1, C=-1, u=0 at x =1,

T _o, €0 u=0 at -0 (43)
on on

oT oC

g—o, g—o, u=0 at XQ—l,

andset D, =1,8r =1,8c =1,v =01, D, = 001, f; = 0 and the mesh size h = 61—4,
i = 1,2. Moreover, the convergence tolerance is set to equal 1.0 x 10~°. The domain with
its boundary conditions is illustrated in Figure 1. We present the velocity streamlines, the
pressure isobars, the isotherms and the isoconcentration lines for different values of the
viscosity coefficients v = 1.0, v = 1.0 x 1073, v =1.0 x 104

Then, we show numerical velocity streamlines, isobars of pressure, isotherms, and
isoconcentration lines obtained by three iterative methods with different viscosity numbers.
We plot these results in Figures 2-5. From these graphs, we obtain that the values of
viscosity not only heavily impact on the velocity streamlines and the isobars, but also affect
the isotherms and the isoconcentration lines. In fact, three iterations run well with v = 1.0.
However, iterative method III cannot run with v = 1.0 x 103 while iterative method II
cannot export the data with v = 1.0 x 10~4.

To consider the independency of mesh in a square cavity, we use iterative method I to
calculate the model (1) under different mesh sizes. The results are presented in Figure 6.
We can see that there is no difference in the calculation results under different mesh sizes,
so we can verify the independence of the mesh size.

1 1
osf o8k
0} ol
0.41 0.4F
o2f 02k
00z 04 .06 08 v s
X X

Figure 1. Cont.
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oz

04 - 06 08

X

Figure 1.

0
0.2 0.4 X 0.6 0.8 1 0 0.2 0.4 X 0.6 0.8 1

Velocity streamlines of iteration method I (the first line), iteration method II (the second

line) and iteration method III (the third line) with different viscosity coefficients 1.0 (the first column),
1.0x 1073 (the second column) and 1.0 x 104 (the third column). D, =1,8r=1,8c=1,7v=01,

D, =0.01.

0.4 X 0.6

Figure 2. Cont.
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0.4 0.6 . 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

X X X

Figure 2. Pressure isobars of iteration method I (the first line), iteration method II (the second line)
and iteration method III (the third line) with different viscosity coefficients 1.0 (the first column),
1.0 x 1073 (the second column) and 1.0 x 10~ (the third column). D, =1, 87 =1, 8c = 1,7 = 0.1,
D. = 0.01.

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0 02 04 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

X X X

Figure 3. Isotherms of iteration method I (the first line), iteration method II (the second line) and
iteration method III (the third line) with different viscosity coefficients 1.0 (the first column), 1.0 x 103
(the second column) and 1.0 x 10~# (the third column). D, =1, Br=1,Bc=1v9=01,D.=0.01
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u=0

adiabbatic and impremeable

u=0

T=1

porous medium

L

u=0

adiabbatic and impremeable

u=0
T=-1
C=-1

Figure 4. The computational domain with its boundary conditions.

Figure 5. Cont.
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04 ,, 06 08

X X X

Figure 5. Isotherms of iteration method I (the first line), iteration method II (the second line), iteration
method III (the third line) with different viscosity coefficients 1.0 (the first column), 1.0 x 1073 (the
second column) and 1.0 x 10™# (the third column). D, = 1, Br=1B8c=1+v=01 D, =0.01

]

o8f

06f

!

o4f

02f
e o 8
a— X0

0.4 0.6 E 0.2 0.4 0.6 0.8

X X

Figure 6. Velocity streamlines (the first line) and pressure isobars (the second line) of iteration method
[ with different mesh size h = % (the first column), h = % (the second column) and h = 61—4 (the third
column). v =1, D, = 0.01, 7 = 100, B¢ = 100, ¥ = 0.1, D, = 0.1.

6. Conclusions

In conclusion, for solving stationary double-diffusive natural convection equations,
three iterative methods have their own advantages under different viscosity numbers. In
the case of 0 < 0 < }I, all methods can export data. Moreover, in the case of % <o< %,
iterative method I and II can run well. Finally, in the case of % < ¢ < 1, only iterative
method I can export data.

From the perspective of physical applications, these finite element iterative methods
can be used to simulate different double-diffusive natural convection models, such as the
aluminum oxide nanofluid natural convection heat transfer, the natural convection flow
of a suspension containing nano-encapsulated. Furthermore, some different boundary
conditions of these models with some different calculation areas should be considered,
such as the T-geometry enclosure porous cavity, L-geometry cavity, and porous cavity.

Author Contributions: Investigation, Y.W. and PH.; Supervision, P.H.; Writing—original draft, YW.,;
Writing—review and editing, PH. All authors have read and agreed to the published version of
the manuscript.
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Nomenalature

a bilinear form w mapping difference

A amapping W temperature space

c trilinear form x dimensionless coordinate

C  concentration X velocity space

D, Darcy number y dimensionless coordinate

D, mass diffusivity Greeksymbols

e iterative error of velocity Br thermal expansion coefficient
f forcing function Bc solutal expansion coefficient
g gravitational acceleration vector B positive constant

h mesh size Y heat diffusivity

H  dual space P test function for temperature
k iterative step o uniqueness condition

K triangular region A constant[0,1]

L Lebegue space v viscosity

m  m=|g|max{|B7|, |Bc|} o Poincaré constant

M pressure space 7 iterative error of pressure

n iterative step 6 iterative error of concentration
N  constant ¢ iterative error of temperature
p fluid pressure Subscript

P polynomial i 1,2

q test function for pressure h finite element discretization
Q concentration space

s test function for concentration

T temperature

u velocity field

v test function for velocity

V' subspace of the velocity space
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