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Abstract

The dynamics of COVID-19 pandemic varies across countries and it is important for researchers to study different kind of
henomena observed at different stages of the waves during the epidemic period. Our interest in this paper is not to model
hat happened during the endemic state but during the epidemic state. We proposed a continuous formulation of a unique
aximum reproduction number estimate with an assumption that the epidemic curve is in form of the Gaussian curve and

hen compare the model with the discrete form and the observed basic reproduction number during the contagiousness period
onsidered. Furthermore, we estimated the transmission rate from identification of the first inflection point of a wave of the
urve of daily new infectious cases using the Bernoulli S–I (Susceptible–Infected) equation. We applied this new method to
he real data from Cameroon COVID-19 outbreak both at national and regional levels. High correlation was observed between
he socio-economic parameters and epidemiology parameters at regional level in Cameroon. Also, the method was applied to
he second wave COVID-19 outbreak for the world data which is a period the phenomena we are considering were observed.
astly, it was observed that the models presented results correspond with the epidemic dynamics in Cameroon and World data.
e recommend that it is important to study what happened during the growth inflection point as some countries data did not

limax.
2022 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

eserved.

eywords: Bernoulli; COVID-19; Epidemic; Inflection point; Reproduction number

1. Introduction

In recent time it was discovered that the COVID-19 virus is still mutating, hence it is possible as we approach
ifferent seasons due to the movement of people from one place to another and increase in travels that the
ransmission rate from one person to the other may increase exponentially, but the aggressive vaccination campaign
y policy makers, government introduction of lockdowns and some level of restriction in order to mitigate the virus
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spread may help to reduce the death rate. The United Kingdom health security agency reported on November 25,
2021 that a new COVID-19 variant that was first identified in Botswana is the most challenging variant yet and
has doubled the number of mutations of Delta variant. The study of the spread of COVID-19 pandemic has been
interest of researchers, most especially the socio-economic gap the situation has exposed in many countries.

Since the seminal article of D. Bernoulli in 1760 [1], and the improvements made by D. Ross [24], McKer-
ack [17], and then by many other more recent authors [3–5,14–16,21], one of the central problems remains the

stimate of the most important parameters of the equation governing the growth of observed infectious cases, namely
he reproduction number each day during the contagious period of an infectious patient and the transmission rate.

In the first case, we propose a new method of estimating the maximum number of daily reproduction numbers
nd, in the second case, we describe a new method of calculating the rate of transmission by identifying the inflection
oints of the curve of new infectious cases observed.

In Section 2, we describe the method of estimating the maximum daily reproduction number, then in Section 3,
he method of identifying inflection points of the curve of new infectious cases in the Bernoulli model. In Section 4,
e apply these methods to data from the COVID-19 epidemic in Cameroon. Finally, in Section 5, we propose
generalization to other countries, in Section 6 a discussion, and eventually, we describe in Section 7 some

erspectives of this work.

. Maximal daily reproduction number estimation

Let us suppose that we consider an infectious disease outbreak in a country after a first random endemic period
nd fix the start of the epidemic wave at day t0 when the number of the new cases Xt0 has reached for the first time

a threshold, for example equal to 100 new cases of infectious. We suppose that, if the duration of the infectivity (or
contagiousness) period of an individual is equal to r days, we have recorded the new cases at times t0 − 1, . . ., t0
− r. Then, for the days j ≥ t0, we have:

Xj =

∑
k=1,r

RkXj−k, (1)

where the convolution equation (1) can be deconvolved in order to get the Rk’s, i.e., the numbers of people infected
by an infectious individual during the kth day of his period of contagiousness [8]. Rk is called the daily reproduction
number at day k of the contagiousness period of an individual.

The deconvolution equation is given in matrix form by:

R = M−1X, (2)

where X = (Xj, . . . , Xj−r−1) is the vector of new infectious cases at days j, . . . , j − r + 1 and R = (R1, . . . , Rr)
he vector of the daily reproduction numbers along the contagiousness period of length r. Both are r-dimensional
ectors and M is defined as the following r–r matrix:

M =

⎛⎜⎜⎜⎜⎝
Xj−1 Xj−2 . . . Xj−r

. . .

Xj−k−1 Xj−k−2 . . . Xj−k−r
. . .

Xj−r Xj−r−1 . . . Xj−2r+1

⎞⎟⎟⎟⎟⎠ (3)

emark. The number Rj depends on the individual i and on the day j, and we would consider in fact the number
ikj of people infected at day j by a given infectious individual i during the kth day of his period of contagiousness
f length ri. In the following, for the sake of simplicity, we neglect the dependency on i, j and r, which is reasonable
uring exponential growth [8].

.1. Continuous observation time

Let us suppose that the observation time is continuous and that the new cases of infectious X(t) depend on the
istribution of the quantities O(s) = R(s)/E(R), where the quantity E(R) =

∫
R R(t)dt:

X(t) =

∫
R(s)X(t − s)ds = E(R)

∫
X(t − s)O(s)ds (4)
R R

48



J. Waku, K. Oshinubi and J. Demongeot Mathematics and Computers in Simulation 198 (2022) 47–64

w
o
e

f

H

a
g
(
c
w

I

T

f
b
a
r
c

2

(
E

w

3
d

C

(a) we will suppose in a first case that the curve O(s) is a Gaussian curve N (m, σ ) then we have:

R(s) = Rmax exp(−(s − m)2/2σ 2), (5)

here Rmax is the maximum of the daily reproduction numbers, and we will show that the continuous equivalent
f Eq. (1) can be solved if X(t) is supposed to be exponential: X(t) = 100 eß(t−t0) = c eßt, for t ≥ t0, where c = 100
−ßt0 . Eq. (5) can be written as:

ceßt
=

∫
R

Rmaxexp(−(s − m)2/2σ 2)ceß(t−s)ds,

rom which we deduce:

1 = Rmax

∫
R

exp(−(s − m)2/2σ 2
−ßs)ds

1 = Rmax

∫
R

exp(−(s − m + ßσ 2)
2
/2σ 2

+ ß2σ 2/2 − ßm)ds

1 = Rmaxσ (2π )1/2 exp(ß2σ 2/2 − ßm)
∫

R

exp(−(s − m + ßσ 2)
2
/2σ 2)/σ (2π )1/2ds

ence, we obtain:

1 = Rmaxσ (2π )1/2 exp(ß2σ 2/2 − ßm) (6)

nd if we know σ (4σ ≈ r, the duration of the contagiousness period), m ≈ 2σ and ß (the transmission rate), we
et Rmax, the value at day m (the middle of the contagiousness period) of the maximal daily reproduction number.
b) if the curve of the daily reproduction numbers R(s) is the sum of two Gaussian-shaped curves, the first
orresponding to the activation of the innate immunity and the second to the activation of the adaptive immunity,
e have:

R(s) = Rmax1 exp(−(s − m1)2/2σ 2
1 ) + Rmax2 exp(−(s − m2)2/2σ 2

2 )

n this case, Eq. (5) can be written as:

ceßt
= [

∫
R

Rmax1 exp(−(s − m1)2/2σ 2
1 ) + Rmax2 exp(−(s − m2)2/2σ 2

2 )]ceß(t−s)ds (7)

hen, we obtain:

1 = Rmax1 exp(ß2σ 2
1 /2 − ßm1) + Rmax2 exp(ß2σ 2

2 /2 − ßm2) (8)

ormula from which we can calculate the value of a parameter in function of the value of others. If 4σ1 + 4σ2 can
e estimated by the duration of the contagiousness period and if we suppose that σ1 is close to σ2, with m1 = 2σ1
nd m2 = 4σ1 + 2σ2, then the only remaining unknown parameters are Rmax1 and Rmax2. If these two maximal daily
eproduction numbers are supposed to be close, the Eq. (8) allows the final calculation of a unique Rmax, which
ould be compared to the one obtained by the discrete method of deconvolution presented in [8].

.2. Discrete observation time

1) If the observation time is discrete, we replace O(s)=R(s)/E(R), with E(R) =
∫
R R(t)dt by Ok = Rk/E(R), with

(R) =
∑

k=1,rRk = R0, where R0 is the basic reproduction number and using Eq. (1), the Eq. (4) by:

Xj =

∑
k=1,r

RkXj−kX(t) = E(R)
∑

k=1,r
Xj−kOk,

here the distribution {Ok}k=1,r can have several uni- or bi-modal shapes estimated by deconvoluting Eq. (1) [8].

. Estimation of transmission rate from identification of the first inflection point of a wave of the curve of
aily new infectious cases

Following the same approach as in [9], we want now to derive the inflection point during the outbreak of

OVID-19 pandemic using Bernoulli equation and to analyze this Susceptible–Infected (SI) compartment model
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Fig. 1. COVID-19 weekly new cases in Cameroon showing the inflection point PI (red arrow) during the first half part of the second wave
between week 5 of 2021 and week 12 of 2021.
Source: From [2].

for calculating the time of the inflection point of the curve of new infectious cases. First, let us recall that the SI
Bernoulli differential equation model of an outbreak epidemic is given as:

d S
dt

= −
β

So
S (t) I (t) + d S(t),

d I
dt

=
β

So
S (t) I (t) − ν I (t), (9)

here d is the susceptible demographic balance, ν the specific mortality rate due to the disease, β/So the disease
ransmission rate, S (t) the number of susceptible individuals, I (t) the number of infectious individuals at time
≥ 0, and the initial conditions of the model are: S(0) = So > 0 and I (0) = 1.

Graphical representation of the inflection point PI of the curve of I ′(t) is given Fig. 1, for the first half part
f the second wave of the COVID-19 weekly new reported cases between week 5 2021 and week 12 2021 (data
rom [2]). The red curve represents the cubic spline approximation of the raw data with the following statistics:
p-value = 0.03, Multiple R-squared MR = 0.90, Relative Mean Square Error RMSE = 0.247.

During the same period, it is also possible to smooth the death data (from [25]) with a cubic spline with the
ollowing statistics: p-value = 0.12, Multiple R-squared MR = 0.99, Relative Mean Square Error RMSE = 4.380.

.1. Mathematical formulation

We want to formulate the problem in such a way that we can identify all parameters from the set ∅ =

(So, Io, K , β)} ⊂ (0, ∞)4 if we know the reported daily infectious cases I ′ (t) for all times t ≥ 0. It should
e noted that it is not sufficient alone to know the value of I ′ (t) at any time t ≥ 0, because the knowledge about
he value of So, the number of susceptible people in the population before the epidemic outbreak is also necessary
o allow to obtain a precise information about the values of Io, K , β (see [6,8,9]).

Let us consider the solution of the Bernoulli equation with d = ν = 0 (fertility and mortality rates negligible):

I (t) =
Soeβ(t−a)

1 + eβ(t−a) , S(t) =
So

1 + eβ(t−a) ,

where S0, β and a represent respectively the susceptible size at endemic start, transmission rate and endemic start
time.

For any time t, we have:

I (t) + S(t) = So

[
eβ(t−a)

β(t−a) +
1
β(t−a)

]
= So eβ(t−a)

=
I (t)
1 + e 1 + e So − I (t)
50
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If we consider that the epidemic wave starts at time 0, where I(0) = 1, we have:

1 =
Soe−βa

1 + e−βa

Then, S(0) = So – 1 and a is given by the following equation:

a = log(So − 1)/β (10)

.2. Derivation of the equation of the inflection point PI

From Bernoulli equation, where ν = 0 ; we have:

I ′(t) =
d I
dt

=
β

So
SI =

β

So
×

So

1 + eβ(t−a) ×
Soeβ(t−a)

1 + eβ(t−a) =
βSoeβ(t−a)

(1 + eβ(t−a))2

he sufficient existence condition for a point of inflection of order 2 for I ′(t) in the case that I (t) is 3-times
ontinuously differentiable in a certain neighborhood of a point ti , with I ′′′ (ti ) = 0, and I ′′ (ti ) ̸= 0. Then, I ′(t)

has an inflection point (PI ) of order 2 at ti , and by differentiating I ′(t) twice, we get:

I ′′(t) =
d2 I
dt2 = β2So

eβ(t−a)
− 2e2β(t−a)

(1 + eβ(t−a))3

I ′′′(t) =
d3 I
dt3 = β3So

eβ(t−a)(1 − 6eβ(t−a)
+ 2e2β(t−a))

(1 + eβ(t−a))4

Then, the equation giving β and a from its lowest root xi = 3 −
√

7 = eβ(ti −a) =
I (ti )

So−I (ti ) (depending on I (ti )) is:

1 − 6xi + 2x2
i = 1 − 6eβ(ti −a)

+ 2e2β(ti −a)
= 0 (11)

If we assume now I (0) = 100, then from the same calculations, we can identify the values of β and a from the
Eqs. (10) and (11).

3.3. Identification method

If we calculate the value of the time ti at which the first PI of a wave is observed and if we know the value of
S0, then we can estimate the maximal reproduction number as I ′′(ti ) and identify β and a from the Eqs. (10) and
(11). The steps of the identification method are as follows:

1. From an interpolation of the curve of the daily reported new cases (see for example red curve in Fig. 1) of
a particular country epidemic wave, we calculate the lowest ti of the wave at which I ′′′(ti ) = 0,

2. From the value of ti , we estimate the maximal reproduction number as I ′′(ti ),
3. From the knowledge of S(0), the number of susceptible people in the population at the start of a particular

country epidemic wave, we can get So,
4. From Eqs. (10) and (11), we can identify β and a.

4. Application to the COVID-19 outbreak in Cameroon

We will use in the following the Cameroon’s data concerning the COVID-19 outbreak and from the Cameroon
Situation Reports (weekly regional new cases and deaths [2]) and from the public database Worldometers (weekly
national new cases and deaths [25]). We will analyze in the following the Cameroon data at national and regional
levels (see Fig. 3), by comparing the 10 regions from a set of socio-economic and epidemiologic variables (Table 3)

whose data are coming from the public database of Globaldatalab [11].
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Fig. 2. Spline graph for COVID-19 deaths in Cameroon during the second wave between week 5 of 2021 and week 14 of 2021.

Fig. 3. The 10 regions of Cameroon.
Source: From [25].

4.1. Estimation of the maximal basic reproduction number R0 max and of the maximal daily reproduction number
max

.1.1. Study in Cameroon
1) We first calculate the time ti of the first inflection point PI of the second wave of the new infectious cases X(t)
or the Cameroon. For that, we have smoothed the raw data of the weekly reported new infectious cases in Fig. 2 by

sing a cubic spline and the maximal reproduction number is estimated by the maximal value of its slope divided
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n
(

by X(t) at t = ti = 4 (weeks), equal to R0max = 2.04, close to the maximal value of the effective reproduction
umber given for this period by the public database Renkulab [23].
2) From Eq. (6), we can estimate the maximal daily reproduction number Rmax:

1 = Rmaxσ (2π )1/2 exp(ß2σ 2/2 − ßm),

Then, from [19] we estimate σ = 1, m = 2, ß= β/So = 0.4. Then, we have:

Rmax = 1/(2π )1/2 exp(0.8 − 0.08) ≈ 0.9,

which corresponds in case of a Gaussian shape for the daily reproduction numbers Rj’s along the contagiousness
period of length r ≈ 4σ to a basic reproduction number R0 = Σk=1,rRk ≈ 2.1.

4.1.2. Calculation of the distribution of daily reproduction numbers at the beginning of the pandemic in Cameroon
The numbers of new cases during the first wave between March 15 and March 28 2020 are the following:

March15 1, 1, 5, 3, 0, 14, 13, 0, 16, 10, 9, 0, 16, 0 March28

Then, the matrix M defined in Section 2 is equal to:

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

16 0 9 10 16 0 13
0 9 10 16 0 13 14
9 10 16 0 13 14 0

10 16 0 13 14 0 3
16 0 13 14 0 3 5
0 13 14 0 3 5 1

13 14 0 3 5 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
and we have:

M−1
=

⎡⎢⎢⎢⎢⎢⎣
0.00582788 −0.00882952 0.009303 −0.03084686 0.0216235 −0.02815066 0.06042457

−0.00882952 0.0070809 −0.019324 0.00609393 −0.01580307 0.03737718 0.03900754
0.009303 −0.019324 −0.00781664 −0.00403656 0.02691476 0.06319195 −0.03605914

−0.03084686 0.00609393 −0.00403656 0.06311531 0.04014842 −0.01719015 −0.05720378
0.0216235 −0.01580307 0.02691476 0.04014842 −0.02492553 −0.01022751 −0.04545266

−0.02815066 0.03737718 0.06319195 −0.01719015 −0.01022751 −0.07132353 0.01670959
0.06042457 0.03900754 −0.03605914 −0.05720378 0.04545266 0.01670959 0.05053995

⎤⎥⎥⎥⎥⎥⎦

Because the vector of new infectious cases X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
16
0
9

10
16
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, hence R = M−1X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.65306968
0.60814399
0.93470577
0.7919826

−0.30440867
−0.80012803
−0.07788649

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
and we can represent

the evolution of the daily reproduction numbers Rj’s in Fig. 4, which shows a unimodal distribution on the first
days (j = 1, . . . ,4) of the infection period, with a sum of the Rj’s equal to 0.4, close to the effective reproduction
number Re in [23].

4.1.3. Study in other countries
We calculated the Rmax using same procedure as above for six other countries using the transmission rate of the

first wave in 2020: Australia = 4.6214 × 10−8, Italy = 1.2292 × 10−8, Spain = 3.3182 × 10−7, United State =

3.1828 × 10−7, United Kingdom = 1.1526 × 10−7 and Canada = 2.0731 × 10−7) given in [22], with σ = 1 and
σ = 2, corresponding to a duration of the contagiousness period of respectively 4 and 8 days. We also calculated
Rmax2 by using Eq. (8) presented in Table 2. We used the values of Rmax in Table 1 as Rmax1 while still maintaining
the values for the transmission rate and σ .
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Fig. 4. The distribution of the daily reproduction numbers Rj’s on the infection period.

Table 1
Result for Rmax for different countries.

Countries σ = 1 σ = 2

United Kingdom 0.39978 0.20031
Australia 0.40018 0.20071
Italy 0.39927 0.19980
Spain 0.40136 0.20190
Canada 0.40018 0.20098
United States 0.40126 0.20180

Table 2
Result for Rmax2 while using Rmax in Table 1 as
Rmax1 for different countries.

Countries σ = 2 σ = 1

United Kingdom 0.79842 0.59769
Australia 0.79742 0.59608
Italy 0.79970 0.59974
Spain 0.79440 0.59129
Canada 0.79673 0.59498
United States 0.79466 0.59169

4.2. Identification of the parameters β and a

From Eqs. (10) and (11), we get:

a = Log(So − 1)/β and 1 − 6eβ(ti −a)
+ 2e2β(ti −a)

= 0,

with So = 27, 000, 000 and ti = 4. Then a = 7/β and 1 − 6e4β−7
+ 2e8β−14

= 0, from which we get: β = 2.0
nd a = 3.5, what is consistent for a with the previous estimation of ti , but overvalued for β, perhaps due to an
verestimation of So. Indeed, if So corresponds to the population of the 3 regions (Littoral, Center and Northwest)
iving the essential of the infectious cases (for example, 325/371 = 88% of all the new cases during the week of
3/06/2021). More, if we consider the cumulative number of infectious during the whole week 8 of 2021, there was
000 cases. If we consider that the susceptible population in contact with these infectious is 2000 × 50 = 100,000,
hen from Eq. (10) a = 11.5/β, and from Eq. (11), β = 2.4 and a = 4.7, which shows the sensitivity of calculation
f β to initial conditions concerning the susceptible population.
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Table 3
Values of epidemiologic parameters for different regions of Cameroon.

Cameroon regions Discrete R Transmission
rate β

Rmax
σ = 1

Rmax
σ = 2

Adamaoua 1.30175 1.50 2.60143 0.89396
Center 1.04135 1.75 2.85711 0.47851
Est 2.18015 1.50 2.60143 0.89396
Extreme_Nord 1.74880 1.50 2.60143 0.89396
Littoral 0.91404 1.75 2.85711 0.47851
Nord 1.31392 1.50 2.60143 0.89396
Nord_Ouest 3.64468 1.50 2.60143 0.89396
Ouest 3.38611 1.50 2.60143 0.89396
Sud 1.19674 1.50 2.60143 0.89396
Sud_Ouest 0.88279 1.50 2.60143 0.89396

4.3. Study at the regional level

4.3.1. Estimation of the epidemiologic parameters
By using the methods proposed in Section 3, we obtain the value of the main epidemiologic parameters for each

egion of Cameroon (Table 3) and we observe a big difference between the urban regions, essentially the regions
f Yaoundé and Douala (i.e. respectively the Center and Littoral regions) whose urban density is high and the other
ainly rural regions.

.3.2. Correlations between epidemiologic, socio-economic and demographic parameters
We have observed the epidemiologic variables (numbers of weekly reported new infectious cases, cured and

eceased patients) during the 19 first weeks of 2021 (cf. in Fig. 1, data from [25]). The parameters list is given in
able 4 and their values are extracted from Table 3 and from [11,23]. The correlations between the parameters
f Table 1 considered as variables on the 10 regions of Cameroon can be analyzed thanks to Figs. 5 and 6,
hich show that the epidemiologic parameters (from parameter Dose 1 to parameter Recovered) are significantly

nti-correlated (pink color) with many socio-economic and demographic parameters, namely the three first ones
Subnational Human Development Index, International Wealth Index and Gross National Income per capita) and to
hose linked to the house holding, showing the influence of a good socio-economic state on the resistance against
he virus.

By exploiting the data corresponding to the parameters of Table 4, we can analyze the correlations existing
etween three families of parameters observed in the different regions of Cameroon during the second wave of the
OVID-19 outbreak. In Fig. 5, we see that the socio-economic factors are highly positively correlated with each
ther, but negatively correlated with demographic parameters and not correlated with epidemiologic parameters,
xcept those corresponding to vaccination and death which are anticorrelated with the signs of wealth. This can
e explained by a higher socio-cultural level, which pushes individuals to monitor their health more and to get
accinated. In Fig. 6, we can observe a greater number of demographic parameters that are anti-correlated with
ocio-economic factors. These are in particular infant mortality, mean age, fertility and poverty indicators, which
ave positive or zero correlation coefficients between them and very negative with wealth indicators, such as GNI
r possession of material goods or land (television and house), because in general a rise in the standard of living
auses fertility and infant mortality decrease.

We observe in Fig. 7 a high correlation between Sud-Ouest and Littoral with the score 0.918 and the least
orrelations are between Center and Adamaoua with the score 0.242, between Est and Center with the score 0.282
nd between Nord and Center with the score 0.253.

We observed in Figs. 8 to 12 that for cured cases, there is high correlations between Ouest and Center with
core 0.9308 and also between Littoral and Nord-Ouest with score 0.936967. The least correlation is between
xtreme-Nord and Sud with score 0.04.

We observed in Fig. 13 three anticorrelations: (i) between Nord and Adamaoua with score −0.00967, (ii) between
ord and Sud-Ouest with score −0.18, and (iii) between Sud-Ouest and Ouest with score −0.09988. The highest
orrelation is Nord-Ouest and Center with score 0.845.
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Table 4
List of the parameters considered for the different regions of Cameroon.

Socio-economic parameters

HDI Subnational Human Development Index
IWI International Wealth Index
GNI Gross National Income per capita
PoorHighest Percentage poor households (IWI value under 70)
PoorLowest Percentage poor households (IWI value under 35)
MeanEducation Mean years education population aged 20+
Household_TV Percentage households with a TV
Household_C Percentage households with a computer
Household_W Percentage households with piped water
Household_E Percentage households with electricity
Household_P Percentage households with a phone
Household_I Percentage households with internet access
HouseholdSize Average household size
Patrilocality Patrilocality index (positive values patrilocal)
Dependency Dependency ratio

Demographic parameters

FertilityRate Total fertility rate
InfantMortality Infant mortality rate
Population Total area population in millions
PopulationU Urban population size

Epidemiologic parameters

Dose1 Number of vaccinated people that have received first dose
Dose2 Number of vaccinated people having received second dose
Pfizer Number of vaccinated people with Pfizer vaccine
Sinopharm Number of vaccinated people with Sinopharm vaccine
Test Number of tested people
PositiveCases Number of people that tested positive
ASYM Patients that are asymptomatic and mild symptoms
Hmoderate Patients with moderate symptoms
Hsevere Patients with severe symptoms
Deaths Number of deaths recorded
Recovered Number of recovery recorded
R_1 Daily reproduction number of the first day of infection
Rmax1 R maximum first wave
Rmax2 R maximum second wave
BETA Transmission rate

5. Application to the COVID-19 outbreak in the world

We present in Fig. 14 the global daily new cases of COVID-19 in the world and then smooth the weekly data
rom October 26 2020 to January 17 2021. The red curve in Fig. 15 represents the cubic spline approximation of the
aw data with the following statistics for the second wave: p-value = 0.05592, Multiple R-squared MR = 0.9949,

Relative Mean Square Error RMSE = 41426.05.
We calculate the time ti of the first inflection point PI of the second wave (which presents a shoulder and no

maximum) of the new infectious cases X(t) for the entire world: this time corresponds to a second wave shoulder,
in which the maximum of the new cases is not existing for this wave, hence cannot be used for identifying the
epidemiologic parameters as in [10,18,22]. For that, we have smoothed the raw data of the weekly reported new
infectious cases in Fig. 13 by using a cubic spline and we have found ti = 4 (weeks).

Then, from Eqs. (10) and (11), we get:

a = log(S − 1)/β and 1 − 6eβ(ti −a)
+ 2e2β(ti −a)

= 0
o
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Fig. 5. Correlations between various epidemiologic, socio-economic and demographic parameters observed in the different regions of
ameroon during the second wave. The false color scale indicates the intensity of the correlation between −1 and 1. (For interpretation of

the references to color in this figure legend, the reader is referred to the web version of this article.)

with So = 7, 000, 000, 000 and ti = 4. Then a = 10/β and 1 − 6e4β−10
+ 2e8β−20

= 0, from which we get:

β = 2.575 and a = 3.883,

hich is consistent with the values of the effective reproduction number calculated in [26].

. Discussion

We have introduced in the paper two new methods, the first for estimating the maximum number of daily
eproduction numbers and the second for calculating the rate of transmission by identifying the inflection points
f the curve of new infectious cases observed in the framework of the classical Bernoulli model. Then, we have
pplied these methods to the COVID-19 outbreak in Cameroon, and eventually to the whole world data.

The analysis of the results shows that the model is very sensitive to the length of the contagiousness period r,
aken equal to 4σ , in the case of a Gaussian distribution N (m, σ ) for the daily reproduction number. When the
alue of the standard deviation σ increases, the larger its value, the smaller the value of the maximum Rmax of
he daily reproduction numbers and vice-versa. In the case of a bimodal distribution, if Rmax1 ≥ 0.5, Rmax2 will
e negative and if we assume that the values of Rmax1or Rmax2 and values of transmission rate for the countries in
onsideration are close, then the values of Rmax1or Rmax2 are close for all the countries.

The results shown in Tables 1 and 2 are similar to the effective values of Re given in [23] and to the values of
he deterministic Ro calculated in [8] during the contagiousness period in consideration. This last remark shows the
onsistency of the results given in the present paper with those obtained from the classical methods of estimation
f the effective and deterministic reproduction numbers.

The results obtained by neglecting the mortality due to the COVID-19 outbreak and to the demography of the

usceptible population are given on Fig. 16.
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C

Fig. 6. Correlations between various epidemiologic, socio-economic and demographic parameters observed in the different regions of

ameroon during the second wave. The false color scale indicates the intensity of the correlation between −1 and 1. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Correlations of the new cases numbers between the 10 regions of Cameroon.
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t

Fig. 8. Evolution of the daily new cases numbers in the 10 regions of Cameroon along the second wave between weeks 1 and 10 of 2021.

Fig. 9. Evolution of the daily new cases numbers in Cameroon along the second wave between weeks 1 and 10 of 2021.

The Fig. 16 shows slight differences at the beginning of the epidemic wave between Model 1, corresponding
o Eq. (9) in which we have neglected the fertility and the mortality (d = ν = 0) and Model 2, corresponding

to Eq. (9) in which we have fixed the demographic balance of susceptibles d to 0.01 and the specific mortality due
to the COVID-19 outbreak ν to 0.01, which are realistic values for Cameroon.

7. Perspectives and conclusion

In this article, we have given a new method for calculating the inflection point of the curve during the exponential
phase of a wave. We have then deduced the value of the reproduction number at this inflection point. After that, we
have calculated for each region of Cameroon the value of three sets of parameters, one devoted to socio-economic
state, another to demography and the last to epidemiology, among which the value of the reproduction number at
inflection. We have systematically correlated these sets of parameters and have discussed the relationships between
them: the main conclusion is that socio-economic factors are (i) highly positively correlated with each other, (ii) not
correlated with epidemiologic parameters (except those corresponding to vaccination and death negatively correlated
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Fig. 10. Correlations of the cured cases numbers between the 10 regions of Cameroon.

Fig. 11. Evolution of the cured cases numbers in the 10 regions of Cameroon along the second wave between weeks 1 and 10 of 2021.

Fig. 12. Evolution of cured cases numbers in Cameroon along second wave between weeks 1 and 10 of 2021.
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Fig. 13. Correlations of the deceased cases numbers between the 10 regions of Cameroon.

Fig. 14. World COVID-19 new cases.
Source: From [25].

Fig. 15. Spline graph for world COVID-19 daily new cases during the second wave.
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Fig. 16. Top: simulation of the evolution of the number of new infected I in Model 1 (Eq. (9) with d = ν = 0) and Model 2 (Eq. (9)
with d = ν = 0.01). Bottom: simulation of Models 1 and 2 with same initial conditions for infected (I (0) = 1) and susceptible individuals
(S(0) = 400).

with the signs of wealth) and (iii) negatively correlated with demographic parameters (namely infant mortality, mean
age, fertility and poverty indicators).

In [7,12,13,20], we have already shown different complementary methods, which are available for Cameroon.
n a further study, we will use the ARIMA model to analyze COVID-19 incidence pattern for all the waves
n Cameroon [7], by taking into account the unidentified infectious cases [13]. We will also identify the main
eoclimatic and socio-economic factors explaining the disparities between the different regions of Cameroon.
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