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Abstract

A binary classification problem is common in medical field, and we often use sensitivity,
specificity, accuracy, negative and positive predictive values as measures of performance of a
binary predictor. In computer science, a classifier is usually evaluated with precision (positive
predictive value) and recall (sensitivity). As a single summary measure of a classifier’s
performance, F; score, defined as the harmonic mean of precision and recall, is widely used

in the context of information retrieval and information extraction evaluation since it possesses
favorable characteristics, especially when the prevalence is low. Some statistical methods for
inference have been developed for the £ score in binary classification problems; however, they
have not been extended to the problem of multi-class classification. There are three types of /4
scores, and statistical properties of these F; scores have hardly ever been discussed. We propose
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methods based on the large sample multivariate central limit theorem for estimating #; scores with
confidence intervals.
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Precision; Recall; Machine learning; /; measures; Multi-class classification; Delta-method

1 Introduction

In medical field, a binary classification problem is common, and we often use sensitivity,
specificity, accuracy, negative and positive predictive values as measures of performance

of a binary predictor. In computer science, a classifier is usually evaluated with precision
and recall, which are equal to positive predictive value and sensitivity, respectively. For
measuring the performance of text classification in the field of information retrieval and

of a classifier in machine learning, the ~score (Fmeasure) has been widely used. In
particular, the /; score has been popular, which is defined as the harmonic mean of precision
and recall [1, 2]. The F; score is rarely used in diagnostic studies in medicine despite its
favorable characteristics. As a single performance measure, the /; score may be preferred to
specificity and accuracy, which may be artificially high even for a poor classifier with a high
false negative probability when disease prevalence is low. The £ score is especially useful
when identification of true negatives is relatively unimportant because the true negative rate
is not included in the computation of either precision or recall.

To evaluate a multi-class classification, a single summary measure is often sought. And
as extensions of the /; score for the binary classification, there exist two types of

such measures: a micro-averaged F; score and a macro-averaged F; score [2]. The micro-
averaged £y score pools per-sample classifications across classes, and then calculates the
overall 4 score. Contrarily, the macro-averaged F; score computes a simple average of
the £, scores over classes. Sokolova and Lapalme [3] gave an alternative definition of the
macro-averaged £ score as the harmonic mean of the simple averages of the precision
and recall over classes. Both micro-averaged and macro-averaged F; scores have a simple
interpretation as an average of precision and recall, with different ways of computing
averages. Moreover, as will be shown in Section 2, the micro-averaged £, score has an
additional interpretation as the total probability of true positive classifications.

For binary classification, some statistical methods for inference have been proposed for the
F4 scores (e.g., [4]); however, the methodology has not been extended to the multi-class ~
scores. To our knowledge, methods for computing variance estimates of the micro-averaged
F4 score and macro-averaged £, score have not been reported. Thus, computing confidence
intervals for the multi-class F; scores is not possible, and the inference about them is usually
solely based on point estimates, and thus highly limited in practical utility. For example,
consider the results of an analysis reported by Dong et al. [5]. In this analysis, the authors
calculated the point estimates of macro-averaged £ scores for four classifiers, and they
concluded a classifier outperformed the others by comparing the point estimates without

Appl Intell (Dordr). Author manuscript; available in PMC 2022 March 21.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Takahashi et al.

Page 3

taking into account their uncertainty. Others have also used multi-class £; scores but only
reported point estimates without confidence intervals [6-16].

To address this knowledge gap, we provide herein the methods for computing variances
of these multi-class £, scores so that estimating the micro-averaged F; score and macro-
averaged F; score with confidence intervals becomes possible in multi-class classification.

The rest of the manuscript is organized as follows: The definitions of the micro-averaged
F1 score and macro-averaged £ score are reviewed in Section 2. In Section 3, variance
estimates and confidence intervals for the multi-class F; scores are derived. A simulation
study to investigate the coverage probabilities of the proposed confidence intervals is
presented in Section 4. Then, our method is applied to a real study as an example in Section
5 followed by a brief discussion in Section 6.

2 Averaged F, scores

This section introduces notations and definitions of multi-class F; scores, namely, macro-
averaged and micro-averaged F; scores. Consider an 7 x rcontingency table for a nominal
categorical variable with rclasses (= 2). The columns indicate the true conditions, and
rows indicate the predicted conditions. It is called the binary classification when r= 2, and
the multi-class classification when r> 2. Such a table is also called a confusion matrix.

We consider multi-class classification, i.e., 7> 2, and denote cell probabilities and marginal
probabilities by pj; p;, and p.j respectively (4 j=1, -+, 7). For each class (/= 1, -+, 1),

the true positive rate (7P}, the false positive rate (FP;), and the false negative rate (FN,) are
defined as follows:

TP; = pjj,
r
FPi= ) pij
i=1
J#Fi

r

FNi= Y nji-
ji=1

J#i
TPjis the /th diagonal element, ~P;is the sum of off-diagonal /~th row, and FN;is the sum
of off-diagonal elements of the /th column. Note that 7P;+ FP;= p;, and TP;+ FN;= p.;

In the current and following sections, we will use the simple 3-by-3 confusion matrix in
Table 1 as an example to demonstrate various computations. Columns represent the true
state, and rows represent the predicted classification. The total sample size is 100.

The within-class probabilities are:
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TPy =002, TPy=0.70, TP3=0.15.

FP| =004, FP)=007, FP3=002.

FN1 =005, FNpy=004, FN3=0.04.

Micro-averaged Fq score

The micro-averaged precision (/miP) and micro-averaged recall (/77/R) are defined as

.
Yi=1TP; Yhi <
=5, = 2. b

miP = - =3n
Yi=1(TPi+FP) &P =

miR =

,
Yi=1TP _Zpii_ip”

Lo,
Sioirrr) EP S

Page 4

Note that for both miPand miR, the denominator is the sum of all the elements (diagonal
and off-diagonal) of the confusion matrix, and it is 1. Finally, the micro-averaged F; score is

defined as the harmonic mean of these quantities:

. amiPXmiR _
mily = 2mlP+ miR ~ Z Pii -

This definition is commonly used (e.g., [6, 8-12, 14, 15]).

0]

By definition, we have miP, miR, and miF; all equal to the sum of the diagonal elements,

which, in our example, is 0.87.

Macro-averaged Fq score

To define the macro-averaged £, score (mafy), first consider the following precision (#)) and

recall (R) within each class, /=1, -, .

TP;
Pi=Tp+Fpy = PitlPi

TP;

Ri=m=mi/l’~i-

For our example, simple calculation shows:
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P =033, Pp=091, P3=0.388,

Ry =029, Rp=095 Rz=0.79.

And £, score within each class (/) is defined as the harmonic mean of P;and R that is,

The macro-averaged £, score is defined as the simple arithmetic mean of £

r r

1 2 Dii
mafi = Y Fi=T 2 5

i=1 i=1

This score, like miF; is frequently reported (e.g., [5-10, 13]).
Fpjand mafF in our example are:

F11=0308, Fip=0927, F13=0.833.

maF1 = (0.308 + 0.927 + 0.833)/3 = 0.689.

Alternative definition of Macro-averaged F; score

Sokolova and Lapalme [3] gave an alternative definition of the macro-averaged F; score

@

(maFf). First, macro-averaged precision (/maP) and macro-averaged recall (/maf) are defined

as simple arithmetic means of the within-class precision and within-class recall, respectively.

r r
1 TP; 1 Pii
maP = 7[21 TP +FP;  r & b

r r
1 TP; 1 Pii
’”“R‘7I_ZI TP+ FN;  r &= p.i

And maF7 is is defined as the harmonic mean of these quantities.

maP X maR

ko
maky = 2maP +maR’
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This version of macro-averaged F; score is less frequently used (e.g., [11, 12, 16]). For our
example,

maP = (0.02/0.06 + 0.70/0.77 + 0.15/0.17)/3 = 0.708.

maR = (0.02/0.07 4+ 0.70/0.74 4+ 0.15/0.19)/3 = 0.674.

maFl* =0.691.

In this example, the micro-averaged £ score is higher than the macro-averaged £ scores
because both within-class precision and recall are much lower for the first class compared

to the other two. Micro-averaging puts only a small weight on the first column because

the sample size there is relatively small. This numeric example shows a shortcoming of
summarizing a performance of a multi-class classification with a single number when
within-class precision and recall vary substantially. However, aggregate measures such as the
micro-averaged and macro-averaged £ scores are useful in quantifying the performance of a
classifier as a whole.

3 Variance estimate and confidence interval

In this section, we derive the confidence interval for /mif;, maF;, and maFj. We assume that

the observed frequencies, 77, for 1 < /< 1, 1 < j< 1, have a multinomial distribution with
sample size nand probabilities

T
P=(P11, " P1p» P21, " P2 "> Prls = Prr) s

where “ 77 represents the transpose, that is

(n11,n12 *+*» pp)~Multinomial(n; p) .

The expectation, variance, and covariance for /, j=1, -+, 1, are:

E(nij) = npij,

Var(ni ) = npi {1 = pij)-

Cov(nij, ”kl) = —np;jjpkl, fori # korj #1,
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respectively, where n = ¥; ;n;; is the overall sample size. The maximum likelihood estimate
(MLE) of pjjis p;; = n;j/n. Using the multivariate central limit theorem, we have

\/E(i’\ - p);.Normal(OrZ, diag(p) — ppT),

where 0,2 is /2 x 1 vector whose elements are all 0, diag(p) is an 72 x /2 diagonal matrix

whose diagonal elements are p, and “~”represents “approximately distributed as.”

By invariance property of MLE’s, the maximum likelihood estimates of miF,, mafF;, and
maF{, and other quantities in the previous section can be obtained by substituting p;;by p; ;.

In the following subsections, we use the multivariate delta-method to derive large-sample
distributions of miFy, maF,, and maF?.

3.1 Confidence interval for miFy

As shown in (1), miFy = Y, p;;, and the maximum likelihood estimate (MLE) of miF is

.
miFy= Y bii-
i=1

Using the multivariate delta-method (Appendix A), we have

fn?l?iéNormal(miFl, Var(frﬁi)),
where variance of miF| is

Var(miFy) = (zr: p,-,)(l - zr: pi,-)/n. @

i=1 i=1

And a (1 — a) x 100% confidence interval of mafF is
mTfl +Z] — /2 X .lV,a\r(m/l—l?l),

where Var(miFy) is Var(miF) with {p;} replaced by {5;;}, and Z, denote the 100 p-th
percentile of the standard normal distribution. Computation of ﬁ(ﬁl) for our numeric
example is straightforward using (4):

Var(miF) = (0.02 +0.70 +0.15) x {1 —(0.02+0.70 + 0.15)}/100 = 0.03362.

And a 95% confidence interval for miF is

0.87 +1.960 x 0.0336 = (0.804,0.936) .
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3.2 Confidence interval for maF;

The MLE of maF; can be obtained by substituting pj;, p.;and p.;by their MLE’s in (2).
—2x~ Dbii
makF| = 7[2 45

=1

Again by the multivariate delta-method (Appendix B), we have the variance of maF, as

— 2|~ Fuilpi- +p.i=2pii)(pi- +p.i—2pii Flz 4 pl_]FllFlj
Var(maFl)=f2 Z . 2 { P +p. + z Z C+p.
li=1 (Pz- +p.4) i =1j#i )( p J)

And a (1 - a) x 100% confidence interval of miF; is

mﬁl +Z] — /2 X .lﬁlr‘(rhla—l?l),

where Var(maF) is Var(maFy) with {p;} replaced by {5;;}. This computation is complex
even for a small 3 by 3 table; an R code (Appendix D) was used to compute the variance
estimate and a 95% confidence interval of maF;.

Var(maF1) = 0.0650%0.69 + 1.960 x 0.0650 = (0.562,0.817)..

3.3 Confidence interval form maFy

To obtain the MLE’s of maFj we first substitute p;; p;and p.;by their MLE’s of maP and

maR and use these in (3):

maF’lk ZM.
maP + maR

As shown in Appendix C,

S 4 2 2
Var(maFT) an maR Var(maP) +2maP“maR Cou(maP maR) + maP Var(maR)
(maP + maR)

where

r .. . .
Var(n?ﬁ):lz( > Pil(X) #171j) ’p’/)]/n,
i

i=1 p,~3.
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r .. . h ..
Var(maR) :‘2( Y p”(zf;’pf’))/n,
~li=1 P

Cou(m/a\P,rr;J\R)=l2( i (Zj;ézl’zj)l’u(Zj;ézPﬂ + i Z Ptth]P”)/
=1 17 Pl i=1

2 ;élpl p_]

A (1 - a) x 100% confidence interval of maF{ is
mIaFi< +Z] g2 X dﬁr(m/agik)

Again to get VAar(m/a?i") all components of ﬁr(mﬁf) are replaced by their respective

MLE’s. Using the accompanying R code (Appendix D), we computed the variance estimate
and a 95% confidence interval of maFi:

Var(maF{) = 0.0649°
0.69 % 1.960 X 0.0649 = (0.563,0.818)..

4 Simulation

We performed a simulation study to assess the coverage probability of the confidence
intervals proposed in Section 3. We set r= 3 (class 1, 2, 3), and generated data according

to the multinomial distributions with p summarized in Table 2. The total sample size, 1, was
set to 25, 50, 100, 500, 1,000, and 5,000. For each combination of the true distribution and
sample size, we generated 1,000,000 data, each time computing 95% confidence intervals
for miFy, mafy, and maFy.

In scenario 1, the true conditions of class 1, 2, and 3 have the same probability (1/3), and
the recall and precision are equal (80%). Thus m/P= maP = 0.80, miR= maR = 0.80, and
miF| = maF| = maF{ = 0.80.

In scenario 2, the true condition of class 1 has higher probability than the others (80% vs
10%), and the recall and precision of class 1 are also higher than the others (80% vs 40%,
and 91% vs 27%, respectively). miF; gives equal weight to each per-sample classification
decision, whereas mif; gives equal weight to each class. Thus, large classes dominate small
classes in computing mify [2], and miF, is larger than maF, (miFy = 0.72, maF,= 0.50,
maF} = 0.51) in scenario 2 because class 1 has higher probability and has higher precision

and recall.

In scenario 3, the true condition of class 1 has higher probability than the others (80% vs
10%). The precision of class 1 is higher than the others (94% vs 24%), and the recall of
class 1 is lower than the others, (40% vs 80%). Compared to the other two scenarios, the

Appl Intell (Dordr). Author manuscript; available in PMC 2022 March 21.
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diagonal entries are relatively small, which makes mif; small (mifFy = 0.48, maF, = 0.44,
and maFj = 0.55).

Table 3 shows the coverage probability of the proposed 95% confidence intervals for each
scenario. The coverage probabilities for both miF; and maF; are close to the nominal 95%
when the sample size is large. When 7 smaller than 95%, especially for maF; and maFy.

Moreover, computing a confidence interval for maFj for small 77is often impossible because
maF} is undefined when either p; = 0 or p;= 0 for any /or /. In typical applications where

these Fscores are computed, 77is large, and the small 77 problem is unlikely to occur.

5 Example

As an example, we applied our method to the temporal sleep stage classification data
provided by Dong et al. [5]. They proposed a new approach based on a Mixed Neural
Network (MNN) to classify sleep into five stages with one awake stage (W), three sleep
stages (N1, N2, N3), and one rapid eye movement stage (REM). In addition to the MNN,
they evaluated the following three classifiers: Support Vector Machine (SVM), Random
Forest (RF), and Multilayer Perceptron (MLP). The data came from 62 healthy subjects, and
classification by a single sleep expert was used as the gold standard. The staging is based on
a 30-second window of the physiological signals called an EEG (electroencephalography)
epoch. Thus, each subject contributes a large number of data to be classified. The total
number of epochs depends on the classifiers, and it is about 59,000. Performance of each
classifier was evaluated using maf; along with precision, recall, and overall accuracy. They
concluded that the MNN outperformed the competitors by comparing the point estimates of
maf and overall accuracy. We provide here 95% confidence intervals for miF; mar,

and maFj for each of the four methods, as summarized in Table 4. The confidence

intervals of mif;, maF;, and maF; for the MNN do not overlap with the point estimates

of other methods, providing further evidence that MNN is superior to the other method. For
completeness we present 95% confidence intervals for other methods in Table 4 as well. As
nis large for this example, the confidence intervals are narrow, and the ones for MNN do not
overlap with confidence intervals for other three methods.

6 Discussion

We derived large sample variance estimates of /miF;, mafy, and maFy in terms of the

observed cell probabilities and sample size. This enabled us to derive large sample
confidence intervals.

Coverage probabilities of the proposed confidence intervals were assessed through the
simulation study. According to the result of the simulation, when nis larger than 100, the
coverage probability was close to the nominal level; however, for 7< 100, the coverage
probabilities tended to be smaller than the target. Moreover, with an extremely small sample
size, maF{ could not be estimated as computation of maF; requires all margins to be

non-zero. Zhang et al. [17] have considered interval estimation mifF; and maf; and proposed
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the highest density interval through Bayesian framework. On the other hand, we have
proposed confidence interval for mifFy, mafy, and mafF;» through frequentist framework
using a large-sample approximation.

There is an inherit drawback of multi-class /7 scores that these scores do not summarize the
data appropriately when a large variability exists between classes. This was demonstrated

in the numeric example in Section 2 for which the within-class /; values are 0.308, 0.927,
and 0.833, and mify, maFy, and maF; are 0.870, 0.689, and 0.691, respectively. Reporting

multiple within-class F; scores may be an option as done in [18] and [19]; however, an
aggregate measure is useful in evaluating an overall performance of a classifier across
classes. Another limitation with F; scores is that they do not take into consideration the
true negative rate, and they may not be an appropriate measure when true negatives are
important.

For future works, we are working on developing hypothesis testing procedure for mify,
mafy, and maF; based on the variance estimates proposed in this article.

An R code for computing confidence intervals for mif;, mafF,, and maFf, available and

presented in Appendix D.
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Appendix A: Derivation of the distribution and variance of rﬁ

Let p be the ordered elements of a confusion matrix. p= (011, ***s Pis P21 s Por s Prls s
P 7. Using the multivariate delta-method for 5, we get

— a(miFy)|" o(miF
\/E(miFl - miFl)';Normal(O, [(a"z—lp)l) (diag(p) - ppT) % (5)
Because miFy = ¥ — | pi; We have
dmiF1) =1 Vi=1,--rand dmif1) =0ifi # j.

a(pii)

And
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o(miF1) T
B o (1,0,,0,0,1,0,++,0, -+, 0, .0, 1
ap )

Note that all the elements corresponding to the diagonal entries (0;;) of the confusion matrix
is 1. To evaluate the variance in (5), further note that

P11 0 0o - 0
0 pjp 0 - 0
diag(p)=| 0 0 p13 - 0|

2
P11 P11P12 P11P13 *** P11Prr

2
p12P11 P12 P12P13 ==+ P12Prr

pp’ = PI3PIT PI3PI2 D3  PI3Pre|'
PrrP11 PrrP12 PrrP13 = Pigr
Then we have
a(;iF)l)] (diag(p)) a(:(';l) = (P11.0. - 22,0, . P33, Prr) a(%;”
=l; ii ;?If;l) (PPT)[()(;"(ZZI) (i PthllalZanPIZv ’ i:ilpiiprr 0(%:;1)}

(£ )

i=1

r r
( Z piip11 + z piip22 + -+ Z DPiiPrr

= i=1

Thus,
omiF)|T, nomiF)] [ <
Tp)] (dlag(P)—PP )[ a(p) Z Pii 1_121 Pii|-
Finally,
o r
Var(miFl): Z 1’11]( - Z pl-,-)/n
i= i=1
And
- r r
mi F1~Normal|miFy, Z pi,')(l - Z p”)/
i=1 i=1
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Appendix B: Derivation of the distribution and variance of maF,
In a similar manner to Appendix A, using the multivariate delta-method, we get

T

o(maF1)
x (diag(p) - pp

a(p)

o(maF1)
ap) ||

")

\/E(M/tz—l?i - maFl)i-Normal(O, l

Now we take the partial derivatives of (2) to get

o(maF1) 1o

opis)

pi.+p.i—2pjj

(i +p.9)

o(maF1) 1

opij)

—pis pi
11 2+ JJ] 5|
@i +p.0" (pj. +p.))

Lj=1,ri#].

Arranging these terms according to the order of the elements in p, we have

o(maF1) 1

T
p1-+p.1-2p11 -pI1 -p2 Pr.+p.r—2pp
= +
a(p) r

2 2 2 2
(1. +p.1)" (p1-+p.1)" (. +p.2) (pr.+p.p)

Next, we note

d(maFq)|T [0(maFy)
o(p) ](”’) EI) ]=
because
dmaF)|T ol &G (pi-+pi=2pi| S Zj#itij | x| i jPij
ap | P, 2 |Pii T 2””_2 2
i=1\ i-+p.p) i=1\(pi. +p.9) J=1(pj. +p.))
r p'.+p.'—2p" r . i(pii+pii
:3{ Xl 2”]1’1'1'- Z[Zﬂél(” 211) i =0
i=1\ (i +p.0) i=1\ (pi.+p.9)
Therefore,
a(maF)|T, 1\ 0(maFyq) a(maF)|T o(maF)
oy | (dias@) = ppT)| 55— = | =505 | @iason| =55

which can be shown to equal
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r

-2
=2

maF1;(pj. +p. ,-—2p”)( . +p.i—2p maF]i)+ i Z p,jmaFllmaFlj
i=1 (i +p. ) \ pitpe =1jZi pipj-+p. )|

Putting all together, we have

n?a?i ~>Normal(maF1 R Var(lh/zz—l\*;])),

where

o maF1i(pi. +p.i=2pii)(pi- +p.i—2pii maFy;

pi-+p. 2

Var(fn/chi) = %
”

i=1 (i +p.0)° \

r
pljmaFllmaFlj
+ ; ; )( +p. )]/n.

Appendix C: Derivation of the distribution and variance of }naFf

For marcro-averaged precision (/maP) and macro-averaged recall (/maR), let the vector m and
its MLE m be

maP N maP
m= , m=
maR

S
maR

respectively. Using the multivariate delta-method, we have

Jn(# — m)~Normal(07, %),

where

T
om) |/ . d(m)
= a(TmT) (diag(p) - ppT) 0(TmT) =
d(maP) o( P)T d(maP) o( R)T
ma . __T\|9(ma ma ma
(o) (diag(p) - ppT) o7 | o) (diag(p) - ppT) (o)
=n
T T
d(maP)| ,. _ _T\|9(maR) d(maR) T\| d(maR)
a(pr)Jf’”g(P) pp’) A7) || o) (diag(p) - ppT) o7
Var(maP) Cou(maP maR)
Cou(;n,tzjj, ﬁz?R) Var(maR)

This is a 2 x 2 matrix with
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r .. . S
Var(nﬁ):lz( Y 7””(21; ’p”)]/n,
li=1 pi.

. 3

! ii i s
vy 3 5 22210,
i=1 P

Cou(}n/ﬂi,}hﬁ):iz E (ZJ#:I’:JZPugZJ#zP/z)_'_
li=1 pi P

5 30

i=1j#i Pj.Pj.

Using the multivariate delta-method again, we get

— . 0(maF’f) T 0(maF’f)
\/;(maFl - maFl )~Normal 0, a0m) a0m) N
where
2maR2
o(maFy) | (maP +maR)?
9(m) 2maP2
(maP + maR)2

Using this and X"above, we obtain

B(maF’lk) T

o(m)

0(maF’f)
a(m)

= 4n maR4Var(}n/a?') + 2maP2maR2Cov(i;;P, }n/ai) + maP4Var(}h71jé)
(maP + maR)4

Finally, we have

M;F%LN ormall (maF ’1" Var(rh/a}\’ik)),

where

— 4 — 2 2 - —— 4 —
Var(maFT) — 4 maR"Var(maP) + 2maP“maR Cou(maf, maR) + maP " Var(maR) n.
(maP + maR)

Appendix D: R code

The following R code computes point estimates and confidence intervals for miF;, maf,
and maFf.
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## Takahashi et al. ##

## Computation of Fl score and its confidence interval ##

flscores <- function(mat, conf.level=0.95){
## This function computes point estimates and (conf.level*100%)
confidence intervals

## for microFl, macroFl, and macroFl* scores.

## mat is an r by r matrix (confusion matrix).

## Rows indicate the predicted (fitted) conditions,
## and columns indicate the truth.

## miFl is micro F1

## maFl is macro F1

## maF2 is macro F1* (Sokolova and Lapalme)

HH HIHHE HH
#H# Set up ##
HH HHHHHE HE
r <- ncol(mat)
n <- sum(mat) ## Total sample size
p <- mat/n ## probabilities
pii <- diag(p)
pi. <- rowSums(p)
p-i <- colSums(p)

Hi HHHEH R 7
## Point estimates ##
HH HHHEH R
miP <- miR <- sum(pii) ## MICRO precision, recall
miFl <- miP ## MICRO F1
Fli <- 2*pii/(pi.-+p.i)
maFl <- sum(Fl1i)/r ## MACRO F1
maP <- sum(pii/rowSums(p))/r ## MACRO precision
maR <- sum(pii/ZcolSums(p))/r ## MACRO recall
maF2 <- 2*(maP*maR)/(maP+maR) ## MACRO F1*

Hit HHH R HH
## Variance estimates ##
HH HHAHHHRH AR AR 7

HH - Hit
## MICRO F1 Variance ##
HH ——— Hit

Appl Intell (Dordr). Author manuscript; available in PMC 2022 March 21.
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miFl.v <- sum(pii)*(1-sum(pii))/n
miFl.s <- sqrt(miFl.v)

HH e #H#
## MACRO F1 Variance ##
2 ##

for(i in 1:r){
i3 <= @:n[-i]
forg in jj){
b <- b+ pLi,J1*FLiLi1*FLi[1/((pi-[i1+p- 1 LiD*(pi-O1+p-iL1D)
b
maFl.v <- 2*(a+b)/(n*r-2)
maFl.s <- sqrt(maFl.v)

HH - H#
## MACRO F1* Variance ##
HH e HHt

varmap <- sum(pii*(pi.-pii)/pi.-"3) / r2/n
varmar <- sum(pii*(p.i-pii)/p.i"3) /7 r2 / n
covmprl <- sum( ((pi.-pii) * pii * (p.i-pii)) /7 (pi."2 * p.i"2) )
covmpr2 <- 0
for(i in 1:r){
covmpr2 <- covmpr2 + sum(pii[i] * p[i.-i] * pii[-i] 7 pi.[i1°2 /
p-i[-i]172)
}
covmpr <- (covmpril+covmpr2) / r 2 / n
maF2.v <- 4 * (maR"4*varmap + 2*maP~2*maR™2*covmpr + maP~4*varmar) /
(maP+maR)~"4
maF2.s <- sgrt(maF2.v)

HH HHHHHH R #H

## Confidence intervals ##

H HHHEHHEH R #H

z <- gnorm(1-(1-conf.level)/2)
miFl.ci <- miFl + c(-1,1)*z*miFl.s
maFl.ci <- maFl + c(-1,1)*z*maFl.s

maF2.ci <- maF2 + c(-1,1)*z*maF2.s

ITRTRTRTNTRI TR R TN TR TN TR NI NI RTNT]
HH HHHHHHHHHHHH T HHE
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##Formattnig output ##
Hit HHHHH R HE

Page 19

pr <- data.frame(microPrecision=miP, microRecall=miR, macroPrecision=maP,

macroRecal I=maR)
fss <- data.frame(
rbind(miFl=c(miF1, miFl.s, miFl.ci),
maFl=c(maFl, maFl.s, maFl.ci),
maFl.star=c(maF2, maF2.s, maF2.ci)))
names(fss) <- c(’PointEst’,’Sd”, ’Lower”,”Upper”)
out <- list(pr, fss)
names(out) <- c(’Precision.and.Recall’, ’Confidence.lInterval”)

out

## Example ##

## Table V from Dong et al. (2017) PMID: 28767373

mnn <- cbind(c(5022,577,188,19,395),
c(407,2468,989,4,965),
c(130,630,27254,1021,763),
c(13,0,1236,6399,5),
c(103,258,609,0,9611)
)

flscores(mnn)

## End ##
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Numeric example

Table 1

True Classification

Classl Class2 Class3

a: Frequencies

Prediction

b: Proportions

Prediction

Class 1
Class 2
Class 3

Class 1
Class 2
Class 3

2 2 2
5 70 2
0 2 15

0.02 0.02 0.02 0.06
0.05 0.70 0.02 0.77
0.00 0.02 0.15 0.17
0.07 0.74 0.19
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Simulation study: True cell probabilities

True condition

1 2 3

Scenario 1

1 8/30 130  1/30
Predicted condition 2 1/30 8/30  1/30

3 1/30 1/30 8/30
Scenario 2

1 64/100 3/100 3/100
Predicted condition 2 8/100  4/100 3/100

3 8/100  3/100 4/100
Scenario 3

1 32/100 1/100 1/100
Predicted condition 2 24/100 8/100 1/100

3 24/100 1/100 8/100
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