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Abstract

Adaptive gradient methods (AGMs) have become popular in optimizing the nonconvex problems
in deep learning area. We revisit AGMs and identify that the adaptive learning rate (A-LR) used
by AGMs varies significantly across the dimensions of the problem over epochs (i.e., anisotropic
scale), which may lead to issues in convergence and generalization. All existing modified AGMs
actually represent efforts in revising the A-LR. Theoretically, we provide a new way to analyze
the convergence of AGMs and prove that the convergence rate of Abam also depends on its
hyper-parameter €, which has been overlooked previously. Based on these two facts, we propose a
new AGM by calibrating the A-LR with an activation (softp/us) function, resulting in the Sapam
and SAMSGRrAD methods. We further prove that these algorithms enjoy better convergence speed
under nonconvex, non-strongly convex, and Polyak-t ojasiewicz conditions compared with Apawm.
Empirical studies support our observation of the anisotropic A-LR and show that the proposed
methods outperform existing AGMs and generalize even better than S-Momentum in multiple
deep learning tasks.
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1. Introduction

Many machine learning problems can be formulated as the minimization of an objective

function fof the form: min, ¢ r4f(x) = %E:’_ . fi(x), where both fand f; maybe nonconvex

in deep learning. Stochastic gradient descent (SGD), its variants such as SGD with
momentum (S-Momentum) [1, 2, 3, 4], and adaptive gradient methods (AGMs) [5, 6, 7] play
important roles in deep learning area due to simplicity and wide applicability. In particular,
AGMs often exhibit fast initial progress in training and are easy to implement in solving
large scale optimization problems. The updating rule of AGMs can be generally written as:
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where © calculates element-wise product of the first-order momentum m;and the learning

1t
E.
combination of previous /.1 and current stochastic gradient g i.e., my= Bymgq + (1 -
B1)9s P1 € [0,1]. The LR consists of two parts: the base learning rate (B-LR) 7;is a scalar
which can be constant or decay over iterations. In our convergence analysis, we consider

rate (LR)—. There is fairly an agreement on how to compute 77, which is a convex

the B-LR as constant 7. The adaptive learning rate LU varies adaptively across dimensions
t

Jur

of the problem, where v, € R? is the second-order momentum calculated as a combination
of previous and current squared stochastic gradients. Unlike the first-order momentum, the
formula to estimate the second-order momentum varies in different AGMs. As the core
technique in AGMs, A-LR opens a new regime of controlling LR, and allows the algorithm
to move with different step sizes along the search direction at different coordinates.

The first known AGM is AbacraD [5] where the second-order momentum is estimated as

v = Zf _ 1g,-z. It works well in sparse settings, but the A-LR often decays rapidly for dense

gradients. To tackle this issue, AbApeLTA [7], Rmsprop [8], Abam [6] have been proposed
to use exponential moving averages of past squared gradients, i.e., v; = fovy — 1 + (1 — f2)g?,

B € [0,1] and calculate the A-LR by ﬁ where € >0 is used in case that v;vanishes
t

to zero. In particular, Abam has become the most popular optimizer in the deep learning
area due to its effectiveness in early training stage. Nevertheless, it has been empirically
shown that Apam generalizes worse than S-Momentum to unseen data and leaves a clear
generalization gap [9, 10, 11], and even fails to converge in some cases [12, 13]. AGMs
decrease the objective value rapidly in early iterations, and then stay at a plateau whereas
SGD and S-Momentum continue to show dips in the training error curves, and thus continue
to improve test accuracy over iterations. It is essential to understand what happens to

Abawm in the later learning process, so we can revise AGMs to enhance their generalization
performance.

Recently, a few modified AGMs have been developed, such as, AMSGRraD [12], Yol
[14], and AbAaBounb [13]. AMSGRAD is the first method to theoretically address the
non-convergence issue of Abam by taking the largest second-order momentum estimated
in the past iterations, i.e., v; = max{v, _ 1. 5;} where &, = po0; _ | + (1 — fp)g?, and proves
its convergence in the convex case. The analysis is later extended to other AGMs

(such as RMSPror and AMSGRAD) in honconvex settings [15, 16, 17, 18]. Yoal

claims that the past g7*s are forgotten in a fairly fast manner in Apam and proposes

vy =uv;_ 1 — (1= po)sign(v, _ | — g7)g? to adjust the decay rate of the A-LR. However, the

parameter in the A-LR is adjusted to 1073, instead of 1078 in the default setting of
AbAM, s0 e dominates the A-LR in later iterations when v;becomes small and can be
responsible for performance improvement. The hyper-parameter has rarely been discussed
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previously and our analysis shows that the convergence rate is closely related to €, which

is further verified in our experiments. PAbam? [19, 15] claims that the A-LR in Apam

and AMSGRaD are “overadapted”, and proposes to replace the A-LR updating formula by 1/
((v)? + &) where p € (0,1/2] AbaBounp confines the LR to a predefined range by applying),

Clip(ﬁ, s ;1,), where LR values outside the interval [, 7,] are clipped to the interval edges.

However, a more effective way is to softly and smoothly calibrate the A-LR rather than
hard-thresholding the A-LR at all coordinates. Our main contributions are summarized as
follows:

1 We study AGMs from a new perspective: the range of the A-LR. Through
experimental studies, we find that the A-LR is always anisotropic. This
anisotropy may lead the algorithm to focus on a few dimensions (those with
large A-LR), which may exacerbate generalization performance. We analyze the
existing modified AGMs to help explain how they close the generalization gap.

2. Theoretically, we are the first to include hyper-parameter ¢ into the convergence
analysis and clearly show that the convergence rate is upper bounded by a
1/€2 term, verifying prior observations that e affects performance of Abam
empirically. We provide a new approach to convergence analysis of AGMs under
the nonconvex, non-strongly convex, or Polyak-t.ojasiewicz (P-L) condition.

3. Based on the above two results, we propose to calibrate the A-LR using an
activation function, particularly we implement the sofip/us function with a hyper-
parameter S, which can be combined with any AGM. In this work, we combine it
with Apam and AMSGRraD to form the SApam and SAMSGRaAD methods.

4 We also provide theoretical guarantees of our methods, which enjoy better
convergence speed than Apam and recover the same convergence rate as SGD
in terms of the maximum iteration 7°as O(1/y/T) rather than the known result:
O(log(T)/4/T) in [16]. Empirical evaluations show that our methods obviously
increase test accuracy, and outperform many AGMs and even S-Momentum in
multiple deep learning models.

2. Preliminaries

Notations.

For any vectors a, b € RY, we use a ® b for element-wise product, & for element-wise
square, \/a for element-wise square root, a/b for element-wise division; we use & to denote
element-wise power of ; and llal to denote its A-norm. We use {a,b) to denote their inner
product, max{a b} to compute element-wise maximum. eis the Euler number, log(-) denotes
logarithm function with base ¢, and O() to hide constants which do not rely on the problem
parameters.

1The PADAM in [19] actually used AMSGRAD, and for clear comparison, we named it PAMSGRAD. In our experiments, we also
compared with the ADAM that used the A-LR formula with p, which we named PADAM.

Neurocomputing. Author manuscript; available in PMC 2023 April 07.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Tong et al.

Page 4

Optimization Terminology.

In convex setting, the optimality gap, fx) — 7, is examined where Xx;is the iterate
at iteration ¢ and 7* is the optimal value attained at xX* assuming that fdoes have a
minimum. When f{x) — 7 < &, it is said that the method reaches an optimal solution with &

accuracy. However, in the study of AGMs, the average regret %ZIT_ 1( f(x) = f¥) (where the

maximum iteration number T is pre-specified) is used to approximate the optimality gap to

. . . T
define &-accuracy. Our analysis moves one step further to examine if f(%zt _ lx,) -ff<s

by applying Jensen’s inequality to the regret.

In nonconvex setting, finding the global minimum or even local minimum is NP-hard, so
optimality gap is not examined. Rather, it is common to evaluate if a first-order stationary

point has been achieved [20, 12, 14]. More precisely, we evaluate if E[|| Vf(x,)||2] <é(eg.,
in the analysis of SGD [1]). The convergence rate of SGD is O(1/4/T) in both non-strongly
convex and nonconvex settings. Requiring O(1/,/T) < § yields the maximum number of

iterations 7= O(1/6%). Thus, SGD can obtain a &-accurate solution in O(1/6%) steps in
non-strongly convex and nonconvex settings. Our results recover the rate of SGD and
S-Momentum in terms of 7.

Assumption 1. 7he loss f; and the objective f satisfy:
1. L-smoothness. Vx,y € RY, Vi € {1,....n}, | V fi(x) = VAiD| < L||x =y
2. Gradient bounded. Vx € RY, Vi € {1,....n}, | Vfi(x)|| < G, G > 0.
3. Variance bounded. vx € R, 1 > 1, E[g] = V f(x,), E[||gt - Vf(x,)||2] <o2,

Definition 1. Sugpose f has the global minimum, denoted as f* = fx*). Then for any
d
x,y € R,

1 Non-strongly convex. f(y) > f(x) + Vf(x)T(y - X).
2. Polyak-Lojasiewicz (P-L) condition. 34 > 0 such that |V f(x)||* = 24(f(x) - f*).

3. strongly convex. 3 u > 0 such that f(y) > f(x) + V £(x)' (v = x) + & ||y - x|

3. Our New Analysis of Adam

First, we empirically observe that Abam has anisotropic A-LR caused by ¢, which may
lead to poor generalization performance. Second, we theoretically show Abam method is
sensitive to e, supporting observations in previous work.

3.1. Anisotropic A-LR.

We investigate how the A-LR in Apam varies over time and across problem dimensions, and
plot four examples in Figure 1 (more figures in Appendix) where we run Apam to optimize
a convolutional neural network (CNN) on the MNIST dataset, and ResNets or DenseNets on
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the CIFAR-10 dataset. The curves in Figure 1 exhibit very irregular shapes, and the median
value is hardly placed in the middle of the range, the range of A-LR across the problem
dimensions is anisotropic for AGMs. As a general trend, the A-LR becomes larger when v;
approaches 0 over iterations. The elements in the A-LR vary significantly across dimensions
and there are always some coordinates in the A-LR of AGMs that reach the maximum 108
determined by e (because we use €= 1078 in Apawm).

This anisotropic scale of A-LR across dimensions makes it difficult to determine the B-LR,

7. On the one hand, 7 should be set small enough so that the LR—— is appropriate, or

\/th +e€
otherwise some coordinates will have very large updates because the corresponding A-LR’s
are big, likely resulting in performance oscillation [21]. This may be due to that exponential
moving average of past gradients is different, hence the speed of m,diminishing to zero is
different from the speed of \/u_, diminishing to zero. Besides, noise generated in stochastic

algorithms has nonnegligible influence to the learning process. On the other hand, very
small n may harm the later stage of the learning process since the small magnitude of m;
multiplying with a small step size (at some coordinates) will be too small to escape sharp
local minimal, which has been shown to lead to poor generalization [22, 23, 24]. Further, in
many deep learning tasks, stage-wise policies are often taken to decay the LR after several
epochs, thus making the LR even smaller. To address the dilemma, it is essential to control
the A-LR, especially when stochastic gradients get close to 0.

By analyzing previous modified AGMs that aim to close the generalization gap, we find that
all these works can be summarized into one technique: constraining the A-LR, 1/(\/17, + e),

to a reasonable range. Based on the observation of anisotropic A-LR, we propose a more
effective way to calibrate the A-LR according to an activation function rather than hard-
thresholding the A-LR at all coordinates, empirically improve generalization performance
with theoretical guarantees of optimization.

3.2. Sensitive to e.

As a hyper-parameter in AGMs, e is originally introduced to avoid the zero denominator
issue when v;goes to 0, and has never been studied in the convergence analysis of AGMs.
However, it has been empirically observed that AGMs can be sensitive to the choice of ¢in
[17, 14]. As shown in Figure 1, a smaller &= 1078 leads to a wide span of the A-LR across
the different dimensions, whereas a bigger € = 1072 as used in Yoal, reduces the span. To
better learn the effect caused by sensitive &, we conduct experiments in multiple datasets and
results are shown in Table 1 and 2. The setting of & is the main force causing anisotropy,
unsatisfied, there has no theoretical result explains the effect of & on AGMs. Inspired by our
observation, we believe that the current convergence analysis for Abawm is not complete if
omitting e.

Most of the existing convergence analysis follows the line in [12] to
first project the sequence of the iterates into a minimization problem as

e

decreases over iterations. Hence, e is not discussed in this line of proof because it is

, and then examine if ||v}/4(x; 4 1 — x*)||

n .
Xt+1=X— \/7m,=m1nx
Ut
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not included in the step size. In our later convergence analysis section, we introduce an
important lemma, bounded A-LR, and by using the bounds of the A-LR (specifically, the
lower bound £ and upper bound g5 both containing e for Apam), we give a new general
framework of prove (details in Appendix) to show the convergence rate for reaching an x

that satisfies E[|| Vf(xt)||2] < & in the nonconvex setting. Then, we also derive the optimality

gap from the stationary point in the convex and P-L settings (strongly convex).

Theorem 3.1. [Nonconvex] Suppose f(X) is a nonconvex function that satisfies Assumption

1
1 Letn=n= O(ﬁ)’ Abam has

1 +i+ d
elﬁ eT €2Tﬁ

.....

Theorem 3.2. [Non-strongly Convex] Suppose f(x) is a convex function that satisfies
Assumption 1. Assume thatVt, E[||x; — x*|| < D, for any m # n, E[||x — xp||| < Do, let

n=n= 0(%), ADpAM has convergence rate f(x;) — f* <O

d _ 1 v
——|, wherex =—E Xt.
2 /—T) T T Lr=1""

Theorem 3.3. [P-L Condition] Suppose fx) has P-L condition (with parameter 1) holds

under convex case, satisfying Assumption 1. Letn, = n = O(%), Abawm has the convergence
T
. * 24 \T . 1
rate. E|f(xp 1) - /] < 1—7 E[f(x1) - f ]+0(T),

The P-L condition is weaker than strongly convex, and for the strongly convex case, we also
have:

Corollary 3.3.1. [Strongly Convex] Suppose fX) is u-strongly convex function

that satisfies Assumption 1. Letn, = n = O(LZ), Abawm has the convergence rate:
T

E[f(xr 1) = 1] S( ala ]

- 7)TE[f(x1) -1+ o7

This is the first time to theoretically include e into analysis. As expected, the convergence
rate of Apawm is highly related with e. A bigger e will enjoy a better convergence rate since
e will dominate the A-LR and behaves like SMomentum; A smaller e will preserve stronger
“adaptivity”, we need to find a better way to control e.

4. The Proposed Algorithms

We propose to use activation functions to calibrate AGMs, and specifically focus on using
softplus funciton on top of Abam and AMSGRrAD methods.

Neurocomputing. Author manuscript; available in PMC 2023 April 07.
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4.1. Activation Functions Help

Activation functions (such as sigmoid, ELU, tanh) transfer inputs to outputs are widely
used in deep learning area. As a well-studied activation function, softplus(x) = %log(l + eﬁx)

is known to keep large values unchanged (behaved like function y= x) while

smoothing out small values (see Figure 2 (a)). The target magnitude to be smoothed

out can be adjusted by a hyper-parameter g € R. In our new algorithms, we introduce
1

softplus(yfv;) = ﬂlog(l +ef «/”7) to smoothly calibrate the A-LR. This calibration brings

the following benefits: (1) constraining extreme large-valued A-LR in some coordinates
(corresponding to the small-values in v) while keeping others untouched with appropriate S.
For the undesirable large values in the A-LR, the softp/us function condenses them smoothly
instead of hard thresholding. For other coordinates, the A-LR largely remains unchanged;
(2) removing the sensitive parameter e because the softplus function can be lower-bounded

by a nonzero number when used on non-negative variables, softplus(-) > %logZ.

After calibrating \/v_, with a softplus function, the anisotropic A-LR becomes much more

regulated (see Figure 3 and Appendix), and we clearly observe improved test accuracy
(Figure 2 (b) and more figures in Appendix). We name this method “Sapam” to represent
the calibrated Apam with sofiplus function, here we recommend using softo/us function but
it is not limited to that, and the later theoretical analysis can be easily extended to other
activation functions. More empirical evaluations have shown that the proposed methods
significantly improve the generalization performance of Abam and AMSGRAD.

4.2. Calibrated AGMs

With activation function, we develop two new variants of AGMs: Sabam and SAMSGRAD
(Algorithms 1 and 2), which are developed based on Abam and AMSGRAD respectively.

Algorithm 1 SADAM

Input: x; € [Rd, learning rate

{r],}th 1, parameters 0 < f1,p < 1,
p.

Initialize mp =0, vy =0
fort=1to T do

Compute stochastic gradient g;
my=prmy — 1+ (1= B)g

v = Poop— 1+ (1 - o)t

R
1= softplus(\/;,) © ™

end for
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Algorithm 2 SAMSGRAD

Input: x; € [Rd, learning rate

{n,}tT= 1. parameters 0 < 1,5 < 1,

p.

Initialize my =0, 0y =0

fort=1to T do
Compute stochastic gradient g;
mg=frmy— 1+ (1= Br)g
G = Poby — 1+ (1 - gt
vp = max{vy _ 1,0}
e

t+1 ! softplus(\/;,)

end for

Omt

The key step lies in the way to design the adaptive functions, instead of using the
generalized square root function only, we apply softp/us(-) on top of the square root of the
second-order momentum, which serves to regulate A-LR’s anisotropic behavior and replace
the tolerance parameter e by the hyper-parameter g used in the sofiplus function.

In our algorithms, the hyper-parameters are recommended as S; = 0.9, £, = 0.999.
For clarity, we omit the bias correction step proposed in the original Abam. However,
our arguments and theoretical analysis are applicable to the bias correction version
as well [6, 25, 14]. Using the softp/us function, we introduce a new hyper-parameter
B, which performs as a controller to smooth out anisotropic A-LR, and connect

the Apam and S-Momentum methods automatically. When gis set to be small,
Sapam and SAMSGRAD perform similarly to S-Momentum; when gis set to be big,

softplus(y[o;) = %log(l +ef \/”7) ~ %log(eﬂ ' \/”7) = /o, and the updating formula becomes

Xt = i

+1=X— ﬁ
B can be well tuned to achieve the best performance for different datasets and tasks. Based
on our empirical observations, we recommend to use = 50.

© my, Which is degenerated into the original AGMs. The hyper-parameter

As a calibration method, the sofip/us function has better adaptive behavior than simply
setting. More precisely, when e is large or gis small, Abam and AMSGRAD amount to
S-Momentum, but when & is small as commonly suggested 1078 or gis taken large, the
two methods are different because comparing Figure 1 and 3 yields that Sabam has more
regulated A-LR distribution. The proposed calibration scheme regulates the massive range
of A-LR back down to a moderate scale. The median of A-LR in different dimensions is
now well positioned to the middle of the 25-75 percentile zone. Our approach opens up a
new direction to examine other activation functions (not limited to the softp/us function) to
calibrate the A-LR.

The proposed Sabam and SAMSGRAD can be treated as members of a class of AGMs that
use the sofiplus (or another suitable activation) function to better adapt the step size. It can
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be readily combined with any other AGM, e.g., Rmsrop, Yoali, and PAbam. These methods
may easily go back to the original ones by choosing a big .

5. Convergence Analysis

We first demonstrate an important lemma to highlight that every coordinate in the A-LR
is both upper and lower bounded at all iterations, which is consistent with empirical
observations (Figure 1), and forms the foundation of our proof.

Lemma5.1. [Bounded A-LR] With Assumption 1, forany t= 1, j€ [1,d], B € [0,1], and
in Abawm, B in SAbam, anisotropic A-LR is bounded in AGMs, Abam has (1h,1b)-bounded
A-LR:

SADAM has (i3, 1s)-bounded A-LR:

1

SWSH&

where0 <y < b, and 0 < iz < iy

Remark 5.2. Besides the square root function and softplus function, the A-LR calibrated
by any positive monotonically increasing function can be bounded. All of the bounds can
be shown to be related to € or B (see Appendix). Bounded A-LR is an essential foundation
in our analysis, we provide a different way of proof from previous works, and the proof
procedure can be easily extended to other gradient methods as long as bounded LR is
satfsfied.

Remark 5.3. These bounds can be applied to all AGMs, including Abacrab. In fact, the
lower bounds actually are not the same in Abam and AbaGrAD, because Abam will have
smaller \Jv,, ; due to moment decay parameter B,. To achieve a unified result, we use the

same relaxation to derive the fixed lower bound (4.

We now describe our main results of Sapam (and SAMSGRAD) in the nonconvex case, we
clearly show that similar to Theorem 3.1, the convergence rate of Sapaw is related to the
bounds of the A-LR. Our methods have improved the convergence rate of Abam when
comparing self-contained parameters ¢ and g.

Theorem 5.4. [Nonconvex] Suppose f(X) is a nonconvex function that satisfies Assumption

1
1 Lety=n= O(F

), Sabam method has

> dp, dp’

T )

min E[||fo, |l ]<0
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Remark 5.5. Compared with the rate in Theorem 3.1, the convergence rate of SAbawm relies
on B, which can be a much smaller number (5= 50 as recommended) than % (commonly e =

1078 in AGM:s), showing that our methods have a better convergence rate than Abam. When
B is huge, Sabam ’s rate is comparable to the classic Aoam. When B is small, the convergence

rate will be O(%) which recovers that of SGD [1].

Corollary 5.5.1. Treat ¢ or 8 as a constant, then the Abam, Sabam (and SAMSGRAD)

i) and thus call for

methods with fixed L,o,G,By, andn = O(L), have complexity of 0( T

T

O(iz) Iterations to achieve &-accurate solutions.
5

Theorem 5.6. [Non-strongly Convex] Suppose f(x) is a convex function that satisfies
Assumption 1. Assume that E[||x; — x*||] < D, Vt, and E[||x,, — xy||| < Do, ¥ m # n, let

T
n=n= 0(%), Sapam has f(x;) — [ < O(%), where x; = %Zt _

an
JT

L, o, G, p1, D, Dso. Some works may specify additional sparsity assumptions on stochastic

d
2T

The accurate convergence rate will be 0( ) for Abam and O( ) for Sabam with fixed

€

. . . T
gradients, and in other words, require that ZI _, Z?z 118, || < V4T [5, 12, 15, 19] to
reduce the order from d'to \/d. Some works may use the element-wise bounds gjor Gj, and

apply Zfz 10 =0, and Zfz 1G;j = G to hide d. In our work, we do not assume sparsity, so
we use oand G throughout the proof. Otherwise, those techniques can also be used to hide d

from our convergence rate.
Corollary 5.6.1. /f e or B Is treated as constants, then Abam, Sapbam (and SAMSGRAD)

methods with fixed L,o,G,By, andn = O(L) in the convex case will call for O(lz) iterations
5

Nia

to achieve S-accurate solutions.

Theorem 5.7. [P-L Condition] Suppose f(x) satisfies the P-L condition (with parameter 1)
and Assumption 1 in the convex case. Letn, = n = O(LZ), SADAM has:
T

24u3

s T % 1
E[f(er +1) - /¥ < 1—?) E[s6en) - ]+ 07,

Corollary 5.7.1. [Strongly Convex] Suppose £X) is u-strongly convex function that satisfies

Assumption 1. Letn, =n= O(LZ), SADAM has the convergence rate.
T

1- %)TE[/’(M) -+ 0(%) .

E[f(xr+1) - /"] <
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In summary, our methods share the same convergence rate as Abam, and enjoy even better
convergence speed if comparing the common values chosen for the parameters e and 8. Our
convergence rate recovers that of SGD and S-Momentum in terms of 7 for a small 5.

6. Experiments

We compare Sabam and SAMSGRAD against several state-of-the-art optimizers including
S-Momentum, Apam, AMSGRAD, Yoacl, PAbam, PAMSGRAD, ADABOUND, and AMSBOUND.
More results and architecture details are in Appendix.

Experimental Setup.

We use three datasets for image classifications: MNIST, CIFAR-10 and CIFAR-100 and
two datasets for LSTM language models: Penn Treebank dataset (PTB) and the WikiText-2
(WT2) dataset. The MNIST dataset is tested on a CNN with 5 hidden layers. The CIFAR-10
dataset is tested on Residual Neural Network with 20 layers (ResNets 20) and 56 layers
(ResNets 56) [9], and DenseNets with 40 layers [11]. The CIFAR-100 dataset is tested on
VGGNet [26] and Residual Neural Network with 18 layers (ResNets 18) [9]. The Penn
Treebank dataset (PTB) and the WikiText-2 (WT2) dataset are tested on 3-layer LSTM
models [27].

We train CNN on the MNIST data for 100 epochs, ResNets/DenseNets on CIFAR-10 for
300 epochs, with a weight decay factor of 5 x 107 and a batch size of 128, VGGNet/
ResNets on CIFAR-100 for 300 epochs, with a weight decay factor of 0.025 and a batch
size of 128 and LSTM language models on 200 epochs. For the CIFAR tasks, we use a
fixed multi-stage LR decaying scheme: the B-LR decays by 0.1 at the 150-th epoch and
225-th epoch, which is a popular decaying scheme used in many works [28, 18]. For the
language tasks, we use a fixed multi-stage LR decaying scheme: the B-LR decays by 0.1 at
the 100-th epoch and 150-th epoch. All algorithms perform grid search for hyperparameters
to choose from {10,1,0.1,0.01,0.001,0.0001} for B-LR, {0.9,0.99} for ; and {0.99,0.999}

for B,. For algorithm-specific hyper-parameters, they are tuned around the recommended

L
16

{10,50,100%} in Sabam and SAMSGRrAD, though we do observe fine-tuning S can achieve
better test accuracy most of time. All experiments on CIFAR tasks are repeated for 6 times
to obtain the mean and standard deviation for each algorithm.

values, such as p € [% } in PApam and PAMSGRab. For our algorithms, Sis selected from

Image Classification Tasks.

As a sanity check, experiment on MNIST has been done and its results are in Figure 4,
which shows the learning curve for all baseline algorithms and our algorithms on both
training and test datasets. As expected, all methods can reach the zero loss quickly, while for
test accuracy, our SAMSGRAD shows increase in test accuracy and outperforms competitors
within 50 epochs.

Using the PyTorch framework, we first run the ResNets 20 model on CIFAR10 and results
are shown in Table 3. The original Abam and AMSGRAD have lower test accuracy in
comparison with S-Momentum, leaving a clear generalization gap exactly same as what is
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previously reported. For our methods, Sabam and SAMSGRAD clearly close the gap, and
SADAM achieves the best test accuracy among competitors. We further test all methods with
CIFAR10 on ResNets 56 with greater network depth, and the overall performance of each
algorithm has been improved. For the experiments with DenseNets, we use a DenseNet with
40 layers and a growth rate kA= 12 without bottleneck, channel reduction, or dropout. The
results are reported in the last column of Table 3, SAMSGRrab still achieves the best test
performance, and the proposed two methods largely improve the performance of Abam and
AMSGRAD and close the gap with S-Momentum.

Furthermore, two popular CNN architectures: VGGNet [26] and ResNets18 [9] are tested on
CIFAR-100 dataset to compare different algorithms. Results can be found in Figure 5 and
repeated results are in Appendix. Our proposed methods again perform slightly better than
S-Momentum in terms of test accuracy.

LSTM Language Models.

Observing the significant improvements in deep neural networks for image classification
tasks, we further conduct experiments on the language models with LSTM. For comparing
the efficiency of our proposed methods, two LSTM models over the Penn Treebank dataset
(PTB) [29] and the WikiText-2 (WT2) dataset [30] are tested. We present the single-model
perplexity results for both our proposed methods and other competitive methods in Figure 6
and our methods achieve both fast convergence and best generalization performance.

In summary, our proposed methods show great efficacy on several standard benchmarks in
both training and testing results, and outperform most optimizers in terms of generalization
performance.

7. Conclusion

In this paper, we study adaptive gradient methods from a new perspective that is driven by
the observation that the adaptive learning rates are anisotropic at each iteration. Inspired
by this observation, we propose to calibrate the adaptive learning rates using an activation
function, and in this work, we examine softp/us function. We combine this calibration
scheme with Apam and AMSGRrAb methods and empirical evaluations show obvious
improvement on their generalization performance in multiple deep learning tasks. Using
this calibration scheme, we replace the hyper-parameter ¢ in the original methods by a
new parameter gin the sofip/us function. A new mathematical model has been proposed
to analyze the convergence of adaptive gradient methods. Our analysis shows that the
convergence rate is related to e or 8, which has not been previously revealed, and the
dependence on e or B helps us justify the advantage of the proposed methods. In the future,
the calibration scheme can be designed based on other suitable activation functions, and
used in conjunction with any other adaptive gradient method to improve generalization
performance.
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A.l. Architecture Used in Our Experiments

Here we mainly introduce the MNIST architecture with Pytorch used in our empirical study;,
ResNets and DenseNets are well-known architectures used in many works and we do not
include details here.

layer layer setting

F.relu(self.convl(x)) self.convl = nn.Conv2d(1, 6, 5)

F.max pool2d(x, 2, 2)

F.relu(self.conv2(x)) self.conv2 = nn.Conv2d(6, 16, 5)

x.view(-1, 16*4)

F.relu(self.fc1(x)) self.fcl = nn.Linear(16*4*4, 120)
x= F.relu(self.fc2(x)) self.fc2 = nn.Linear(120, 84)
x = self.fc3(x) self.fc3 = nn.Linear(84, 10)

F.log softmax(x, dim=1)

B.2. More Empirical Results

In this section, we perform multiply experiments to study the property of anisotropic A-LR
exsinting in AGMs and the performance of softp/us function working on A-LR. We first
show the A-LR range of popular Abam-type methods, then present how the parameter gin
Sapam and SAMSGRAD reduce the range of A-LR and improve both training and testing
performance.

B.2.1. A-LR Range of AGMs

Besides the A-LR range of Abam method, which has shown in main paper, we further want
to study more other Apam-type methods, and do experiments focus on AMSGRAD, PADAM,
and PAMSGRaD on different tasks (Figure B.2.1, B.2.2, and B.2.3). AMSGRAD also has
extreme large-valued coordinates, and will encounter the “small learning rate dilemma” as
well as Abam. With partial parameter p, the value range of A-LR can be largely narrow
down, and the maximum range will be reduced around 102 with PApawm, and less than 102
with PAMSGRAD. This reduced range, avoiding the “small learning rate dilemma”, may help
us understand what “trick” works on Abam’s A-LR can indeed improve the generalization
performance. Besides, the range of A-LR in Yoal, Abasounp and Amssounp will be reduced
or controlled by specific e or c/jp function, we don’t show more information here.

B.2.2. Parameter p Reduces the Range of A-LR

The main paper has discussed about softp/us function, and mentions that it does help to

constrain large-valued coordinates in A-LR while keep others untouched, here we give more
empirical support. No matter how does g set, the modified A-LR will have a reduced range.
By setting various £'s, we can find an appropriate S that performs the best for specific tasks
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on datasets. Besides the results of A-LR range of Sabam on MNIST with different choices of
B, we also study Sapam and SAMSGRAD on ResNets 20 and DenseNets.

Here we do grid search to choose appropriate g from {10,50,100,200,500,1000}. In

summary, with sofip/us fuction, Sabam and SAMSGRrAD will narrow down the range of
A-LR, make the A-LR vector more regular, avoiding "small learning rate dilemma” and
finally achieve better performance.

B.2.3. Parameter p Matters in Both Training and Testing

1

Percentile value of
v

v

Percentile value of —+

After studying existing Abam-type methods, and effect of different gin adjusting A-LR, we
focus on the training and testing accuracy of our sofiplus framework, especially Sapam and
SAMSGRraD, with different choices of g.
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FigureB.2.1:
A-LR range of AMSGRrAD (), PAbam (b), and PAMSGRAD (c) on MNIST.
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A-LR range of AMSGRrAD (2), PAbam (b), and PAMSGRAD (c) on ResNets 20.
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Figure B.2.6:
The range of A-LR: 1/s0 ftplus(\/;t) over iterations for Sapbam on ResNets 20 with different

choices of 8.
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ResNets 20 with different choices of .
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The range of A-LR: 1/softplus(\[v;), v = max{v; _ 1, 5,} over iterations for SAMSGRAD on

DenseNets with different choices of g.
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C.3. CIFAR100

Two popular CNN architectures are tested on CIFAR-100 dataset to compare different
algorithms: VGGNet [26] and ResNets18 [9]. Besides the figures in main text, we have
repeated experiments and show results as follows. Our proposed methods again perform
slightly better than S-Momentum in terms of D.4. Theoretical Analysis Details

Table C.3.1:

Test Accuracy(%) of CIFAR100 for VGGNet.

Method 50th epoch  150th epoch  250th epoch  best perfomance
S-Momentum  59.09+2.09 61.25+151 76.14+0.12 76.43+0.15
ADAM 60.21+0.81 62.98+0.10 73.81+0.17 74.18+0.15
AMSGRAD 61.00+1.17 63.27+1.18 74.04+0.16 74.26 +0.18
PADAM 53.62+1.70 56.02+0.86 75.85+0.20 76.36 £ 0.16
PAMSGRAD 52.49+3.07 57.39+1.40 75.82+0.31 76.26 + 0.30
ADABOUND 60.27+0.99 60.36+1.71 75.86+0.23 76.10 £ 0.22
AMSBOUND 59.88+0.56 60.11+1.92 75.74+0.23 75.99 £ 0.20
ADAM* 4359+271 4446+439 7491+%0.36 75.58 +0.33
AMSGRAD* 44.45+283 4561+3.67 74.85+0.08 75.56 +0.24
SADAM 5859+160 61.27+167 76.35+0.18 76.64 £0.18
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Method 50th epoch  150th epoch  250th epoch  best perfomance

SAMSGRAD 59.16 +1.20 60.86+0.39 76.27+0.23 76.47 £0.26

Table C.3.2:
Test Accuracy(%) of CIFAR100 for ResNets18.

Method 50th epoch  150th epoch  250th epoch  best perfomance

S-Momentum  59.98+1.31 63.32+161 77.19+0.36 77.50 £0.25

ADAM 63.40+142 66.18+1.02 75.68+0.49 76.14+£0.24
AMSGRAD  63.16+0.47 66.59+1.42 75.92+0.26 76.32+0.11

PADAM 56.28 £0.87 58.71+166 77.18+0.21 77.51+0.19
PAMSGRAD 5434+221 5881+195 77.41+0.17 77.67+£0.14
ADABOUND 61.13+0.84 64.30+184 77.18+0.38 77.50£0.29
AMSBOUND 61.05+1.59 62.04+210 77.08+0.19 77.34+0.13

ADAM* 46.5+2.12 48.68+4.06 76.86+0.36 77.19+0.28
AMSGRAD* 49.06 +3.23 50.75+245 76.58+0.21 76.91+0.12
SADAM 59.00+1.09 62.75+1.03 77.26+0.30 77.61+0.19
SAMSGRAD 59.63+1.27 6344+184 77.31+0.40 77.70 £0.31

D.4. Theoretical Analysis Details

D.4.1.

We analyze the convergence rate of Apam and Sapam under different cases, and derive
competitive results of our methods. The following table gives an overview of stochastic
gradient methods convergence rate under various conditions, in our work we provide a
different way of proof compared with previous works and also associate the analysis with
hyperparameters of Abam methods.

Prepared Lemmas

We have a series of prepared lemmas to help with optimization convergence rate analysis,
and some of them maybe also used in generalization error bound analysis.

Lemma D.4.1. Forany vectorsa,b,c € R, <a,b0c> = <a®b,c> = <a® b, cOb>,
here © is element-wise product, \[b is element-wise square root.

Proof.

a)| [bie
<a,bOc> = <[:]]| i [> =apbjcl + - +agbycy
ad) \bacd
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ayby) (e
<a®be> = <| i ||i|> =apbje; + - +agbyey
agbg) \cd

al\/a \/Ecl

<a®bcob> = < Sl | > =apbiep + - +agbgey
agnfba) \\baca

U

Lemma D.4.2. For any vector a, we have.

la?ll o < lla?ll. @
Lemma D.4.3. For unbiased stochastic gradient, we have

E||l&|?] < o*+ 6. ®)

Proof. From gradient bounded assumption and variance bounded assumption,

E[||gt||2] = E[Hgt = Vf(x)+ Vf(xt)“z]
= Bl = ¥ 7G| + 1V fn)I

<24 G2

O

Lemma D.4.4. All momentum-based optimizers using first momentum m;= Pym—1 + (1 -
B1) gy will satisty

E[|jm|*] < 0>+ G*. (@)

Proof. From the updating rule of first momentum estimator, we can derive

m= Y _ (1= p)pi g ©)

t t
. 1-—
Let I; = E g = 1_—2 by Jensen inequality and Lemma D.4.3,
1
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=I7E

Elim?] = €| X _ 0~ p0s

2

2 SERNCR Y

| T; &i
i=1

t r—i t
ﬁ .
< F?Z (1= p = E[ )| < ru1 - m)ZZ A2 +6Y

i=1

S0'2+G2.
L]

Lemma D.4.5. Each coordinate of vector v, = pov; _ | + (1 — pr)g> will satisty

E[Ut’ J] < 0'2 + G2,

where J € [1,d] is the coordinate index.

Proof. From the updating rule of second momentum estimator, we can derive

Uj= Z§=1(1 _ﬂ2)ﬁ£_ig12,j20- ©)

Since the decay parameter g, € [0, 1), Zi _(1=p)ph ™" =1-p < 1. From Lemma D.4.3,

Eo =B Y_ 0-mb ' <Y 0-mhT (2 <o+ 6P

(]

And we can derive the following important lemma:

LemmaD.4.6. [Bounded A-LR] Forany t=1, jE€ [1,d], 5 € [0,1], and fixed e in Abam and
B defined in sofiplus function in Saoawm, the following bounds always hold:

Abam has (14, 1b)— bounded A-LR:

1
< — < y;
M < e M2 (7)
SADAM has (is,1s)— bounded A-LR:
< ; < Uy
= softplus(./uw) = @®

whereQ < < (b, 0 < i3 < . For brevity, we use uyu, denoting the lower bound and upper
bound respectively, and both Abam and Saoam will be analysis with the help of (L u,).
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Proof. For Apawm, let | = M= le then we can get the result in (7).

1
\/62 + G2 +e€
For Sapam, notice that softp/us (') is a monotone increasing function, and /v, ; is both
1

upper-bounded and lower-bounded, then we have (8), where u3 =
|4 of Vo2 + G

Elog

LemmaD.4.7. Define z; = x; + ﬁ(x, —x;_1),Vt>1p1 €[0,1). Let ns= 1, then the

following updating formulas hold: Gradient-based optimizer

Zr =Xty Zp 41 = Zp— NGt ©)

Abam optimizer
Z’+1=z’+1;1/}>1{JU,_11+€_ v+ e th_l_ﬁegt; )

SADAM optimizer
41 =2t lrl—ﬁlﬁl {softplusl(\/vt _ 1) a softplits(\/;t)) Om -1 1)

D/ R
softplus(\/;,) O&-

Proof. We consider the Apam optimizer and let 8, = 0, we can easily derive the gradient-
based case.

1
41 =X 1+ 7o (1 - x)

1 b1
G4 1=zt g (1) - g e X 1)

1 n | n
=zZt—v—F 77— —Omp++——F——Omy _
! 1_ﬂ14/Ut+€ ! l_ﬂlqut_1+€ 1—1
b [

- o 1
_z’+1—ﬁ1wu,_1+e Jor+e ©mi—1 \/17,+e®g"

Similarly, consider the Sapam optimizer:

Neurocomputing. Author manuscript; available in PMC 2023 April 07.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Tong et al. Page 25

1 b1
G4 1=zt g (1= X) - g e X 1)

_ 1 n B n
RIS 31 softplus(\/;t) ©m+ 1-p softplus(,lut — 1)
b [ 1 ~ | n

1- ﬁlksoftplus(,/v, _ 1) softplus(\/ITI) Om-1- softplus(\/;t) O

Om _

=ZI+

U

Lemma D.4.8. As defined in Lemma D.4.7, with the condition that v;= V-1, I.e., AMSGRAD
and SAMSGRAb, we can derive the bound of distance of ||z; ;. | — z,||2 as follows:

ADbAm optimizer

2 2 d ) )
E[”z |-z ||2] M Z B 1
t+ t (1- «/Uz—1]+€ v jt+e 12)
+2’72 2(0’ +G2)
SADAM optimizer
2 2’72ﬂ12(62 + Gz) d 1 2
E[||zt+1—zz|| ]S >—E
(I-5) =1\ softplus(yJv,— 1))
N (13)
softplus(,/vt’j)
+ 20°u3(0? + G°)
Proof. Adam case:
T | I | ] 2
E[||zt+1—zt|| ]—E 1_/31WU1_1+€—\/U7+€ @mt_l—m@
r/ﬁl 1 1 2
<2E l—ﬂl(\/ut_1+g_\/;t+€ Om_q|| + +2E ogt”
22 2 d )
ME ( (| 2o+ 6?)
-p)?>  |=A\Wo—1,j+e o j+e
2 2 d
< M ( : —( L ’ +2r/2;4%(62+G2)
B (1_ﬂ1)2 j=1 \/Ul—l,j+€ vt jte

The first inequality holds because lla-AI% < 2lla12 + 21412, the second inequality holds
because Lemma D.4.3 and D.4.4 and Lemma D.4.6, the third inequality holds because (a -
b)? < & - 12 when a= b, and in our assumption, we have 14> v holds.
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Page 26

2

Bz 41 -] = £

<2E nh1 (

1-p1 \softplus(./v, _ 1) softplus(\/;t)

1 1
- )Gmt—l—"Ggr

1 1

+2E U

1 —ﬂlLsoftplus(JU,_ 1) - softplus(\/u_l))omt—l
softptus(yir) °
d

: s ]

8t

1 1

r _

2;12/3%(02 + GZ)
<
(1-p1)*
+ 2112/4%(62 + Gz)
2r,2ﬂf(a2 n GZ)
< E

d
1

2
(1-p1)
+ 2}’]2[4%(0'2 + G2)

Bt b))
tlorottyir 1) (el

Because the softplus function is monotone increasing function, therefore, the third inequality

holds as well.[]]

Lemma D.4.9. As defined in Lemma D.4.7, with the condition that vi= -1, we can derive
the bound of the inner product as follows:

Abam optimizer

)

(0'2 + GZ);

SADAM optimizer

—E|(Vfz)- V), — o

so ftplus

+ %nzuﬁ(az + GZ) .

V() = V) o g,>

2
129 of A 2, 2\ 122
Sanﬂzl_ﬂl (6 +G)+2’7M2

(14)

1 292 ﬂl 22 2
S_Lnﬂ41_ﬂl (6 +G)

(15)

Proof. Since the stochastic gradient is unbiased, then we have E[g] = VA x).

ADAM case:
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—-E

VIt = Vi) e gt>

! 21 1 n 2
el - wroaf el o

< L;E[”zz - thlz] + %E \/U’,n+ c 08 ‘2

_ %2(%)2E[”xt —xf_ 1||2] + %E |@n+ ¢ Ogtﬂ

=L72(1 iilﬂ])ZE ‘ \/Ut_nl +e Om—1 ? +%E ‘ ﬁogtuz
<yt (e R o)

The first inequality holds because %az + %b2 > — <a,b >, the second inequality holds for

L-smoothness, the last inequalities hold due to Lemma D.4.4 and D.4.6.

Similarly, for Sapam, we also have the following result:

—~E|( V f(z) - wmxm op
< 5 E[IV £z = V16l + 3E worl) O ’
< L;E[”z, - xt||2] + %E W o} gtHZ
_ LTZ(] flﬂl)zE[”x, —x )+ %E WL’S(M og ?
- 5{e 2] e [ el

<122 Y (P ) bl 0?)

O

D.4.2. Apam Convergence in Nonconvex Setting

Proof. All the analyses hold true under the condition: v;= vx1. From L-smoothness and
Lemma D.4.7, we have

L
TG+ 1)< @)+ (Vi) z 41— 2 + 57+ 1 - Zt||2

Omz—1>

nh1
= f(z) + -5

1 1
Vf(zt)’(\/vt_ 1+e€ - \/17,+e

L 2
t3lZ+ 1~ |

n
\ 0
f(z) \/th_‘_e 8t
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Take expectation on both sides,

vV f(z),

E[f(Zt.’.l)—f(Zt)]S l—ﬁlE \/UI +e€ vrte€

Omz—1>

2
—E| Vf(z,),i\/»” Qg +—E[||z,+1—z,|| ]
vr+e 2
nﬂ1 1 1
= A\ © _
l—ﬂl Sz \/U,_1+e Jurt+e i 1>
n n
—-E|{V -V , ——— E|(V y ———
f(z) F(xp) \/;t+€®gt S(xp) \/;t+€ogt

+%E[||zt +1- zt||2]

Plug in the results from prepared lemmas, then we have,

r/ﬂl
E[f(z + 1) < f(z)] £ 7—5-E|| V[ (1), (\/Ut e Jote Omr—1>]
2
+= LGzyZL (0'2+G2)+ ,12”2(0. +G2) V f(x1) 1 0g
2 211 A 22 l’\/;t+€ t

2.2( 2 2 d

+7L’1 ﬂl(a i )E 1 2— ! ’ +L112;4%(0'2+G2)
a-pp?  |FTAWu-1j+e] o jte

Applying the bound of m;and VA z),

E[f(z+1) < f(z)] < ln_ﬁ;l Vo? + G°E

j:l\/vt—l,j"‘e v, jte

1,25 o B 2.2\, 122 2
2L11 2(1 ﬂl) (0' +G)+211;4(0' +G) V f(xp), \/—+ ,>
L2 G2 d 2
Lo ﬁ1(a +2 )E 1 B 1 +Ln2”%(62 + GZ)
(l_ﬁl) j=1 \/Ut—l,j+€ Ut,j+€

By rearranging,

S E[f(z) = f(ze 4+ D]+ lnﬂﬁ G\o2 + G*E

1L2n2 %(1 £31 )2(0'2+G2)+ 1;12”2(

1
E{V(xf),———0
(t)\/;l+€ &t

Ut—1j+€ t,j+€

Zl 1
2 i )
Ln2ﬁ1(62 + GZ)E
(1-p1)

d 2

1 2

+
\/Ut—l,j+€

+ an 2(0‘ + Gz)

i=1 Ul,j+€

For the LHS above:
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H1V f(xp) jgr, j + 2V f(xy) j&t, j
JIVS£(xo)jer, /ZO JIV£Gxp) e, j<0
> 1 Vf( x,j+ #2Vf(xt)j
iV F(xp) e, j > 0} J|V 7Gx jer, j < 0}

> ||V £l

\Zi (Xt)

Then we obtain:

j=1\/Ut—1,j+€ vy, jte
+ 2L2 2 2(1 ﬁlﬂ] )2(0-2 + GZ) + 2712/1%(6 + Gz)

Lr[2ﬂ1(0' +G2)
+— _Jp

(1-pp)?

wl VI < FLA=) ~ 111 )]+ 1 G2+ GOF

d
1

=1 \/Ut—l,j+€

1
Ut,j+€

+Lr]2 %(0' +G)

Divide 74 on both sides:

1 1
J—l\/vt—l,j+€ Ut,j+€

1
195601 < L) = 5G4 )]+ =GP+ P
LLzzﬂlzszLzzcz
+ nuy =5 (0 + )+2M171M2(G + )

2p
d | 2 1 2
E| E —
( Ut,j+€

Lnﬂ1(62+ G2)
j=1 \/Ut—l,j"'f
Summing from ¢=1to 7, where 7is the maximum number of iteration,

2
Lnu
+ 2 (0'2 + GZ)

+
upo\

(1=

T

2 {19l < g lrten - 11+ o e

t=1

Z -

=1 +€ uT, j+e€

+ iLGy%( h )2(0'2 + G2) + 2—3;111/4%(62 + Gz)

2p1 1-p
Lnﬁ1(02+62) d | | TLW2 (5
+72E - - - lo +G)
(=) |F=1W0.jre) T, jte Hl

Since =0, up = % we have

M1

T
;[nv/’(x,)nzk—zs[f(zl 1+ = OV + G = )

T e f Wi+
Lnﬂl(a +G) 5 TLW2 ,
- P u1 ( = ) (U e )

Neurocomputing. Author manuscript; available in PMC 2023 April 07.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Tong et al.

Divided by .,

1Z[nvm W] < e = )+ (=g e + G = )

+ LLZW%( d )2(02 +G%)+ ﬁﬂﬂ%(o‘z +6?)

Zu1 (=
2.0 2 2
Lnﬁ]d<6 +G)( 2 2 Lnpy 2 02
B E— My — K1 +7”1 -+
(I=p1)"mT
1 * p1d
<——FE — M+ (i —
T El G = 1] ((1_/,1)”1T(M2 K1)
2
A \2 rm% L"Iﬂld(ﬂ%—ﬂ%) LW%
ot 5 +
Mo =gy T M

+

(0'2 + Gz)

The second inequality holds because Gys2 + G* < 62 + G*.

Setting n = % let xo = X1, then 21 = xq, £z1) = xq) we derive the final result:
t_min E[||Vf(xt)||2] 1+ ((1 ) mT(ﬂz K1)
2 2
Lt ﬂ%( A )2+ 3 . Lptd(3 - ) . Lu3 (24 )
2T\ =P1) 20T (1 gy VT
Ci C (3
ST T T
where

Lz#%( A )2 W Lig
e +—=|(o

_ 1 _ 2
_m[f(xl) )+ 2 \T=p1) "2 "

B1(uo — pu1)d

= (-

LRG3~

== ppm

With fixed L,o,G, 1, We have C; = O(_z)’ C = O(%), 3= O(%).

Therefore,
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|, d, d
62\/7 eT €2T\/T

=1,...

U

Thus, we get the sublinear convergence rate of Abam in nonconvex setting, which recovers
the well-known result of SGD ([1]) in nonconvex optimization in terms of 7.

Remark D.4.10. The leading item from the above convergence is C\/\T, e plays an essential
role in the complexity, and we derive a more accurate order 0(2%/7)' At present, € Is
€

always underestimated and considered to be not associated with accuracy of the solution

([14]). However, it is closely related with complexity, and with bigger e, the computational
1

\/;,+e

complexity should be better. This also supports the analysis of A-LR: of Abawm in our

main paper.

In some other works, people use o;or G;to show all the element-wise bound, and then by
applying Z;L 10;: = o, Zfz 1G;: = G to hide din the complexity. Here in our work, we
didn’t specify write out ojor G;, instead we use o, G through all the procedure.

D.4.3. Sapam Convergence in Nonconvex Setting

As Sapam also has constrained bound pair (i43,44), we can learn from the proof of Abam
method, which provides us a general framework of such kind of adaptive methods.

Similar to the Apam proof, from L-smoothness and Lemma D.4.7, we have

Proof. All the analyses hold true under the condition: ;= v#1. From L-smoothness and
Lemma D.4.7, we have

fzr+ ) S S(2) + (VS (z)zp 41— 20) + %Ilzt +1- Zt||2

_ nb1 1 B 1

= @)+ 1-p Vf(zt)’(softplus(\/ﬁ) softplus(@)] ©m - 1>
L

_ Vf(Zt),Wogz + 31— )

Taking expectation on both sides, and plug in the results from prepared lemmas, then we
have,
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E[f(zr + 1) — f(2)]

= 1’1—ﬂ1ﬂlE v/, softplusl(\/vtj) N sofrplls(\/u’,) ©mi — 1>

—E Vf(zt)’#us(\/vj) ogl|+ %E[”z, i1- Zz||2]

= 1”—/};1 E Vf(zt)’(so ftplusl(\/ﬁ) " 50 ftpllus(\/;,)) ©m— 1>
VG, softplus(\/LTt O

L’72ﬂl O' +G2 2 1
+ —_
(1- ﬂl) i= ggftplus Ut —1, j softplus,|uvy,

d
B nﬂl 2. .2 B 1
G +G°E jzl oftplus( for _ 1. Lj) softplus./U;,j]

E + Lr/z;&(az + G2>

—E|(V£(z) = V f(xy). 7

softplus(@) © s

d

n
V£ (%), softplus(\/v_) 0} gt>
anﬁ%(az + Gz) 1

2
E E
a-m? |72 1(soffplw(vvr -1,J)

d
nh1 o2 + G2 L — !
= 1-p1 oTHGTE jzzlsoftplus(dvt _ 1,j> softplus,[uvs
L2 22

2l
#(1%1] (2 +62)+ 24( 2467 - E

+

+ L2y (52 + G2)

(softplus /vt

V £ (xp),

softplus(\/;) © g,)
1

d 2
1
i= l(softplus(alut_ 1,j)) _(softplusm

anﬁ%(az + GZ)
+ 5 E
(1-41)

+ anyéz‘(az + Gz)

By rearranging,

E|( V f(xp),

softplus(() Ogt>
< B (et 1))+ 1 Glo? + P

d
1
sty

2272 2 2
Lon“pug( pr \2 2 2
2 (1—ﬂ1)(2+0) 2 (2+G)
Lr]zﬁl(a +GZ) d 1 2 1 2 22( 2 2
(l_ﬁl) Ej=1 softplus(JUt_l,j)] - softplus(\/?j) +Ln M4(6 +G)

For the LHS above:
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3V (1, j)er, j+ w4V 1 (1, j)et, j
IV £(xt, j)er, j = 0} |V 7(x, j)er, j < 0}
> /43Vf xt,j + /44Vf Xt,j
iV 1, j)er, j 2 0} IV £, j)er, j < 0

> w3l V 1)1

E|V f(xp)y —————= > E

1
softplus

Then we obtain:

d
2 np1 B 2 1 1
\Y <E - fl(z Gy G°E E -
3|V FG)ll” < E[f(z) = £z + D] + 1-p o°+ ~ SoftpluS( 'Ut — 1,]) softpluS,&Ut’j]

LGzm% Bl 2 nPuf
2.g2 42, 2
! (1_[,1)(0 + 63+ 824 67
242 2 2 d 2
+L’7 ﬁl(a +G)E 1 _( 1 + L2y 2(6 +Gz)
(1- ﬂ1)2 i=1 soflplus(JU, - Lj) softplus,fuy j

Divide 74 on both sides and then sum from ¢=1to 7, where 7 is the maximum number of
iteration,

d
2462 1 N 1
G2 +6? Ej—leoftplus(m) softplusyfr.

Z[uw x| <

E[f(z1) 7 7

nu3 ﬂl)ﬂ3

L 0T, 2
2/43:44(1—/31)( +73( 2+G2)

Lnpy (O’ + Gz)

(1= p1)°m3

d 2

i

LHM%T(O'Z + G2)
* H3

+

2
1
- (softplus(ﬂ jur, j)

Since, 1y =0, = uy, We have

1
softplus(0)

nH3

T
§[||Vf(xz)||2]<—E[f(z1 1+ G+ G - )

LT3 ( A )2 ([;2 . Gz) . '1/442;T (02 . GZ)

2u3 \1-p1 2u3

Lnﬂ%d(az + Gz) Lnu?‘T(az + Gz)
e AT

Divided by .
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~

d
7 2210l < e -]+ o+ 1)

+f%ﬂﬂlﬂaﬁﬂﬁﬁw+@

2u3 \1-h1 2u3
O s
(1= g T 13
WSTE[f(n I+ ((1 D ”ST(IM #3)
2
L2 71144( A1 )2 '1/44 Lnﬁld AT
T \T=p) Tt 2 M)t T+ G
2u3 \1=p1 2u3 (l—ﬂl)ZMST( ) 3 ( )
Setting # = T let xg = xq, then z; = xq, 21) = Axq) we derive the final result for Sabam
method:
. 2
_min IVt ] P14 [ - )
. 4( B )2+ W . Ll’ld(l‘rﬂ%) Luj L2+ e?)
2T\ =P1) 23T (1 _ g2 a1y Y
i G G
ST T
where
12,2 2 2
1 Lyg( gy V2 #g  Lug) 5
_E[f(xl 1+ 213 [1—131) 23 73( +G)

B1(u4 — n3)d

2= ms

_ Lﬂ%d(mz, - ﬂ%)

(1= ) u3

With fixed L,o,G B, we have C; = O(2), C> = O(dB), C3 = O(dB?).

Therefore,
2 L0, 4

YT

min E[||fo, I ]<0
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Thus, we get the sublinear convergence rate of SAbam in nonconvex setting, which is
the same order of Apam and recovers the well-known result of SGD [1] in honconvex
optimization in terms of 7.

Remark D.4.11. The leading item from the above convergence is C\/\T, B plays an

ﬁlog(l + eﬂ)

essential role in the complexity, and a more accurate convergence should be O

2
ﬂ—) somehow behave like Abam’s case as

JT

O(;ﬁ)' which also guides us to have a range of B; when B is chosen small, this will become

When g is chosen big, this will become O

&2

O(L), the computational complexity will get close to SGD case, and B is a much smaller

JT
number compared with 1l e, proving that Sabam converges faster. This also supports the
analysis of range of A-LR: 1/so ft plus(\/Et) in our main paper.

D.4.4. Non-strongly Convex

In previous works, convex case has been well-studied in adaptive gradient methods.
AMSGRraD and later methods PAMSGRAD both use a projection on minimizing objective
function, here we want to show a different way of proof in non-strongly convex case. For
consistency, we still follow the construction of sequence {zz.

Starting from convexity:

1) = f) + VA (=),

Then, forany x € R?, V€ [1,7],

(V) x = x*) 2 flxr) = f, (16)
where 7 = {x*), x* is the optimal solution.

Proof. AbDAM case:

nt
\/17t+e

n;= n, and assume V= v holds. Using previous results,

In the updating rule of Apam optimizer, x; y | = x; — © my, Setting stepsize to be fixed,
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2
£llze 41 - x|

2
nb1 ( 1 1 n
= F + _ o R PN i
i =P\ Jur—1+e \fo+e -1 Jorte & —x
2
2 nh ( 1 1 "
= E||lz - x*|"|+ E - o
=P B | | e~ e O 1 e O
+2E]| nh1 ( 1 1 om_ 1,2 —x*|| - 2E|[—— 0 g 2, — x*
l—ﬂlk\/vt_l-f-é‘ \/U7t+g \/U7t+€
252 2 )
2 Pl 1 1 5 1
SE[HZ,—X*” +2 EH( _ om_ | +271E”7Ogt
(1-pp? [Wor—1+e Ju+e Jor+e
nh 1 1 1
+2 E - —1.zt—x*||=2nE Lz — x*
1-5 |<(\/u,_1+€ \/;t+€ Omp_ 1,2zt —x n \/17,+eOg’Z’ x
202( 2 2 d 5
n“pile -+ G
< el =1 ”(72)]5 ( —— | - |= | |+ 2232+ 6
(1-4) \or—1+ef  \Jute

Om_1,z4—x*)| - 24nE

1 *
——0gz—X
,_Ut+€ 8t 2t

nb1 1 1
+21 —ﬁ1E|<(\/Ut_ 1t+e€ - \/U7+e
The first inequality holds due to lla-HI12 < 2llall? +2I1 412, the second inequality holds due to

Lemma D.4.3,D.4.4, D.4.6.

Since, <a,b> < zia2 + 152
n 2

1

1
\/vt_1+e_\/17t+€
1 1
E (\/u,_1+e_\/?,+e
d
1( 2 2 1
<l +G)EZ(

j:l \/Ut_lvj+€

2E (Dmt_l,z,—x*

2
<!
n

2
+1E| |z = x|

Om—1

2
401z ¥

2 1

From the definition of z;and convexity,

(VIGx)oxp = x*) > flx) = fF 20
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—2nE

1 s
———Ognz—x
o4 Q8 >

1 b1
= —2pE||—— O g, x; — x¥ + ———(x; — x5 _
n \/U7t+€ 8> Xt l_ﬂl(t t l)>
1 2npq 1
= —2nE|{——0 gt x —x* || - +——FE|| ——— O g, Xy — Xy _
Syl oE T—f l o4 Q8= 1”
2
1 2By 1 1
= —2E|[——— O g xp — x*)| - O g, Omy_
1 Jur+e 8-t > L=pB1[\\Jor+ € & JU,_1+€ ! l>]

2n2ﬁ1 M%
()¢ e+ )

IA

P e

IA

= 2n1(f(xr) =

Plugging in previous two inequalities:

2
£zt 1= x|

202( 2 2 d 2
BT GRS 1 Phgrs e
SE[Hzt |71 +2 (1_ﬂ1)2 EJ \/Ut—1+€ \/Ft+€ 27]/42(0' +G)
2+G2 d 2 2
), N T O TN
1-p =T Jur—1,jte Vo, jte

=2nu1(f(xp) = £¥) + il el 1/:2(62+G2)

By rearranging:

21 (f(xp) = )

2 2 [ 4

w2 ) '12131(62+G) 1 2 1P
< Efllze = x| - [l 4 1 - x*) i D3 L e et Il e

-hi j= - v
2\ [ d 2 2
ﬂl(" +G) 1 1 nﬂl

22362 + G+ ———LE - E[ —x* ]
+””2(6 + ) -4 ]Z:\/U,_lj+e v, jt+e 1 =2 =]

i

Divide 2n4 on both sides,
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2 2

1

Cere

I

) nﬂ%(az + Gz)
)+ (1- )%

2_ 1
Uf,j+€

d
1
j:](\/vt—l"'f
2

1) = 1% < e |z = 12| = Bz 1 =

2 B 2 + GZ
* nuﬁ("z +67)+ 2;;(:(1 = ﬁl))E

d
1
j=1(JUr—1,j+€

2
"Iﬂlﬂz 2 )
* (1—/?1)/41(6 tG )

N nh1
2u1(1-p1)

E[||zt —x

Assume that vz, E[[lx; — x*|| < D, for any /m 2 n, E[||x,, — xy||| < Deo hold, then £llz;— x*12]
can be bounded.

E[llz1 = x| = E[lIx - x*|*| < D? an

2 N p 2
Ellz - 1] = E{[x - x +ﬁ(x,—x,_l)H ]
2
<2E|lx - x*| ]+ E[n = x-DI’] )
2
S2D2+L2D§o.
(I-p1)
Thus:
2 nﬂl(o. +G) d ( 2 1 2
El||lz; — x*||| - E —x*
1) = 1% < e B[z = 12| = Bz 1 =20+ o 12 m) |

2

—_

2 2.2
)

2
_( Ul,j+€

d 1
= 1(\/”1— 1,jte
nﬂ1D2 nﬁ%Dgo nﬂm% (2.2
METN 3T T=pm\° G)
ui(l =41

Summing from f=1to 7,
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2 2
i(f(xt)_f (E[”Zl—x*” [||ZT—x 2)+ME 4 1 2_ 1 2
t=1 = 2 (-2 |F=T\Wote Jor+e
2 2
nuy T 5. 2 ﬂl(a +G) d ] 2 ) o)
T 7 ) = —| |
H k1 D o5=1\vo,jte ur, jte

WD T nfi DT npL3T (2.2
=" 3 T=pm\° )
u1(l = p1)
2.2 2 2 2, 2

1 nﬁld(a +G) 5 o T, ﬁld(zf +G) 5

D"+ —————H iy —u{ |+ ——o“+ G|+ 5—F—~ 5 —
2nu (1= B1)u 2 -] 7 ( ) 2m41(1—ﬂ1)( 2= i)
np DT nﬁ%DgoT ﬂﬁ]ﬂ%T (2. 2
w( =) " Syl
1 U (1= py) VAl

The second inequality is based on the fact that, when iteration #reaches the maximum
number 7, x;is the optimal solution, z7= x*.

By Jensen’s inequality,

Mﬂ

SENICHENAS

- _I\T
wherex,=72t=1 2

Then,

. 2 pptd(e?+ G? s prd(c? + G*
f0) =17 2”[’:1T ’ (11—(131)2/41T){”% - M%) " 72(62 2) * 2n/41((1 - lil)l(”2 - M%)

nﬁ1D2 ﬂﬂ?Dgo ﬂﬁlﬂ% (2 o)
w0 —=p) " 3+ T+ )
! U (1= py) ¥

By plugging the stepsize n = O( ! ) we complete the proof of Abam in non-strongly convex

JT
case.
2002, 2 2 2,2
2 ﬂld(a +G) 3 ﬂld(a +G)
-2y (13 — 1)+ —=(c2 + G+ ———L(,3 7
fG) - f 2”]\/7 (1_ﬂ1)2M1Tﬁ\H2 H ) ﬂ]ﬁ(g ) 2”1(1_ﬁ1)ﬁ(ﬂ2 /41)
2 3.2 2
D
. p1D . AP . Py (62+G2)
(U =BNT ~ =gy (L= PDuVT
1 1
-0 o
(f * Tf) (J’)
L]
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Remark D.4.12. The leading item of convergence order of Abawm should be 0(%), where
2 43 prd(o? + 67 2 3 D2 3

FoD” 20 gyl NI U D% hia (5,

c= 2 m(a +o )+ 2u1(1-p1) (”2 ”1)+ w -+ u(1=pp)° M=y +o )

With fixed L, 5, G, p1, D, Do, C = 0(%), which also contains as well as dimension d, here
€

with bigger e, the order should be better, this also supports the discussion in our main paper.

The analysis of Sapbawm is similar to Apam, by replacing the bounded pairs (z4,46) with
(3,144), We briefly give convergence result below.

Proof. SAbAm case:

prd(c? + G
PR TR UL il TR

f&E) - <

N npy D N ﬂﬁ%Dgo N nﬁm% (,2
w(A=P) " o — g3 (=B

+ G2>

By plugging the stepsize n = 0( ) we get the convergence rate of Sabam in non-strongly

1
NG

convex case.

_ D2 ﬁ%d(az + G2) 4 ﬁld(az + Gz)
fGE) =17 T (1- ﬁ1)2/43Tﬁ(”‘21 ) ”‘%) ’ W( ’ 2) W(”‘% B M%)

p1D* P D puug (2.2
+ + + (o*+G )
w1 =BNT a1 = p3y7 (L= BT

ool of

For brevity,
FG) - %= 0(%)
L]
Remark D.4.13. The leading item of convergence order of Sabam should be O(%), where
e B ) B Ry e A I )

With fixed L,o,G,B1,D,Do0, € = O(dplog(1 + eP)) = O(dp?), with small B, the Saoam will

be similar to SGD convergence rate, and B is a much smaller number compared with 1/ e,
proving that Sabam method perfoms better than Abawm in terms of convergence rate.
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D.4.5. P-L Condition

Suppose that strongly convex assumption holds, we can easily deduce the P-L condition (see
Lemma D.4.14), which shows that P-L condition is much weaker than strongly convex
condition. And we further prove the convergence of Abam-type optimizer (Apam and
Sapam) under the P-L condition in non-strongly convex case, which can be extended to

the strongly convex case as well.

Lemma D.4.14. Suppose that f is continuously diffentiable and strongly convex with
parameter y. Then f has the unigue minimizer, denoted as f* = fx*). Then for any x € RY,
we have

IV £ = 20(f ) = £5).

Proof. From strongly convex assumption,

F52 1)+ 9 1) (6% = )+ Lt — x?
> f(x)+ méin(Vf(x)Tﬁ + %”5“2)

= 1) = 3 VS

Letting £= xX* - x, when &= — %("), the quadratic function can achieve its minimum.[_]

We restate our theorems under PL condition.

Theorem D.4.15. Suppose R x) satisfies Assumption 1 and PL condition (with parameter 1)

in non-strongly convex case and vy= V-1. Létn =n = O(%),

ADAM and SAbam have convergence rate
1
E[f(x) - f] < 0(7).

Proof. Abam case:

Starting from L-smoothness, and borrowing the previous results we already have

j=1\/UT—1,j+€ Ut,j+€

E[f(zt +1) - f(z)] < 1’1_ﬂlﬂl o +G*E

222 2
A e )

. L2pf(? + 67
1=y

n
\ , o]
F(x) o 1e ¥

’ + LnZM%(az + Gz)

d
- 1 N
j=]\/vt—1,j+€ Ul,j+€
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E > |V £l

1
\Y ,———0
S(xp) \/;t+€ &t

Therefore, we get:

E[f(z 1) = f(z)] < 5 ﬁﬂ Vo2 + G2E

j=1 Ut—1j+€ v jte

Ep38 1
@)+

2 22 2
muy( B 2 2
2 o) 2 ( 24 62) - |V £ )
242( 2 2 d 2 2
. Ly ﬂl(o +ZG )E ( 1 _( 1 N anﬂ%(az . Gz)
(1-p1) =ilWu-1j+e v, jte

From P-L condition assumption,

nﬂ L !
E[f(z + 1] < E[f(z)] + —h mEZI\/U, 1 j+€_ v jte
= -1, ,

L2 2 i3
= Mz(lfil) ( 2+Gz) 22("2+G2) 2anp1 E[£(x) = 1]

2 A
2_ 1 2
Ut,j+€

d
1

LrIZﬁ%(oz + Gz)
+ E
Jur—1,j+e

(1-p)°

+ L112 2(0‘ + GZ)

7=1

From convexity,

A1
f(z;+1)2f(xz+1)+1_7ﬁl< VG4 5% 41— x>

I3
=+ )+ 757 — <fot+1)\/*+

From L-smoothness,

B L A P
f(Zt)Sf(xt)+q< V(xt)sxp—xp — 1> +7(1_7ﬁ1) ||xt—xt—1||2~

Then we can obtain
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ELfx 4 D]+ 75, E

< Vf(xt+1),\/7n om >
UT+€

Page 43

2
< ELfx)] + 1 T EL< VG xt_1>]+§(f—lﬂl] B = x— 1]

1

d
+1nﬂ};10‘/" +G2E| D>

2 (T-A

anﬂf(UZ + GZ) d

1

le\/Ut_l’j'f'G_

12,22 2 i3
A e e TR )it -

2

Ut,j+€

+

(1-pp*  |[=TWo—1j+e

= Hlf] + o

Z 1

2
_ 1
Ul,j+€

n
< Vf(x),———0om_ 1> |+
f(x) o +eC™ 1

+ Lty %(62 + Gz)

Lj( h
1-p1

1

np1 2 2
——G\o“+G°E
= h1

2 \1-p

LiPpY(o? + GZ)E d

1
+

1_1\/1),_1’j+€_

Ut,j+€

12,22 2 i3
. n /42( B )(2+G2) 22(02+G2) ZlnﬂlE[f(xt)_f*]

(-p)® 7T L te

By rearranging,

E[f(xt + D] < E[f(xp)] + lﬁliﬂl E

1
\/Ut—l+€

an A 2
T(l—ﬁl)E

LZ’IZM%

T(l%l)z( 26+

anﬂl(a +G2)E d

< Vf(xpm

(0]

2 2
T2 (02 + 67) — 2amur E[ ) -

1

— 1 >
Ut,j+€

1

——om_y>
Ul—1+€

+ 1nﬂ,1{31 G\o? + G2E

2
mr—l”

(1-p1)? ji=1

1

Jur—1,jte

_ 1
Ut,j+€

Fromthe fact + < a,b> < +a2+ %bz, and Lemma D.4.1, D.4.4,

2

1
El < Vf(xy)y——0m_1>
f(t)\/ﬁ+€ t—1

)2E

1 2
©Om—1
Jur—1+e

+ an 2((7 + 02)

d

j=1\/vt—l,j+€ vy, jte

1
< Vf(x,+1),7\/, Om
vrte€

I

+ Lr/2 2(0‘ + Gz)

1
=E| < Vf(:ct_|_1)(3\/\/l)t_1

BN Al T

Similar,

2
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1 1
E <Vf(xt+1)e\/Jvt—1+€’mto\/\/vz—1+€>
2 2,52
G +G
7”2+7(6 5 )MZS(62+GZ);42

1
El < Vf(x,+1),J—7®m,>
vrte

<

Then,

2p1m L3 2
E[f(er 4 D] < E[f(x0)] + 11;;]2(62+02)+ 5 2(1—1/?1) (02+Gz)

"ﬁ}i Vo2 + G2E Z L

J—1\/Ut—1,j+€ v jte

12,22 2 i
s s ) -

> \T=h
d 1 2
_( Ul,j+€

LiPp1(o? + G
+————F
(1-41)

1
\/Ut_l’j"re

i=1

E x4 1) = 1] < (1= 22 | £ = 1] + o222 1 62) "zﬂz(lf—lﬂl) (2+6?)

-hA
np1 2 d 1 1
1z ﬂG\/a +G°E E -
12,2,2

/=1\/Ut—l,j+€ v, jte
Ty A1 2 2 2 2 2 2 2
T( —ﬂl)( +G) 2 ( +67)

L 2pi(c2+ 6% | & 2 2
7 1(0- )E 1 _( 1 + any%(az + Gz)
(1-p1)? =iWer—1,j+e bjte
22 2
o Zﬂlnﬂz Ln“wy( By
<(1_2/‘l71/41)E[ ] 2 kl _ﬂl

L3 py )2 )

+
—1,j+€ Ut,j+€ 2 \I_ﬂl

nﬂl 1 1
|Z¢

L2 2

(1-p)°

d
1
j:l(\/vt—l,j+€

The last inequality holds because Gyo? + G* < 62 + G°.

Let

0=1-2inu
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2 222
(2 L p 2 Ezd: L Lruy( 2
T\T=p 2 \T=h) "T-h At oo re o e 2 \T=p
272 2.2 d 2
n-u Ln=p
T R e [l
1-p7) j:l«/”t—l,j” U, jt e

then we have

E[f(x 1) - /¥ < 0E[f(x) - £*] + 6.

Let &, = E[f(x;) — f*], then &; = E[f(x)) — ],
D4 | OB+ 6 < O°Dy _ | +00;_ | +6;
<o +0 "o + - +00, _ | +6

o<1 ;4
< 0P1+0O1++0;_1+6;.

Letz=T7,

D4 £9T¢1+@1+--~+9T_1+@T

2
T [26maT LT g 2 ap 1 1
<6 D+ = + 5 = + = E - - -
A \T-51 | j=1\/00,1+e Jor, j+e
LLZWZﬂ%T( I 2+ nu3T
I 2
242 d 2
Li* By 1 ( 1 22l 2, 2
e - + Ln*pyT|\o“+ G
(1—ﬂ1)2 i=1 \/vo’j+e 4/U]",j+€ ( )
2 222
<ol o |221mal | LT () > ohd yo T pr 2
SRR 2 \T=p) "1 2T 2 \T=-5

raT e
2 2
(1-8D
T

= 0" @1 +0(T) + O(n’T) + O(n) + O(n?)

(,u% - ;412) + anﬂ%T ((72 + G2)

From the above inequality, 7 should be set less than 0(%) to ensure all items in the RHS

small enough.

24
Sety =1, then 0= 1-24nu; =1 - 2"
r T
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¢T+1=9T¢1+0(%)+0 ;3

2+O1
T

4o 4
™

=0T + 0(%) -0
With appropriate 7, we can derive the convergence rate under P-L condition (strongly

convex) case.

The proof of Sabawm is exactly same as Abawm, by replacing the bounded pairs (t4, %) with
(t43,144), and we can also get:

¢T+159T¢1+91+--~+9T—1+@T

2.2
T 2 1 Ln~uyT 2
<6 D1+ Prnva 4 { h ) "1

—p "2 \T-p) TToa

IR

i=1 softplus(vo’ j) - softplus(vT,j)

LT py )2 3T

2 \1 -h1 2
202 d
Lnp
12 ! ) —( ! +Ln2/4421T (0'2+GZ)
(1=p)" |7=1 softplus(vo’j) softplus(UT, j)
2 2272

<oTo + 2ﬂ1nﬂ4T+L’72ﬂ4T{ B 2+ npd )+L gl
B I 2 \T=p) TT=p T8 2 |\T=4

2.2 )
neugT  Ly“pid
+ + (/442‘ - ;492,) + LnZ;&T
2 2
(1-p1)

= 0T ®1 +0(T) + O(n?T) + O(n) + O(r?)

(2 + Gz)

By setting appropriate 7, we can also prove the Sabam converges under PL condition (and
strongly convex).

1

E[f(r 4 1) - 7] < (1 - 2;#)TE[M) - 7]+ o[7).

Overall, we have proved Apawm algorithm and Sabawm in all commonly used conditions,

our designed algorithms always enjoy the same convergence rate compared with Apawm,

and even get better results with appropriate choice of gdefined in sofip/us function. The
proof procedure can be easily extended to other adaptive gradient algorithms, and theoretical
results support the discussion and experiments in our main paper.
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data).
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Test Accuracy(%) of Apawm for different e.

Table 1:

ResNets 20

ResNets 56

DenseNets

ResNet 18

VGG

92.51+0.13
92.88+£0.21
92.03+0.21
92.99 +£0.22
91.68 £0.12

94.29 £0.10
94.15+0.17
93.62+0.18
93.56 +£0.15
92.82 +£0.09

94.78 £0.19
94.35+0.10
94.15+0.12
94.24 £0.24
93.32 £0.06

77.21+£0.26
76.64 £0.24
76.19£0.20
76.09 £0.20
76.14 £ 0.24

76.05+0.27
75.69 £ 0.16
74.45+0.19
74.20 £0.33
74.18 £0.15
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Table 2:
Test Accuracy(%) of AMSGRrab for different e.
€ ResNets 20 ResNets 56 DenseNets ResNet 18 VGG
1001 92804022 94124007 9492+0.10 77.26+0.30 75.84+0.16
1072 92.89+0.07 9420+0.18 9443+0.22 76.23+0.26 75.37+0.18
104 91.85+0.10 9350+0.14 9402+0.18 76.30+0.31 74.44+0.16
106 91.98+0.23 9354016 9417+0.10 76.14+0.16 74.17+0.28
108 91.70+0.12 9310+0.11 93.71+£0.05 76.32+0.11 74.26+0.18
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Test Accuracy(%) of CIFAR-10 for ResNets 20, ResNets 56 and DenseNets.

Table 3:

Method B-LR € B ResNets20  ResNets 56 DenseNets
S-Momentum [9, 11] - - - 91.25 93.03 94.76

ADAM [14] 1078 1073 - 9256+0.14 9342+0.16 93.35%0.21
YOGI [14] 1072 1073 - 9262+0.17 9390+0.21 94.38+0.26
S-Momentum 1071 - - 9273+£0.05 9411+0.15 95.03+0.15
ADAM 1073 1078 - 91.68+0.12 92.82+0.09 93.32+0.06
AMSGRAD 1073 108 - 91.7+0.12 93.10+0.11 93.71+0.05
PADAM 107t 1078 - 927+0.10 94.12+0.12 95.06+0.06
PAMSGRAD 1071 1078 - 9274+£0.12 94.18+0.06 9521+0.10
ADABOUND 1072 1078 - 9159+0.24 93.09+0.14 94.16+0.10
AMSBOUND 1072 1078 - 91.76+0.16 93.08+0.09 94.03+0.11
ADAM* 1001 0013 - 9289013 9224+0.10 94.54+0.13
AMSGRAD* 1001 0013 - 9295+0.17 9432+0.10 94.58+0.18
SADAM 1072 - 50 93.01+0.16 94.26+0.10 95.19+0.18
SAMSGRAD 1072 - 50 92.88+0.10 94.32+0.18 9531+0.15
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