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Abstract

Children often struggle to solve mathematical equivalence problems correctly. The change-
resistance theory offers an explanation for children’s difficulties and suggests that some incorrect
strategies represent the overgeneralization of children’s narrow arithmetic experience. The current
research considered children’s metacognitive abilities to test a tacit assumption of the change-
resistance theory by providing a novel empirical examination of children’s strategy use and
certainty ratings. Children were recruited from U.S. elementary school classrooms serving
predominantly White students between the ages of 6 and 9. In Study 1 (7= 52) and Study 2 (n

= 147), children were more certain that they were correct when they employed arithmetic-specific
incorrect strategies relative to other incorrect strategies. These findings are consistent with the
change-resistance theory and have implications for the development of children’s metacognition.
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1The two sets of problems were well-matched. Children’s overall accuracy for the problems in Set 1 and Set 2 did not significantly
differ after controlling for their prior knowledge about mathematical equivalence, which was measured as part of the larger study.
More information about the criteria used to select and match the items in Sets 1 and 2 and children’s accuracy on the items in Set 1
versus Set 2 can be found in Nelson & Fyfe (2019).
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Children often use a variety of different strategies to solve a target problem (e.g., Alibali
etal., 2019; Fazio et al., 2016; Lemaire, 2017), and these strategies often vary in key

ways. Some strategies produce a correct answer and others produce an incorrect answer,
some are used frequently and some are used sparingly. These variations provide insights
into children’s developing knowledge. Differences in strategy use have led to advancements
in theories on cognitive development (e.g., Siegler, 2000), the characterization of learning
disabilities (e.g., Geary et al., 2007), and the design of teaching practices (e.g., Rittle-
Johnson et al., 2020).

One area of research that has been influenced by variations in strategy use is children’s
understanding of mathematical equivalence problems (e.g., Alibali, 1999; Hornburg et al.,
2018; Matthews & Rittle-Johnson, 2009). These problems often contain operations on both
sides of the equal sign (e.g., 3+4 =5+ _ ) and tap into children’s early algebraic reasoning
(e.g., Kieran, 1981). Children’s performance on mathematical equivalence problems has led
to the development of a “change-resistance” account that helps explain why some strategies
become entrenched and difficult to let go (McNeil, 2014). The current study aims to shed
light on this theoretical account by providing a novel empirical examination of children’s
strategy use and metacognitive abilities on mathematical equivalence problems.

Metacognitive Abilities and Mathematical Problem Solving

Metacognition is the ability to think about one’s own knowledge (Nelson & Narens, 1990),
and it includes the ability to monitor and evaluate one’s performance (e.g., “Did | solve that
problem correctly?” “How sure am | about my answer?”). Metacognitive skills are positively
associated with children’s academic achievement, including in mathematics (e.g., Nelson &
Fyfe, 2019; Bellon et al., 2019; Vo et al., 2014). Previous research suggests that even young
children are capable of monitoring their knowledge and differentiating between answers that
are correct versus incorrect (e.g., Coughlin et al., 2015; Desoete et al., 2006; Vo et al., 2014).

Previous research on children’s metacognitive skills tends to focus solely on correct versus
incorrect answers. However, it is possible that children’s metacognitive monitoring may
differ depending on the specific type of strategy they use. Monitoring different incorrect
strategies may be particularly challenging as children tend to overestimate their knowledge,
often thinking they are correct when they are not (e.g., Finn & Metcalfe, 2014; Flavell,
1979; Rinne & Mazzocco, 2014; Roebers & Spiess, 2017). While overconfidence may

have some benefits for learning, such as allowing children to be open to learning new and
challenging topics (e.g., Bjorklund & Green, 1992), overconfidence is also negatively related
to children’s metacognitive abilities (e.g., Destan & Roebers, 2015). Monitoring different
incorrect strategies may also require introspection about multiple cognitive states. For
example, some incorrect strategies stem from a complete /ack of knowledge (e.g., guessing),
while other incorrect strategies stem from the presence of inaccurate knowledge (e.g.,
misapplying a strategy that works in another context). This suggests that incorrect strategies
are not all cognitively equivalent and that an examination of children’s metacognitive
monitoring abilities can be a fruitful way to shed light on children’s strategy knowledge
(e.g., Durkin & Rittle-Johnson, 2015), particularly in areas where misconceptions are
prevalent, such as in the domain of mathematical equivalence.
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Mathematical Equivalence Problems

Mathematical equivalence is the idea that two quantities are the same and it is often formally
represented by the equal sign (e.g., Kieran, 1981). Knowledge of mathematical equivalence
is considered foundational for both arithmetic and algebra (e.g., Carpenter et al., 2003;
Knuth et al., 2006). It enables children to focus on the re/ation between quantities and to
understand that the two sides of an equation represent the same amount (e.g.,3+4=7; 3
+4 =5+ 2). Children’s knowledge of mathematical equivalence predicts their mathematics
achievement and algebra competence in later grades (Matthews & Fuchs, 2020; McNeil et
al., 2019).

One way children demonstrate their knowledge of equivalence is by using a correct strategy
to solve mathematical equivalence problems (e.g., Perry et al., 1988). In line with Rittle-
Johnson et al. (2011), we use the term “mathematical equivalence problems” to refer to a
broad set of problems that include operations on the right side of the equal sign (e.g., 8
=6+ __ ) or operations on both sides of the equal sign (e.g., 3+ 4 =5+ _). Critically,
these problems are distinct from traditional arithmetic problems with operations on the left
side only (e.g., 6 + 2 =__). Unfortunately, correct strategies on these type of mathematical
equivalence problems are relatively rare. For children ages 7 to 11 in the United States,
success rates on mathematical equivalence problems are modest at best, with rates as low
as 15-25% on pretest measures that occur prior to any training or instruction (e.g., Fyfe &
Rittle-Johnson, 2017; McNeil & Alibali, 2005; Rittle-Johnson, 2006). For that reason, most
research focuses on children’s difficulties with mathematical equivalence and the /ncorrect
strategies that children use.

The Change-Resistance Account

A change-resistance theory has emerged as a widely-accepted explanation as to why
children exhibit difficulties with mathematical equivalence (McNeil, 2014). The theory
suggests that children’s difficulties arise largely because of their prior experiences with
arithmetic (Knuth et al., 2006; McNeil & Alibali, 2005). The idea is that children pick up
on common patterns in their arithmetic practice and develop efficient strategies that are
consistent with those patterns. These strategies can become entrenched and then misapplied
to new problems that share some, but not all, characteristics with their arithmetic practice
problems.

In the United States, children are often exposed to narrow arithmetic practice in an
“operations-equal-answer” format (e.g., 2 + 3 = 5; McNeil et al., 2006). One analysis of
mathematics textbooks found that these traditional arithmetic formats typically accounted
for over 90% of all equations across grades 1 to 5 (Powell, 2012). Given this exposure,
children learn to expect certain patterns — the operations will always be on the left side
and the equal sign is followed by the answer. Consistent with the change-resistance theory,
many children view the equal sign as a signal to “add the numbers” as opposed to a
symbol relating two amounts (e.g., Baroody & Ginsburg, 1983; Behr et al., 1980; Kieran,
1981; Stephens et al., 2013), and they develop arithmetic-specific strategies that they
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overgeneralize when they encounter novel mathematical equivalence problems (e.g., McNeil
& Alibali, 2005; Rittle-Johnson, 2006).

Prior work has documented children’s use of these incorrect strategies (Perry et al., 1988).
Consider the problem 3+ 4 =5+ . The first arithmetic-specific strategy is add-all in
which children add all the numbers in the problem (e.g., 3 plus 4 plus 5 adds to 12). The
second arithmetic-specific strategy is add-to-equal in which children add all the numbers
before the equal sign (e.g., | saw the 3 and 4 and | wrote 7 in the blank). These two strategies
work well on traditional arithmetic problems but produce incorrect solutions on equivalence
problems. Children also use other incorrect strategies to solve equivalence problems. For
example, some children use a carry strategy by copying a number from the problem (e.g.,

I saw 3 here, so | put 3 in the blank; Alibali, 1999; Fyfe et al., 2012; McNeil & Alibali,
2005). However, consistent with the change-resistance account, the two arithmetic-specific
strategies are the most prevalent and often account for 60-90% of children’s incorrect
responses (e.g., Matthews & Rittle-Johnson, 2009; McNeil & Alibali, 2005; Rittle-Johnson,
2006). When children encounter mathematical equivalence problems, they see features that
activate their arithmetic knowledge (e.g., addends, equal sign), and they overgeneralize
strategies that have become entrenched through their narrow experience with traditional
arithmetic.

The Role of Children’s Metacognitive Abilities

One tacit assumption of the change-resistance account is that children are confident that
the arithmetic-based strategies are a correct approach. That is, the misapplication of these
arithmetic-specific strategies to mathematical equivalence problems is not an uncertain,
in-the-moment guess, but a firm and confident reliance on a familiar strategy that has
worked well in the past to solve traditional arithmetic problems. In the now seminal paper
on the change-resistance account by McNeil and Alibali (2005), the authors use confidence
as an indicator of entrenchment. Specifically, they had children solve three mathematical
equivalence problems and rate “how certain they were about their way of doing the
problem” using a 1 to 7 scale after each one (McNeil & Alibali, 2005, p.886). To quantify
entrenchment, the child had to use the incorrect add-all strategy on at least 2 of the 3
problems and report high confidence in the correctness of that strategy (i.e., rate greater than
4 on a 1-7 scale). Children who met these criteria were said to be operating according to an
entrenched pattern instead of a generic fall-back rule — a strategy that children apply across
a wide variety of problems when they are not sure what to do (Siegler, 1983). Thus, these
authors identify frequency of use and certainty in correctness as indicators of entrenchment
based on the change-resistance account.

One untested prediction that stems from this assumption is that children should be more
certain when using arithmetic-specific strategies relative to other incorrect strategies.
According to the change-resistance account, arithmetic-specific strategies are likely to

stem from the overgeneralization of entrenched, familiar patterns that children encounter

in arithmetic, whereas other incorrect strategies are likely to stem from in-the-moment
processing of item-level information (e.g., copying a number they see). Further, McNeil and
Alibali (2005) propose that high confidence is associated with using entrenched strategies.
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In contrast, if the arithmetic-specific strategies are not cognitively unique and simply
represent another way to solve the problems incorrectly, then children’s certainty should not
be systematically higher on these arithmetic-specific strategies relative to other strategies.

Of course, there are other features of these strategies that might influence children’s
certainty. For example, typically the more time people spend implementing a strategy the
lower their certainty is in the correctness of their response (e.g., Coughlin et al., 2015). The
idea is that people use their response time as a cue to their lack of knowledge or to the
amount of doubt they have on a given task (e.g., Koriat et al., 2006). Thus, strategies that
take longer to execute on mathematical equivalence problems may result in lower certainty.
Critically, there are no systematic reasons to think that the arithmetic-specific strategies are
faster to implement relative to other incorrect strategies. In fact, a child who adds all the
numbers in the problem (e.g., answering 12 for 3+ 4 =5+ ) may take longer than a child
who simply copies a number they see (e.g., answer 3 for 3+4 =5+ _ ), in which case
they may be less certain using the add-al/ strategy. Thus, apart from the change-resistance
account, there is no systematic reason to expect children’s certainty to be markedly higher
on the add-all and add-to-equal strategies.

The Current Study

The goal of the current study is to test a prediction of the change-resistance account

by providing a novel empirical examination of children’s strategy use and metacognitive
abilities (i.e., certainty ratings) on mathematical equivalence problems. There are three
published studies that include a measure of certainty rating on equivalence problems,

but none of them focus on the match between certainty and different strategy types. As
mentioned above, McNeil and Alibali (2005) quantified children’s adherence to arithmetic
patterns, which included (among other things) using the add-al/ strategy on pretest problems
and giving it a certainty rating of 5 or higher on a 7-point scale. They found that higher
adherence to arithmetic patterns was negatively associated with learning from a lesson on
equivalence. Brown and Alibali (2018) had children rate their certainty using a 5-point
scale on a mathematical equivalence problem prior to a brief lesson. For children with

lower certainty, feedback increased the likelihood that children would change their strategy
after the lesson. Nelson and Fyfe (2019) examined children’s monitoring and help-seeking
on equivalence problems and their associations with a broader measure of mathematics
knowledge. To calculate a measure of monitoring, children rated their confidence on a
4-point scale for five mathematical equivalence problems. Children reported a confidence
level consistent with the correctness of their response only 57% of the time, but individual
differences in this type of monitoring was positively related to their mathematics knowledge.

The current research includes two studies in which elementary school children solve a set
of mathematical equivalence problems and rate their certainty on each problem. The goal
is to examine children’s certainty as a function of strategy use to test an assumption of
the change-resistance account. Study 1 is a re-analysis of a portion of the data presented
in Nelson and Fyfe (2019) with a novel focus on specific strategy types. Study 2 is a
re-analysis of data from an independent, larger sample of elementary school children to
serve as a replication of the findings from the first study (Fyfe et al., 2021).
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The first prediction is that the data will replicate prior findings (e.g., McNeil & Alibali,
2005; Rittle-Johnson, 2006) and demonstrate that the two arithmetic-specific strategies
(i.e., add-all and add-to-equal) are the most common incorrect strategies that children
use on equivalence problems. The second prediction is that children’s certainty will be
higher on the arithmetic-specific strategies relative to other incorrect strategies because
the arithmetic-specific strategies stem from entrenched, routine patterns encountered in
children’s mathematics experience. The results will shed light on how variations in
children’s strategy use can provide insights into their cognitive development and their
difficulties with mathematical equivalence problems.

Participants—Children were recruited from four elementary schools in a U.S. Midwest
college town, including two private schools, one Montessori school, and one public charter
school. Parent consent was obtained from 54 children across five participating classrooms
(see Supplementary Material for a justification of the sample size). Two children failed to
complete the study, so the final analytic sample included 52 elementary school children
with an average age of 8;1 years (SD = 0.8). This included 14 children in first grade (M
=7;2 years, SD = 0.4), 22 children in second grade (M= 8;0 years, SO =0.4), and 16
children in third grade (M= 9;1 years, SD = 0.4). On the consent form, parents had the
option of providing information about their child’s gender and ethnicity through open-ended
fill-in-the-blank questions. Thirty-eight parents opted to provide gender information by
writing female, male, F, or M; 17 of the 38 were female. Thirty-two parents opted to provide
their child’s ethnicity information; 24 were White, 1 was Hispanic, 1 was Asian, and 6 were
Multiracial. The same sample was reported in Nelson and Fyfe (2019) to answer a separate
research question. The larger published report examined children’s metacognitive skills and
their association with a comprehensive measure of mathematical equivalence knowledge. It
did not include an examination of children’s strategy use. Thus, the hypotheses, analyses,
and conclusions in the current paper are distinct from those reported in n Nelson and Fyfe
(2019).

Materials—Children solved a set of five mathematical equivalence problems. One problem
was a simpler item with an operation on the right side of the equal sign (e.g., 7=4+__)and
the remaining four items had operations on both sides of the equal sign (e.g.,3+7=3+_).
Two sets of isomorphic problems were constructed to ensure the results did not depend on
the specific numbers used, and children were randomly assigned to solve the problems in Set
1 or Set 21. See Table 1 for the list of the mathematical equivalence problems. The problems
were presented in a horizontal format with equal spacing between the addends, operations,
and equal sign.

Children also rated their certainty immediately after solving each problem on a trial-by-trial
basis using a traffic light rating scale adapted from prior research (De Clercq et al., 2000).
There were four options with anchors from “I know | got this problem right” to “I know |
got this problem wrong.” See Figure 1 for a depiction of the scale.
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Coding—Children’s certainty ratings were assigned a score of 1 to 4 with 1 corresponding
to “I know I got this problem wrong” and 4 corresponding to “I know I got this problem
right.” Thus, higher scores are equated with higher certainty in correctness.

Children’s strategies on the mathematical equivalence problems were based on their written
solutions and coded using an established system from previous research (e.g., McNeil

& Alibali, 2005; Perry et al., 1988; Rittle-Johnson, 2006). See Table 2 for examples of

each strategy. Solutions were coded as reflecting a correct strategy if they made both

sides of the equal sign the same amount. As in prior work, solutions within £1 of the
correct answer were coded as a correct strategy to account for minor arithmetic mistakes
(e.g., McNeil, 2007; Perry, 1991). Although different types of correct strategies have been
identified in previous research (e.g., Perry et al., 1988), distinguishing between correct
strategies is not possible when only relying on children’s numerical solutions because
different correct strategies could be used to arrive at the same correct numerical response.
Therefore, in the current study, every correct numerical solution (1) received the correct
strategy code. Incorrect strategies could be further classified as arithmetic or other given
these strategies lead to different numerical responses. Arithmetic strategies included adding
all the numbers in the problem (add-a/l) or adding all the numbers before the equal sign
(add-to-equal). Again, solutions within +1 of the solution that would be obtained with
either arithmetic strategy were coded as reflecting that strategy (e.g.,on3+7+8=__

+ 8, a solution of 25 would be coded as add-all even though the actual total is 26). Other
incorrect strategies included copying a number from the problem into the blank (carry) or
idiosyncratic responses like operating on random numbers (/idiosyncratic). The idiosyncratic
strategy code was used for any numerical solution that could not be derived using a correct
strategy, the add-all strategy, the add-fo-equal strategy, or the carry strategy. One child left
one item blank; this trial was excluded from analysis as it was unclear whether it represented
a deliberate choice (e.g., | don’t know how to answer that question) or a logistic mistake
(e.g., accidentally skipping the problem). A second rater coded the strategies for 31% of
children’s solutions and inter-rater agreement was high (kappa = .98).

Given the central importance of identifying children’s different strategies for our research
questions, we verified the reliability of our strategy coding in three additional ways. We
summarize these ways here and provide further details in the Supplementary Materials.

We first verified that using written solutions alone is a reliable indicator of children’s
strategies. Some prior work has relied solely on written solutions to infer strategy use (e.g.,
McNeil, 2007), especially when assessments are administered as pretests or posttests to a
whole group of students (e.g., Fyfe et al., 2012; Matthews & Rittle-Johnson, 2009). But, in
one-on-one contexts, it is common to rely on written solutions in conjunction with children’s
verbal strategy reports of how they arrived at their solutions, and these verbal reports

can provide unique information (e.g., McGilly & Siegler, 1990). Children in the current
sample did not provide verbal strategy reports for the target items reported here. However,
as part of the larger study, children completed a separate, more comprehensive measure

of mathematical equivalence knowledge, which included a set of problems on which they
provided numerical solutions and verbal strategy reports (see Nelson & Fyfe, 2019). The
first author coded children’s strategy use on these items using their written solutions alone.
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A second researcher independently coded children’s strategy use on these items using both
written solutions and verbal strategy reports. The inter-rater agreement was high (kappa
=.91), indicating that the written numerical solutions alone were a reliable indicator of
children’s strategy use for this group of children.

Additionally, we verified that the classification of children’s strategies was reliable with
minor changes to the coding criteria. The current coding criteria were somewhat lenient
(e.g., answers within £1 of the add-all solution were coded as reflecting the add-all strategy).
Therefore, we also coded the strategies in two complementary ways using more stringent
criteria. We found that the distribution of children’s strategy use was similar using these
different criteria and produced similar conclusions as the original coding criteria (see
Supplementary Materials).

Procedure—Children participated in a one-on-one session with a researcher in a quiet
place in their school for 30 minutes. The researcher presented all problems on a computer
screen using a Qualtrics survey. Children were first presented with a warm-up problem
(Which number is bigger? 29 or 31) to ensure they could use the computer controls correctly
and to ensure they understood how to use the certainty rating scale. Then, children solved
the five mathematical equivalence problems one at a time. For each problem, they typed
their numerical response and then clicked on a certainty rating to indicate how certain they
were in their answer. This was repeated for all five problems, and no feedback was provided.
The computer recorded children’s response time on each item, which was the time between
when the problem first appeared on the screen and when the child submitted their typed
numerical response.

Descriptive Statistics—Table 3 displays the frequency of children’s certainty ratings,
and Table 4 displays the frequency of each strategy type. On average, children used a
correct strategy on 47% of the problems. Consistent with the hypothesis, the most common
incorrect strategies were arithmetic-specific; add-all was used on 24% of problems and add-
to-equal was used on 15% of problems. Children’s strategy use was generally variable, with
children using an average of 1.96 (SD = .91) different strategies (out of 5). Additionally,

a subset of children showed no variability in their strategy use: 16 children used a correct
strategy to solve all the problems, and 11 children used the same type of incorrect strategy
to solve all the problems. Of the children that used the same type of incorrect strategy
across items, three children used the add-all strategy only, one child used the carry strategy
only, and seven children used arithmetic-based incorrect strategies only (add-all and add-to-
equal). Children were very confident in their responses; they gave a rating of 3 (out of 4) on
43% of problems and a rating of 4 (out of 4) on 41% of problems. Despite most children
using the upper end of the scale, the full range of the certainty scale was used (see Table 3).

Consistent with the hypothesis, certainty ratings descriptively depended on the strategy
children used. Across all problems and all children, certainty ratings were highest when
children used a Correct strategy. However, among the incorrect strategies, certainty ratings
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were higher on the two arithmetic-specific strategies (add-all and add-to-equal) relative to
other incorrect strategies (see Table 4).

Certainty Ratings Across Different Strategy Types—To formally examine
children’s certainty ratings as a function of strategy type, we conducted mixed-effects
regression analyses using the Ime4 package (Bates et al., 2015) in R v. 4.0.2 (R Core Team,
2020). These analyses included strategy type (Correct, Arithmetic, Other-Incorrect) as a
predictor of children’s certainty ratings. Given that items were nested within children and
children gave certainty ratings across items, we first calculated the intraclass correlations
(/CGs) to determine how much variation in certainty ratings was due to participants and
items. These analyses revealed that 38.1% of the variation in certainty ratings was due

to participant differences and 2.3% of the variation in certainty ratings was due to item
differences. We included a random intercept for Participant and a random intercept for Item
in the models. Random slopes were not included in these models. Additionally, within these
models, isomorphic items in Set 1 and Set 2 were coded with the same ID (e.g., a problem
in Set 1 and the corresponding isomorphic problem in Set 2 were given the same Item ID
number). We report the results from these models with Satterthwaite’s method for estimating
degrees of freedom in the ImerTest package (Kuznetsova et al., 2017).

Given we were interested in comparing children’s confidence when using Arithmetic
strategies relative to Correct strategies and when using Arithmetic strategies relative to
Other-Incorrect strategies, we examined the dummy-coded contrasts of strategy type with
Arithmetic strategies as the reference group in the regression analyses. The first contrast
sheds light on children’s metacognition more broadly; if children have well-calibrated
metacognitive abilities, they should be more certain when using correct strategies relative
to incorrect strategies. The second contrast sheds light on the change-resistance account; if
the arithmetic-specific strategies stem from the overgeneralization of entrenched, familiar
patterns, children should be more certain when using arithmetic-specific strategies relative
to other incorrect strategies. Missing data was rare (0.4%), so we removed the missing
observations from the dataset for the following analyses.

In addition to our primary model (i.e., Model 1a), we conducted three additional regression
analyses. Model 1b was identical to Model 1a but controlled for response time to determine
how response time related to children’s certainty ratings and whether it influenced the role
of strategy type. Models 2a and 2b mirrored the first two models but were based on a subset
of the items to determine if the inclusion of easier items influenced the main pattern of
results. As mentioned before, children solved a set of five items: four with operations on
both sides of the equal sign (e.g., 9+ 4 =3+ __), and one easier item with operations on
the right side only (e.g., 8 =3 + _ ). Thus, Model 2a was identical to Model 1a, but with
the easier item removed. Model 2b was identical to Model 2a, but it controlled for response
time.

Models 1a and 1b: Certainty Ratings Across All ltems—As can be seen in Table
5, the first contrast in Model 1a revealed no significant difference in children’s certainty
ratings when using Arithmetic strategies than when using Correct strategies, B(SE) =
.03(.11), p=.79. However, the second contrast revealed that children were significantly
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more certain when using Arithmetic strategies than when using Other-Incorrect strategies,
B(SE)=-.53(.14), p<.001. Thus, children’s confidence depended on the specific type of
incorrect strategy they used, supporting our hypothesis.

These results are consistent with the change-resistance theory. However, an alternative
explanation for children’s high confidence when using arithmetic-specific strategies is that
the arithmetic-specific strategies take less time to execute than other strategies and inflate
children’s certainty in their correctness. Indeed, in the full sample, the average time it
took children to solve a problem was significantly, negatively correlated with their average
certainty, r=-.29, p=.04. To rule out this possibility, differences in response time were
examined as a function of strategy type, and Model 1b was conducted controlling for
response time in the analyses.

As shown in Table 4, Arithmetic strategies were not more efficient than the other strategies.
In fact, children tended to take less time executing correct strategies than incorrect strategies,
and both types of incorrect strategies (Arithmetic and Other) took close to one full minute
per problem. Model 1b included response time as a predictor of children’s certainty ratings
(see Table 5). Response time was a significant predictor of children’s certainty ratings,
B(SE) = -.004 (0.001), p=.005, meaning the faster they solved the item the higher certainty
they reported. Consistent with Model 1a, the contrast between Arithmetic strategies and
Other-Incorrect strategies remained statistically significant, B(SE) = —.49(.14), p<.001, after
controlling for response time. Thus, on average, children were more confident when using
Arithmetic strategies than when using Other-Incorrect strategies after accounting for the
time it took to complete the problems.

Models 2a and 2b: Certainty Ratings with Easy Item Removed—Models 2a and
2b examined whether the main pattern of results held when removing the easy item (i.e.,
problem with operations on the right side only). When the data from the remaining four
items were analyzed, the conclusions remained the same (see Table 5). In Model 2a, the
only significant contrast was between Arithmetic and Other-Incorrect strategies, B(SE) =
-.54(.15), p< .001. Children were more certain when using arithmetic-specific strategies
relative to other types of incorrect strategies even after the easy item was removed. Further,
Model 2b revealed Response Time was no longer a significant predictor of children’s
confidence, B(SE) = —0.002 (0.002), p = 0.14. However, children were still more certain
when using Arithmetic strategies than Other-Incorrect strategies on this subset of items after
controlling for response time, B(SE) = —.51(.15), p< .001. Therefore, including an easier
item did not seem to be driving the main results found when analyzing all items.

Study 1 Discussion

Study 1 results were consistent with the hypotheses. Children frequently solved
mathematical equivalence problems using incorrect strategies, and the most common
incorrect strategies were arithmetic-specific (adding all the numbers together or adding all
the numbers before the equal sign). Further, children’s certainty depended on the specific
type of incorrect strategy they used; children were more certain that they were correct when
they employed arithmetic-specific strategies relative to other incorrect strategies. These
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arithmetic-specific strategies did not take less time compared to the other strategies, and
accounting for response time did not alter the conclusions. These findings are consistent
with the change-resistance theory and suggest that arithmetic-specific strategies are not an
uncertain, in-the-moment guess, but a confident reliance on a familiar strategy that has
worked well in the past.

The results from Study 1 are promising, but they rely on a small sample of children. The
goal of Study 2 was to replicate the main findings from Study 1 using a larger sample.

Participants—Children were recruited from three elementary schools in a U.S. Midwest
college town, including one private school and two public schools. Opt-out consent forms
were distributed to 150 children across eight participating classrooms. Two parents opted
their children out of participation and an additional child was excluded from analysis

for not completing the study. The final sample reported here consists of 147 children

(see Supplementary Material for a justification of the sample size). Demographic data

for individual participants was not collected due to the opt-out consent protocol. Because
we did not have birth date information for each child, we cannot calculate their precise
ages, but in the U.S., children in first grade are typically 67 years old and children in
second grade are typically 7-8 years old. Moreover, publicly available information for

the three schools indicate that the student populations ranged from 60.2—75.6% White, 7.0—
8.2% Multiracial, 3.0-7.2% Black, 3.7-18.5% Asian, and 3.7-5.9% Hispanic. Additionally,
classroom teachers were asked to provide class-level gender data (i.e., what percentage

of the students in your class are female). The participating classrooms ranged from 32—
64% female. The data reported here come from a larger study on children’s metacognitive
abilities in elementary school (Fyfe et al., 2021).

Materials—Children solved a set of six mathematical equivalence problems. Two problems
were simpler items with an operation on the right side of the equal sign (e.g., 7=4+ _)
and the remaining four items had operations on both sides of the equal sign (e.g., 2 +7 =

6 + _ ). See Table 1 for the list of the mathematical equivalence problems. The problems
were presented in a horizontal format with equal spacing between the addends, operations,
and equal sign. Children also rated their certainty on each problem using the same rating
scale from Study 1. The six mathematical equivalence problems were embedded in a larger
mathematics assessment containing 12 other mathematics items.

Coding—Children’s strategies on the mathematical equivalence problems were based on
their written solutions and coded using the same system as in Study 1 (see Table 2). Children
did not provide a solution on 4.6% of all trials. As in Study 1, these “blank” solutions were
excluded from analysis as it was unclear whether they represented a deliberate choice or

a logistic mistake. A second rater coded the strategies for 31% of children’s solutions and
agreement was high (kappa = .99). Certainty ratings were assigned scores from 1 to 4 as in
Study 1.
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Procedure—Children completed a paper-and-pencil assessment in their classroom during
their normal mathematics class. The researcher led the students through the instructions and
discussed an example item (e.g., 1 + = 2) to ensure children knew how to complete the
assessment packet and how to use the certainty rating scale. Then, students completed the
problems and circled their certainty ratings at their own pace at their desk. No feedback was
provided. Given the nature of this procedure (whole group in the classroom), no response
time data was collected.

Descriptive Statistics—Table 3 displays the frequency of children’s certainty ratings,
and Table 4 displays the frequency of each strategy type. On average, children used a correct
strategy on 58% of the problems. Similar to Study 1 and consistent with our hypothesis,
the most common incorrect strategy was the add-all strategy, which was used on 15%

of problems. The add-to-equal strategy was also fairly common and used on 9% of all
problems. Children’s strategy use was generally variable, with children using an average of
2.16 (SD = .94) different strategies (out of 5). Additionally, a subset of children showed no
variability in their strategy use: 42 children only used a correct strategy, and one child used
the same incorrect strategy (/diosyncratic) to solve all the problems. Again, children were
very confident in their responses; they gave a rating of 3 (out of 4) on 25% of problems

and a rating of 4 (out of 4) on 54% of problems. Despite most children using the upper

end of the scale, the full range of the certainty scale was used (see Table 3). Similar to
Study 1, certainty ratings descriptively depended on the strategy children used. Across all
problems and all children, certainty ratings were highest when children used a Correct
strategy. However, among the incorrect strategies, certainty ratings were higher on the two
arithmetic-specific strategies (add-all and add-to-equal) relative to other incorrect strategies
(see Table 4).

Certainty Ratings Across Different Strategy Types—The same analytic plan as
Study 1 was used, except the analysis controlling for response time was not included

since these data were not available for Study 2. This means children’s certainty ratings
were examined using two mixed-effects regression models, one with all the items included
(Model 1) and one with the simpler items removed (Model 2). Additionally, we calculated
the /CCs to determine how much variation in certainty ratings was due to participants and
items. These analyses revealed that 33.9% of the variation in certainty ratings was due

to participant differences and 11% of the variation in certainty ratings was due to item
differences. We included a random intercept for Participant and a random intercept for Item
in the models. Random slopes were not included in these models. The amount of missing
data for Study 2 was fairly rare (5.1%), so missing observations were removed from the
dataset when running the following analyses.

Model 1: Certainty Ratings Across All ltems—As can be seen in Table 6, the first
contrast in Model 1 revealed that children were significantly more certain when they used

a Correct strategy than when they used Arithmetic strategies, B(SE) = .44(.07), p < .001.
The second contrast revealed that children were significantly more certain when they used
Arithmetic strategies than when they used Other-Incorrect strategies, B(SE) = —.35(.09), p<
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.001. Thus, consistent with Study 1 and with our hypothesis, children’s confidence depended
on the specific type of incorrect strategy they used.

Model 2: Certainty Ratings with Easy Items Removed—Model 2 examined whether
the main pattern of results held when removing the two easy items (i.e., problems with
operations on the right side only). When the data from the remaining four items were
analyzed, the conclusions remained the same (see Table 6). The first contrast showed that
children were still more certain when they used Correct strategies relative to Arithmetic
strategies on this subset of items, B(SE) = .34(.09), p < .001. Similarly, the second contrast
showed that children were also still more certain when they used Arithmetic strategies

than when they used Other-Incorrect strategies, B(SE) = —.39(.10), p < .001. Therefore,
consistent with the findings from Study 1, including easier items did not seem to be driving
the main pattern of results found when analyzing all the items.

Study 2 Discussion

Study 2 results were consistent with the hypotheses. Children frequently solved
mathematical equivalence problems using incorrect strategies, and common incorrect
strategies were arithmetic-specific (adding all the numbers together or adding all the
numbers before the equal sign). Further, children were more certain that they were correct
when they employed arithmetic-specific strategies relative to other incorrect strategies. Thus,
these findings are consistent with the change-resistance theory.

General Discussion

The current study represents a novel empirical examination of children’s strategy use

and certainty ratings on mathematical equivalence problems that provides support for

the change-resistance theory. In two independent samples, children were generally more
confident when using correct than incorrect strategies (though this only reached statistical
significance in Study 2). More robustly, children’s common incorrect strategies were add-
all and add-to-equal, which represent the misapplication of strategies that work well on
traditional arithmetic problems. Further, children reported significantly higher certainty
ratings when they used arithmetic-specific strategies relative to other incorrect strategies.
These results were reliable across variations in analyses and in strategy-coding criteria
(See Supplementary Materials), and they did not depend on how long the strategies took
to implement. The findings have theoretical implications for children’s understanding of
mathematical equivalence, as well as for their strategy use and metacognitive knowledge
more broadly.

Implications for Research on Mathematical Equivalence

Consistent with previous research, elementary school children struggled to solve
mathematical equivalence problems correctly (e.g., Fyfe & Rittle-Johnson, 2017; McNeil
& Alibali, 2005). Success rates across the two studies were close to 50%, which is far
from proficient. Other research has reported even lower performance on these problems,
with lower bound success rates of 15-25% (e.g., Fyfe & Rittle-Johnson, 2017; McNeil et
al., 2011). Direct comparisons with previous research are difficult given different inclusion
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criteria; for example, Matthews and Rittle-Johnson (2009) worked with children from
second through fifth grade and found a success rate on pretest equivalence problems of about
20%. However, that success rate was based on a subset of the original sample; they recruited
121 children and excluded 81 of them (67%) because they already scored higher than 50%
on the pretest. These types of exclusions are common for research on interventions, in which
the goal is to work with children who have room for improvement (e.g., Fyfe et al., 2012;
Rittle-Johnson, 2006), but they make comparisons of baseline performance difficult across
studies. In general, our results are consistent with the notion that students struggle to solve
equivalence problems correctly, even when simpler items with operations on the right side
only (a= b+ ¢) are included.

Importantly, across all items, even the simpler ones, children used a variety of incorrect
strategies (Matthews & Rittle-Johnson, 2009; McNeil & Alibali, 2005; Rittle-Johnson,
2006). Each incorrect strategy represented a faulty way of solving the problem. Yet, these
incorrect strategies were not cognitively equivalent. Children were significantly more certain
that they were correct when they used arithmetic-specific strategies than when they used
other incorrect strategies. Why does this discrepancy in children’s certainty ratings matter?

First, this discrepancy is uniquely predicted by the change-resistance account, and it
provides support for this theory. According to the change-resistance theory (McNeil, 2014),
children’s difficulties with mathematical equivalence are not about something they lack
(e.g., ability, working memory capacity); rather, it is about the presence of misconceptions
that stem from the overgeneralization of strategies that are familiar and work well in
arithmetic. One tacit assumption is that children are confident that the arithmetic-based
strategies will work; they do not represent uncertain in-the-moment guesses. Although prior
work has documented the prevalence of add-all and add-to-equal strategies (e.g., Perry

et al., 1988), the current research is the first to demonstrate that children’s confidence is
uniquely high on these arithmetic-specific strategies relative to other incorrect strategies.
Outside of the change-resistance account, there are no reasons to expect specific differences
in certainty ratings as a function of the incorrect strategy type. For example, it is not the
case that these arithmetic-specific strategies were faster to implement than other incorrect
strategies, which could also lead to higher certainty. Thus, the findings lend support to the
change-resistance account, which helps explain how early learning experiences (e.g., with
traditional arithmetic) can influence cognitive development.

An open question concerns the causal relation between entrenchment and certainty. Here,
certainty ratings were used as an indicator of entrenchment (see McNeil & Alibali,

2005), but bidirectional relations between confidence and entrenchment may be possible.
Entrenched strategies that are used over and over again may produce greater confidence
(e.g., due to familiarity, ease of retrieval and implementation). However, confidence may
also causally contribute to entrenchment. Children may build up confidence in the add-al/
strategy when it works on a variety of traditional arithmetic problems (e.g., with two
addends and three addends, with small numbers versus big numbers), and this confidence
may cause them to use that strategy on novel problems and be resistant to using new
strategies. Longitudinal relations between confidence and entrenchment should be examined
in future research.
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Second, this discrepancy in certainty ratings sheds light on the persistence of children’s
difficulties with mathematical equivalence. Misconceptions about mathematical equivalence
are not easy to overcome. For example, although some children might learn a correct
problem-solving strategy from a brief training, their knowledge change is often temporary
(e.g., Cook et al., 2008). Further, misconceptions about equivalence can persist well beyond
elementary school and into adulthood (e.g., Fyfe et al., 2020; McNeil et al., 2010).
Children’s overconfidence in their arithmetic-specific strategies may serve as a barrier to
meaningful knowledge change. For example, Brown and Alibali (2018) found that feedback
on children’s equivalence performance was less likely to promote strategy change for
children with high certainty in their initial strategies relative to children with low certainty in
their initial strategies.

Third, this discrepancy in certainty ratings suggests the specific ways in which answers are
wrong can matter (e.g., Congdon et al., 2018; Fitzsimmons et al., 2020; Fyfe et al., 2020;
McNeil & Alibali, 2005). For example, Byrd and colleagues (2015) measured third-graders’
and fifth-graders’ understanding of the equal sign at the beginning of the school year. Some
children provided correct, relational definitions of the equal sign (e.g., it means the same
amount), and this was positively related to their end-of-year algebra performance. However,
among the children who provided non-relational interpretations of the equal sign, some

of them provided arithmetic-specific definitions (e.g., it means when you add something)
and some provided other incorrect definitions (e.g., it means the end of the question).
Children who provided arithmetic-specific definitions scored lower on the end-of-year
measure compared to children who provided other incorrect definitions. These results are
consistent with the change-resistance account; children’s difficulties are not strictly about
the lack of correct knowledge, but the presence of specific misconceptions (McNeil &
Alibali, 2005).

Implications beyond Mathematical Equivalence

Although the current study focuses on mathematical equivalence, notions of entrenchment
and change-resistance can be applied to a wide variety of domains in which learners

hold misconceptions that are hard to change. In fact, the change-resistance account of
mathematical equivalence stems from broader top-down approaches to cognition that help
explain how early learning experiences can constrain later learning (see McNeil & Alibali,
2005). It also stems, in part, from classic research on mental sets, the common tendency
to rely on familiar, well-practiced approaches, as demonstrated in Luchins’ (1942) classic
water jar experiments. These experiments showed participants were resistant to use new,
more efficient strategies after getting used to using a different, less efficient strategy. The
current findings may have implications for other domains in which misconceptions are
resistant to change. For example, a large literature focuses on the whole number bias in
fraction learning. The whole number bias refers to the fact that learners misapply their
knowledge of whole numbers to non-whole numbers (i.e., decimals or fractions), such as
the belief that numbers with more digits are larger (e.g., thinking that 1.45 is larger than
1.5; Roell et al., 2017). Findings from the current study suggest that children’s confidence
in strategies resulting from misconceptions may provide important insights into why these
strategies are resistant to change. Additionally, they suggest that a promising avenue for
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future research would be to determine if children’s confidence in incorrect strategies
stemming from misconceptions is higher than for other types of incorrect strategies in other
domains with persistent misconceptions.

The current study also contributes to the literature on children’s metacognitive abilities more
broadly. First, the results of the current study corroborate previous findings that children
tend to overestimate their knowledge during problem solving (e.g., Rinne & Mazzocco,
2014; Roebers & Spiess, 2017). In Study 1 and Study 2, children’s average certainty

ratings were very high, even on incorrect trials. For example, in Study 2, the most common
incorrect strategy was add-al/and children’s average certainty ratings were 3.07 out of 4.00,
indicating that most children were certain it was correct. Thus, the current findings suggest
children tend to be overconfident in their own knowledge.

Second, the present results suggest that research in metacognition needs to move beyond
correct versus incorrect knowledge to consider nuances in the ways in which knowledge
can be wrong. In both studies, we found evidence that children were more confident when
using arithmetic strategies than other incorrect strategies, despite the fact that both types
of strategies represented faulty knowledge. Examining these nuances in strategy type can
provide further insight into the reasons for faulty knowledge and into the different contexts
in which metacognitive monitoring may be weak or strong. More broadly, it also suggests
that certainty ratings may be a useful way to learn more about children’s strategy use,
especially in domains where students hold misconceptions (e.g., Durkin & Rittle-Johnson,
2015).

Future research should explore whether it is possible to effectively target children’s
certainty on specific strategies during training. Current approaches to facilitating knowledge
of mathematical equivalence typically focus on modifying traditional arithmetic practice
(e.g., McNeil et al., 2015) or providing instruction on correct concepts and strategies
(e.g., Matthews & Rittle-Johnson, 2009; Perry, 1991). However, other research suggests
a focus on incorrect strategies can be fruitful as well (e.g., Durkin & Rittle-Johnson,
2012). For example, middle school algebra students benefitted from explaining worked
examples of quadratic equations, and the benefits were most robust when the examples
displayed common incorrect strategies (Barbieri & Booth, 2020). Children learning about
mathematical equivalence might benefit from studying clearly marked incorrect examples
that showcase the arithmetic-specific strategies and from explaining why students might
believe they are correct. This approach would target the specific incorrect strategies that
children tend to use, and potentially help children understand why their certainty may be
misplaced.

Limitations and Future Directions

Limitations of the current study suggest additional directions for future research. For
example, the analyses were based on data from small samples of children in a fairly narrow
age range. Future research should include larger samples with children spanning multiple
ages to better track the development of children’s mathematical equivalence knowledge and
their certainty on various strategies. Also, the generalizability of the conclusions should be
tested in samples with varying educational experiences and demographic characteristics.
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Although misconceptions about mathematical equivalence have been documented in
children from a variety of countries (e.g., Humberstone & Reeve, 2008; Molina et al., 2009),
these misconceptions are not universal (e.g., Li et al., 2008).

Additional limitations concern the measures used in the current study. Children solved a
small set of mathematical equivalence problems. Including a larger, more varied set of
items would allow for more fine-grained analyses across different features of the problems
and across the strategy types. Additionally, we characterized children’s strategy use based
on their numerical responses, which limited our analysis to different types of incorrect
strategies. If we had gathered verbal reports, we would have been able to examine different
types of correct strategies as well. Further, response time data was only available in Study
1 with a small sample of children. The conclusions are also dependent on the way in which
certainty was measured. In a recent review, Desoete and De Craene (2019) highlighted the
large number of diverse measures used to assess different aspects of metacognition and
that “there still is no ‘gold standard’” (p. 571). The certainty rating measure in the current
research was selected based on prior work within this age range (e.g., Desoete et al., 2006),
but future research is needed to test the generalizability of our conclusions when different
measures are used.

Despite these limitations, we provided novel evidence in support of the change-resistance
account by considering children’s metacognitive abilities. Children struggled to solve
mathematical equivalence problems correctly and frequently used strategies that stem from
their narrow experience with arithmetic. Critically, children were more certain that they were
correct when they employed these arithmetic-specific strategies relative to other incorrect
strategies, indicating that not all incorrect strategies were cognitively equivalent. These
results shed light on the development of misconceptions in early childhood as well as on
children’s metacognitive abilities. Going beyond accuracy — and focusing on the use of
specific strategies — is a critical mechanism for understanding cognitive development.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Highlights

Children varied in their strategy use and certainty on math equivalence
problems.

Arithmetic-specific strategies were the most common type of incorrect
strategy.

Children’s metacognitive abilities were modest due to overconfidence.
Children’s confidence varied depending on the type of incorrect strategy used.

Results are consistent with the change-resistance theory.
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How sure do you feel that you solved this problem correctly?

| know | got I think | got I think | got | know | got
this problem this problem this problem this problem
right. right. wrong. wrong.
Figure 1.

Certainty Rating Scale
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Table 1

Mathematical Equivalence Problems Presented to Children in Study 1 and Study 2

Study 1 Study 2
Item Mean Percent Correct Item Mean Percent Correct
Set 1 Set 2
7=__+4 8=3+__ 58% =__+3 92%
3+7=3+__ 4+6=4+ 48% 3+7+6=__+6 38%
9+4=3+__ 5+49=4+ 40% 247=6+ 46%
3+7+8=_+8 8+3+7=_+7 44% T=4+__ 80%
5+3+4=5+__ A+5+3=4+ 46% 3+4=__+5 49%
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Table 2

Children’s Strategies on Mathematical Equivalence Problems

Strategy Type

Description Example Responses

Correct

Avrithmetic-Incorrect
Add-All
Add-to-Equal

Other-Incorrect
Carry

Idiosyncratic

Made both sides of the equal sign the same amount 3+7+8=10+8

Added all the numbers in the problem 3+7+8=26+8
Added all the numbers before the equal sign 3+7+8=18+8
Copied one number from the problem 3+7+8=3+8

Idiosyncratic combination of numbers 3+7+8=16+8
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Frequency of Certainty Ratings Across Problems

Certainty Rating

Frequency Percentage

Study 1

1

5

2%

37
111
107

14%
43%
41%

Study 2

w N P~ W

Missing

86
103
216
473

10%
12%
24%
54%

1%
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Table 4

Frequency of Strategy use and Average Certainty Rating by Strategy Type Across Problems

Strategy Type  Strategy Frequency Percentage Certainty Rating M (SD) Response Time M (SD)
Correct Correct 123 47% 3.42 (.64) 32.12 (18.52)
Add-All 63 24% 3.17(.81) 40.83 (18.35)
Avrithmetic
Add-to-Equal 39 15% 3.10(.72) 60.82 (39.18)
Study 1
Carry 14 5% 3.00 (.88) 52.97 (30.02)
Other-Incorrect
Idiosyncratic 20 8% 2.75 (.85) 61.50 (34.72)
No Answer Blank 1 4% 1.00 (—) 95.46 (—)
Correct Correct 511 58% 3.63(.71) —
Add-All 132 15% 3.07 (.96) —
Avrithmetic
Add-to-Equal 83 9% 2.79 (.94) —
Study 2
Carry 16 2% 2.63(.89) —
Other-Incorrect
Idiosyncratic 99 11% 2.55 (1.00) —
No Answer Blank 41 5% 1.39 (.86) —
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Table 5

Results for Mixed-Effects Regression Models Predicting Children’s Certainty Ratings for Study 1

Variable B (SE) t 95% ClI p
Model 1a
Contrast 1: Arithmetic vs. Correct 0.03 (0.11) 0.26 [-.22, .26] 0.79
Contrast 2: Arithmetic vs. Other-Incorrect ~ —0.53 (0.14) -3.81 [-.82,-.26] <.001
Model 1b
Response Time -0.004 (0.001) -2.87 [-.01,-.001] 0.005
Contrast 1: Arithmetic vs. Correct -0.02 (0.11) -0.13 [-.27,.21] 0.89
Contrast 2: Arithmetic vs. Other-Incorrect ~ —0.49 (0.14) -3.55 [-.78,-.21] <.001
Model 2a
Contrast 1: Arithmetic vs. Correct -0.02 (0.14) -0.14 [-.31, .26] 0.89
Contrast 2: Arithmetic vs. Other-Incorrect ~ —0.54 (0.15) -3.58 [-.85,-.24] <.001
Model 2b

Response Time 0.002 (0.002) -1.50 [-.01,.001] 0.14
Contrast 1: Arithmetic vs. Correct -0.05 (0.14) -0.37 [-.34,.23] 0.71
Contrast 2: Arithmetic vs. Other-Incorrect -0.51 (0.15) -3.38 [-.82,-.21] <.001

Note. Model 1a and Model 1b included all items. Model 2a and Model 2b included a subset of items as the easier items (i.e., problems with
operations on the right side only) were removed. Strategy Type was dummy-coded with the “Arithmetic Strategies” as the reference group.
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Table 6

Results for Mixed-Effects Regression Models for Study 2

Variable B (SE) t 95% Cl p
Model 1

Contrast 1: Arithmetic vs. Correct 44 (.07) 6.27 [.30, .58] <.001

Contrast 2: Arithmetic vs. Other-Incorrect  -.35(.09) -3.94 [-.53,-0.18] <.001
Model 2

Contrast 1: Arithmetic vs. Correct .34(.09) 3.76 [.15, .52] <.001

Contrast 2: Arithmetic vs. Other-Incorrect  -.39(.10) -3.87 [-.59,-.19] <.001

Note. Model 1 included all items and Model 2 included a subset of items as the easier items (i.e., problems with operations on the right side only)
were removed. Strategy Type was dummy-coded with the “Arithmetic Strategies” as the reference group.
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