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a b s t r a c t

We construct a new mathematical model to better understand the novel coronavirus
(omicron variant). We briefly present the modeling of COVID-19 with the omicron
variant and present their mathematical results. We study that the Omicron model is
locally asymptotically stable if the basic reproduction number R0 < 1, while for R0 ≤ 1,
the model at the disease-free equilibrium is globally asymptotically stable. We extend
the model to the second-order differential equations to study the possible occurrence
of the layers(waves). We then extend the model to a fractional stochastic version and
studied its numerical results. The real data for the period ranging from November 1,
2021, to January 23, 2022, from South Africa are considered to obtain the realistic values
of the model parameters. The basic reproduction number for the suggested data is found
to be approximate R0 ≈ 2.1107 which is very close to the actual basic reproduction
in South Africa. We perform the global sensitivity analysis using the PRCC method to
investigate the most influential parameters that increase or decrease R0. We use the new
numerical scheme recently reported for the solution of piecewise fractional differential
equations to present the numerical simulation of the model. Some graphical results for
the model with sensitive parameters are given which indicate that the infection in the
population can be minimized by following the recommendations of the world health
organizations (WHO), such as social distances, using facemasks, washing hands, avoiding
gathering, etc.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Omicron is a new variant of SARS-CoV-2 that causes the infection is known as the omicron virus. The omicron virus
s the strain of COVID-19 which is observed in South Africa in the early days of November 2021. After the identification
f the virus and its fast propagation, the virus hits other European countries with a large number of cases. The virus
s less severe than the common COIVD-19 virus and its other variants such as the delta. It spread very easily than the
ther original virus such as COVID-19 and the delta strain. According the Center for Disease Control and Prevention (CDC)
xpects that anyone infected with the Omicron virus can infect other individuals either vaccinated or do not have any
ymptoms [1]. The common symptoms of the virus include, body ache, fatigue, runny nose, cough, congestion, etc. After
he discovery of the virus in the country many countries of the world suspended their flights to South Africa in order to
inimize the spread of the infection.
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Coronavirus infections have been studied by many researchers and epidemiologists to curtail the disease and its further
spread in the community. The researchers tried to develop the vaccine and vaccinized most of the individuals in order
to better reduce the number of infected people and their future spread. Although, with the passage of time and the
emergence of the new variants of COVID-19, the world still facing infections in many countries. Some mathematical
models in integer and non-integer order to study the COVID-19 infections are discussed in this paper. For example, the
early infection of COVID-19 in China through a very comprehensive mathematical model is discussed in [2]. The optimal
control analysis for the elimination or control of the disease in Pakistan, by considering the real COVID-19 cases has been
studied in [3]. The COVID-19 infection is transferrable to other healthy humans very fast, so the best and most effective
way is to reduce the infection, is the isolation and quarantine, which is discussed through a mathematical modeling
approach by the authors in [4]. The lockdown and its impact on disease control have been studied through a mathematical
modeling approach in [5]. The authors considered an SEIR modeling approach using the real data from Italy and France
and presented the disease control scenario for the epidemic [6]. Different reported cases and their modeling in Nigeria,
with comparison, have been discussed in [7]. A fractional study on COVID-19 to address the isolation, quarantine, and
environmental vital loads has been explored in [8]. A robust study on COVID-19 in a fractional environment is considered
in [9]. The analysis of the COVID-19 infection modeling for the real cases in Saudi Arabia has been discussed in [10]. The
intercity coupling network on COVID-19 infection is briefly studied in [11].

Fractional calculus that gaining attention from researchers around the world due to its many properties and its
applications to physical and engineering problems. The heredity properties, the memory, and the crossover behavior can
only be observed in a model with a fractional-order system. The fractional calculus with different fractional operators
and their applications have been found, in integrodifferential equations [12], the development in the operators [13,14],
application to epidemiology [15–17], application to wave dynamics equations, [18,19] etc. The COVID-19 model with time
delay and stochastic differential equation is explored in [20]. A fractional model to study the COVID-19 infection with the
singular and nonsingular kernel is studied in [21]. The Caputo fractional model for the study of COVID-19 infection is
discussed in [22]. The authors in [23] formulated a mathematical model for addressing the COVID-19 infection using the
role of the media campaign. Modeling and forecasting of the OCVID-19 in China are studied in [24]. The study of the
unreported COVID-19 cases and its analysis is done in [25]. Using the concept of the new-generalized Caputo fractional
derivative to obtain the numerical solution of the COVID-19 infection model is studied in [26]. The COVID-19 infection
model using integer and non-integer orders has been examined in [27]. The SARS-CoV-2 model with time delay has
been suggested in [28]. A fractional model to determine the peak of the infection in Brazil has been examined in [29].
The projection of the COVID-19 infection model with optimal control theory is discussed in [30]. The authors in [31]
considered the infected cases in India and formulated a fractional model and obtained the results. A COVID-19 infection
model with vaccination has been discussed in [32]. A fractional model suggested in [31] has been used to study the
infected cases in Argentina. The authors proposed two vaccination models for COVID-19 disease in [33] and presented
their numerical simulations. A fractional model for COVID-19 infection with optimal control analysis in [34] has been used
to study the infection cases in Spain. The concept of the modified Euler method in [35] is used by the authors to study
the fractional model for COVID-19 infection. The authors suggested the conditions for the global stability of the COVID-19
model in the disease-free case [36]. The COVID-19 infection via a nonlinear fractional model has been suggested in [37].
A mathematical model for COVID-19 is constructed in [38], to study the qualitative analysis of the model. The global
dynamics of the COVID-19 model have been studied in [39].

The main goal of this work is to understand the dynamics of the new variant of COVID-19 known as the omicron
through mathematical modeling. Using the omicron feature, we formulate the model and use the real data of the infected
cases in South Africa for the period November 1, 2021, to January 2022, to parameterize the model parameters. The
novel mathematical model for the omicron is considered further to obtain a second-order differential epidemic model to
study the possible existence of the multi-layers/waves. Sensitivity analysis is performed to find out the most sensitives
parameters that increase or decrease the basic reproduction number R0. We study further the model in the stochastic case
and present the results. The rest of the results in the present study are organized is as follows: In Section 2, we study
the formulation of the model based on the omicron variant. In Section 3, we study the model-related results, its local
and global stability analysis, and the existence of the endemic equilibria. A model with a second-order time derivative is
presented in Section 4. The model with a stochastic version is given in Section 5. Data analysis, global sensitivity analysis,
and discussion of results are given in Section 6. Section 7 summarized the results.

2. Model framework

Due to the new variant of COVID-19 known as the Omicron virus, initially observed in South Africa, where the people
faced once again many restrictions such as the SOPs to follow very strictly, maintain social distances, wearing face masks,
etc. Many countries banned their flights to South Africa due to the new variant of COVID-19 which is spreading very
fast. Keeping in view the Omicron variant, we considering formulating a very new mathematical model to understand
the dynamics of the infection using the cases from South Africa. We consider the total population denoting it by N(t),
and dividing further into six different epidemiological classes: The individuals that attract the infection is given by S(t)
(which is not yet infectious), exposed individuals E(t) (individuals after having contact with asymptomatic, symptomatic
or individuals infected with omicron variant), asymptomatic individuals I (t)(individuals infected but they have no visible
a
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Fig. 1. Transmission diagram of the model (1).

linical symptoms), symptomatic individuals Is (individuals show clinical symptoms of COVID-19 infections), infected with
micron variant Io (individuals with clinical symptoms identified as omicron infected, an infected person with omicron
nfect other people whether it is vaccinated or do not have any disease symptoms), recovered individuals, R(t) (individuals
ecovered from either asymptomatic, symptomatic or omicron variant). So, we have N(t) = S(t) + E(t) + Ia(t) + Is(t) +

o(t) + R(t). Keeping in mind the discussion on the classes of the OCVID-19, we give the flow transmission from one
ompartment to another is given in Fig. 1, while the mathematical representation is given by the following evolutionary
ifferential equations model:

dS(t)
dt

= Λ−
β(Ia + κ Is + νIo)

N
S − µS,

dE(t)
dt

=
β(Ia + κIs + νIo)

N
S − (τ + µ)E,

dIa(t)
dt

= τψE − (δ1 + µ)Ia,

dIs(t)
dt

= (1 − ψ − φ)τE − (δ2 + µ+ d1)Is,

dIo(t)
dt

= φτE − (δ3 + µ)Io,

dR(t)
dt

= δ1Ia + δ2Is + δ3Io − µR, (1)

ubject to the non-negative initial conditions. In the system (1), the parameter Λ denote the birth rate of the susceptible
opulation, while the people die naturally are shown by µ. The healthy individuals infected after contacting the
symptomatic infected people by the rate β , while κ and ν show the probability of infectiousness of symptomatic and
ith omicron variant respectively. The parameter τ shows the incubation period of the infected individuals. At a rate τψ ,
he exposed individuals do not show clinical symptoms become to join the asymptomatic infected class while individuals
how the clinical symptoms with common COVID-19 infection is given by the rate (1 − ψ − φ)τ join the symptomatic
nfected class, where ψ and φ are the proportion that contribute the infection to asymptomatic class, and to the omicron
ariant infected class, while the rest are go to the symptomatic class. The recovery of the individuals of asymptomatic,
ymptomatic and omicron infected variant are given by the parameters δ1, δ2 and δ3 respectively. Individuals in the
ymptomatic class die to infection are shown by d1. It should be noted that all new born are considered to be susceptible
hat can attract the infection.
3
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. Fundamental analysis of the model

Here, we study some of the important results related to the analysis of the model (1). We can get the total dynamics
f the system (1) by adding all their equations, given by

dN
dt

= Λ− µN − d1Is ≤ Λ− µN. (2)

fter solving the above Eq. (2), we get the following result,

N(t) =
Λ

µ
+

(
N0 −

Λ

µ

)
e−µt . (3)

We can see that (3) tends to Λ/µ if t → ∞. Also, it shows that the variables given in the model (1) are nonnegative for
each value of t ≥ 0. So, all the started solutions of the model (1) will remain positive for each t ≥ 0. Therefore, the model
iven in (1) is mathematically well-posed and so its dynamical analysis can be studied in the following feasible region,

Π =

{
(S, E, Ia, Is, Io, R) ∈ R6

+
: S + E + Ia + Is + Io + R ≤

Λ

µ

}
.

Next, we are trying to show the solution positivity and boundedness of the model (1). The following results are presented:

3.1. Positivity and boundedness

We follow the results given in [40] to show the below result.

Theorem 1. The variables given in system (1) at t = 0 (S(0) > 0, E(0) > 0, Ia(0) > 0, Is(0) > 0, Io > 0, R(0) > 0) then the
olution for t > 0 of the variables involved in the system will be positive for every t > 0.

Proof. To show the result, let start from the equation of the model (1),
dS
dt

= Λ− λ(t)S − dS

≥ −(λ(t) + µ)S,

where λ(t) =
β(Ia+κIs+νIo)

N . After taking the integration, we have the following result,

S(t) ≥ S0 exp
(
−

∫ t

0
(λ(τ ) + µ)

)
dτ > 0.

n the above inequality, S0 denotes the initial population which is positive obviously, and thus, S(t) is positive. We can
asily follow the above mentioned procedure, to show the positivity of the rest of variables in the model (1), i.e., E(t) > 0,
a(t) > 0, Is(t) > 0, Io(t) > 0 and R(t) > 0. □

Further, to show the boundedness of the solution of the system (1), we discussed in the above theorem that the solution
is positive and we can use Eq. (3) that for t → ∞ is Λ/µ, the solution is bounded.

3.2. Equilibrium points and its stability analysis

The disease-free equilibrium of the system (1) can be denoted by E0 and is given by,

E0 = (S0, 0, 0, 0, 0, 0) =

(Λ
µ
, 0, 0, 0, 0, 0

)
.

ext, we use the next-generation approach for the computation of the basic reproduction number R0 The computation
f the basic reproduction number R0 can be obtained through the next generation approach [41]. We have the following
esults after applying the method in [41],

F =

⎛⎜⎝0 β βκ βν

0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎠ , V =

⎛⎜⎝ µ+ τ 0 0 0
−τψ µ+ δ1 0 0

τ (φ + ψ − 1) 0 µ+ d1 + δ2 0
−τφ 0 0 µ+ δ3

⎞⎟⎠ .

he spectral radius of ϱ(FV−1), gives the basic reproduction number is given by,

R0 =
βντφ

(δ3 + µ) (µ+ τ )  +
βτψ

(δ1 + µ) (µ+ τ )  +
βκτ (1 − ψ − φ)

(µ+ τ ) (d1 + δ2 + µ)   .

R1 R2 R3

4
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ere R1 is an account for the cases generated through the contact of omicron infected with healthy people, R2 is
esponsible for the generation of secondary infection due to contact of healthy people with asymptomatic infected
hile R3 is an account for the cases due to symptomatic infection. The COVID-19 infection can be eliminated from the
ommunity if the numerical value of R0 < 1, otherwise the disease will spread in the community whenever R0 > 1. In
the following section, we are establishing the stability results of the model (1) when R0 < 1 at the infection-free state.

Theorem 2. The COVID-19 infection model is locally asymptotically stable at infection-free equilibrium E0 when R0 < 1.

Proof. To get the stability results, we compute the Jacobian matrix of the model (1) at E0, given by

J(E0) =

⎛⎜⎜⎜⎜⎜⎝
−µ 0 −β −βκ −βν 0
0 −(µ+ τ ) β βκ βν 0
0 τψ −(µ+ δ1) 0 0 0
0 τ (1 − φ − ψ) 0 −(µ+ d1 + δ2) 0 0
0 τφ 0 0 −(µ+ δ3) 0
0 0 δ1 δ2 δ3 −µ

⎞⎟⎟⎟⎟⎟⎠
he characteristics equation for the Jacobian matrix above is given by,

(λ+ µ)2[λ4 + a1λ3 + a2λ2 + a3λ+ a4] = 0, (4)

here

a1 = d1 + δ1 + δ2 + δ3 + 4µ+ τ ,

a2 = (δ3 + µ) (d1 + δ2 + µ)+ (δ1 + µ) (d1 + δ2 + δ3 + 2µ)+ (µ+ τ ) (d1 + δ2 + µ) (1 − R3)
+ (δ3 + µ) (µ+ τ )(1 − R1) + (δ1 + µ) (µ+ τ )(1 − R2)

a3 = (δ1 + µ) (δ3 + µ) (d1 + δ2 + µ)+ (δ1 + µ) (µ+ τ ) (d1 + δ2 + µ) (1 − R1 − R2)
+ (δ3 + µ) (µ+ τ )(1 − R2 − R3) (d1 + δ2 + µ)+ (δ1 + µ) (δ3 + µ) (µ+ τ )(1 − R1 − R3),

a4 = (δ1 + µ) (δ3 + µ) (µ+ τ ) (d1 + δ2 + µ) (1 − R0). (5)

t can be seen from the above coefficients, that a1 > 0, while a2 and a3 can be positive if the sub-reproduction number
s less than unity and it is obviously less than R0 and hence a2 and a3 are positive. Further, the coefficient a4 is positive
henever R0 < 1. So, it follows for the conditions of Routh–Hurwitz criteria, that ai > 0 for i = 1, 2..., 4 are positive
nd further, it can be shown easily that a1a2a3 > a23 + a21a4. So, we conclude that all the eigenvalues computed for the
acobian matrix at the equilibrium point E0 have negative real parts and so, the model is locally asymptotically stable at
he disease-free equilibrium whenever R0 < 1. □

Next, we study the global asymptotical stability of the model (1) at the disease-free case by follows the approach in [42].
onditions to show the global asymptotical stability of the epidemic model, we need to construct a Lyapunov function
hat satisfies some conditions, (i) the constructed function should be positive definite, and (ii) the time derivative of the
unction along the solution of the model satisfy, L′

≤ −cL, where c is a positive constant.

heorem 3. The infection model (1) at the equilibrium E0 is globally asymptotically stable if R0 ≤ 1.

roof. We construct for proof of the global stability, the following Lyapunov function,

L = f1E + f2Ia + f3Is + f4Io, (6)

here fj > 0 for j = 1, 2..., 4 are constants and can be determined later. Further, differentiating Eq. (6), and using the
quations from the model (1), we have

L̇ = f1Ė + f2 İa + f3 İs + f4 İo,

= f1[
β(Ia + κ Is + νIo)

N
S − (τ + µ)E] + f2[τψE − (δ1 + µ)Ia]

+f3[(1 − ψ − φ)τE − (δ2 + µ+ d1)Is] + f4[φτE − (δ3 + µ)Io]. (7)

fter some re-arrangements, Eq. (7) takes the following form:

L̇ =[f1β − f2(δ1 + µ)]Ia + [f1βκ − f3(δ2 + µ+ d1)]Is
+ [f1βν − f4(δ3 + µ)]Io + [f2τψ + f3(1 − ψ − φ)τ + f4φτ − f1(τ + µ)]. (8)

et us choose the value for the constants: f1 = (δ1 + µ), f2 = β ,
f =

βκ(δ1+µ) , and f =
βν(δ1+µ) , and using into the above Eq. (8), we get the following:
3 (δ2+µ+d1) 4 (δ3+µ)

5
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L̇ ≤ (τ + µ)(δ1 + µ)
( βτψ

(τ + µ)(δ1 + µ)
+

βκτ (1 − ψ − φ)
(τ + µ)(δ2 + µ+ d1)

+
βνφτ

(τ + µ)(δ3 + µ)
− 1

)
,

= (τ + µ)(δ1 + µ)(R0 − 1)E. (9)

Here, L̇ ≤ 0 whenever R0 ≤ 1, and L̇ = 0 if and only if E = 0. Using E = 0, in the equations of the model (1), we can
et (S, E, Ia, Is, Io, R) approaches to the infection free equilibrium (S0, 0, 0, 0, 0, 0) for t approaches to ∞. So, the largest

invariant set will be the infection free equilibrium E0. Thus, follows the results of LaSalles Invariance Principal that the
system (1) is globally asymptotically stable in Π if R0 ≤ 1. □

3.3. Existence of endemic equilibria

To find the endemic equilibria of the model (1), we denote it by Q1, and Q1 = (S∗, E∗, I∗a , I
∗
s , I

∗
o , R

∗), so, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S∗
=

Λ
λ∗+µ

,

E∗
=

λ∗S∗

µ+τ
,

I∗a =
τψE∗

δ1+µ
,

I∗s =
τ (1−ψ−φ)E∗

d1+δ2+µ
,

I∗o =
τφE∗

δ3+µ
,

R∗
=

δ1I∗a +δ3I∗o +δ2I∗s
µ

.

(10)

sing the above into the expression given by

λ∗
=
β(I∗a + κ I∗s + νI∗o )

N∗
,

e get the following,

g1λ∗
+ g2 = 0,

here

g1 = (δ1 + µ) (δ3 + µ) (d1(µ+ τ (ψ + φ)) + (δ2 + µ) (µ+ τ )) ,
g2 = µ (δ1 + µ) (δ3 + µ) (µ+ τ ) (d1 + δ2 + µ) (1 − R0).

ere, g1 > 0 obviously, and we can have a positive g2 if R0 < 1. To have a unique positive endemic equilibrium for the
roposed model, we need to have R0 > 1. Thus, we have a unique positive endemic equilibrium when R0 > 1.

. A model with second derivative

The second-order derivative is corresponds to the concavity or the curvature of the graph. The second-order derivative
s used to determine the concave up and down of the function graph. A function whose second derivative is positive will
e concave up, if negative it will be concave down, and if it is zero then it is possibly the inflection point. If the second
erivative changes the sign from positive to negative then the function graph switch from concave up to concave down.
his concept can also be used in epidemic models where there are many layers/waves for their infection cases. Usually, it
s difficult to formulate a first-order model to give a better fit to the cases with many waves, so the second-order model
ith the above conditions may determine the concave up and down for an infection curve and leads to a better fit for
he data to the proposed model. We give the following analysis to give details for our model, so, the following model is
btained after applying the second-order time derivative on the model (1), and we get the following updated model:

d2S(t)
dt2

= −
β[N(IaṠ + Sİa) − IaSṄ]

N2 −
βκ[N(IsṠ + Sİs) − IsSṄ]

N2

−
βν[N(IoṠ + Sİo) − IoSṄ]

N2 − µṠ,

d2E(t)
dt2

=
β[N(IaṠ + Sİa) − IaSṄ]

N2 +
βκ[N(IsṠ + Sİs) − IsSṄ]

N2

+
βν[N(IoṠ + Sİo) − IoSṄ]

− (τ + µ)Ė,

N2

6
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d2Ia(t)
dt2

= τψ Ė − (δ1 + µ)İa,

d2Is(t)
dt2

= (1 − ψ − φ)τ Ė − (δ2 + µ+ d1)İs,

d2Io(t)
dt2

= φτ Ė − (δ3 + µ)İo,

d2R(t)
dt2

= δ1 İa + δ2 İs + δ3 İo − µṘ. (11)

he above model (11) will be used further to obtain, the strength number Rst for the model (11).

.1. Strength number

In order to compute the strength number, we need to find the second derivative of the matrix F as stated in above
ection of the computation of R0. We get

F1 =

⎛⎜⎜⎝
0 −

2βµ2

Λ2 −
2βκµ2

Λ2 −
2βµ2ν
Λ2

0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠ , V =

⎛⎜⎝ µ+ τ 0 0 0
−τψ µ+ δ1 0 0

τ (φ + ψ − 1) 0 µ+ d1 + δ2 0
−τφ 0 0 µ+ δ3

⎞⎟⎠ .

he spectral radius of ρ(F1V−1), will give us the strength number denoted by Rst ,

Rst = −
2βµ2τ (νφ (δ1 + µ) (d1 + δ2 + µ)+ ψ (δ3 + µ) (d1 + δ2 + µ)+ κ (δ1 + µ) (δ3 + µ) (1 − ψ − φ))

Λ2 (δ1 + µ) (δ3 + µ) (µ+ τ ) (d1 + δ2 + µ)
.

.2. Analysis of the model (11)

Before, we study the model (11) further, we first update it further by considering the system (1) into (11), and get the
odel given by:

d2E(t)
dt2

=
β[N(Ia[Λ−

β(Ia+κ Is+νIo)
N S − µS] + S[τψE − (δ1 + µ)Ia]) − IaS[Λ− µN − d1Is]]

N2

+
βκ[N(Is[Λ−

β(Ia+κ Is+νIo)
N S − µS] + S[(1 − ψ − φ)τE − (δ2 + µ+ d1)Is]) − IsS[Λ− µN − d1Is]]

N2

+
βν[N(Io[Λ−

β(Ia+κ Is+νIo)
N S − µS] + S[φτE − (δ3 + µ)Io]) − IoS[Λ− µN − d1Is]]

N2

−(τ + µ)[
β(Ia + κIs + νIo)

N
S − (τ + µ)E],

d2Ia(t)
dt2

= τψ

[β(Ia + κ Is + νIo)
N

S − (τ + µ)E
]

− (δ1 + µ)[τψE − (δ1 + µ)Ia],

d2Is(t)
dt2

= (1 − ψ − φ)τ
[β(Ia + κ Is + νIo)

N
S − (τ + µ)E

]
− (δ2 + µ+ d1)

×

[
(1 − ψ − φ)τE − (δ2 + µ+ d1)Is

]
,

d2Io(t)
dt2

= φτ

[β(Ia + κ Is + νIo)
N

S − (τ + µ)E
]

− (δ3 + µ)
[
φτE − (δ3 + µ)Io

]
. (12)

ow considering the equilibrium points that is the disease-free and endemic case to show the possibility of concavity
f the model (12). For this, we need to show that each equation of the model (12) which is in second-order that is the
econd-order time derivative greater than will show concave up, and if it is less than zero will determine to concave
own otherwise for its value equal to zero is simply the inflection points. In order to analyze this, we first start from
he disease-free case E0 and using the system (12), we have: Using the disease-free equilibrium in the system (12), when
he time rate of change is zero, we get all the equations of the model (12) gives zero, means simply the inflection points
or the disease-free case, so we can say that there is no possibility of concave up or down at E0. Further, to check the
ossibility of concave up, concave down, or simply the inflections points for endemic equilibrium Q , we check and give
1
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a

he explanations below:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d2E(t)
dt2

= 0,

d2Ia(t)
dt2

= 0,

d2Is(t)
dt2

= 0,

d2Io(t)
dt2

= 0.

(13)

ne can see from (13) that all the second-order time derivatives for the computation of concavity using the second
erivative test, we have only the case for the inflection or stationary points. So, it can be summarized that the model
12), at the disease-free and endemic equilibrium E0 and Q1 do not give the concave up and concave down but only
imply the infection or the stationary points for the second-order model (12).

. Stochastic fractional order model

This section presents, the mathematical modeling of the model (1) using the concept of Caputo orders piecewise
ractional differential equations. The piecewise differential equations are used to fit the model with many waves, which is
sually not possible for common models. The infection cases such as COVID-19 with many layers/waves are difficult to fit
nto the model, and hence the use of the piecewise differential equations may give a better fit to the data. The following
odel is presented:

C
0D

q
t S = Λ−

β(Ia + κ Is + νIo)
N

S − µS,

C
0D

q
t E =

β(Ia + κIs + νIo)
N

S − (τ + µ)E,
C
0D

q
t Ia = τψE − (δ1 + µ)Ia,

C
0D

q
t Is = (1 − ψ − φ)τE − (δ2 + µ+ d1)Is,

C
0D

q
t Io = φτE − (δ3 + µ)Io,

C
0D

q
t R = δ1Ia + δ2Is + δ3Io − µR, (14)

or the above model (14), we use 0 ≤ t < T1. Next for the interval T1 ≤ t < T2, we use the model:

dS(t)
dt

= Λ−
β(Ia + κ Is + νIo)

N
S − µS,

dE(t)
dt

=
β(Ia + κIs + νIo)

N
S − (τ + µ)E,

dIa(t)
dt

= τψE − (δ1 + µ)Ia,

dIs(t)
dt

= (1 − ψ − φ)τE − (δ2 + µ+ d1)Is,

dIo(t)
dt

= φτE − (δ3 + µ)Io,

dR(t)
dt

= δ1Ia + δ2Is + δ3Io − µR, (15)

nd finally for interval T2 ≤ t ≤ T , we have

dS = (Λ−
β(Ia + κ Is + νIo)

N
S − µS)dt + σ1SdB1(t),

dE = (
β(Ia + κ Is + νIo)

N
S − (τ + µ)E)dt + σ2EdB2(t),

Ia = (τψE − (δ1 + µ)Ia)dt + σ3IadB3(t),
dIs = ((1 − ψ − φ)τE − (δ2 + µ+ d1)Is)dt + σ4IsdB4(t),
dIo = (φτE − (δ3 + µ)Io)dt + σ5IodB5(t),
dR = (δ I + δ I + δ I − µR) + σ SdB (t). (16)
1 a 2 s 3 o 6 6

8
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H
i

T

6

a
t

ere σk for k = 1, . . . , 6 defines the constants that is the intensity of the stochastic environment and Bk(t) for k = 1, . . . , 6
s the standard Brownian motion. The Caputo derivative used in the above system (14), is given by the following:

C
0D

q
tG(t) =

1
Γ (1 − q)

∫ t

0
(t − τ )−qG′(τ )dτ , 0 < q ≤ 1.

Next, we consider the numerical solution to handle the above system is given by the following procedure:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dGm(t)
dt = g (t,Gm) , if 0 ≤ t ≤ T1,
Gm(0) = Gm,0,m = 1, 2, . . . , n

CDq
tGm(t) = g (t,Gm) , if T1 ≤ t ≤ T2

Gm (T1) = Gm,1, 0 < q ≤ 1,m = 1, 2, . . . , n

dGm(t) = g (t,Gm) dt + σkGmdBk(t), if T2 ≤ t ≤ T
Gm (T2) = Gm,2,m = 1, 2, . . . , n.

(17)

he numerical scheme follows from [43,44] and is given by: Dividing [0, T ] into three

0 ≤ t0 ≤ t1 ≤ · · · ≤ tm1

= T1 ≤ tm1+1 ≤ tm1+2 ≤ · · · ≤ tm2 = T2 ≤ tm2+1 ≤ tm2+2 ≤ · · · ≤ tm3 = T .

Then, we have the numerical scheme finally given by the following expression:

Gm1
m = Gm(0) +

m1∑
j1=2

[
23
12

g
(
tj1 ,Gj1

)
−

4
3
g

(
tj1−1,Gj1−1

)
+

5
12

g
(
tj1−2,Gj1−2

)]
∆t, 0 ≤ t ≤ T1

Gm2
m = Gm (T1)+

(∆t)q

Γ (q + 1)

m2∑
j2=m1+3

g
(
tj2−2,Gj2−2

) [
(m2 − j2 + 1)q − (m2 − j2)q

]
+

(∆t)q

Γ (q + 2)

m2∑
j2=m1+3

[
g

(
tj2−1,Gj2−1

)
− g

(
tj2−2,Gj2−2

)]
×

{
(m2 − j2 + 1)q (m2 − j2 + 3 + 2q)
− (m2 − j2)q (m2 − j2 + 3 + 3q)

}
+

(∆t)q

2Γ (q + 3)

m2∑
j2=m1+3

[
g

(
tj2 ,Gj2

)
− 2g

(
tj2−1,Gj2−1

)
+g

(
tj2−2,Gj2−2

)]
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(m2 − j2 + 1)q

[
2 (m2 − j2)2 + (3q + 10) (m2 − j2)

+2q2 + 9q + 12

]
− (m2 − j2)q

[
2 (m2 − j2)2 + (5q + 10) (m2 − j2)

]
+6q2 + 18q + 12

]
T1 ≤ t ≤ T2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ,

(18)

Gm3
m = Gm (T2)+

m3∑
j3=m2+3

[
23
12

g
(
tj3 ,Gj3

)
−

4
3
g

(
tj3−1,Gj3−1

)
+

5
12

g
(
tj3−2,Gj3−2

)]
∆t

+σk

m3∑
j=m2+3

Gj3
m

(
Bj3
k − Bj3−1

k

)
, T2 ≤ t ≤ T .

. Data fitting and numerical results

We consider the infected cases in South Africa reported from November 1, 2021, till January 23, 2022 [45]. The cases
re considered daily wise with the unit per day. In the given model (1), there are 12 parameters, among these, the
wo parameters such as the natural birth rate, which is estimated, while the natural death rate is given by (1/(64.38 ×

365)) [46], which is the average life expectancy of South African individuals at 2020–2021. The birth rate is computed
through the formula, N(0) = Λ/µ, where N(0) is the total approximate population of South Africa in the year 2021. The
South African population in 2021 is approximately considered to be N(0) = 60 140 000. The healthy population in the
disease absence is considered S(0) = 60 069 540, and the other variables with the initial conditions subject to data fitting
are E(0) = 62 000, I (0) = 8000, I (0) = 100, and I (0) = 360 are the infected cases on November 1, 2021, and R(0) = 0
a o s

9
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Fig. 2. Data versus model fitting: (a) data fitting versus model, (b) prediction of the model for large time level, (c) simulation of the model using
stochastic model with σ1 = 0.0002, σ2 = 0.002, σ3 = 0.02, σ4 = 0.02, σ5 = 0.002 and σ6 = 0.002.

Fig. 3. PRCC describes the impact of model parameters on R0 of the system (1).
10
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Table 1
Estimated parameters.
Symbol Definition Value/per day Source

Λ Birth rate 2553 Estimated
µ Natural death rate 1

64.38×365 Estimated
β Contact rate 0.8999 Fitted
κ Infectious of Is 0.7800 Fitted
ν Infectious of Io 0.4959 Fitted
τ Incubation period 0.8999 Fitted
ψ The rate of flow to Ia 0.9566 Fitted
φ The rate of flow to Io 0.0101 Fitted
d1 Disease death rate of asymptomatic people 0.0015 Fitted
δ1 Recovery rate of Ia 0.8447 Fitted
δ2 Recovery rate of Is 0.0200 Fitted
δ3 Recovery rate of Io 0.6746 Fitted

Fig. 4. The dynamics of the infected compartments of the model with β = 0.8999, 0.7999, 0.6999, 0.5999.

we assume that there is no recovery yet from the infection). We utilized the nonlinear least square method to fit the
odel to the suggested data with the period given above. The experiments were performed until the desired accurate

itting of the model is achieved. The nonlinear least square curve fitting method provides the realistic parameters values
or the suggested data of the model (1) are obtained and have been shown in Table 1. The data fitting versus the model
s shown in Fig. 2, where subgraphs (a–b) show respectively the data fitting versus the model and the predictions of the
odel for a large time level. The subgraph in Fig. 2 describes the simulation of the model for the stochastic case. The
11



M.A. Khan and A. Atangana Physica A 599 (2022) 127452

b
i

6

o
r
R
t
τ
c
t
i

6

c
d
d
o

Fig. 5. The dynamics of the infected compartments of the model with κ = 0.78, 0.68, 0.58, 0.48.

asic reproduction number R0 computed for the set of the parameters shown in Table 1 is obtained R0 ≈ 2.1107, which
s considered to be very close to the actual one at South Africa.

.1. Global sensitivity analysis

Global sensitivity analysis of the basic reproduction number R0 of the model (1) is considered. We use the combination
f the Partial rank correlation coefficient (PRRC) and the Latin hypercube sampling (LHS) to have the global sensitivity
esults for the basic reproduction number R0. The PRCC is used to find out the most influential parameters involved in
0 that contribute to the variations of its value. In this analysis, we use the values of the parameters given in Table 1 and
he corresponding sensitivity analysis is shown in Fig. 3. It can be observed from these sensitive parameters such as β , ν,
, δ1, φ, µ etc, can increase or decrease the basic reproduction number R0. The contact rate of asymptomatic people, the
ontact rate ν, the proportion of the exposed people who become asymptomatic, symptomatic, or omicron infected are
he main drivers of the disease infection-causing. Similarly, the parameters δ1, µ, and φ also contribute to the variations
n the basic reproduction number R0.

.2. Numerical results

In the given section, we study the numerical simulation of the model given in (14)–(16). The parameters values
onsidered in this simulation are given in Table 1, where we choose in this numerical simulation the time unit per
ay. The simulation results for the model (14)–(16) are shown in Figs. 4–8. Fig. 4 and their subgraphs describe the
ynamics of the infected compartments with different values of the parameter β . Decreasing the contact, the number
f infected individuals in each compartment is decreasing well. It shows that the contact among healthy individuals with
12
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Fig. 6. The dynamics of the infected compartments of the model with τ = 0.8999, 0.6999, 0.6999, 0.2999.

symptomatic, symptomatic, and individuals infected with omicron should be minimized in order to get the minimum
nfected cases in the community. The individuals infected with omicron are able to transmit the infection to other healthy
ndividuals whether they are vaccinated or not possessing any disease symptoms. Due to the easy and high transfer rate
f the virus from an infected person with omicron is considered more dangerous, and the possible prevention is to follow
he recommendations of the WHO, which can curtail the disease infection cases. Fig. 5 shows the infected compartments
nd for various values of the parameter κ . With the decrease in the value of the κ , the number of infected people decreases
ver time. The individuals with clinical symptoms should be isolated, quarantined, or hospitalized, in order to prevent
ther healthy individuals from reducing the further spread of the disease. The most important is the infection generation
f the individuals with no clinical symptoms and the fats spreading of the individuals infected with omicron should be
onsidered with priority by reducing their contacts with other community individuals. The impact of the parameters τ
nd ψ on the infected compartments of the model are shown in Figs. 6 and 7. It can be observed from the results in Figs. 6
nd 7, that decreasing the values of the parameters a decrease occurred in the infected compartments of the individuals.
ig. 8 shows the dynamics of the infected compartments for different values of the fractional-order parameter.

. Conclusion

A new mathematical model for the understanding of the new variant known as omicron has been presented. We
ormulated the model and presented in detail the biological process involved in the modeling of the omicron. We studied
hat the omicron model in the disease-free case is locally asymptotically stable ifR0 < 1 and globally asymptotically stable
f R ≤ 1. The global stability of the omicron model implies, that the infection can only be controlled by reducing the
0

13
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Fig. 7. The dynamics of the infected compartments of the model with ψ = 0.9866, 0.9766, 0.9666, 0.9566.

asic reproduction number R0. The basic reproduction can be easily controlled to less than unity, if the social distancing,
sing of face masks, regularly washing the hands, avoiding gathering, staying at home, etc. The model positive endemic
quilibria and their existence is shown, which shows that there are no possibilities of the backward bifurcation. Further,
e constructed a model with a second-order derivative from the original model with time differentiation and then
tudied the possible occurrence of the layers. According to the given conditions from the second order model, there is
o possibility of the occurrence of the possible waves in the present model. Furthermore, the omicron model is extended
o the stochastic fractional case and presented a useful numerical scheme for its solution. The set of real values of the
OVID-19 infection from Nov, 1, 2021–Jan, 23, 2022 has been considered to estimate the model parameters and obtained
he basic reproduction number R0 ≈ 2.1107. The global sensitivity analysis is performed to obtain the most sensitive
arameters that contribute to the variations in R0. The sensitivity analysis indicates, that contact among the healthy with
symptomatic, symptomatic, and individuals infected with omicron, can increase the infection further in the country.
o, the recommendations of the WHO should be followed strictly, to reduce the spread of the omicron among other
ndividuals. The novel numerical scheme is used to obtain the graphical result for the model using the values of the real
arameters obtained from the data fitting. Various graphical illustrations for the model parameters and their impact on
he disease eliminations were presented. From the suggested results, it can be seen that the disease can be eliminated
ollowing the recommendations of the World Health Ordination (WHO).
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R

Fig. 8. The dynamics of the infected compartments of the model with q = 1, 0.98, 0.96, 0.94.
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