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Abstract

The influx of intensive longitudinal data creates a pressing need for complex modeling tools
that help enrich our understanding of how individuals change over time. Multilevel vector
autoregressive (mIVVAR) models allow for simultaneous evaluations of reciprocal linkages
between dynamic processes and individual differences, and have gained increased recognition
in recent years. High-dimensional and other complex variations of mIVAR models, though often
computationally intractable in the frequentist framework, can be readily handled using Markov
chain Monte Carlo techniques in a Bayesian framework. However, researchers in social science
fields may be unfamiliar with ways to capitalize on recent developments in Bayesian software
programs. In this paper, we provide step-by-step illustrations and comparisons of options to

fit Bayesian mIVVAR models using Stan, JAGS and Mplus, supplemented with a Monte Carlo
simulation study. An empirical example is used to demonstrate the utility of mI\VVAR models in
studying intra- and inter-individual variations in affective dynamics.
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Introduction

Intensive longitudinal data (ILD) — repeated reports from individuals at relatively dense
cadences (e.g., minutes, hours, days) — capture the necessary information to quantify
fast-evolving intraindividual dynamics. The intensive nature of such data creates a pressing
demand for methods that are able to capture nuanced temporal changes and individual
differences therein in the presence of missing data. The multilevel vector autoregressive
(mIVAR) model, also regarded as a special case of the dynamic structural equation
model (DSEM) (see, e.g., Asparouhov, Hamaker, & B.O. Muthén, 2018; Chow, Haltigan,
& Messinger, 2010b; Hamaker, Asparouhov, Brose, Schmiedek, & B.O. Muthén, 2018;
Schuurman, Ferrer, de Boer-Sonnenschein, & Hamaker, 2016), is one of such methods
known for its merits to simultaneously model reciprocal linkages between dynamic
processes and individual differences. Its simpler variant, the vector autoregressive (VAR)
model, is a key constituent of dynamic network models that have seen increasing uptake
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in areas such as clinical psychopathology (Bringmann et al., 2013), neuroimaging (Gates

& Molenaar, 2012), emation regulation (Bringmann, Ferrer, Hamaker, Borsboom, &
Tuerlinckx, 2018; Chow, Haltigan, & Messinger, 2010a), and personality dynamics (Beck
& Jackson, 2020; Wright et al., 2019). A quick trend analysis of the combined keywords,
“autoregression” and “network” using the Web of Science portal revealed a 10-fold increase
in the annual number of relevant publications between 2010 and 2020, in close parallel to
the growing prevalence of ILD in recent years.

In stark contrast to areas such as economics, mathematics, engineering, and the physical
sciences, multilevel extensions of VAR, namely, mIVVAR, are especially pertinent in areas
of social and behavioral sciences. In these fields the typically limited number of repeated
occasions available from each unit (e.g., individual) renders it imperative to “borrow
strengths” from all individuals’ data for estimation and inferences. At the same time the
substantial between-unit (e.g., between-individual) heterogeneity in dynamics speaks against
direct pooling of data without regard to plausible sources of random effects, therefore
calling for a multilevel modeling approach. However, fitting mIVAR in a single step is

a computationally challenging problem (Epskamp, Waldorp, Méttus, & Borsboom, 2018),
and the broader audience of social and behavioral science remains unfamiliar with some
of the recent software advances, specifically in the Bayesian framework (e.g., Asparouhov
et al., 2018; Schuurman, Grasman, & Hamaker, 2016), that can facilitate such modeling
endeavors. The present article aims to review and compare the pros and cons of three
currently available Bayesian software — Stan (e.g., Carpenter et al., 2017), Just Another
Gibbs Sampler (JAGS; Plummer et al., 2003) and Mplus (L.K. Muthén & B.O. Muthén,
1998-2017) — for fitting single-step mIVAR models via a Monte Carlo simulation study.
Step-by-step illustrations and guidelines on data inputs, model specifications, missing data
handling, and model inferences are provided in the context of an empirical example of
emotion regulation using data from the Affective Dynamics and Individual Differences
(ADID; Emotions and Dynamic Systems Laboratory, 2010) study.

The rest of the paper is organized as follows. We first review rationales for Bayesian mIVAR
modeling and previous tutorials on fitting Bayesian mI\VVAR models. This is followed by
introduction of the mIVAR model and the motivating empirical example to help set the
context for our illustrations, where we present the mIVAR model considered in the present
article and the corresponding Bayesian modeling framework. We then provide step-by-step
illustrations of Stan, JAGS and Mplus code using the empirical example, followed by a
summary of the empirical results and a simulation study. Finally, we discuss the results and
highlight some future directions.

Rationales for Bayesian mIVAR Modeling

Computational hurdles associated with fitting mIVAR and related models under complex,
high-dimensional random effect structures are well acknowledged in the classical
(frequentist) statistical framework (Chow et al., 2010b; Epskamp et al., 2018; Song &
Zhang, 2014). The Bayesian framework offers several advantages when it comes to
computational complexity. First, Bayesian parameter estimation utilizes Markov chain
Monte Carlo (MCMC) algorithms, which eliminate the need to perform simultaneous high-
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dimensional integration and greatly simplify the estimation of more complex models (Robert
& Casella, 2013; Schuurman, Grasman, & Hamaker, 2016). Second, Bayesian methods are
more flexible in dealing with missing data (Daniels & Hogan, 2008; Ji et al., 2020; Tang,
Chow, Ibrahim, & Zhu, 2017). Third, Bayesian methods provide accurate quantification

of the uncertainty associated with the estimation results by readily propagating multiple
sources of uncertainty from the data into the estimation procedure (Oravecz, Tuerlinckx, &
Vandekerckhove, 2016). It is also straightforward to obtain summary statistics of estimated
model parameters such as means, standard deviations (i.e., standard errors), and credible
intervals through Monte Carlo integration (see, e.g., Oravecz & Muth, 2018). Finally,
since Bayesian methods do not depend on large sample theory, they have advantages over
frequentist methods when the sample size is small (Lee & Song, 2004).

Previous Tutorials on Fitting mIVAR Models

Currently, many Bayesian software programs can be used to fit mIVAR models — some
popular ones include Stan, JAGS and Mplus, all of which are available through interfaces
in R (e.g., rstan (Stan Development Team, 2020), rjags (Plummer, Stukalov, & Denwood,
2019), and MplusAutomation (Hallquist & Wiley, 2018)). Even though ample tutorial
examples and user forums for these software programs exist and can be easily accessed
online (e.g., Korner-Nievergelt et al., 2015; Kruschke, 2014; McElreath, 2018; L.K. Muthén
& B.O. Muthén, 1998-2017; Sorensen & Vasishth, 2015), few of these resources cover
fitting complex mIVAR models for ILD in the presence of missing data. Schuurman (2018)
provided JAGS code for fitting bivariate mI\VAR models, but did not allow for random
innovation covariance matrices or provide ways of handling missing data — both of which
are reasonable expectations in empirical scenarios (Almeida, Piazza, & Stawski, 2009;
Hamaker et al., 2018; Hedeker & Mermelstein, 2007; Hedeker, Mermelstein, Berbaum, &
Campbell, 2009; Wang, Hamaker, & Bergeman, 2012). The former omission is a critical
one, as misspecification in innovation covariance structures has been shown to have direct
consequences on other parameters in the VAR model (e.g., du Toit and Browne, 2007,

p. 81; Canova, 2011, p. 117). In addition, fitting mIVVAR models with missing data, even
under simpler assumptions that the data are missing at random (MAR) — namely, that the
probability of missingness depends only on variables that are observed (Little & Rubin,
1987) — is still non-trivial due to many implicit software-specific restrictions that may be
abstruse to researchers interested in, but otherwise unfamiliar with the mIVAR models.

Multilevel Vector Autoregressive (mIVAR) Models

Before introducing the mIVAR model formally, we begin first by introducing one of its
simplest and most commonly-known univariate special case, the autoregressive (AR) model
— a model describing how a variable in a system predicts itself at the next time point. The
AR(p) model is expressed as:

p
Vit = o+ Z‘i’l()ﬁ,t —1— o) + i g Ui~ N(O, 52), @
=1

where /represents the th person (/=1, 2, ..., N), trepresents the #h time point (£=1, 2,
..., T;), and pis the order of the AR process. Conceptually, an AR(p) model can be viewed
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as a linear regression model in which the explanatory variables consist of y; , _ (I =1,..., p),

namely, the lags of the dependent variable, y;; The intercept and regression coefficients
are denoted by ¢y and ¢;(I = 1, ..., p), respectively. The innovation term (also called process

noise), u; 5 reflects unmeasured sources that affect the dynamics of y; 5 following a normal
distribution with zero mean and variance o2. An AR(p) process is stationary (Liitkepohl,

2005) when the modulus of all the roots of 1 — Zf- 1¢;Bl = 0 are greater than 1, where Bis
the lag operator such that By, = y, _ ;. Model parameters from any AR-type models can be

properly estimated if and only if the process is stationary.

In many applications of the AR model, data have been demeaned and often detrended prior
to model fitting, thus the intercept term ¢y can be omitted from the above model. In the
present study, we choose to include ¢y because its value reflects an individual’s baseline
around which the process of interest fluctuates and thus can be of explicit interest. When p
=1, the AR(1) model has only one regression coefficient ¢;, which has been referred to as
the “inertia” of a dynamic process given that a high positive value of ¢, reflects a construct’s
resistance to change (Brose, Schmiedek, Koval, & Kuppens, 2015; Koval, Kuppens, Allen,
& Sheeber, 2012; Kuppens, Allen, & Sheeber, 2010). For instance, when modeling affect
dynamics using the AR(1) model, a high positive ¢, indicates that the level of individual’s
affect is less likely to change or it may take long to recover after a change caused by external
events, thus indicating weak affect regulation.

If the relationship between dynamics of multiple outcome variables are of interest, then
the VAR model of lag order p (VAR(p) model) can be used to account for the reciprocal
linkages among dynamic processes as:

Vie=@o+P1(Vii—1— o)+ ... + Dp(Vii— p— b0) + Ui wi ~ N0, %), @

where y; (is a D x 1 (Dis the number of outcome variables) matrix of outcome variables;

¢o is a D x 1 matrix of intercepts; ¢;(/ = 1, ..., p) is a D x D coefficients matrix; u;is a

D x 1 matrix of innovation terms following a multivariate normal distribution with a fixed
covariance matrix £. A VAR(p) process is stationary when all the roots of the determinant of

matrix I — ¢ B — --- — ¢,B” have moduli greater than 1, where B has been defined above.

The specifications above assume that model parameters are the same for each individual,
which may not be the case in reality — individuals may have different baseline equilibria as
well as patterns of dynamics. One possible way of representing such individual differences
is to extend the VAR(p) model in Equation 2 into an mIVVAR(p) model in which all level-1 or
within-level parameters are person-specific, labeled with a subscript 7 and come from joint
level-2 or between-level distributions. The within-level model is specified as:

Vit =¢o,i+ ¢1,i(Yi,t—1 - ¢0,i) +...+ ¢p,i(yi,t—p_ ¢0,i) + U Uy ®)
~ N(0,%)),

where ¢y ;is a D x 1 matrix of person-specific intercepts; ¢; ;(I=1,...,p)isaDx D
person-specific coefficients matrix; and u;is a O x 1 matrix of random innovations
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following a multivariate normal distribution with a person-specific covariance matrix X,
The between-level model is expressed as:

g(6;) = Bx; + £, & ~ N(0,'P), @)

where 6;is an 77, x 1 matrix that consists of all person-specific parameters that appear
in ¢o,; — ¢p,; and ; in Equation 3; g(*) is a function used for parameter transformation

(see, e.g., the section below for parameter transformations adopted in the present article).
Variable x;is an 1, x 1 matrix of exogenous predictors hypothesized to explain some of
the inter-individual differences in @;, with the first entry being unity to define an intercept

term, and B is the corresponding 77, x 11, matrix of “between-level” regression coefficients
(or fixed effects). Finally, ¢jis an 71, x 1 matrix of random effects which represent person
7's deviations in the values of 6;, not accounted for by the exogenous variables; these are

distributed with zero means and the random effect covariance matrix ¥.

Motivating Example: A Bayesian Bivariate mIVAR Model of Affective
Dynamics

We used a set of previously published data from the ADID study to investigate
intraindividual dynamics of positive affect (PA) and negative affect (NA) — namely, their
concurrent and lagged relations, along with inter-individual differences in these relations.
We also studied how levels of perceived stress and extraversion may explain some of the
individual differences in affect dynamics and baselines. In the ADID study, participants
(ages ranging between 18 and 86 years) were asked to rate their momentary emotions five
times a day for a little over a month. Self-reported PA and NA were measured via the
Positive Affect and Negative Affect Schedule (PANAS; Watson, Clark, & Tellegen, 1988)
which consists of two 10-item scales measuring PA and NA respectively. For each item,
participants were asked to rate on a 4-point scale the extent to which the affect has been
experienced. As in previous studies (Chow & Zhang, 2013; You, Hunter, Chen, & Chow,
2019), we aggregated the ILD to two equally spaced data blocks a day, yielding a total

of 26 to 74 measurement occasions per participant. Consistent also with earlier studies,
participants with more than 65% of missing data and insufficient variability (i.e., near-zero
within-person, over-time standard deviations) in their responses were excluded, yielding a
final sample size of 217 participants®. To remove the linear trends in PA and NA, we first
regressed PA and NA on measurement occasions, respectively, to obtain their residuals,
and then added the person-specific means of PA and NA back to the residuals to obtain

the final scores for PA and NA to be used in modeling fitting. In addition to momentary
emotions, participants’ levels of perceived stress (as measured with a 5-item short-form of
the Perceived Stress Scale; Cohen, Kamarck, & Mermelstein, 1983) and extraversion (Costa,
McCrae, & Dye, 1991), as aggregated from each person’s responses across the entire study
span and then standardized across persons, were included as predictors of inter-individual
differences on the person-specific parametersz.

Isince the data set was used only for illustration purposes, we pre-processed the raw data following the same procedure as
implemented in previous studies. Other data pre-processing and exclusion criteria may be used in other studies as appropriate.
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To address the questions outlined above, we fitted a bivariate mIVAR(1) model to the data.
Corresponding to Equation 3, the within-level model/was expressed as:

N,it mil o lan bl (v e=1| [ u it
= + - +
Vil |2l |P2i @i \[V2i—1]| M2 w i
2 5
Uit 0 01,i Ti01,i02,i ®
~ N () ’Ei = 5
Wit rio1,i02 i 03,i

where )4 jrand y» jwere PA and NA measurements for person /at time point £
Corresponding to parameters in Equation 3, ¢y ;was specified here as a 2 x 1 matrix of
person-specific intercepts with entries 4 ;and b ; the ¢1 ;matrix was specified here as a
2 x 2 coefficient matrix in which & ;and &, ;represented person-specific auto-regression
parameters, and &y ;and & ;represented person-specific cross-regression parameters; u; s
was a 2 x 1 matrix of random innovations; and X;was the random innovation covariance
matrix where random innovation standard deviations and correlations were denoted as oy j;
oy jand rj respectively.

All person-specific parameters (some with log and Fisher z-transformations,

described later) in Equation 5 were collected into a vector

0; = |u1,i» 2. 1-a1,i- a2, i» b1, i b2 i 1og(o1, ;). log(o2, ;). Fisher—z(r;)|” and regressed on levels of
perceived stress (x;) and extraversion (x») as:

Hioo | S P ¢l
M2, i %o P o,
aj,i a Ay P 3,
@, @ tay Py |[ 1 Ca.i
by, =|b1 ap Py ||¥1i|+ |5,
by, by ay, By |12l |Ce.i
log(o1, ;) 161 10, Broy $7,i ®)
log(o2, C8,i
Fishe(r—z()r[) 192 tiey Pl o,
- 12 B
Wi wia - wio
¢~ Now =¥ W3 ... w9

2
Y91 Y92 ... Yo

Corresponding to parameters in Equation 4, 8;was a 9 x 1 matrix of person-specific
parameters, and B was a 9 x 3 matrix of between-level regression coefficients. Here, we
allowed all person-specific parameters to be explained by the two predictors, perceived

2Extraversion was measured using three selected questions from the revised NEO personality inventory (NEO-PI-R) on which the
participants were asked to rate on a 4-point scale the extent to which they felt Passivevs. Active; Unenergeticvs. Energetic, and
Dominantvs. Submissive since the last time they responded to the survey.
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stress and extraversion. In practice, some of the coefficients in B may also be fixed at zero
to limit the effects of these predictors only to selected person-specific parameters. Finally, ¢;
in Equation 4 was a 9 x 1 matrix of random effects and ¥ was the random effect covariance
matrix.

We imposed transformations on the random innovation standard deviations and correlations
in Equation 6 to place them on the real line for regression modeling. These transformations
also ensured the positive definiteness of the random innovation covariance matrices, X, for
all individuals. Specifically, we log transformed the random innovation standard deviations
and Fisher z-transformed (Fisher, 1915) the random innovation correlations. The latter was
defined as

Fisher—z(r;) = lln(

Q]

2

1+r,-
1—r,~ ’

to yield normally distributed Fisher-z(r) in Equation 6.

Bayesian Modeling Framework
Suppose that y = {y1.; . ¥2.i.1» i € [1,N];t € [1,T;]} is an array of complete data for two
dependent variables for all individuals and time points, which can be partitioned into
observed and missing data such that y = (y°>%, y™5); @ = { B,'¥} is a collection of model
parameters where B = {m, Wps Buys o5 25 0z, ﬁz} and ¥ are presented in Equation 6.

Then the density of y can be given by

N Ti
rolo) = [T 1700 dvii - 1.0) ©
i=lt=1
where f(y; |yi.; — 1. @) refers to the density of N(¢o ; + 1. i(yi.: — 1 — Po.:). Zi) (see
definitions of ¢ ;, ¢, ;, and Z;in Equation 5).

In the following section, we will discuss how Bayesian methods can be used to handle
missing data stemming from three missing mechanisms — missing completely at random
(MCAR), missing at random (MAR), and not missing at random (NMAR) (Little & Rubin,
1987). Specifically, MCAR refers to the scenarios where the missing probability does not
depend on any variables, whereas under MAR, the missing probability depends on variables
that are observed in the data set. NMAR, also called nonignorable missingness, refers to the
scenarios where the missingness depends on information that is unobserved in the data.

Suppose that R = {Ry ;.1 Ro,i.r. i € [1,N];t € [1,T;]} is an array of missing data indicators,
with 0 representing observed entries and 1 representing missing entries; A is a collection of

3Although the presented covariance matrix decomposition and the subsequent Fisher-z transformation of the correlation do not
generalize to more than 2 dimensions, it was adopted in this specific context to aid computational efficiency, and to provide
simple, intuitive interpretations of the effects of predictors on the person-specific correlations (see also Oravecz, Tuerlinckx, &
Vandekerckhove, 2011).
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parameters related to the density of missing data indicators. Based on the Bayesian selection
model (Daniels & Hogan, 2008; Diggle & Kenward, 1994), the distribution of the observed
data can be factorized as

f(yobs’ le’ /l) — ./>f(yobs7 ymiss’ R|0), ;{)dymiss
C)
— /f(yobs’ ymisslw)f(R|yobs’ ymiss, l)dymiss

where the first term, (y°%S, y"*S|w) = f(ylw). is as defined in Equation 8, and it specifies the
density of the dependent variables.

The second term defines the density of the missing data indicators in R, or in other words,
the missing data model. Whenever the missing data mechanism depends on y*, the
term f(R|y0bS, y™isS, 2) cannot be taken out of the integral over ysS. As a result, correct

inferences on w is contingent on correct specification of f(R|y"bs, yriss, ,1) and inferences

with regard to A. In this case, the missingness is said to be non-ignorable and has to be
handled with caution. In contrast, under MCAR, the missing data mechanism reduces to
f(R|4) and under MAR, the missing data mechanism can be stated as f(R|y0bS, /l). In both

of these cases, the term involving R can be taken out of the integral and inferences with
regard to w are not affected by A or the mising data mechanism. The modeling examples in
this article focused on MAR assumptions, but for generality and didactic reasons, we also
provided Stan and JAGS code examples that involved one possible way of handling NMAR
scenarios via the selection model approach (see the “Step-by-step_Guide_Stan_JAGS.pdf”
file in the GitHub repository via https://github.com/yanlinglil/Bayesian-mIVAR).

Prior Specifications.—Prior distributions on the unknown model parameters are integral
parts of the Bayesian model because they influence the posterior distributions of parameters,
and relatedly, the final estimation results. The between-level model in Equation 6 specified
prior distributions on the unknown person-specific parameters. The rest of the unknown
parameters were stored in @ = { B, ¥} as defined above — priors on these parameters are
called hyperpriors since they represent priors for parameters in the prior distribution of the
person-specific parameters. Specifically, the following weakly informative hyperpriors were
specified.

all parameters in B ~ N(0, 100)

W ~ IW(I,10) 0

The specification of a relatively small variance (i.e., 100) in the normal distribution was
guided by the permissible ranges of auto- and cross-regression coefficients for stationary
VAR(1) processes, which often fall within the range of [-1.5, 1.5] (Hamilton, 1994;
Litkepohl, 2005). This specification assigned roughly equal probabilities on the theoretical
range of these parameters. The prior of ¥ was specified as an inverse-Wishart (IW)
distribution with an identity scale matrix and 10 degrees of freedom (df; i.e., size of 6;+

1) so that the correlation parameters had a uniform distribution between —1 and 1 (Alvarez,
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Niemi, & Simpson, 2014). Note that Stan has a nuanced prior specification option for the
covariance matrix, ¥, which will be discussed in the step-by-step guide below.

Step-by-step Guide to Fitting mIVAR Models in Stan, JAGS, and Mplus

Stan

Using data presented above, this section provides a step-by-step guide to fitting the mIVAR
model presented above in Stan, JAGS and Mplus. Installation of R is required to implement
code examples in the guide. The example data format is displayed below.

ID Time yl y2 x1 x2

11 X X X X
1 2 X X X
1 3 X X
21 X X
2 2 X X

where observed data (denoted with x-s) were in long format with columns representing
person identifiers, time points, scores on PA, NA, perceived stress and extraversion,
respectively. Note that missingness only occurred in PA and NA in the current application,
and for each person, the first observation was fully observed (i.e., both PA and NA were
observed).

Due to the space limit, we put illustrations of data preparation (i.e., Step 0) for

Stan and JAGS, and some relevant R code in our GitHub repository (see the “Step-by-
step_Guide_Stan_JAGS.pdf” file). The reproducible code examples based on simulated
datasets for all three programs can also be found in the repository.

After data preparation (i.e., Step 0), dependent variables and between-level predictors will
be stored in Y and X, respectively, where missing entries are replaced with 99 as missing
flags. We also create a set of indicator variables (e.g., TimePoint, Y_miss, Y_missl,
Y_miss2 and Y_miss3) in Step 0 to help locate (missing) data entries.

Step 1: Defining the “data”, “parameters”, and “transformed parameters”
blocks.—Stan needs to compile the model code in C (Kernighan & Ritchie, 2006) before
the analysis can start. For this, following the convention of C, users have to declare the data
types for all variables (e.g., int for integers; real for values on the real line). It is also
useful to provide some information on the range of the variables (see, e.g., <lower=1>).

modelString = *
data {

int < lower =1> P; // number of persons

Struct Equ Modeling. Author manuscript; available in PMC 2023 January 01.
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int < lower =1> T; // maximum number of time points
vector [2] Y[P,T]; // dependent variables
int TimePoint [P]; // number of time points for each person

int < lower =1> N_ miss ; // total number of missing entries

int Y_ missl [N_ miss]; // persons who had missing data

int Y_ miss2 [N_ miss]; // time points with missing data

int Y_ miss3 [N_ miss]; // variables with missing data

int < lower =1> K; // number of covariates (including intercept)
matrix [P,K] X; // between - level predictors / covariates
vector [2] mus _1; // mean vector for the 1st obs

matrix [2,2] Sigma _VAR_1; // covariance matrix for the 1st obs

} 7/ end of the data block

All model parameter types (including between-level parameters and person-specific
parameters in the within-level model) are declared in the “parameters” block. Just like

for the data, we can also declare the ranges of the parameters. For instance, we constrain
the range of sigma by setting the lower bound to 0, as it represents a vector of standard
deviations. According to the missing data modeling strategies illustrated in McElreath
(2018), we create a vector Y_impute to serve as a place holder for imputed values of

the missing entries, the length of which is the number of all missing entries (i.e., N_miss).
We can see here that missing data are modeled as parameters with probability distributions,
which is a useful property of the Bayesian modeling framework. Finally, this part also
defines the Cholesky factor of the random effect covariance matrix (see detailed illustration
of the Cholesky factor in the Hyperpriors section below).

parameters {

vector [N_miss] Y_impute; // a vector of imputed missing values
matrix [P,9] b; // person - specific parameters

matrix [K,9] Coeff; // between-level regression coefficients
vector<lower=0>[9] sigma; // random effect standard deviations

// cholesky factor of the random effect correlation matrix

Struct Equ Modeling. Author manuscript; available in PMC 2023 January 01.
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cholesky_ factor_corr[9] L;
} 7/ end of the parameters block

The “transformed parameters” block is used to declare parameters that can be derived
deterministically from the parameters declared in the “parameters” block. To provide an
example, while the person-specific parameters b[pp, 9] (i.e., Fisher-z(r;) in Equation 6) are
declared in the “parameters” block, their transformed values, corr_noise[pp] (i.e., r;), are
declared in the “transformed parameters” block.

The last part of this block creates a transformed parameter, Y_merge, which stores both
observed data and imputed missing data. First, we declare Y_merge and pass data Y to
Y_merge; then with index manipulation, we replace all entries valued at 99 in Y_merge
with the elements in Y_impute. As a result, Y_merge is composed of observed values in
the original data set and parameters representing imputed values of missing data. In the
following script, we will focus on the likelihood of Y_merge instead of data Y.

transformed parameters {

// population means of person - specific parameters

matrix [P,9] bmu;

// random innovation covariance matrices

vector < lower = -1, upper = 1 > [P] corr _noise ;

vector [2] sd_noise [P]

matrix [2,2] Sigma_VAR[P]:

// an array storing observed values in the original data set
// and imputed missing values (i.e., elements in Y_impute)
vector [2] Y_merge [P,T];

for (pp in 1:P) {

// calculate population means of person - specific parameters
bmu [pp] = X [pp,] > Coeff ;

// parameter back - transformations

corr _ noise [pp] = (exp (2 *b [pp,9]) -1) 7/ (exp (2 *b [pp,9]) +1) ;
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sd_ noise [pp,1] = exp (b [pp.7D) ;

sd_ noise [pp,2] = exp (b [pp.8D) ;

// make random innovation covariance matrices

Sigma _ VAR [pp,1,1] = sd_ noise [pp,1] *sd_ noise [pp,1]1;

Sigma_VAR [pp,2,2] = sd_noise [pp,2] *sd_noise [pp,2];

Sigma _ VAR [pp,1,2] = sd_ noise [pp,1] * corr _ noise [pp] * sd_ noise
[pp.2] :

Sigma _ VAR [pp,2,1] = Sigma _ VAR [pp,1,2];

} 7/ close loop over persons

// replace 99 in Y_merge with parameters in Y_impute
Y_merge = Y;

for (u in 1:N_miss){

Y _merge [Y _ missl[u],Y _ miss2[u],Y _ miss3[u]] = Y _ impute [u];

} 7/ end of the transformed parameters block

Step 2: Defining the “model” and “generated quantities” blocks.—In this
block, we write out the likelihood function for dependent variables as well as specify the
priors and hyperpriors for parameters.

Within-level Modél.: This part contains the likelihood function — the level-1 distribution
on the data point. Within the loop over persons, a multivariate normal distribution is first
specified on the first time point for each person. Still in the loop over persons, we then

loop over the TimePoint indicator to specify the likelihood for the subsequent time points,
following the specification in Equation 5. This part also specifies the missing data handling.
That is, the missing values in Y_merge are imputed based on the likelihood defined below.

model {

vector [2] mus [P,T]:

for (pp in 1:P){

// the 1st observation
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Y_ merge [pp,1,1:2] ~ multi_normal (mus_1, Sigma_VAR_ 1) ;
// the likelihood function for dependent variables
for (tt in 2: TimePoint [pp]) {
mus [pp,tt,1] = b [pp,11+ b [pp.31*(Y_merge [pp,tt -1,1] -
b [pp,11) + b [pp,5]1*(Y_merge [pp,tt -1,2] - b [pp.2]) ;
mus [pp,tt,2] = b [pp,2]+ b [pp,6]*(Y_merge [pp,tt -1,1] -
b [pp,1]) + b [pp,41*(Y_ merge [pp,tt -1,2] - b [pp.2]) ;
Y_merge [pp,tt] ~ multi_normal (mus [pp,tt], Sigma_VAR [pp]) :
} 77 close loop over time points
// (person loop is not closed here ; see the next part)

Between-level Model.: Here we assign population (level-2) distributions on the person-
specific parameters, which function as priors on those parameters (see Equation 6). The
multi_normal_cholesky function defines a multivariate normal density given the mean
vector (i.e., bmu) calculated in the “transformed parameters” block and the lower-triangular
Cholesky factor of the covariance matrix (i.e., diag_pre_multiply(sigma, L)).

// population distributions on person - specific parameters

b[pp,1:9]1 ~ multi_normal_cholesky(bmu [pp,1:9],diag_pre_multiply(
sigma, L));

} 7/ close loop over persons

Hyperpriors.: Priors for regression coefficients in the between-level model are specified
based on the description in the prior specifications section. Note that in Stan the univariate
normal distribution is parametrized via a mean and a standard deviation (not variance).

For the random effect covariance matrix, instead of specifying an IW prior on the whole
matrix, Stan recommends specifying separate priors for standard deviations and correlations.
This practice follows the suggestions from Gelman et al. (2006), where problems with
inverse Gamma (IG) and IW priors were discussed and half Cauchy or uniform priors were
recommended for random effect standard deviations in hierarchical models. Assuming that
the covariance matrix is factorized as ¥ = SLL” 5T where Sis the standard deviation matrix
and L is the Cholesky factor of the correlation matrix, the code below shows that an LKJ
prior is specified for L and a half-Cauchy prior is specified for the diagonal elements in

S. Specifically, the shape parameter of the LKJ prior is set to 1 in our example. A shape
parameter higher than 1 favors correlations closer to zero, whereas a shape parameter less
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than 1 favors correlations further away from zero (see Stan User’s Guide (Stan Development
Team, 2018) for more information). Finally, we do not specify a prior distribution explicitly
for Y_impute but let Stan use its default prior (i.e., uniform(-Infinity, Infinity)).

// priors on between-level regression coefficients

for (kk in 1:K){

for (ww in 1:9){

Coeff [kk,ww] ~ normal (0,10) ;

b

// priors on elements in the random effect covariance matrix
L ~ Bkj_corr_cholesky(1);

sigma ~ cauchy (0, 10);

} 7/ end of the model block

The “generated quantities” block is optional and is executed only after the sampling period.
In this example, the block is used to obtain bcov (i.e., the random effect covariance matrix)
based on sigma and L so that we can ask Stan to save posterior samples for bcov in the
subsequent code.

generated quantities {

matrix [9,9] bcorr; // random effect correlation matrix
matrix [9,9] bcov; // random effect covariance matrix
bcorr = multiply_lower_tri_self_transpose (L);

bcov = quad_form_diag (bcorr, sigma);

} 7/ end of the generated quantities block

" # end of "modelString"

Step 3: Running the Stan model and extracting the results.—With all blocks in
the model script defined, we save modelString in the mlvar .stan file and then pass this
model script, together with data, names of parameters of interest, number of chains (2 in our
example), and iterations (25000 in our example) per chain used in the MCMC procedure, to
the stan function. Stan will use part of these iterations to adjust its sampling algorithms in

a “warm-up” phase, and these iterations (5000 in our example) will not be part of the final
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posterior samples. We choose to generate initial values by Stan with a seed set to 1. Since
two chains are specified, we ask for two cores to do parallel computing to reduce the overall
computational time. Once the sampling is done, posterior samples for parameters specified
in parameterlist will be stored in the Stan object, VARmodel, and can be extracted with
the memc . List function in the coda package for calculating summary statistics. For this
purpose we use our homegrown zcal ¢ function, which is available in our GitHub repository
(see the “postcalc.R” file). This function can calculate summary statistics including means,
medians, modes, standard deviations, 95% credible intervals, effective sample sizes (ESSs),
and Rs (see the Empirical Results section for definitions of ESS and R). Alternatively, the
users may also use the coda package to calculate summary statistics.

writeLines (modelString, con = "mlvar.stan')

parameterlist <- c (“"Coeff", "sigma', "bcov",
b, "corr_noise", "Sigma_VAR™)

VARmodel <- stan(file = “mlvar.stan’, data = stan_data, seed = 1,
chains = 2, cores = 2, iter = 25000, warmup = 5000,
pars = parameterlist)

codaSamples <- mcmc.list(lapply(1:ncol (VARmodel), function (x){

mcmc(as.array(VARmodeD[, x, 1)

1))

resulttable <- zcalc (codaSamples)

Similar to the data preparation work for Stan, dependent variables and between-level
predictors are stored in Y and X, respectively, except that the missing entries remain in

the data set (i.e., no missing flags are needed in JAGS). We also create a set of indicator
variables. For instance, Tseen stores the location of time points with fully observed cases
(i.e., both PA and NA are observed at a particular time point) for each person, while Tmiss
stores the location of time points with fully missing (i.e., both PA and NA are missing at

a particular time point) or partially observed cases (i.e., only PA or NA is observed at a
particular time point) for each person. Note that these indicators are not needed when there
are no partially observed cases in the data set.

Step 1: Defining models and priors.—The JAGS code for defining models and
priors is similar to the Stan code presented above except that JAGS does not require the
specification of data types. Given this, we will present the JAGS code and only highlight the
differences between Stan and JAGS code.
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Within-level Model.: When fitting the model to fully observed data (i.e., looping over
Tseen), the code follows the same logic as the Stan code. However, when it comes

to partially observed cases, it is infeasible to assign a multivariate distribution on
Y[pp,tt,1:2]. To work around this restriction, for each person we loop over the missing
time points (i.e., Tmiss) and assign univariate normal distributions on Y[pp,tt,1] and
Y[pp,tt,2] separately"’. This part also specifies the missing data handling — the missing
values are imputed based on the likelihood defined below in the Tmiss loop.

modelString = "

model{

for (pp in P1) {

# the likelihood function for dependent variables

for (tt in Tmiss[pp,l:nmiss [pplDD{

mus [pp,tt,1] <= b [pp,1] +b [pp,3] * (¥ [pp,tt-1,1] -b [pp,11) +b [pp,5] *
(Y [pp

,tt-1,2] -b [pp.2DD

mus [pp,tt,2] <- b [pp,2] +b [pp,6] * (Y [pp,tt-1,1] -b [pp,1]) +b [pp,4] *
Y [pp

.ttt -1,2] -b [pp, 21)

Y[pp,tt,1] ~ dnorm(mus[pp,tt,1], pow(sd_noise [pp,1]1, -2))

Y[pp,tt,2] ~ dnorm (mus [pp,tt,2], pow(sd_noise [pp.2], -2))

} # close loop over Tmiss

} # close loop over persons with missing data

for (pp in 1:P) {

# the 1lst observation

Y[pp,1,1:2] ~ dmnorm(mus_1, prec_VAR_1)

# the likelihood function for dependent variables

4Note that this treatment of missing data is limited to two dimensions and do not readily generalize to higher dimensions. Such
programming was implemented only to work around the restriction of handling partially observed multivariate nodes in JAGS, and is
not recommended in principle.
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for (tt in Tseen[pp,2:nseen [pplD{

mus [pp,tt,1] <- b [pp,1] +b [pp.3] * (Y [pp.tt-1,1] -b [pp,1]) +b [pp.5] *
< [pp

Tt -1,2] -b [pp,2])

mus [pp,tt,2] <= b [pp,2] +b [pp.6]1 * (Y [pp,tt -1,1] -b [pp,1]1) +b [pp.4] *
(Y [pp

,tt -1,2] -b [pp.2D)
Y[pp,tt,1:2] ~ dmnorm(mus [pp,tt,1:2], prec_VAR[pp,1:2,1:2])
} # close loop over Tseen
# (person loop is not closed here; see the next part)

Between-level Model.: Defining the between-level model in JAGS is almost identical to that
in Stan, except that Stan uses the standard deviation parameter (or covariance matrix) for the
dispersion parameter of the (multivariate) normal distribution while JAGS uses the precision
parameter (or precision matrix), which is the inverse of the variance (or covariance matrix).
The transformation between them is implemented via the pow (or inverse) function. In
addition, the parameter (back-)transformation code below is also identical to the code in the
“transformed parameters” block in Stan.

# popul ation distributions on person-specific paraneters

bmu[pp,1:9] <- X[pp,] % *% Coeff

b[pp,1:9] ~ dmnorm(bmu [pp,1:9], bpre [1:9,1:9])

# paraneter back-transformations

corr_noise [pp] <- (exp (2 *b [pp,9]) -1) 7/ (exp (2 *b [pp,9]) +1)

sd_noise [pp,1] <- exp (b [pp.71)

sd_noise [pp,2] <- exp (b [pp.8])

# make random innovation precision matrices

Sigma_VAR [pp,1,1] <- sd_ noise [pp,1l] *sd_ noise [pp,1]
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Sigma_VAR [pp,2,2] <- sd_noise [pp,2] *sd_noise [pp,2]
Sigma_VAR [pp,1,2] <- sd_noise [pp,1]* corr_noise[pp]l*sd_noise[pp,2]
Sigma_VAR [pp,2,1] <- Sigma VAR [pp,1,2]
prec_VAR [pp,1:2,1:2] <- inverse (Sigma_VAR [pp,1:2,1:2])
} # close | oop over persons

Hyperpriors.: Defining hyperpriors for between-level regression coefficients in JAGS is
almost identical to that in Stan except for the usage of precision parameters as mentioned
above. In terms of the random effect covariance matrix, we assign IW priors as described in
the prior specifications section.

# priors on between - |evel regression coefficients

for (kk in 1:K){
for (ww in 1:9) {
Coeff [kk, ww] ~ dnorm (O, .01)

b33

# priors on the random effect precision natrix
bpre ~ dwish(W, 10)
Finally, we define bcov and sigma below so that we can ask JAGS to save posterior

samples for these parameters in the subsequent code.

# obtain the random ef fect covariance matri x and

# random ef fect standard devi ati ons

bcov <- inverse(bpre)

for(ww in 1:9) {
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sigma[ww] <- sqgrt(bcov [ww,ww])

} # end of the "nobdel" block
" # end of "modelString”

Step 2: Running the JAGS model and extracting the results.—To run a JAGS
model, the model script, data, and initial values are passed to the jags-model function.
Here we also set the seed and let JAGS generate the initial values. Similar to Stan, there

is an adaptation phase to maximize the efficiency of the sampling algorithm and samples
generated during this phase will be discarded. The number of samples in the adaptive phase
is specified in n_adapt. Then the JAGS object, jagsModel, is passed to the update
function to perform the burn-in phase, length of which is specified in n. iter. Samples
generated during this phase are also discarded, as they might be influenced by the starting
values, this way ensuring that the final set is drawn from a stationary distribution. After
the burn-in phase, jagsModel is passed to the coda.samples function to obtain n_iter
samples per chain to approximate the posteriors for parameters of interest specified in
parameterlist. Then we can use our homegrown zcalc function or the coda package
loaded automatically with rjags to obtain summary statistics.

writeLines(modelString, con = "mlvar._txt')
initsl <- list(.RNG.name = "base::Wichmann-Hill", _RNG.seed = 1)
inits2 <- list(.RNG.name = "base::Wichmann-Hill", _RNG.seed = 2)

jJagsModel <- jags.model(file = "mlvar.txt", data = jags_data,

inits = list(initsl,inits2),

n.chains = 2, n.adapt = 4000)
update(jagsModel, n.iter = 1000)
parameterlist <- c("Coeff", *sigma', "bcov",

b, "corr_noise", "Sigma_VAR"™)
codaSamples <- coda.samples(jagsModel,
variable._names = parameterlist,

n.iter = 20000)

resulttable <- zcalc(codaSamples)
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Step 0: First, install Mplus.—Details are provided on the Mplus website (https://
www.statmodel.com). A license number issued by the Mplus team is needed for installation.

Step 1: Defining the DATA, VARIABLE, and ANALYSIS sections.—The data,
saved in the “mIVAR.dat” file, are declared at the beginning of the script. Unlike Stan and
JAGS, we do not reformat the data but directly use the long format data displayed before,
except that the missing entries are replaced by missing flags (i.e., 99 in our example). In
the VARIABLE section, the NAMES option declares all variables in the same order as in the
data set, the USEVARIABLES option declares variables used in the analysis, and the LAGGED
option declares lagged variables with the order of lag in the parenthesis. The CLUSTER

and BETWEEN options are only used in the multilevel modeling framework to declare the
variable containing clustering information (i.e., person indicator, ID) and between-level
predictors. The MISSING option declares which variables contain missing data and the flag
of missingness (i.e., 99).

Under ANALYSIS, we declare fitting a two-level model using Bayesian methods. The
number of chains is not explicitly declared here because we use the default number, 2. With
PROCESSORS = 2 declared, two cores will be used for parallel computing. To obtain 20000
posterior samples per chain for parameter estimation, we run 40000 iterations per chain
because the default number of burn-in iterations in Mplus is half of the total iterations and
cannot be changed manually by the users®. With ESTIMATOR = BAYES specified, Mplus
will implement Bayesian analysis and impute missing values based on the model defined in
Step 2, which is conceptually similar to how missing values are imputed in Stan and JAGS.

DATA: FILE = "mIVAR.dat";

VARIABLE: NAMES = ID Time yl y2 x1 x2;
USEVARIABLES = 1D yl1 y2 x1 x2;
LAGGED = y1 (1) y2(1);

CLUSTER ID;

BETWEEN = x1 x2;

MISSING

yl y2 (99) ;

ANALYSIS: TYPE = TWOLEVEL RANDOM;

ESTIMATOR = BAYES;

Swith the R package, Mp lusAutomation, users can extract all posterior samples and include part of the first half for estimation,
but caution should be taken when deciding the number of burn-in iterations to make sure that the chains are not influenced by the
starting values anymore.
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PROCESSORS = 2;
FBITERATIONS = 40000;

Step 2: Defining the MODEL and MODEL PRIORS sections.

Within-level M odel.: This part defines the within-level model. The first four lines define
person-specific auto- and cross-regression parameters, where y1&1 and y2&1 represent
lag 1 values of dependent variables. The remaining lines define the random innovation
covariance matrices, which is different from what described in Equation 5. The reason is
explained below.

At the time of writing, although the existing Mplus code examples allowed for specifying
random effects on innovation covariances, the sign of all covariances had to be either
positive or negative, as pre-determined by the user (Hamaker, Asparouhov, & B.O.
Muthén, 2017)— a strong assumption for many applications, including our illustrative
affect example. One way to circumvent this restriction (L.K. Muthén & B.O. Muthén,
personal communication, July 12, 2019) in this bivariate scenario is to introduce two

latent variables (i.e., ¥1 and £2), which are latent equivalents of y1 and y2, and allow

the random innovation covariance to be modeled by regressing £1 on 2. Following this
parameterization, the log residual variance of 1 and variance of £2, labeled respectively
as vl and v2 in our code, are linked to the log random innovation variances in the

original mIVAR model (see Equation 5) via the parameterizations shown in supplementary
material, section A. Our supplementary material also shows how to perform parameter
transformations to obtain the random innovation covariances in the original mIVAR model,
which can take different signs by definition. Note that when 1 and 2 are used as the latent
equivalents of y1 and y2, the measurement error variances of y1 and y2 are supposed to
be 0. However, doing so would lead to slow mixing of the MCMC chains and extremely
inefficient estimation (i.e., highly auto-correlated posterior samples). We thus set their
values to a small positive constant (i.e., 0.2) in our example.

MODEL : %WITHIN%
1 person - specific auto- and cross-regression parameters
al |yl ON y1&1;
a2 |y2 ON y2&1;
bl ]yl ON y2&1;
b2 ]y2 ON y1&1;
I model random innovation variances and covariances

fl by yl1@1; yl1@0.2;
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2 by y201 ; y2@00.2;
s | f1 on £2;
vl | f1;
v2 | f2;

Between-level Model.: This part defines the between-level model. Here we regress all

person-specific parameters defined in the within-level part, except s, v1 and v2, on the
predictors and request estimation of intercepts. In addition, variances of and covariances
between all person-specific parameters are defined and labeled.

%BETWEEN%

! regress person - specific parameters on predictors

yl y2 al a2 bl b2 ON x1 x2 (sl-sl12);

1 estimate the population means of person - specific parameters

[yl y2 al a2 bl b2] (s13-s18);

! random effect variances and covariances

yl y2 al a2 bl b2 s vl v2 (vel - ve9) ;

yl y2 al a2 bl b2 s vl v2 with y1 y2 al a2 bl b2 s vl v2 (cl -
c36);

Hyperpriors.: The specification of priors is almost identical to JAGS except that IW priors
are specified separately for variance and covariance parameters, and Mplus uses the variance
parameter for the dispersion parameter of the normal distribution.

MODEL PRIORS: sl - s18 ~ N(O, 100);
vel - ve9 ~ IW(1, 10);
cl - c36 ~ 1W(0, 10);

Step 3: Defining the OUTPUT, SAVEDATA, and PLOT sections.—The TECH1
option is used to obtain parameter specifications and starting values, and the TECH8 option
requests that the optimization history be printed in the output. The users can define their
own output files depending on which information they are interested to know. By specifying
SAVE = FSCORES(1000 1), we request that “plausible values” (Mplus’s general term to
denote imputed values of latent variables, typically in the form of draws from the posterior
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distributions of the latent variables; Asparouhov and B.O. Muthén, 2010) be saved, where
1000 is the number of draws and 1 is the number used for thinning. The plausible values
are generated after convergence or the user-specified number of MCMC iterations. After
that, Mplus continues the MCMC estimation in the first chain only to produce the number
of plausible values specified in the SAVEDATA command (L.K. Muthén & B.O. Muthén,
personal communication, September 16, 2019). In the PLOT section, we specify FACTORS
= ALL to request that the plausible values be available for plotting.

OUTPUT: TECH1; TECHS;
SAVEDATA: FILE 1S result.csv; SAVE = FSCORES(1000 1);
PLOT: TYPE = PLOT3; FACTOR = ALL;

Step 4: Running the Mplus model and extracting the results.—Just like before,
all summary statistics of the posterior distributions are calculated with our homegrown
function, based on the posterior samples extracted via the MplusAutomation package.

In particular, for parameters related to random innovation variances and correlations, we
need to do parameter (back)transformations to obtain the final estimation results. That is,

to obtain the regression coefficients associated with the predictors on log(sy ;). log(o2, ;). and
Fisher-z(r) in Equation 6, which are not directly estimated as parameters in the specified
Mplus model but rather, are functions of the estimated parameters, we need to transform
plausible values of v1, v2,and s to log(s;_;),log(c2, ;). and Fisher-z(r;), followed by solving
of all relevant regression coefficients using these transformed plausible values as dependent
variables in a multivariate regression analysis. More details can be found in supplementary
material, section A.

Empirical Results

Following the step-by-step guides presented above, we fitted mIVAR models to our
empirical data in Stan, JAGS and Mplus, and used effective sample size (ESS) and R
statistics (Gelman, Rubin, et al., 1992) for evaluating the sampling quality. The ESS
statistic describes how many posterior draws in the MCMC procedure can be regarded

as independent, which is generally lower than the actual posterior sample size. The R
statistic describes the ratio of the overall variance of posterior samples across chains to the
within-chain variance — values below 1.1 indicate no issues with convergence of separate
chains to an underlying distribution. The diagnostic criteria for optimal sampling quality
were set as ESS greater than 800 and R below 1.1. Results showed that ESS was greater
than 800 for all parameters with Stan and Mplus, and 86% of the parameters with JAGS;
the ESSs for the remaining 14% of the parameters were all greater than 600, which can be
considered adequate. The R statistic was below 1.1 for all parameters with all programs. In
terms of computational time, it took about 40 hours for Stan and about one hour for JAGS
and Mplus to finish the model fitting.
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Between-level parameter estimation results, including point estimates, standard errors, and
95% credible intervals, obtained from the three software programs are summarized in Table
1. For random effect covariance estimates (i.e., the off-diagonal elements in '¥), only
estimates credibly different from 0 were reported. Generally speaking, the three software
programs yielded similar empirical results, except that Stan yielded lower estimates of some
random effect standard deviations (see, e.g., y, — wg), compared with JAGS and Mplus. The

following empirical results were discussed based on results from JAGS.

The population means of person-specific baselines of PA and NA (i.e., u; ; and u ;) were

2.57 and 1.34, respectively6. The population means of person-specific standard deviations of
PA and NA (i.e., o1 ; and o ;) were 0.93 and 0.91, respectively. In terms of affect dynamics,

the population means of person-specific auto-regression parameters (i.e., a; ; and ap ;) were

0.22 and 0.26, and & ;and &, ;were credibly different from zero for 45% and 54% of

the participants, indicating that levels of PA (NA) were positively associated with previous
levels of PA (NA). That is, we found moderate inertia in participants’ affect dynamics.

The population means of person-specific cross-regression parameters (i.e., & jand £ )
were —0.05 and —0.03, but for most participants, the corresponding credible intervals were
relatively wide (indicating some uncertainty in the estimates) and contained 0. Finally, the
population mean of random innovation correlations (i.e., r;) was —0.25 (calculated via back-

eZz _

transforming the Fisher-z scores, by r = 3
e“% +

: where z=-0.26), and r;was credibly different

from zero for 52% of the participants, suggesting moderate and negative associations
between concurrent PA and NA within individuals. Previous studies yielded inconsistent
findings regarding whether PA and NA are independent or not, and the relationship between
PA and NA was found to be dependent on affect measures, time scales, as well as contexts
(Bradburn, 1969; Diener & Emmons, 1984; Egloff, 1998; Goldstein & Strube, 1994). For
instance, PA and NA were found to be independent when measured with PANAS (Egloff,
1998). In contrast, our study found that PA and NA were moderately and inversely correlated
within individuals, and as shown below, the magnitude of the standard deviation of random
innovation correlations was high and the corresponding 95% credible interval was rather
narrow, indicating that there were substantial individual variations in the magnitude of this
correlation. To provide more information about the estimated person-specific parameters, we
also plotted point estimates and credible intervals of these person-specific parameters for all
participants in Figure 1, where the black error bars represented 95% credible intervals that
did not contain 0, indicating that the point estimates were credibly different from 0. We can
see that most estimated person-specific parameters were credibly different from 0 for more
than half of the participants, except for & ; &, jand & ;.

Figure 2 shows the distributions of the estimated person-specific parameters across persons,
suggesting clear individual differences in many person-specific parameters. For instance,

6The estimated population mean of person-specific baselines of PA was calculated based on
ay+ &mfl + ﬂmfz where X1 and x, were empirical means of x1 jand xp jacross persons. Since x1 jand xp, jhave been

standardized to zero mean and unit variance, the estimated population mean was equal to fi (i.e., the estimate of 41 in Table 1). The
estimated population means of other person-specific parameters were calculated in a similar way.
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participants were substantially different in their baselines of PA and NA, inertia in PA
and NA, as well as correlations between concurrent PA and NA. The random effect
standard deviation estimates in the last part of Table 1 (i.e., w1 — wo) also showed that

there was a remarkable amount of variability in these person-specific parameters. In terms
of between-level predictors, person-level characteristics of perceived stress and extraversion
were found to be credibly linked to variability in some of those person-specific parameters.
Specifically, consonant with previous research linking high inertia in NA to perceived stress
and depression (Brose et al., 2015; Koval et al., 2012; Kuppens et al., 2010; Watson, 1988),
we found that participants who reported higher levels of perceived stress had higher inertia
in NA (az = 0.04, 95% CI = [0.01, 0.08]), as well as higher baselines of NA (a,, =

0.27, 95% CI = [0.23, 0.31]). In addition, consistent with previous findings (Lucas, Le,

& Dyrenforth, 2008; Watson & Clark, 1997), participants who were higher in extraversion
showed higher inertia in PA (8, = 0.04, 95% CI = [0.002, 0.07]) and higher baselines of
PA (B, =0.21,95% CI = [0.15, 0.27]). Participants” levels of perceived stress (extraversion)
were not credibly linked to the variability in baselines of PA (NA) and inertia in PA

(NA); participants’ levels of perceived stress and extraversion were not credibly linked to
the variability in the variances of PA and NA, correlations and cross-lagged relationships
between PA and NA.

Finally, the random effect covariance estimates showed associations between some person-
specific parameters, although the credible intervals of some random effect covariances

had lower/upper bounds close to 0. For instance, there were positive associations between
individuals’ baseline levels of PA and NA (see, y15), inertias in PA and NA(y34), and
cross-lagged relationships between PA and NA (ys5¢), indicating that participants who had
higher baseline PA and higher inertia in PA would also have higher baseline NA and higher
inertia in NA. In contrast, negative associations were found between the inertias of the

two emotions and their respective innovation standard deviations (see, w37 and wyg). AS

the inertia and innovation standard deviation parameters are both supposed to contribute
positively to increasing the system’s total variance (du Toit & Browne, 2007; Harvey, 1990),
these negative associations might suggest that the person-specific innovations helped capture
sources of inter-individual differences in total variance that were not adequately accounted
for by the person-specific lag-1 auto- and cross-regression coefficients.

Simulation Study

Simulation Designs

The goal of the simulation study was to compare the performance (e.g., estimation accuracy
and computational efficiency) of the three software programs in fitting mIVVAR models with
missing data under the MAR condition. We considered two sample size configurations,
namely, =100, 7=60 and A//=60, 7= 100. The first condition was chosen to mirror

the median time series length in the empirical study, while the second configuration was
selected as a comparison to show how the sample size and time series length might influence
estimation accuracy, sampling efficiency, and convergence in the MCMC procedure. We also
considered two conditions in terms of the magnitude of autoregression. The condition with
moderate autoregressive values was called the “low-stability” condition, while the condition
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with relatively higher autoregressive values was called the “high-stability” condition. This
design yielded 2x2 conditions in our simulation study, and for each condition, we ran 100
Monte Carlo replications7.

When simulating data, the complete data were first simulated mostly based on the model
presented in Equations 5 and 6, except that only one covariate was included in the between-
level model, which was simulated from a standard normal distribution. The true values of
model parameters were set based on estimation results from fitting AR models in previous
studies (e.g., Chow et al., 2010b; Chow & Zhang, 2013; You et al., 2019). Specifically, the
true values under the low-stability condition are summarized below. For the high-stability
condition, we changed &, and & (highlighted in the matrix) to 0.6 and 0.5 to increase

the autocorrelations in the data. For both conditions, variances of person-specific auto-

and cross-regression parameters were set to relatively small values (i.e., 0.01) to ensure
stationary processes.

H1 %y
Gy 0.5 -03 0.09
ap aq, 05 03 —0.045 0.09

0.3 —0.2 0.015 0 0.01
Q2 Y 03 02 0 0015 0 001
by ap |=[-0.1 -02/¥=| 0 0 0 0 00l
by apy -0.1 02 0 0 0 0 0 001

0.5 -03 0 0 0 0 0 0 009
loy ajgy 05 03 0 0 0 0 0 0 0 009
163 @]y 0.5 0.3 0 0 0 0 0 0 0 0 009
z a

Then missingness in two dependent variables were generated based on the missing data
mechanism specified below.

P(Ry ;.1 = 1|x1.i.%2.1.1) = logit ™ (=1.1 + 0.6x1_; ; + 0.6x3_; ;) )
P(Ry. i = X110 X2.1.4) = logit™ (= 1.1 + 0.6x) ;. + 0.6x3 ;. ;)

where the probability of missingness was dependent on two fully observed variables, xj ;
and x, ; simulated from a uniform distribution, {f-3, 3], thus yielding an MAR condition.
The data generation code, including missing data generation code, and other reproducible
materials are available in our GitHub repository (see materials in “MAR” and “NMAR”
folders).

When fitting the model, the model scripts were almost identical to those illustrated in the
step-by-step guides, except that (1) only one covariate was included in the between-level

7Ideally, more Monte Carlo replications need to be run to generate more reliable results. In this study, we chose 100 replications due
to the high computational time. To verify that 100 replications were sufficient for the simulation purpose, we ran 500 replications with
JAGS under the N=100, T = 60, and high-stability condition, and the Monte Carlo standard error (MCSE; see Equation 15) did not
change substantially compared with that with 100 replications. We note that some previous studies on Bayesian VAR models also used
100 replications (see, e.g., Huber & Feldkircher, 2019; Ji et al., 2020).
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model; (2) the mean vector of the distribution for the first observation was set as mus_1

= ¢(0,0); (3) narrower priors were assigned to unknown parameters based on the more
restricted ranges of the simulated data. Specifically, priors for all between-level regression
coefficients were assigned to be MO, 1). In terms of the random effect covariance matrix,
¥, with Stan, we specified L~1kj_corr_cholesky(2) and sigma~cauchy(0, 2); with
Mplus, we assigned /W W, 12) with a diagonal scale matrix W= diag(0.5, 0.5, 0.1, 0.1,
0.1, 0.1, 0.5, 0.5, 0.5) to '¥; with JAGS, we only freely estimated a subset of covariances
(i-e., w12, w13, w14- w23, W24, w34) While fixing the remaining covariances in ¥ to 0 because
we found that when freely estimating all elements in ¥, JAGS would be very inefficient,
indicated by rather low ESSs for most parameters. Therefore, given the true structure of
¥ defined above, we assigned /W W, 7) with a diagonal scale matrix W= diag(0.5, 0.5,
0.1, 0.1) to the first 4-dimensional submatrix of ¥, and ({0, 1) to the remaining standard
deviations in '¥'. We note that the priors could be made more diffuse if researchers do not
have plenty of prior knowledge about the range of possible values that a certain parameter
could take.

We calculated summary statistics such as biases, relative biases, standard errors (SES),
Monte Carlo standard errors (MCSES), root-mean-square errors (RMSES), sensitivity, and
coverage rates for each parameter. We also calculated the average ESS across replications,
the percentage of replications with ESS greater than 800 (%ESS > 800), and the percentage
of replications with R less than 1.1 (%Rhat < 1.1), to evaluate the performance of the
samplers and conduct convergence diagnostics. Note that for person-specific parameters, the
summary statistics were first calculated for each person and then averaged across persons.

Suppose that Mreplications were implemented in the simulation study. In the mth
replication, the point and standard error estimates of &were 6, and SEg,, respectively.

Let the average of point estimates across replications be 8, then the bias, relative bias, SE,
MCSE and RMSE were defined as follows:

M
bias = %mz_l(ém —0). (12)

1 M 0, —0
. . _ m
relative bias = ¥ mz 1—9 , (13)
| M
SE=— E SEj , (14)
Mm ol m

M
MCSE = \/ Ml_ - 8, 15)
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M
1 A~ 2
RMSE = \/ﬁmz_ 1,(0,,, —0)". (16)

In terms of other summary statistics, definitions of ESS and R have been provided in the
previous section. Sensitivity was defined as the proportion of replications in which the
credible intervals did not contain 0. The coverage rate was defined as the percentage of
replications in which the credible intervals contained the true values.

Simulation Results

Full simulation results can be found in Tables S1 — S15 in supplementary material,

section B, including summary statistics for between-level and person-specific parameters
for all programs under all conditions. In the main text, we focused on highlighting

aspects that suggested notable differences in performance between the software programs.
Figure 3 shows comparisons of four selected summary statistics (i.e., relative biases,
RMSEs, coverage rates, and %ESS > 800) for between-level regression coefficients

across programs under low- and high-stability conditions, with a sample size of V=

100 and 7= 60; Figure 4 shows these comparisons with a sample size of /=60

and 7 =100. Due to the complex structure of mIVVAR and thus the large number

of parameters to compare, we divided all between-level regression coefficients into

five categories — intercept-related parameters, auto-regression-related parameters, cross-
regression-related parameters, (random innovation) standard deviation-related parameters
and (random innovation) correlation-related parameters, and then calculated the average of
summary statistics for parameters within the same category. For instance, intercept-related
parameters include 44, a,y, tb, and a,,. In the following discussion about the performance
on each summary statistic, we will start with consistent findings across programs and
conditions, and then discuss comparisons between programs, sample size configurations as
well as low- and high-stability conditions.

Relative bias: Generally, all software programs yielded satisfactory performance in terms
of relative biases (i.e., between —.1 and .1) for most parameters under all conditions.
Increasing the sample size helped reduce the relative biases for most parameters with all
programs (see the simulation results with A//=200 and 7= 100 (i.e., Tables S5, S10

and S15) in supplementary material, section B). Across all parameters, Stan consistently
yielded similar or lower relative biases compared to JAGS and Mplus. JAGS had the worst
performance on relative biases for cross-regression-related parameters, which might be

due to the workaround to handle partially observed multivariate nodes in JAGS. We have
verified post-hoc that when there were no partially observed cases in the data and thus

a multivariate normal distribution could be assigned to all nodes (either fully observed

or fully missing) in JAGS, the biases were reduced substantially. Mplus had the worst
performance on standard deviation- and correlation-related parameters, which might be
related to the parameter transformation procedure related to these parameters, which yielded
a two-step estimation. It might also be related to the small fixed measurement error variance
in the model linking latent variables (i.e., 1 and £2) to observed variables (y1 and y2),
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which should be person-specific in reality but was fixed to a constant for the simplicity

of model specifications. We have verified post-hoc that those biases could be reduced with
larger sample sizes (see Table S15 in supplementary material, section B). In addition, the
comparison between two different sample size configurations showed that Mplus yielded
smaller relative biases for standard deviation- and correlation parameters under /= 60
and 7=100 than under /=100 and 7= 60. In terms of the comparison between low-
and high-stability conditions, higher relative biases for intercept-, auto-regression-, and
cross-regression-related parameters were observed under the high-stability condition in all
three programs, which was expected because there were more instances of time series that
were close to the non-stationary range under the high-stability condition.

RMSE: All software programs yielded satisfactory performance in terms of RMSEs (i.e., <
.1) for all parameters under all conditions. Intercept-related parameters had larger RMSEs
than other parameters mainly because of larger SE estimates. Similar to relative biases,
JAGS vyielded slightly larger RMSEs on cross-regression-related parameters and Mplus
yielded larger RMSEs on standard deviation- and correlation-related parameters, which, as
discussed before, can be improved with larger sample sizes. In general, the comparison
between sample size configurations showed slightly higher RMSEs under V=60 and 7=
100 than under /=100 and 7 = 60 for most parameters with most programs. The RMSEs
under the high-stability condition were similar to or higher than those under the low-stability
condition.

Coverage rate: Overall, coverage rates for most parameters were close to the nominal
rate of .95 (the red dashed lines in Figures 3 and 4) with all programs under all conditions.
Basically, the performance on coverage rates were consistent with relative biases because
parameters with higher relative biases were expected to have lower coverage rates. In a
similar vein, the coverage rates could be improved with larger sample sizes. Note that
intercept-related parameters had good coverage rates even though they were a bit biased
under the high-stability condition, which might be due to the larger SE estimates and
consequently broader credible intervals.

%ESS > 800: In general, ESSs were found to be higher under /=60 and 7= 100

than under A//=100 and 7= 60 with all programs. Stan yielded the highest ESSs for all
parameters under all conditions, compared with JAGS and Mplus. For JAGS, low ESSs
were observed for intercept-related parameters under all conditions, and ESSs were rather
low under the high-stability condition. Based on our experience, it might be due to the low
efficiency of algorithms adopted in JAGS in handling high-dimensional random effects®.
For Mplus, ESSs were found to be higher for intercept-related parameters but lower for
auto- and cross-regression-related parameters under the low-stability condition than under

8By checking the samplers used in JAGS, we found that when all person-specific parameters were specified to be correlated, JAGS
would use an adaptive random walk Metropolis algorithm called bugs - MNormal for these correlated parameters. According
to the JAGS manual, this algorithm can be very inefficient and may require an extremely long adaptation period, which has been
verified by our simulation, where about 20% of the replications with JAGS did not finish the adaptation phase within 4000 iterations.
In addition, we found that when only person-specific intercepts were specified to be correlated to yield a 2-dimensional covariance
matrix, JAGS would use a Gibbs sampling algorithm called bugs = : Con jugateMNormal, which was more efficient, as
indicated by much higher ESSs.
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the high-stability condition. There were multiple factors that might have affected Mplus’s
performance on ESS. First, in the model linking latent variables (i.e., ¥1 and 2) to observed
variables (y1 and y2), although we purposefully set the error variance to 0.2 to avoid slow
mixing of the MCMC chains, they were still relatively small. Second, under the current
small sample size configuration, we purposefully chose a more informative IW prior for the
random effect covariance matrix, which successfully reduced biases related to random effect
variances and covariances but led to lower ESSs. We verified post-hoc that increasing the
magnitude of the error variance and specifying more diffuse priors helped improve ESSs
substantially. Therefore, caution should be exercised when comparing the computational
efficiency across programs.

In addition to the between-level regression coefficients, Figure 5 shows comparisons

of RMSEs for random effect standard deviations and covariances across programs and
conditions. Generally, all programs yielded satisfactory performance in terms of RMSES
(i.e., <.1) for all parameters under all conditions. Compared with JAGS and Mplus, Stan
yielded slightly higher RMSEs for standard deviations of random intercepts under the
high-stability condition. By checking relative biases for these parameters, we found that Stan
tended to underestimate these parameters under the high-stability condition (see Tables S2
and S4 in supplementary material, section B). In addition, compared with other parameters,
all programs yielded higher relative biases in terms of non-zero random effect covariances
(i.e., p12, Y13, and yng), but such bias could be reduced with larger sampler sizes (see
Tables S5, S10, and S15 in supplementary material, section B).

Comparisons of other summary statistics such as biases, SEs, MCSESs, sensitivity and R
were not presented here, either because results were relatively similar across software
programs or because the comparisons of these summary measures were similar to the
summary statistics discussed above. For instance, Stan, JAGS and Mplus had similar
performance on SEs, MCSEs, and sensitivity, and as expected, smaller SEs and higher
sensitivity were obtained with larger sample sizes; conclusions concerning comparisons

of biases were similar to those associated with relative biases; R was below 1.1 for all
parameters in all replications with Mplus. For Stan and JAGS, although not all replications
yielded R below 1.1, there were only 1 to 2 replications with R greater than 1.1 for some
parameters.

Finally, it should be noted that the comparisons across programs in this simulation study
were based on relatively small sample size configurations due to the high computational
cost. With larger sample sizes, it is expected to see reduction in biases and improvement of
ESS, as mentioned before.

Comparisons across Software Programs

Generally, all three software programs yielded satisfactory performance across all the
conditions considered in our simulation study and we have seen improvement of
performance with larger sample sizes. Nevertheless, there are some nuanced differences

in the strengths and limitations of these programs, as summarized in Table 2 and elaborated
below.
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Accessibility

R Packages

In terms of access, Stan and JAGS are open-source programs available for free, whereas
Mplus is a proprietary software. The relative benefits and costs of open-source vs.
proprietary software are much-debated in the field, with issues including, but not limited to,
accessibility due to cost, availability of technical support, product stability, and transparency
of what is happening “under the hood” during data analysis.

We used the rstan package as an R interface to Stan in our example. For JAGS, in addition
to the rjags package used in our example, one can opt for R2jags (Su & Yajima, 2020)

or runjags (Denwood et al., 2016), which have largely overlapping functionalities. For
Mplus, model fitting and extraction of outputs can be automated via the MplusAutomation
package. There is also a file, mplus.R (available via https://www.statmodel.com/mplus-R),
that provides a set of R functions for extracting plot data and viewing plots by reading the
GH5 file created by Mplus.

Model Scripts

The coding requirements for Stan and JAGS are more intense. In particular, Stan users need
to declare data types for variables before using them. Mplus has the most concise code, and
will be most familiar to users who already use its other frequentist-related functionalities.

Model Specifications

Stan and JAGS have greater flexibility in terms of model specifications than Mplus. In
principle, Stan and JAGS users can fit arbitrarily complex models as long as they can specify
the likelihood function. For instance, as discussed before, there needs to be some work
around to allow for polarity of the random innovation correlations and then regress them

on predictors in Mplus. However, such model specification can be easily done in Stan and
JAGS (e.g., bmu[pp] = X[pp,]*Coeff). Additionally, Stan and JAGS allow users to use
for loops to automate generalization of VAR models to multiple dimensions and higher
orders, as needed. The for loops are not supported in Mplus, but Mplus has its own unique
coding shortcuts that make generalization to higher dimensions and orders possible with
relatively concise coding.

Prior Specifications

Mplus uses conjugate priors (i.e., the conditional posterior distributions and prior
distributions are in the same family) as default priors to allow for fast computation. Using
conjugate priors has some known advantages (e.g., familiarity and tractability of the forms
of the posterior distributions), but also some known drawbacks in the context of multilevel
modeling (Gelman et al., 2006). In addition to default priors, Mplus also provides some
alternative options for priors, as listed in the user’s guide (L.K. Muthén & B.O. Muthén,
1998-2017). Stan and JAGS provide more flexibility as users can choose prior types from a
large pre-defined set of probability distributions. For instance, in Stan there are specialized
priors for standard deviation and correlation parameters of a covariance matrix. Additionally,
Stan and JAGS users can write their own probability distribution functions (see, e.g., Stan
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Development Team, 2018; Wabersich & Vandekerckhove, 2014). While Stan and Mplus
have default priors with diffuse/non-informative specifications, informative priors can be set
in all three programs by changing the parameter values for priors.

Missing Data Inputs

Stan does not allow any missing entries in the data set. Model fitting with missing data

is still possible, but requires replacement of all missing entries by missing flags (e.g., 99

in our example) before passing data to Stan, and then replacing these missing flags by a
vector parameter (e.g., Y_impute in the example) which stores imputed missing values in
the model fitting procedure. With missing variables and missing flags declared, Mplus can
automatically handle missing entries. Missing flags are not needed in JAGS, but JAGS does
not allow specifications of multivariate distributions on partially observed nodes. Given this,
partially observed cases must either be deleted or modeled separately.

Missing Data Handling Techniques

The missing data handling approach adopted in the illustrative example is analogous to a
Bayesian full-information likelihood approach for handling missingness, which is known
to work adequately under MAR or MCAR. Other missing data handling options, including
ways of handling non-ignorable missingness (see, e.g., Daniels & Hogan, 2008; Ji et al.,
2020; Lee & Tang, 2006; Li et al., 2019; Tang et al., 2017; van Buuren, Brand, Groothius-
Oudshoorn, & Rubin, 2006) is possible in all three programs. Mplus generally provides
more restricted missing data modeling options to make coding much easier for the users.
For instance, not all of the missing data models currently available in Mplus (e.g., pattern
mixture models; B.O. Muthén, Asparouhov, Hunter, & Leuchter, 2011) are supported for
use with DSEMs in the latest version of Mplus (i.e., version 8.6), but this may change

in future versions. With Stan and JAGS, users need to write their own code to specify

the hypothesized missing data mechanisms, models, and distributional assumptions. For
instance, in Stan and JAGS, alternative missing data models for covariates may be specified,
some examples of which include sequentially and fully conditional models for specifying
dependencies among covariates (Ji et al., 2020; Lipsitz & Ibrahim, 1996; Raghunathan,
Lepkowski, van Hoewyk, & Solenberger, 2001; van Buuren, 2007).

In addition, in many circumstances, users may be interested in examining posterior values
of the imputed missing data values — for instance, to make inferences about longitudinal
trends in observed or latent variable scores. In Stan and JAGS, users can monitor and

obtain these posterior values in the model fitting procedure. In Mplus, users may obtain
imputed values of the missing data through the DATA IMPUTATION command, but unlike
Stan and JAGS, these are samples generated from one of the chains after convergence or the
user-specified number of MCMC iterations.

MCMC Algorithms and Computational Efficiency

Generally speaking, all three programs use variants of the Metropolis-Hastings (MH)
algorithm (Hastings, 1970; Metropolis, Rosenbluth, Rosenbluth, Teller, & Teller, 1953) for
estimation, which iteratively draw samples from a proposal function and then accept or
reject the new values based on the acceptance probability function. Despite this general
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parallel, the differences across these programs are substantial. To start with, Stan uses
Hamiltonian Monte Carlo (HMC; Neal, 2011), a variant of MH that is not available in
JAGS or Mplus. It relies on an efficient Markov transition as a proposal function to
implement more efficient exploration of the target density, the goal of which is to yield
better computational efficiency (especially for high dimensional problems) and more reliable
estimation results (Betancourt, 2017) than traditional MH algorithms. Specifically, the
distances between successive points generated in HMC are typically larger than those in
traditional MH algorithms, thus fewer iterations are needed to obtain sufficient ESSs. Our
simulation study showed that with the same number of MCMC iterations, Stan generally
yielded the best overall performance across multiple performance measures compared with
JAGS and Mplus. Second, JAGS uses Gibbs sampling in general, and when the posterior
distributions do not have closed form solutions, it will implement other sampling algorithms
such as slice sampling (Neal, 2003), which adaptively chooses the step size to match

the local properties of the target density function and thus is more efficient than simple
Metropolis updates. This approach may yield serial statistical dependence among samples
and therefore may need more iterations to converge.

In terms of actual computational time, based on the same simulated data set consisting

of values for 100 persons and 60 time points, we ran the algorithms with two chains,

25000 iterations each. On an Intel i5-8350U, 16GB RAM, Windows 10 computer, Mplus
performed the fastest (about 20 minutes), followed by JAGS (about one hour) and Stan
(about 6 hours). Stan is computationally more expensive because while the HMC algorithm
is more efficient (i.e., requiring fewer “steps” to stabilize on a parameter estimate), each
“step” is more time-consuming compared to other MCMC algorithms. Moreover, the overall
computational times reported above for Stan and Mplus were based on parallelization,
which can help reduce the overall time. In contrast, there is no direct option to do parallel
computing in rjags.

Stan provides the most detailed diagnostic “warning” messages about problems or
suboptimal behaviors in the MCMC procedure, which may result in biased inferences
(Betancourt, 2016; Monnahan, Thorson, & Branch, 2017). For instance, Stan warns if

the ESS for the bulk of the distribution and/or for the tails is too low, or if the model

does not converge; more details on the warnings are provided here https://mc-stan.org/misc/
warnings.html. Mplus provides warning messages when the model does not converge, as
well as trace and autocorrelation plots of posterior samples if TYPE = PLOT2 is declared in
the PLOT section. JAGS only provides warning messages if the adaptive phase was not long
enough for the sampler to optimize its behavior. Therefore, JAGS users are recommended
to check the convergence and ESS by calling additional functions (e.g., the zcalc function
used in our example or functions in the coda package) to obtain posterior distributions.

Discussion

The mIVAR model offers a helpful tool for quantifying and elucidating within-individual
dynamics and corresponding individual differences, but is often computationally intractable
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in the frequentist framework. In this paper, we provided a step-by-step guide to fitting a
bivariate mIVAR model in a Bayesian framework in three different software programs -
Stan, JAGS and Mplus. In an empirical example, we modeled PA and NA dynamics with the
bivariate mIVAR model and found some new theoretical insights in terms of how perceived
stress and extraversion contributed to individual differences in affective dynamics. Our
simulation results suggested generally satisfactory performance of all three software even
under the the small sample size considered (i.e., V=100 and 7=60; /=60 and 7= 100),
with only slight decrements in performance in the high- than the low-stability condition,
presumably due to the greater estimation challenges presented by the former in having more
replications exhibiting dynamics close to the non-stationary range. Of the three programs,
Stan displayed the best overall performance in terms of estimation accuracy, coverage rates,
and sampling efficiency (as indexed by ESS); JAGS showed slightly worse performance

in some of the cross-regression-related parameters, but as mentioned before, when the
dataset did not contain partially observed cases, JAGS could yield good performance;

Mplus showed greater biases in the estimation of random innovation standard deviation- and
correlation-related parameters. As elaborated earlier, Mplus’s slightly worse performance

in this regard might be related to the two-step procedure we had to invoke in Mplus to
circumvent its polarity constraints on the random innovation covariances. Future versions of
Mplus may be able to remove or ease up this restriction to improve these use cases.

There are several limitations of the current work. First, we implemented Fisher-z
transformation on the correlation parameter of the two-by-two random innovation
covariance matrices. When no covariates are used to predict those correlation parameters,
we can directly assign priors (e.g., uniform or LKJ priors) to them (Gelman et al., 2006;
Lewandowski, Kurowicka, & Joe, 2009). However, when predictors are present, the means
of the priors would consist of products of the regression coefficients and covariates, thus
making the process of prior assignment less intuitive. Given this, the Fisher-z transformation
was adopted as a simple alternative to aid interpretability. We also note that decomposing
a person-specific covariance matrix into standard deviations and a correlation, and then
assigning priors to those, works well in this bivariate scenario, although such an approach
does not generalize to higher dimensions. Second, parameters in the distribution of the
first observation were fixed, so there might be some slight misspecification in the initial
conditions. Alternatively, users can freely estimate them or specify model implied means
and covariance matrix and then estimate them (see, e.g., du Toit & Browne, 2007). Third,
only mIVVAR models of lag order one were considered in the empirical study. Higher-order
autocorrelations may exist in affect dynamics in our empirical illustration.

Although the tutorial example was limited to the bivariate version of mIVAR, generalization
to higher-dimensional mIVVAR models can be done in a relatively straightforward manner
when no predictors are needed to predict random innovation variances and correlations.

For instance, in Stan, the random innovation covariance matrix 2jcan be parameterized
similarly to the parameterization of the high-dimensional random effect covariance matrix
¥ in the code example. After that, to modify the script to fit a O-dimensional mIVAR
model, the major work would involve replacing 2 to O when looping over dd and dd2
dimensions. If the data set does not contain partially observed cases, the generalization to
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higher-dimensional mIVVAR models can be done in JAGS in a similar way. In addition, the
tutorial example can be easily customized for fitting less complex models such as mIVAR
with fixed cross-regression parameters or a fixed innovation covariance matrix in Stan and
JAGS. For instance, if fixed cross-regression parameters are assumed, we do not need to
assign a population distribution on these parameters. Instead, we can directly specify priors
on these fixed parameters. When both person-specific auto- and cross-regression parameters
are close to 0, the mIVAR model is reduced to a multilevel random-intercept model; we did
not include this special case in the simulation study but instead refer the readers to existing
resources (see, e.g., Bryk & Raudenbush, 1992; Candel, 2004; Snijders & Bosker, 2011).

Some possible future directions can be considered. First, the mIVAR model in the present
study did not include time-varying covariates in the within-level model. Since time-varying
covariates may play an important role in predicting the dynamics of variables of interest
and the corresponding relationships, future work may consider fitting mI\VAR-X models in
different programs as well as handling missingness in covariates (Ji et al., 2020; Lee &
Tang, 2006). Second, we considered only a small subset of factors when comparing the
performance of the three software programs in fitting mI\VAR models. Many other factors
could also affect their performance, such as the extent of systematic between-level variations
as compared to within-level variations and the nature of the VAR processes. Third, the
mIVAR model considered in this study may be further extended to allow for evaluation of
dynamics at the latent variable level (e.g., with Bayesian dynamic factor models; Chow,
Tang, Yuan, Song, & Zhu, 2011; Zhang & Nesselroade, 2007). Future simulation studies
should consider the effects of a more exhaustive list of factors in estimating Bayesian
models of ILD of different levels of complexity.

Overall, we have demonstrated through a step-by-step coding example, an empirical
example, and a simulation study how to fit a relatively complex variation of the mIVAR
model in Stan, JAGS and Mplus. We provided some examples of research questions

and novel substantive insights that may be gained using this model. In comparing and
summarizing the strengths and limitations of each software program, we also pointed out
some possible solutions, caveats, and unresolved challenges with respect to estimating the
mIVAR model, particularly with regard to model and prior specifications, missing data
inputs and handling techniques, computational efficiency and diagnostics. We hope that this
tutorial can help lower some of the initial hurdles to fitting Bayesian mIVVAR models, and
provide some helpful exposure and guidelines to utilizing mIVAR and other related models
to answer questions concerning intra-individual changes and inter-individual differences
therein.
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Refer to Web version on PubMed Central for supplementary material.
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Comparisons of (1) relative biases (2) RMSEs (3) coverage rates and (4) the percentages
of replications with ESS greater than 800 for between-level regression coefficients across
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software programs under N = 100 and T = 60. The large (small) symbol represented

the high-stability (low-stability) condition. The between-level regression coefficients were
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divided into five categories as described in the main text. Note that Mplus was not evaluated
on ESS for standard deviation- and correlation-related parameters because the total number
of posterior samples for these parameters was 1000 rather than 40000.
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Figure 4.

Comparisons of (1) relative biases (2) RMSEs (3) coverage rates and (4) the percentages
of replications with ESS greater than 800 for between-level regression coefficients across
software programs under N = 60 and T = 100. The large (small) symbol represented

the high-stability (low-stability) condition. The between-level regression coefficients were
divided into five categories as described in the main text. As explained under Figure 3,
Mplus was not evaluated on ESS.

Struct Equ Modeling. Author manuscript; available in PMC 2023 January 01.

'
corr



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Lietal.

RMSE

0.08 -

0.06-

0.02-

0.00-

Page 45

RMSE (N=100,T=60) RMSE (N=60,T=100)
AN 0.08-
VAN
0.06-
(i) A
o w ©
O & Loos O B
o o o N
a [a} @ o
A
£ Jial B 0.02- B B
O O @] O g
0.00-
inlercelpt_SD autol_SD crosé_SD logSl_SD co:rl_SD bv;ov inlemelpt_SD aulo._SD cros';_SD !ogSI_SD corrl_SD bclov
parameter parameter

[0 Jacs_nigh M100T60 (O Mplus_high_N100TE0 & Stan_high_N100TE0 [0 Jacs nigh weoT100 () Mplus_high_NEOT100 A Stan_high_NG0T100

Software Software

O  JAGS_low N10OTE0 O Mplus_low _N100TE0 A Stan_low_N100T50 O  JAGS low _NGOT100 O  Mplus_low NGOT100 A Stan_low_NEOT100

Figure5.
Comparisons of RMSEs for random effect standard deviations and covariances across

software programs under A//=100, 7= 60 (left panel) and A//=60, 7= 100 (right panel).
The large (small) symbol represented the high-stability (low-stability) condition. Similar to
between-level regression coefficients, the random effect standard deviations were divided
into five categories. The “bcov” column represents the average of RMSEs for all random
effect covariances.

Struct Equ Modeling. Author manuscript; available in PMC 2023 January 01.



1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuen Joyiny

Lietal.

Table 1
Parameter Estimates for Empirical Data
Stan JAGS Mplus

Par Est SE 95% ClI Et SE 95% ClI Est SE 95% ClI

U1 257 003 [ 251, 263] 257 003 [ 251, 263] 258 003 [ 252, 2.63]
ay, =003 003 [-0.09, 0.04] -0.02 003 [-0.08, 0.04] =-0.02 003 [-0.08, 0.04]
Bur 020 003 [ 014, 026] 021 003 [ 015, 027] 020 003 [ 014, 0.26]
Uz 134 002 [ 130, 1.37] 134 002 [ 130, 1.38] 136 002 [ 1.32, 1.40]
au, 027 002 [ 023, 030] 027 002 [ 023, 031] 027 002 [ 023, 031]
Bu; 000 002 [-003, 0.04] 000 002 [-0.04, 0.04] 000 002 [-0.04, 0.04]
a; 022 002 [ 019, 025] 022 002 [ 018, 025] 022 002 [ 019, 0.26]
@, 003 002 [ 000, 006] 003 002 [-001, 006] 002 002 [-001, 0.06]
Bay 004 002 [ 0005007] 004 002 [ 0002007] 004 002 [ 0.002007]
a, 027 002 [ 024, 030] 026 002 [ 023, 030] 027 002 [ 024, 031]
@, 005 001 [ 002, 008] 004 002 [ 001, 008] 004 002 [ 0.001,007]
Bay 000 001 [-003, 003] 000 002 [-003, 0.03] =001 002 [-0.04, 0.03]
by -0.05 001 [-0.08,-002] =-0.05 002 [-008,-002] =-0.04 002 [-0.07,-0.01]
ap; =001 001 [-0.03, 0.02] =001 002 [-0.04, 0.02] 000 002 [-0.04, 0.03]
By, =001 001 [-0.04, 0.02] =-0.01 002 [-0.04, 0.02] =001 002 [-0.04, 0.02]
b, -0.03 001 [-0.05, 0.00] =-0.03 001 [-0.06, 0.00] =-0.03 001 [-0.06, 0.00]
ap, =001 001 [-0.03, 0.01] =001 001 [-0.04, 0.02] -001 001 [-0.04, 0.02]
By, =001 001 [-004, 0.01] =-0.01 001 [-0.04, 0.02] =-0.01 001 [-0.04, 0.02]
loy  -007 001 [-009,-006] -0.07 001 [-010,-005] -0.07 001 [-0.08,-0.05]
@/, 000 001 [-002, 0.01] 000 001 [-0.02, 002] 000 000 [-0.01, 0.01]
Bi,y =002 001 [-004, 0.00] =-0.02 001 [-0.04, 0.00] =-0.01 000 [-0.02, 0.00]
lo, =009 001 [-011,-007] -0.09 001 [-012,-007] =-0.07 001 [-0.08,-0.06]
ar,, 00l 001 [-001, 0.03] 001 001 [-0.02, 003] 000 000 [-0.01, 0.01]
Bi,, 000 001 [-002, 001] -001 001 [-003, 0.02] 000 000 [-0.01, 0.00]
z -0.26 002 [-031,-022] -0.26 002 [-031,-022] -0.24 001 [-0.26,-0.22]
a, -003 002 [-008, 001] -003 002 [-0.08, 0.02] -0.02 001 [-0.04, 0.00]
B 002 002 [-002, 007] 002 002 [-002, 0.07] 002 001 [ 000, 0.04]
V1 040 002 [ 035, 045] 040 002 [ 035, 045] 038 002 [ 034, 043]
) 016 002 [ 012, 020] 021 002 [ 018, 024] 020 002 [ 017, 0.23]
V3 018 001 [ 016, 021] 021 001 [ 019, 024] 021 001 [ 019, 0.24]
Va 016 001 [ 014, 019] 020 00L [ 018, 023] 021 001 [ 018, 0.24]
Vs 013 001 [ 011, 016] 018 001 [ 015, 020] 018 001 [ 015, 0.20]
Ve 008 001 [ 005, 011] 045 001 [ 013, 017] 015 001 [ 013, 0.17]
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Stan JAGS Mplus

Par Est SE 95% ClI Est SE 95% ClI Est SE 95% ClI

v 005 001 [ 004, 007] 012 001 [ 011, 014] 008 001 [ 007, 0.10]
Ve 010 001 [ 008, 012] 045 001 [ 013, 017] 008 001 [ 007, 0.09]
Vo 029 002 [ 026, 033] 030 002 [ 026, 033] 026 001 [ 023, 0.28]
Y12 002 001 [ 0.01, 0.04] 002 001 [ 0.01, 0.04] 0.02 001 [ 001, 0.04]
Vs 0.01 000 [ 0.01, 0.02] 0.01 0.00 [ 0.004,0.02] 0.01 000 [ 0.004,0.02]
Yar -0.01 0.00 [-0.01,-0.004] -0.01 0.00 [-0.01,-0.004] -0.01 0.00 [-0.01,-0.005]
v4 -001 0.00 [-0.01,-0.002] -0.01 0.00 [-0.01,-0.001] -0.01 0.00 [-0.01,-0.003]
Va8 -0.01 000 [-0.02,-0.01] -0.01 0.00 [-0.02,-0.01] -0.01 0.00 [-0.02,-0.01]
¥s6 0.01 0.00 [ 0.004,0.01] 0.01 0.00 [ 0.003,60.01] 0.01 000 [ 0.0030.01]
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Table 2
Comparisons across Stan, JAGS, and Mplus

Features Stan JAGS Mplus

Accessibility Open-source Open-source Proprietary

R Packages rstan rjags, R2jags, MplusAutomation
runjags

Model Scripts Intense Detailed Concise

Model Specifications Flexible Flexible Limited (e.g., constraints on random

innovation correlations)
Prior Specifications Flexible Flexible Limited

Missing Data Inputs

Missing Data Handling
Techniques

MCMC Algorithms
Computational Time

Diagnostics

Missing flags are needed, and they
need to be replaced by a vector
parameter in the model script

Fully Bayesian approach; users
need to write their own code to
specify the hypothesized missing
data models

Hamiltonian Monte Carlo (HMC)
High

Provide warning messages about
pathologies

Missing flags are not needed;
users cannot specify multivariate
distributions for partially
observed nodes

Fully Bayesian approach; users
need to write their own code to
specify the hypothesized missing
data models

Gibbs sampling, Slice sampling
Low

Limited warning messages

Missing flags are needed

Automatic multiple imputation; more
restricted missing data modeling options

Metropolis-Hastings (MH)
Low

Limited warning messages
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