Information and Inference: A Journal of the IMA (2022) 11, 739-780
https://doi.org/10.1093/imaiai/iaaa041
Advance Access publication on 25 January 2021

Generalized score matching for general domains

SHIQING Yu'
Department of Statistics, University of Washington, Seattle, Washington, 98195, USA
TCorresponding author. Email: syu.phd @ gmail.com

MATHIAS DRTON
Department of Mathematics, Technical University of Munich, 85748 Garching bei Miinchen, Germany

AND

ALI SHOJAIE
Department of Biostatistics, University of Washington, Seattle, Washington, 98195, USA

[Received on 22 September 2020; accepted on 28 November 2020]

Estimation of density functions supported on general domains arises when the data are naturally restricted
to a proper subset of the real space. This problem is complicated by typically intractable normalizing
constants. Score matching provides a powerful tool for estimating densities with such intractable
normalizing constants but as originally proposed is limited to densities on R and Rﬂ. In this paper,
we offer a natural generalization of score matching that accommodates densities supported on a very
general class of domains. We apply the framework to truncated graphical and pairwise interaction models
and provide theoretical guarantees for the resulting estimators. We also generalize a recently proposed
method from bounded to unbounded domains and empirically demonstrate the advantages of our method.
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1. Introduction

Probability density functions, especially in multivariate graphical models, are often defined only up to
a normalizing constant. In higher dimensions, computation of the normalizing constant is typically an
intractable problem that becomes worse when the distributions are defined only on a proper subset of the
real space R™. For example, even truncated multivariate Gaussian densities have intractable normalizing
constants except for special situations, e.g., with diagonal covariance matrices. This inability to calculate
normalizing constants makes density estimation for general domains very challenging.

Score matching [3] is a computationally efficient solution to density estimation that bypasses the
calculation of normalizing constants and has enabled, in particular, large-scale applications of non-
Gaussian graphical models [2, 9, 13, 18, 19]. Its original formulation targets distributions supported
on R™. It was extended to treat the non-negative orthant R} in [4], with more recent generalizations
in [20, 21]. An extension to products of intervals like [0, 1]™ was given in [6, 7, 14], and more general
bounded domains were considered in [10]. Despite this progress, the existing approaches have important
limitations: the method in [10] only allows for bounded support, and earlier methods for R’} and [0, 1]™
offer ad-hoc solutions that cannot be directly extended to more general domains. This paper addresses
these limitations by developing a unifying framework that encompasses the existing methods and applies
to unbounded domains. The framework enables new applications for more complicated domains yet
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retains the computational efficiency of the original score matching. The remainder of this introduction
provides a more detailed review of the score matching estimator and the contributions of this paper.

1.1 Score matching and its generalizations

The original score matching estimator introduced in [3] is based on the idea of minimizing the Fisher
distance given by the expected £, distance between the gradients of the true log density log p, on R™
and a proposed log density log p, that is,

/R Po®)[|V, log p(x) — V. log po(x) 5 dx. (1.1)

Integration by parts leads to an associated empirical loss, in which an additive constant term depending
only on pj, is ignored. This loss avoids calculations of the normalizing constant through dealing with the
derivatives of the log-densities only. Minimizing the empirical loss to derive an estimator is particularly
convenient if p belongs to an exponential family because the loss is then a quadratic function of the
family’s canonical parameters. The latter property holds, in particular, for the Gaussian case, where the
methods proposed by [11, 22] constitute a special case of score matching.

In [4], the approach was generalized to densities on R’} = [0, 00)” by minimizing instead

/R @)1V, log p(x) © x — V, log py (x) @ x| d. (1.2)
"

The element-wise multiplication (‘©’) with x dampens discontinuities at the boundary of R and
facilitates integration by parts for deriving an empirical loss that does not depend on the true p;,.

In recent work, we proposed a generalized score matching approach for densities on R} by using the
square root of slowly growing and preferably bounded functions A(x) in place of x in the element-wise
multiplication [20, 21]. This modification improves performance (theoretically and empirically) as it
avoids higher moments in the empirical loss. Another recent work extended score matching to supports
given by bounded open subsets ©® C R™ with piecewise smooth boundaries [10]. The idea there is to
minimize

SUP/ Po()g@) ||V, log p(x) — V, log py(x)|13 dx, (1.3)
g9 J D

where ¢4 = {g|g(x) = 0Vx € 3D and g is 1-Lipschitz continuous}, and 9% is the boundary of ©. The
supremum in the loss is achieved at g,(x) = min,,_y5 [x — x'||, the distance of x to 3.

1.2 A unifying framework for general domains

In this paper, we further extend generalized score matching with the aim of avoiding the limitations
of existing work and allowing for general and possibly unbounded domains ® with positive Lebesgue
measure. We require merely that all sections of © < R™, i.e., the sets of values of any component x;
fixing all other components x_;, are countable disjoint unions of intervals in R. This level of generality
ought to cover all practical cases. To handle such domains, we compose the function % in the generalized
score matching loss of [20, 21] with a component-wise distance function ¢ = (¢,...,¢,,) : D — R’_ﬁ.

To define ¢;(x), we consider the interval in the section given by x_; that contains x; and compute
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the distance between X; and the boundary of this interval. The function goj(x) is then defined as the
minimum of the distance and a user-selected constant Cj. The loss resulting from this extension, with
the composition & o ¢ in place of k, can again be approximated by an empirical loss that is quadratic in
the canonical parameters of exponential families.

As an application of the proposed framework, we study a class of pairwise interaction models for an
m-dimensional random vector X = (Xl-);”= | that was considered in [20, 21] and in special cases in earlier
literature. These a-bmodels postulate a probability density function proportional to

exp [—ix"Kx” + l77Txb] , xeD. (1.4)
2a b

Where past work assumes D = R™ or ® = R}, we here allow a general domain ® C R”.In (1.4),a >
0 and b > 0 are known constants, and K € R™*™ and y € R™ are unknown parameters to be estimated.
For a = 0 we define x T Kx%/a = (logx) " K(logx) and for b = 0 we define 5 "x?/b = 5" (logx). The
case where a = 0 was not considered in [20, 21]. This model class provides a simple yet rich framework
for pairwise interaction models. In particular, if ® = ©; x --- xD,, is a product set, then X; and X; are
conditionally independent given all others if and only if k; = k;; = 0 in the interaction matrix K; i.e.,
the a-b models become graphical models [12]. When a = b = 1, model (1.4) is a (truncated) Gaussian
graphical model, with ¥ = K~! the covariance matrix and X ~'5 the mean parameter. The case where
a=b=1/2with® = R is the exponential square root graphical model from [5].

For estimation of a sparse interaction matrix K in high-dimensional a-b models, we take up an £,
regularization approach considered in [9] and improved in [20, 21]. In [20, 21], we showed that this
approach permits recovery of the support of K under sample complexity n = §2(logm) for Gaussians
truncated to ® = R!}. Here, we prove that the same sample complexity is achieved for Gaussians
truncated to any domain ® that is a finite disjoint union of convex sets with n = §2(logm) samples.
In addition, we derive similar results for general a-b models on bounded subsets of R’} with positive
measure for a > 0, or if log ® is bounded for @ = 0. On unbounded domains for @ > 0 or for unbounded
log® and a = 0, we require 7 to be §2 (log m) times a factor that may weakly depend on m.

1.3 Organization of the paper

The rest of the paper is structured as follows. We provide the necessary background on score matching
in Section 2. In Section 3, we introduce and detail our new methodology, along with the regularized
generalized estimator for exponential families. In Section 4, we define the a-b interaction models and
focus on application of our method to these models on domains with positive Lebesgue measure.
Theoretical results and numerical experiments are given in Sections 5 and 6, respectively. We apply
our method to a DNA methylation dataset in Section 7. Longer proofs are included in the Appendix. An
implementation that incorporates various types of domain ® is available in the genscore R package.

1.4 Notation

We use lower-case letters for constant scalars, vectors and functions and upper-case letters for random
scalars and vectors (except some special cases). We reserve regular font for scalars (e.g. @, X) and
boldface for vectors (e.g. @, X),and 1,, = (1,...,1) € R™. For two vectors u,v € R", we write u > v
if u; > v; for j = 1,...,m. Matrices are in upright bold, with constant matrices in upper-case (K, M)
and random data matrices in lower-case (X, y). Superscripts index rows and subscripts index columns in
a data matrix X, so, X ® ig the i-th row, and Xj(i) is its j-th feature.
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For vectorsu,v € R, u®v = (uvy, ..., u,v,,) denotes the Hadamard product (element-wise multi-
plication), and the £,-norm for a > 1 is denoted ||u||, = (Z]’-"zl |uj|”)1/”, with [lu|l, = max;_; ., |uj|.
Fora € R, letv? = (vf,...,v). Similarly, for function f : R" — R™, x — (f{(x),....f,,(x)), we
write f(x) = (f{'(x), . ... [ (x)). Similarly, we also write f'(x) = (3f; (x)/0x,, ..., 0f,,(x)/0x,,).

For a matrix K = [«;];; € R™™ its vectorization is obtained by stacking its columns into an R"™"

vector. Its Frobenius norm is [||K|||z = [[vec(K)||,, its max norm is ||K]| = [[vec(K)| o, = max; ; |/cij
and its £,—¢,, operator norm is |||K|||a’h = max, IIKx],/llxll,, with [IK]|, = |||K|||a’a.
For a vector x € R™ and an index j € {1,...,m}, we write x_ j for the subvector that has the jth

component removed. For a function f of a vector x, we may also write f (x;3x_;) to stress the dependency
on x;, especially when x_; is fixed and only X; is varied, and write 8ff x) = 8}~f v;x_ j) / 8y|y5xj. For two
compatible functions f and g, f o g denotes their function composition. Unless otherwise noted, the
considered probability density functions are densities with respect to the Lebesgue measure on R™.

2. Preliminaries

Suppose X € R is a random vector with distribution function P supported on domain ® € R” and a
twice continuously differentiable probability density function p,, with respect to the Lebesgue measure
restricted to ®. Let & (©) be a family of distributions of interest with twice continuously differentiable
densities on ®. The goal is to estimate p, by picking the distribution P from & (®) with density p
minimizing an empirical loss that measures the distance between p and p,.

2.1 Original score matching on R™

The original score matching loss proposed by [3] for ® = R" is given by

1
Ten(P) = 5 /R oIV log p(x) — V log py() 2 i,

in which the gradients can be thought of as gradients with respect to a hypothetical location parameter
and evaluated at the origin [3]. The log densities enable estimation without calculating the normalizing
constants of p and p,. Under mild conditions, using integration by parts, the loss can be rewritten as

m 1 2
Jgn(P) = /R ) po(x); [ajj logp(x) + 5 (aj log p(x)) ]dx

plus a constant independent of p. One can thus use a sample average to approximate the loss without
knowing the true density p,.

2.2 Score matching on R}

Consider ® = R?. Leth : R} — R%, x — (h;(x)),...,h,(x,)", where hy,....h, : R, — R,
are almost surely positive functions that are absolutely continuous in every bounded sub-interval of R , .
The generalized h-score matching loss proposed by [20, 21] is

1 2
ey (P) =3 /R o) HVlogp(x) O h'2(x) — Viogpy(x) © b2 (x) szx. @2.1)
+
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The score matching loss for R’} originally proposed by [4] is a special case of (2.1) with h(x) = x2. In
[20, 21] we proved that by choosing slowly growing and preferably bounded £, .. ., ,,, the estimation

efficiency can be significantly improved. Under assumptions that for all P € &7 (R"}) with density p,

Xj,/'+00
)Cj\‘()+

(A0.1) po(xj;x_j)hj(xj)aj logp(xj;x_j =0, Vx_j € R'}r'_l vj,

(A0.2) E, | Viegp(X) 0h'2(X)|; < +00,E,, |(VIogp(X) @ (X)), < +oo,

xj/'+oo

where f(x) K0t

=limy, o oo f(¥) —lim, | o+ f(x), the loss (2.1) can be rewritten as

- 1
Jppn(P) = /R mpo(x)z[h;(xj)ajaogp(x))+h,~<xj)a,-,~<1ogp(x))+Eh,(xp[aj(logp(x))]z}dx

+ j=1
plus a constant independent of p. One can thus estimate p, by minimizing the empirical loss Jh,R’ﬁ (P).

2.3 Score matching on bounded open subsets of R™

The method proposed in [10] estimates a density p, on a bounded open subset ® C R with a piecewise
smooth boundary 9® by minimizing the following ‘maximally weighted score matching’ loss

1
Jeoio (P) = sup > / 2(0)po(x) ||V log p(x) — V log py(x) |2 i, 2.2)
ge¥ D

with ¥ = {g|g(x) = 0,Vx € 9D and g is L-Lipschitz continuous} for some constant L > 0. The authors
show that the maximum is obtained with g,(x) = L - inf,, ;5 [Ix — x||,, i.e. the £, distance of x to the
boundary of ®; using integration by parts similar to the previous methods, (2.2) can be estimated using
the empirical loss that can be calculated with a closed form.

3. Generalized score matching for general domains
3.1 Assumption on the domain

For x € R™ and any index j = 1, ..., m, write Qlj’@ (xfj) ={yeR: (y;xfj) € ®} for the section of ®
obtained by fixing the coordinates in x_;. This jth section is the projection of the intersection between
® and the line {(y;x_j) : ¥y € R}. A non-empty jth section is obtained from the vectors x_j in the set

S pn={x;:¢olx ) #2}C R”~1. For notational simplicity, we drop their dependency on .

DEFINITION 3.1 We say that a domain ® € R™ is a component-wise countable union of intervals if it
is measurable, and for any indexj = 1,...,m and any x_ ;€ G_j,@, the section €j,® (x_j) is a countable
union of disjoint intervals, meaning that

K. .
Cox_p)= Ul j)[k(x—j)’ (3.1)

where Kj(xfj) € NU {o0}, and each set I, (xfj) is an interval (closed, open or half open) with endpoints
—o0 < akJ(x_j) < ka(x_j) < +00, with the Ik(x_j)’s being the connected components of Gj,fg (x_j).
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The last point rules out constructions like /; = (0,1] and I, = (1,2] but allows /; = (0,1) and
I, = (1,2]. We define the component-wise boundary set of such a component-wise countable union of
intervals as

00=lxeR": I =1, mx €60, 5 e U (ay ). by phEool) . (32)

3.2 Generalized score matching loss for general domains

We first define a truncated component-wise distance, which is based on distances within connected
components of sections.

DEFINITION 3.2 Let C = (Cy,...,C,,) be composed of positive constants, so C > 0. Let ® € R be
a non-empty component-wise countable union of intervals whose sections are presented as in (3.1). For
any vector x € 9, define the truncated component-wise distance of x to the boundary of © as

Pco® = (¢, 1@, 0c, om®) €RY, (3.3)
q, akJZ_OO, ka:+oo,
e o) = 4 I bp = ), drj = =00, X < by j < +00, (3.4)
G2 I min(C,yx; — ay . by — - <x, <b '
min( i Xj — Ay by xj), 00 < @i <X < by < 400,
mln(Cj,xj — akJ), —00 < ay; < X, ka = 400,

where k is the index for which x; € I;(x_;) and a; ; < by ; are the endpoints of J; (x_;).

Our idea for defining a score matching loss suitable for general domains is now to use the generalized
score matching framework from (2.1) but apply the function k to ¢ 5 (x) instead of to x.

DErFINITION 3.3 Suppose the true distribution P, has a twice continuously differentiable density p
supported on ® C R™, a non-empty component-wise countable union of intervals. Given positive
constants C > 0,and k : R} — RY,y — (B (y),...,h,(,) withhy,....h, R — R, the
generalized (h, C,® )-score matching loss for P € &2 (9) with density p is defined as

1 2
IheaP) =5 /@po(x) | V102p() © (10 0c.0)"" @) = Viogpo@) © (1o 9cp) "> )| ax.
(35

In (5), we apply the loss from (2.1) with the choice (h o ¢ o) in place of h. The function ¢¢ o
transforms a point x € D into the component-wise distance vector in R’}. The loss from Definition 3.3
is thus a natural extension of our work in [20, 21], with the appeal that ¢ 5 usually has a closed-
form solution and can be computed efficiently. For ® = R} and C = (+o0,...,+00) it holds that
Pcrry (x) = x, and the generalized score matching loss from (2.1) becomes a special case of (5). In
[20, 21], we suggested taking the components of & as bounded functions, which may now also be
incorporated via finite truncation points C for ¢. If h(x) = x2,C = (400,...,400) and © = R, then
(h o 9¢5)"/?(x) = x gives the estimator in [4, 9]; see (1.2). When choosing k(x) = 1,,, i.e., constant
one, we have (h o (pc,@)l/ 2(x) = 1,, and recover the original score-matching for R” from [3]; see (1.1).
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(@) go ®) ¢, 0.1VOLD2 ©) 01,21 (d) @1, 02

FiG. 1. Comparison of g, 1, »,1 and 91, oo onD = {x € R2: llxll> < 1}.

(@) go ®) ¢, 0.1VOLD2 ©) 01,01 (d) 1,022

FiG. 2. Comparison of g9, 1, »,1 and ¢1, oo onD = {x € Rf_ clxlly < 1}

For a bounded domain ®, our approach is different from directly using a distance in R" as proposed
in [10]; recall (1.3) with the optimizer g,(x) being the £, distance of x to the usual boundary of D.
Instead, we decompose the distance for each component and apply an extra transformation via the
function h.

Figure 1 illustrates the case of the two-dimensional unit disk given by x% + x% < 1. While the

function from [10] is gy(x) = 1 — ,/x% + x%, our method uses ¢;(x) = /1 — x% — |x;] and @, (x) =
1 =% = |x,], assuming that C = (C,, C,) has C;, C, > 1. In Fig. 2 we consider the two-dimensional

unit disk restricted to Ri, where ¢ (x) = min {xl,,/l — x% — xl}, @,(x) = min {xz,,/l — x% — xz},
go(x) = min {xl,x2,1 —/x —I—x%}.

3.3 Examples of component-wise distances
We give the form of the component-wise distance ¢ 5 for different examples of domains.

ExampLE 3.4 (R and R}). Two frequently encountered domains are the real space and its nonnegative
orthant. These are the original settings considered in [3, 4, 9, 20, 21]. It holds that OCcRrm (x) = C and
Pcrn (x) = (min(Cy, x;), ..., min(C,,, x,,)).

ExaMPLE 3.5 (Unit hypercube). Now consider the unit hypercube ® = [—1/2,1/2]™ as an example of
a compact set and encountered in applications like [6, 7, 14]. Every non-empty section €; 5 (x_;) equals
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[—1/2,1/2], and so (pC/,QJ(x) = min{Cj, 1/2 — |xj|}. Since the hypercube is bounded by nature, it is
natural to drop the truncation by C; and simply use 95 (x) =1,,/2 — |x]|.

EXAMPLE 3.6 (£ 9 ball). As a compact domain that is difficult for previously proposed approaches,
consider the £ 7 ball with radius »r > Oandg > 1,50 D = {x € R" : ||x||q < r}. Given a point
x € D and an index j € {1,...,m}, the section €; 5 (x_;) is the interval [—(r? — 1T|x7j|q)1/q, 1 —
17 e _j|)"/9), and $0 ¢, ;(6) = min {Cj, (4 — 1T x_; |09 — |},

EXAMPLE 3.7 (£ ball restricted to R'}). Further restricted, consider ® = {x € R} : ||x|| g < r}, the
nonnegative part of the .# 7 ball with radius » > 0 and ¢ > 1. Given a pointx € © and an index j, the
section €; 5 (x_) is [0, (4 — 1T|x_j|‘1)1/‘1], and 50 ¢, 5 ;(x) = min {Cj,xj, 1 — 1T|x_j|q)1/‘1 - xj}.

ExaMmPLE 3.8 (Complement of .# 7 ball). Now consider © = {x € R : ||x|| q> r}, the complement of
the £ 7 ball with radius r > 0 and ¢ > 1. Given x € © and j, we now have

R if 1, 7 > r,
o\ (—oo, —(r1 — 13;71 |x_j|q)1/q) U ((rq — 1;;71 |x_j|q)l/q, +oo) otherwise;

e T
if lm_1|x_j|‘1 > 74,

G
€0cj,©,/(x) =

min [Cj, x| — (r1 — 1;_1|x_j|q)l/q} otherwise.

ExAMPLE 3.9 (Complement of .7 ball restricted to R). Next consider © = {x € R : ||x|| q > 1}, the
complement of the nonnegative part of the £ ¢ ball with radius r > 0 and g > 1. Givenx € © and j,

Colx_)= Ry i1y bl > o,
ket ((r‘f—l;;_llx_jlq)l/anOO) otherwise;

min{C;, x;} 1) e |9 >,
¢¢0,) = min {Cl‘ )jc — (1 =1, _,lx_;|D'4}  otherwise '
77 m—11"—j :
ExaMPLE 3.10 (Complicated domains defined by inequality constraints). More generally, a domain 2
may be determined by a series of intersections/unions of regions determined by inequality constraints,
g, D =1{xeR": (fi(x) < c; Afr(x) < ) V[f3(x) = c3). In this case, to calculate ¢ 5 we may
plug inx_; as given and solve numerically f;(x;;x_;) = ¢; fori = 1,2, 3, and obtain the boundary points
for x; using simple algorithms for interval unions/intersections. This is implemented in the package
genscore for some types of polynomials f; and arbitrary intersections/unions.

3.4 The empirical generalized score matching loss

From this section on, we simplify notation by dropping the dependence of ¢ on C and ©.

LEmMA 3.1 Suppose C > 0, py(x) > 0 for almost every x € ® and h(y),...,h,,(y) > Oforally > 0.
Then Jy, ¢ 5 (P) = 0 if and only if py = p fora.e. x € D.
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Proof of Lemma 3.1. By the measurability and definition of ®, and using the Fubini—Tonelli theorem,
the component-wise boundary set 9 from Definition 3.1 is a Lebesgue-null set. Thus, ¢(x) > 0
for almost every x € D, so that (h o ¢)(x) > 0 for ae. x € D. So Jj ¢ o(P) = 0 if and only if
Vlogpy(x) = Vlogp(x) fora.e.x € D, i.e., logpy(x) = logp(x) + ¢, for a.e. x € D for some constant
> OF po(x) = c; - p(x) for a.e. x € D for some non-zero constant ¢; = exp(cy). Since p, and p both
integrate to 1 over ©®, we have ¢; = 1 and py = p forae.x € ©. (]

According to Lemma 3.1 the proposed score matching method requires the domain ® to have
positive Lebesgue measure in R”. For some null sets, e.g., a probability simplex, an appropriate
transformation to a lower-dimensional set with positive measure can be given, but we defer discussion
of such domains to future work and assume © has positive Lebesgue measure for the rest of this paper.

LeEMmA 3.2 Similar to (A0.1) and (A0.2) in Section 2.2, assume the following to hold for all p €
P (D),

(A1) poleix_hi(p;(0))d; log plx;:
6_/ for all j;

Xj/"bp(x—j)”
\arx-pt T

= (0 for all k = 1,...,Kj(x_j) and x_; €

(A2) [ po®) [V1ogp(x) © (10 9)2()[3dx < +00, o po(x) |[VIogp) @ tho 9]
dx < +o0.
Also assume that

(A3) Vi=1,....mandae.x_; € &_;, the component function h; of h is absolutely continuous
in any bounded sub- 1nterval of the section €;(x_;). This 1mp11es the same for (h; o ¢;) and
also that 8 (h o goj) exists a.e.

Then the loss Jj, ¢ o (P) is equal to a constant depending on p, only (i.e., independent of p) plus

] m m
52 /@ Po) - (0 ¢ (x) - [3logpo) " dx + 3 /@ Po@®) - 3;[ (10 9)®) - 3;log p(x)] dx. (3.6)
j=1 j=1

The proof of the lemma is given in Appendix B. The lemma enables us to estimate the population
loss, or rather those parts that are relevant for estimation of P, using the empirical loss

IheoP) = ZZ (h; 0 @) (x ) (x) - [8;log p(x (’))]2+3j[(hjogoj)(x(i))~8jlogp(x(i))]. (3.7)
] 1 i=1

As the canonical choices of h are power functions in x, we give the following sufficient conditions for
the assumptions in the lemma.

ProposITION 3.11  Suppose forall j =1,...,m, h;(x;) = x;tj for some o; > 0. Suppose in addition that
foralljandx_; € &_;andallp € Z we have

(1) polx; x_j)a logp(x'x_]) o(1/1x; = cj1%) as x; 7 ¢ = by (e p) oras x; \( ¢ =
akJ(x_]) for all k such that akd(x ) > —00 or ka(x_») < 400, and

(2) pox 'x7])3 logp( ) — 0 as X; /' 4oo if Qﬁ (x_ ) is unbounded from above, and as
X; \ —o0 if QI (x_ ) is unbounded from below.
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Then (A.1) and (A.3) are satisfied.
Proof of Proposition 3.11.  Condition (A.3) is satisfied by the property of h;. (A.1) is also satisfied

. . . K;
since by construction (hj o (pj)(x) becomes |xj — ckJ|“f asx; = ¢ € Uk:l{akxj(xfj)’ bk‘/-(xfj)} and also

(h; o ¢;) is bounded by C% as x; /" 400 or x; “\ —00, if applicable. d

3.5 Exponential families and regularized score matching

Consider the case where &7 (D) = {py : 6 € @ C R’} for some r = 1,2,... is an exponential family
composed of continuous distributions supported on ® with densities of the form

logpy(x) = 0 Tt(x) — ¥(0) + b(x), x€D, (3.8)

where § € R” is the unknown canonical parameter of interest, #(x) € R” are the sufficient statistics,
¥ (0) is the normalizing constant, and b(x) is the base measure. The empirical loss Jj, ¢ 5 (3.7) can then
be written as a quadratic function in the canonical parameter:

. 1
IneoPy) = 50T T —g(x)T0 + const,  with (3.9)
| &« A : _
Lo =->> (op)(X?)ax®(ax(x?)) " and (3.10)
i=1 j=I

1 & < : : _
g =—2> > [ (10 @) (X )b (X V)2t (x?)

i=1 j=1

+(hj 0 9)(X?)0,t(XD) + 3,(h; 0 ¢)) (X@)ajt(X("))] , (3.11)

where 9t (x) = (9;t; (%), .. ., E)jt,(x))T € R". Note that (3.10) and (3.11) are sample averages of functions
in the data matrix x only. These forms are an exact analog of those in Theorem 5 in [21]. As expected,
we can thus obtain the following consistency result similar to Theorem 6 in [21]:
THEOREM 3.12 (Theorem 6 of [21]). Suppose the true density is py = py, and that

(Cl) I (x) is almost surely invertible, and

T -
) ¥,= EPO [(F(X)OO —g(x)) (F(X)OO —g(x)) ], r,= EPOF(X), r, 1, and g, = Epog(x)
exist and are component-wise finite.

Then the minimizer of (3.9) is almost surely unique with closed form solution 6=r (x)"lg(x) with

A

60—, 0, and ﬁ(é —0y) =4 JVr(O,F(;lZ'OF(;l) asn — 00.

Estimation in high-dimensional settings, in which the number of parameters r may exceed the sample
size n, usually benefits from regularization. For exponential families, as in [21], we add an £, penalty
on @ to the loss in (3.9), while multiplying the diagonals of the I" by a diagonal multiplier § > 1:
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DEFINITION 3.13 Let§ > 1, and I'(x) be I' (x) with diagonal entries multiplied by 8. For exponential
family distributions in (3.8), the regularized generalized (h, C,)-score matching loss is defined as

. 1
Tnco5(Pg) = E(}Tra(x)o —gx) 0+ 10, (3.12)

The multiplier § > 1, together with the £; penalty, resembles an elastic net penalty and prevents
the loss in (3.12) from being unbounded from below for smaller A, in which case there can be infinitely
many minimizers. This is discussed in Section 4 in [21], where a default for § is given, so that no tuning
for this parameter is necessary. Minimization of (3.12) can be efficiently done using coordinate-descent
with warm starts, which along with other computational details is discussed in Section 5.3 of [21].

3.6  Extension of the method from [10] to unbounded domains

A key ingredient to our treatment of unbounded domains is truncation of distances. This idea can also
be applied to the method proposed for general bounded domains in [10]; recall Section 2.3. For any
component-wise countable union of intervals ® as in Definition 3.1, we may modify the loss in (2.2) to

1 2
Jgo.c0(P) = sup 3 / g@X)py(x) | Vlogp(x) — Vlog py(x)||; dx,
g9 R

but with 4 = {g|g(x) = 0,Vx € 39, g is L-Lipschitz continuous and g < C} instead. Here, we use
the same Lipschitz constant L > 0 but add an extra truncation constant C > 0. Moreover, we use the
component-wise boundary set 9% (3.2) instead of the usual boundary set 3® used in [10]. Following
the same proof as for their Proposition 1 and dropping the Lipschitz constant L by replacing C with C/L
(or equivalently choosing L = 1), it is easy to see that the maximum is obtained at

go(x) = min IC, inf ||lx —x’||2] , (3.13)
x'€dD

the ¢, distance of x to 9® truncated above by C, which naturally extends the method in [10] to
unbounded domains. In the special case where 99 = <, we must have ® = R™ and g,(x) = C
by the expression above (with the convention of inf @ = +4-00), which coincides with the original score
matching in [3].

Assuming that (A.1) and (A.2) from Lemma 3.2 hold when replacing (h o ¢)(x) by gq(x)1,, and
hj(<pj(x)) by go(x), the same conclusion there applies, i.e.

1 m m
o) =32, /@ Po)go(0)[8;log p@)]* de + > /@ Po(x)8;[ g (x)9; log p(x)] dx
J=1 j=1

plus a constant depending on p, but not on p; this is the same loss as in Equation (13) in [10] with a
truncation by C applied to g,. The proof is in the same spirit of that for Lemma 3.2 and is thus omitted.
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4. Pairwise interaction models on domains with positive measure
4.1 Pairwise interaction power a-b models

As one realm of application of the proposed estimation method, we consider exponential family models
that postulate pairwise interactions between power transformations of the observed variables, as in (1.4):

1 1
Pyx () o exp (— 2—ax“TKx“ + Eﬂx") 1o (x) (4.1)

for which we treat x = logx and 1/0 = 1, on a domain ® € R™ with a positive measure. Here a > 0
and b > 0 are known constants and the interaction matrix K € R”™*™ and the linear vector n € R™
are unknown parameters of interest. As in [21], our focus will be on the support of K, S(K) = {(i,)) :
k;j 7 0}, that for product domains defines the conditional independence graph of X ~ p, x. However,
we simultaneously estimate the nuisance parameter 7 unless it is explicitly assumed to be 0.

When a = b = 1, model (4.1) is a truncated Gaussian model. From a = b = 1/2, we may obtain
the exponential square-root graphical model in [5]. The gamma model in [21] hasa = 1/2 and b = 0.

4.2  Finite normalizing constant and validity of score matching

The following theorem gives detailed sufficient conditions for the a-b density p, k in (4.1) to be a proper
density on a domain ® C R™ with positive Lebesgue measure.

THEOREM 4.1 (Sufficient conditions for finite normalizing constant). Denote ,oj(CD) = {xj :x € D} the
closure of the range of x; in the domain . If any of the following conditions holds, the density in (4.1)
is a proper density, i.e., the right hand of (4.1) is integrable over ©:

(CC1) a=>0,b> 0,9 is bounded;
(CC2) a>0,b>0,v"TKy* > 0 Vv € D\{0}, and either 2a > bor g v* <0 Vv € D;

(CC3) a=0,b=0, > —1foralljs.t.0e ,oj(@), and one of the following holds:
(i) © is bounded;

(i) D is unbounded and v TKy? > 0 Vv € D\{0};

(iii) D is unbounded, v TKy* > 0 Vv € D and nj < —1 foralljs.t. pj(CD) is unbounded (which
implies that pj(Q) = [0, +00) is not allowed for any j);

(CC4) a =0, is bounded and 0 ¢ pj(i)) for all j;

(CC5) a=0,b=0, log(x)TKlog(x) >0Vx e®;

(CC6) a=0,b>0,log(x) Klog(x) > 0Vx € ® and U 0 for all j s.t. ,oj(’D) is unbounded;

(CCT) a=0,b>0, log(x)TKlog(x) > 0Vx € ® and n < 0 for all j s.t. ,oj(@) is unbounded.
In the centered case where = 0 is known, any condition in terms of b and 5 can be ignored.

To simplify our discussion, the following corollary gives a simpler set of sufficient conditions for
integrability of the density.
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COROLLARY 4.1 (Sufficient conditions for finite normalizing constant; simplified). Suppose
(CCO0*) Kiis positive definite
and one of the following conditions holds:
(CC1*) 2a>b>00ra=b=0;
(CC2*) a>0,b=0,7>—1,;
(CC3*%) a=0,b>0, n; < 0 for any j such that X; is unbounded in ©.
Then the right-hand side of (4.1) is integrable over . In the case where y = 0, (CCO¥) is sufficient.

For simplicity, we use conditions (CC0*)—(CC3*) throughout the paper. The following theorem
gives sufficient conditions on % that satisfy conditions (A.1)—(A.3) in Lemma 3.2 for score matching.

THEOREM 4.2 (Sufficient conditions that satisfy assumptions for score matching). Suppose (CC0*) and
one of (CC1*) through (CC3*) holds, and h(x) = (x{",...,x,"), where forallj = 1,...,m,

€))] ifa>Oandb>O,otj>max{0,l—a,1—b};
2) ifa>0andb:0,aj>l—noJ;
3) ifa:O,ozj>0.
Then conditions (A.1), (A.2) and (A.3) in Lemma 3.2 are satisfied and the equivalent form of the

generalized score matching loss (6) holds, and the empirical loss (3.7) is valid. In the centered case
with n = 0, it suffices to have a > 0 and o > max{0, 1 — a} ora = 0 and o = 0.

4.3  Estimation
Let ¥ = [K' n]T e RO™Dxm 1n this section, we give the form of I' € R+ Dmx(nthm 3pq o ¢

R+D™ in the unpenalized loss §vec(¥) T [vec(¥) — g' vec(¥) following (3.10)~(3.11). I is block-
diagonal, with the j-th RO"+Dxn+1D plock

Iy .
Fj(X) |: TKz/ yK,ﬂ:/i|

YKauj i

. 2 2a—2 . . . Sa+b—2 .
n (hj o ‘Pj) (X(z)) Xj(z) a X(,)aX(,)aT _(hj o ‘Pj) (X(l)) Xj(z)a+ X(,)a

E%Z

i na+b=2_ ~aT . 2b—2
L —tyow () XPTTXO (0 9 (X) X"

On the other hand, g = vec ([gE g”]T) € RmDm where g € R™™ and g, € R" correspond to K
and 7, respectively. The j-th column of gy is

| — ; na—1 ; Ha—2 ;
- > (aj(hj 0 ) (XN)XP" 4 (a— 1)(h; 0 ) (X)X )XW’
i=1
; nN2a—2
+a(h; o ) (X(’))Xj(l) e (42)

,m’
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where € R™ has 1 at the j-th component and 0 elsewhere, and the j-th entry of g, is

ej’m

1 < S b1 e yb=2

() (i)
221 —Bj(hjo<pj)(X(’))le —(b—l)(th(pj)(X(’))le ) 4.3)
1=

If a = 0, set the coefficients (¢ — 1) to —1 and a to 1 in (2); for » = 0 set (b — 1) to —1 in the second
term of (4.3).

As in [21] we only apply the diagonal multiplier § to the diagonals of I'g ; € R"™*™, not y, ; € R.

Note that each block of I' and g correspond to each column of ¥, i.e. (k 7 r/j) e R™! In the
penalized generalized score-matching loss (3.12), the penalty A for K and 5 can be different, Ax and

A, respectively, as long as the ratio A, /A is fixed. For K we follow the convention that we penalize its
off-diagonal entries only. That is,

1
Evec(ulz)Tr s vec(W) — g(x) " vec(¥) + Agllvec(K )l + Agllnlly. (4.4)

In the case where we do not penalize 3, i.e. A, = 0, we can simply profile out 5, solve for =
r ;1 (g” -r E,nvec(f()), plug this back in and rewrite the loss in K only. Let I'; ¢ € R xm? pe
the block-diagonal matrix with blocks I'k ; and diagonal multiplier §, and let I'g , € R™ XM gnd

I, € R™" be the (block-)diagonal matrices with blocks y , ; and y, , respectively. Denote I'y 1 fijeq

Isx T
as the Schur complement of I'5 i of [rfT(K ;{ﬂ'" ], ie. I'sg — TK’"F,71 FI—E’”, which is guaranteed to be

positive definite for § > 1. Then the profiled loss is

. I NT
I.C.0 4.8 profiled PK) = EVCC(K)TF 5.profiled VEC(K) — (gK_r KTy lgn) vec(K) + Ak [[vec(Kogp) I -
4.5)

4.4 Univariate examples

To illustrate our generalized score matching framework, we first present univariate Gaussian models on
a general domain ® C R that is a countable union of intervals and has positive Lebesgue measure. In
particular, we estimate one of 1, and 002 assuming the other is known, given that the true density is

@ — po)?
Py ,Uz(X)oceXp{— >—1, X€D,
0-%0 205
with 1y € R and 002 > 0.Let XD, .. X ~ Puo.o? be i.i.d. samples. Without any regularization by

an £, or £, penalty and assuming the true 002 is known, we have similar to Example 3.1 in [21] that our
generalized score matching estimator for pi is

S0 g0) (X9) - X0 — 3o gy (X0)

"= >imi(hoge) (XD)
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By Theorem 4.2, it suffices to choose #(x) = x* with ¢ > 0. Similar to [21], we have

(4.6)

Vi (3 = o) > w(o Eo[o§<hwc>2<X>+oa‘<h°¢’c)’2(X)])
- o d ’ s

E§ [(ho o) (X)]

if the expectations exist. On the other hand, assuming the true pi(, is known, the estimator for o?is

" (h DY . (xD _ )2
' =< 2iz1 (o 00) (XT) - (X7 —uo) _ , with limiting distribution
S (hoge) (XD) + (hogp) (XD) - (XD — p2)

Eg [208(10 90)(X) - (X = 1)* + 08 (h 0 90) > (X) - (X = p1)°
EG [(ho9c) (0 - (X = 1g)?]

ﬁ(&z —002) -, 410,
4.7)

Figure 3 shows a standard normal distribution .47(0,1) restricted to three univariate domains:
D, = (—00,—-3/2] U [3/2,4+00), D3 = [—1,—-3/4] U [3/4,1], and their union ®| = (—o0, —=3/2] U
[—1,-3/4] U [3/4,1] U [3/2,+0cc). The endpoints are chosen so that the probability of the
variable lying in each interval is roughly the same, with .47(0, 1) ((—oo,—3/2]) =~ 0.0668 and
A0, 1) ([-1,-3/4]) ~ 0.0680. To pick the truncation point C for the distance ¢ 5, we choose
7 € (0,1] and let C be the 7 quantile of the distribution of ¢,  (X), where the random variable X
follows the truncation of .4(0, 1) to the domain ©. So, C is such that P ((p oD X) < C) = . Here,
Voo, X) = X = 3/2if |X| > 3/2, or min(|X| — 3/4,1 — |X]) otherwise, ¢, 5,(X) = [X| —3/2,
and ¢ o 5,(X) = min(|X| —3/4,1 — |X]).

The first subfigure in each row of Fig. 3 shows the density on each domain, along with the
corresponding ¢ . (X) in red, whose y axis is on the right. The second plot in each row shows the log
asymptotic variance for the corresponding /i, as on the right-hand side of (4.6), and the third shows that
for 62 as in (7). Each curve represents a different « in A(x) = x%, and the x axis represents the quantiles
7 associated with the truncation point C as above. Finally, the red dotted curve shows C versus 7 for
each domain. The ‘bumps’ in the variance for x* are due to numerical instability in integration.

As we show in Section 5, for the purpose of edge recovery for graphical models, we recommend
using h(x) = (x‘i” e ,x‘,x,{") with « > 1 for © that is a finite disjoint union of convex subsets of R".
Although minimizing the asymptotic variance in the univariate case is a different task, @ = 1 also seems
to be consistently the best performing choice.

For ©, and D5, all variance curves are U-shaped, while for ©; = D, U D5 we see two such curves
piecewise connected at C; = max ¢ 00, D5 (x) = (1-3/4)/2 = 0.125. To the right of C,,, the truncation
is applied to the two unbounded intervals (i.e. ©,) only. The first segments of most var(jt) curves for D,
as well as most curves for D, indicate there might still be benefit from truncating the distances ¢ within
the bounded intervals, although the var (62) curves for ©, as well as both curves for 1073 on D, suggest
otherwise. On the other hand, the curves for © and D, imply that a truncation constant larger than C,,
is favorable; the ticks on the right-hand side indicate that the curves for ©, reach their minimum at
C > 0.5. Hence, a separate truncation point C for each connected component of © could be beneficial,
especially for unbounded sets. However, the necessary tuning of multiple parameters becomes infeasible
for m >> 1 and we do not further examine it in this paper.
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FiG. 3. Univariate Gaussian example. Each row represents a domain, with the first subfigure plotting the density, the second the
asymptotic log variance of /1, the third that of 62, In each first subfigure the red lines show the untruncated distances @40 for
each domain, and the red dotted lines in the second and third show the truncation point C versus the 7 quantile.

5. Theoretical properties

This section presents theoretical guarantees for our generalized method applied to the pairwise
interaction power a-b models. We first state a result analogous to [21] for truncated Gaussian densities
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on a general domain ®, and then present a general result for a-b models. In particular, similar to and
as a generalization of [21], we give a high probability bound on the deviation of our estimates K
and # from their true values K, and 7. The main challenge in deriving the results lies in obtaining
marginal probability tail bounds of each observed value in I' and g. We first restate Definition 12
from [21].

DEerINITION 5.1 Let I'y = E,I' (x) and g, = E(g(x) be the population versions of I' (x) and g(x) under
the distribution given by a true parameter matrix ¥, = [KO, nO]T e R™m+D or v, =K, e R™ in
the centered case with 5, = 0. The support of a matrix ¥ is S(¥) = {(i,)) : wij # 0}, and we let
So = S(¥). We define dy, to be the maximum number of non-zero entries in any column of ¥, and
Cy, = ||||IIOH|oo,oo' Writing I', 4 for the A x B submatrix of I, we define ¢ = H|(F0,S()So)_l |||OO,OO.
Finally, I, satisfies the irrepresentability condition with incoherence parameter w € (0, 1] and edge set
S, if

mro,sgso(ro,soso)fl H‘OO’OO < (1 —-w). (5.1

5.1 Truncated Gaussian models on a finite disjoint union of convex sets

Truncated Gaussian models are covered by our a-b models described in Section 4.1 witha = b = 1.
When the domain © is a finite disjoint union of convex sets with a positive Lebesgue measure, we have
the following theorem similar to Theorem 17 in [21], which bounds the errors as long as one uses finite
truncation points C for ¢ 5 and each component in k(x) is a power function with a positive exponent.

Specifically, we consider the truncated Gaussian distribution on ® with inverse covariance parameter
K, € R"™*™ and mean parameter j,, namely with density

1
Pyo.Ko (x) o< exp (— ExTKOx + ngx) 15(x)

with K, positive definite and 5, = Kuy. We assume © C R™ to be a component-wise countable union
of intervals (Def 3.1) with positive Lebesgue measure, and assume it is a finite disjoint union of convex

sets A=D1, Dy fie D=2 U uDy,

THEOREM 5.2 Suppose the data matrix contains n i.i.d. copies of X following a truncated Gaussian
distribution on ® as above with parameters K, € R™*" and p,, Let ¥, = [KO, nO]T = [KO, KO[LO]T.
Assume that (A.1)-(A.3) in Lemma 3.2 hold, and in addition that A and the truncation points C in
the truncated component-wise distance @ 4 satisfy 0 < (hj ° ¢, ’92/)(x) < Mand 0 < aj(hj o
wcjggij)(x) < M’ almost surely for all j = 1,...,m for some constants 0 < M,M’ < +o0. Note
that h(x) = (x‘fl, Xy with ay,...,a, = 1 satisfies all these assumptions, according to Theorem
4.2. Let the diagonal multiplier § introduced in Section 3.5 satisfy

_1
1<8<Ciym)=2— (1 + 4emax {(610gm+210g|A|)/n,\/(6logm+210g|A|)/n})
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and suppose further that I'j g ¢, is invertible and satisfies the irrepresentability condition (5.1) with

w € (0,1]. Define cy = 2maxg 4 max; ‘2,/(K61)ﬁ + \/EIEOXJ-]IQ,(X)‘. Suppose for T > 3 the
sample size and the regularization parameter satisfy

M2 A d2 Mcey 2d
n>0 ((1’ log m + log |A|)maxI FCZZX L FOwX Yo l), (5.2)

I log|A] 7l Jog |A
k>ﬁ|:(Mc.I,Oc§(+M/cX+M)(,/TOgm+0g| | Tlogm +log| ')} (5.3)
n n

Then the following statements hold with probability 1 — m3~7:

(a) The regularized generalized h-score matching estimator ¥ that minimizes (3.12) is unique, has
its support included in the true support, S = S(¥) C S, and satisfies

A cr n
1K = Kolloo < 5 _Owk, m—nolloe <

Ko <
Ko, <

CFO
2—w

A,

1Sol- (i = nolll < IS0l

2

in (VISoldu) . [li =l < 5 _“;)»min (ViSol.da,)

(b) If in addition min; .. peg, Kokl > 2c_w and min;. ., seg 1M1 > ;—w then we have
S= S, sign(k k) = s1gn(K0Jk) for all (j, k) € S and 51gn(n]) = mgn(noj) for (m + 1,j) € S,.
In the centered setting, the same bounds hold by removing the dependencies on 7 and 7,,.

The proposed method naturally extends our previous work, and the above results follow by applying
the proof for Theorem 17 of [21] with two modifications: (i) using the triangle inequality, split the
concentration bounds in (39), (43) and (44) in [21] into one for each set ®,..., 33‘ Al and combine
the results with a union bound; (ii) in the proof of Lemma 22.1 of [21], replace ® = R} by each

D =9,..., D) and replace X; by X; 14/ (X), as the proof there only uses the convexity of the
domain.

5.2 Bounded domains in R} with positive measure
In this section we present results for general a-b models on bounded domains with positive measure.

THEOREM 5.3 (1) Suppose @ > 0 and b > 0. Let D be a bounded subset of R’} with positive Lebesgue
measure with ® C [u;,v;] x --- x [u,,,v,,] for finite nonnegative constants u,vy,...,u,,,Vv,,, and
suppose that the true parameters K, and 7, satisfy the conditions in Corollary 4.1 (for a well-defined
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density). Assume h(x) = (x‘i”, LX) with aq,...,a, = max{l,2 —a,2 — b}, and suppose Pco has
truncation points C = (Cy,...,C,,) with0 < CJ < 4oo forj=1,...,m. Define
. aj . .
min [C M)/Z} (Mj+vj)p//2p/, p] <O’Vj—u] < 2Cj’
50, = min{ N— )/2} "W+ Cy, p <0,y —u; > 2C;,
min{ u)/2} T p; >0,

cp = max max{;(a 2a — 23, g‘»(a»,Zb—Z)},
j,k 1,. T

Sg =, max max {o;¢i(a; — 1a— )V + la — 11g(aj,a — 2)v{ + agi(a,2a - 2),
O‘jgj(“]‘ -Lb-1)+|b— 1|§‘j(otj,b - 2)}

Suppose that I'( g, is invertible and satisfies the irrepresentability condition (5.1) with » € (0, 1].
Suppose that for 7 > 0 the sample size, the regularization parameter and the diagonal multiplier satisfy

n> 72c%~0d.%,0 5,2~(r logm + log 4)/a)2, (5.4)
32— w)
A > ———max {C.I,O gr\/Z(t logm + log4)/n, gg\/(r logm + log 4)/(2n)} , (5.5
w
I <6 < Cooundea-m, 1) =1+ \/(r logm + log4)/(2n). (5.6)

Then the statements (a) and (b) in Theorem 5.2 hold with probability at least 1 —m™7
(2)Fora=0andb > 0,ifu,,...,u, > 0, letting w; = max{| log uj|, | log vj|}, the above holds with

Sr = max max{g“ (a;, 2)w,%, Ci(a;, 2b — 2)},
jk=1,..., T

Se Ej’km]a’l.).(., max{c; 6o — L, =Dw + la — 1|§j(a-, —2)wy + agi(a, -2),

o;fi(a; — 1,0 — 1) + |b — 1[i(a;, b — 2)}.

We note that the requirement on «; > 1 is only for bounding the two 9;(h; o ¢;) terms in g(x) and
might not be necessary in practice as we see in the simulation studies.

5.3 Unbounded domains in R} with positive measure

For unbounded domains ® C R’/ in the non-negative orthant, we are able to give consistency results
but only with a sample complexity that includes an additional unknown constant factor that may depend
on m. For simplicity we only show the results for a > 0. The following lemma enables us to bound each
row of the data matrix x by a finite cube with high probability and then proceed as for Theorem 5.3.

LeEmMA 5.1 Suppose D has positive measure, and the true parameters K, and 1, satisfy the conditions
in Corollary 4.1. Then forallj = 1,...,m, ij" is sub-exponential if ¢ > 0 and log X; is sub-exponential
ifa=0.
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We have the following corollary of Theorem 5.3. The result involves an unknown constant, namely
the sub-exponential norm || - ||, of X/.Q“, and

(aj+max{4a,2b}-2)/a
n = §2 (logm) - max (HXJZ“ )
J

Y1

becomes the required sample complexity. We conjecture that the sub-exponential norm scales like
2 ((log m)€) for ¢ small, but leave the exact dependency on m for further research.

CoRrOLLARY 5.1 Suppose a > 0 and D is a subset of R with positive measure and suppose that
the true parameters K, and 7, satisfy the conditions in Corollary 4.1. Let pj(i)) = {xj :x € ©} and
Py =1U=1,....m: sup pj(®) < +oo}, and suppose p;(D) < [u;,v;] forj € P%- Then Theorem

1/(2a)
5.3 holds with log 4 replaced by log 6 in (5.4)—(5.6), and u; = max {]EOX]Z” — 63J,0}

. VQa
(EOXj + 63:/) forj & p5, where

and v; =

€3 = max [2«/56”){,2“”% \/10g3 +logn + tlogm + log (m — | p% 1),

46”)(j2“||w1 (log3 + logn + t logm + log (m — |p%|))},

X571, = sup (Bol; 1) /g > Eox}*.
qz

” (41

6. Numerical experiments

In this section we present results of numerical experiments using our method from Sections 3.2 and 3.4,
as well as our extension of [10] from Section 3.6.

6.1 Estimation—choice of h and C

Multiplying the gradient V log p(x) with functions (h o (pc’@)l/ 2(x) is key to our method, where the
J-th component of ¢¢ 5 (X) = (¢¢, 51 (X),- ... ¢, »,,*)) is the distance of x; to the boundary of its
domain holding x_; fixed, with this distance truncated from above by some constant C; > 0. We use
a single function A for all components (so, k(x) = (h(x)),...,h(x,,))), which we choose as h(x) = x°
with exponent ¢ = i/4 fori =0, 1,.. ., 8. Instead of pre-specifying truncation points in C, we select 0 <
7 < 1 and set each Cj to be the wth sample quantile of {g0+oo’©‘j(x(1)), e <p+oo,@J(x(”))}, where x®
is the ith row of the data matrix x. Infinite values of ¢ 5 ; are ignored, and ¢; = 1 if ¢ Jroo,Q:/(x(l)) =
= W00 J-(x(")) = +4o0. This empirical choice of the truncation points automatically adapts to the
scale of data, and we found it to be more effective than fixing the constant to a grid from 0.5 to 3 as
done in [21]. Our experiments consider 7 = 0.2,0.4,0.6,0.8, 1, where 7 = 1 means no truncation of
finite distances.

Note that for ¢ = 0, (h 0 ¢¢ 5)(x) = 1 and the method reduces to the original score-matching for
R™ of [3]. The case where ©® = R’ corresponds to [20, 21]. With ¢ = 2, C = (+00,...,+00) and
D=RE, (ho goc’@)(x) = x?2 corresponds to the estimator of [4, 9].

We also consider our extension of the method from [10], for which we use g,(x) from (3.13) as
opposed to (k o (pc’@)l/ 2(x); see Section 3.6. The constant C in this case is also determined using
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quantiles, but now of the untruncated ¢, distances of the given data sample to 39. For C = +o0
(r = 1) there is no truncation and the estimator corresponds to [10].

6.2 Numerical experiments for domains with positive measure

We present results for general a-b models restricted to domains with positive Lebesgue measure.

6.2.1 Experimental setup Throughout, we choose dimension m = 100 and sample sizes n = 80
and 1000. For brevity, we only present results for the centered case (assuming y = 0) where the b
power does not come into play, i.e., the density is proportional to exp {—x”TKx“ / (2a)} fora > 0 or
exp (—longKlogx/2) for a = 0. Indeed, the experiments in [21] suggest that the results for non-
centered settings are similar with the best choice of & mainly depending on a but not b.

We consider six settings: (1) a = 0 (log), (2) @ = 1/2 (exponential square root; [5]), 3) a = 1
(Gaussian), (4) a = 3/2 as well as some more extreme cases (5) a = 2 and (6) a = 3. For all settings,
we consider the following subsets of R as our domain D:

(i) non-negative £, ball {x € R} : |lx|, < ¢}, which we call £,-nn (‘non-negative’),

(ii) complement of £, ball in R%: {x € R} : |x|l, = ¢}, which we call Eg-nn, and
(iii) [c;, +00)™, which we call unif-nn,
for some ¢ > 0. For the Gaussian (a = 1) case consider in addition the following subsets of R™:
(iv) the entire ¢, ball {x € R™ : |x||, < ¢}, which we call £,,
(v) the complement of ¢, ball in R”: {x € R™ : |[x||, > ¢}, which we call Zg, and
(vi) ((—00,¢;1U [ey, +00))™, which we call unif.

The constant c¢; in each setting above is determined in the following way. We first generate n samples
from the corresponding untruncated distribution on R for (i)-(iii) or R™ for (iv)—(vi), then determine
the ¢ so that exactly half of the samples would fall inside the truncated boundary.

The true interaction matrices K, are taken block diagonal as in [9] and [21], with 10 blocks of size
m/10 = 10. In each block, each lower-triangular element is set to O with probability 1 — p for some
p € (0,1), and is otherwise drawn from Uniform[0.5, 1]. Symmetry determines the upper triangular
elements. The diagonal elements are chosen as a common positive value such that K, has minimum
eigenvalue 0.1. We generate five different K, and run 10 trials for each of them. We choose (p,n) =
(0.8, 1000) and (0.2, 80) so that n/ (dIZ(0 log m) is roughly constant, recall our theory in Section 5.

6.2.2  Results Our focus is on recovery of the support of K, = (kg ;;), i.e., the set Sy o = {(i.)) :
i # JAkg;;j # 0}, which corresponds to an undirected graph with S ¢ as edge set. We use the

area under the ROC curve (AUC) as the measure of performance. Let K be an estimate with support

A

Sofe = (L)) 11 £ JAK; J # 0}. Then the ROC curve plots the true positive rate (TPR) against the false
positive rate (FPR), with

S \S S NS,
S0t \S0,off! and  TPR = |Sofe 0,off|.
m(m — 1) — |Sq ol 150, oft

FPR =

We plot the AUC averaged over all 50 trials in each setting against the probability 7 used to set the
truncation points C. Each plotted curve is for one choice of the function A(x), or for gy(x). The y-
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ticks on the right-hand side are the original AUC values, whereas those on the left are the AUCs
divided by the AUC for h(x) = 1, measuring the relative performance of each method compared to
the original score matching in [3]; A(x) = 1 does not depend on the truncation and is constant in
each plot.

Plots for a < 1 are shown below, and for a > 1 in Appendix A. We conclude that in most settings
our method using h(x) = x¢ with ¢ = max{2 — a,0} works the best, as we also observed in [21].
In most settings the truncated g, function does not work well ([10] corresponds to 7 = 1). The only
notable exceptions are the domains (iv)—(vi), i.e., Gaussian models on subsets of R™ not restricted to
R%, see Fig. 7. The original score matching in [3] seems to work the best in these settings, suggesting
that estimation of Gaussians on such domains might not be challenging enough to warrant switching to
the more complex generalized methods. However, Fig. 7, for the (iv) £, and (v) Zg domains, shows only
insignificant differences in the performance of all estimators.

7. DNA methylation networks

We illustrate the use of our generalized score matching for inference of conditional independence
relations among DNA methylations based on data for 500 patients. The dataset contains methylation
levels of CpG islands associated with head and neck cancer from The Cancer Genome Atlas [17].
Methylation levels are associated with epigenetic regulation of genes and, according to [1], are
commonly reported as Beta values, values in [0, 1] given by the ratio of the methylated probe intensity
and the sum of methylated and unmethylated probe intensities, or M values, defined as the base 2-
logit of the Beta values. Supported on R, M values can be analyzed using traditional methods, e.g.,
via Gaussian graphical models. In contrast, our new methodology allows direct analysis of Beta values
using generalized score matching for the a-b model framework.

We focus on a subset of CpG sites corresponding to genes known to belong to the pathway for
Thyroid cancer according to the Kyoto Encyclopedia of Genes and Genomes. Furthermore, we remove
sites with clearly bimodal methylations, which we assess using the methods from the R package
Mclust. This results in n = 500 samples and m = 478 sites belonging to 36 genes.

When considering M values, we estimate the graph encoding the support of the interaction matrix
(and hence the conditional dependence structure) in a Gaussian model on R™, i.e., the a-b model with
a = b = 1. In doing so, we use the profiled estimator in (5), and choose the upper-bound diagonal
multiplier 2 — (1 + 804/Togm/n)~! as suggested in Section 6.2 of [21]. The support being all of R™
we simply use the original score matching with (k o ¢)(x) = 1,,. For Beta values, we assume a log-
log model (¢ = b = 0) on [0, 1]™, and use the profiled estimator with the upper-bound diagonal
multiplier 1 + ,/(t logm + log4)/(2n) as in (5.6) with the choice of T = 3. Suggested by our theory
in Theorem 5.3, we use h(x) = x2 (with exponent max{2 — a,2 — b} = 2), and choose the truncation
points in ¢ to be the 40th sample percentile, as suggested by the simulation results in Fig. 4. For our
illustration, the A parameter that defines the £; penalty on K is chosen so that the number of edges is
equal to 478, the number of sites, following [9] and [21].

The estimated graphs are presented in Fig. 8, where panel (a) is for Beta values, (c) is for M values
and (b) shows their common edges, i.e., the intersection graph. The plots in (a), (b) and (c) exclude
isolated nodes and the layout is optimized for each graph. Figure A13 in the appendix includes isolated
nodes where the layout is optimized for the graph for Beta values. Figure A14 in the appendix shows
the graphs in Fig. 8 aggregated by the genes associated with the sites. In (a) and (c), red points indicate
nodes with degree at least 10. Sites with the highest node degrees are listed in Table 1, where those
shared by the two graphs are highlighted in bold.




GENERALIZED SCORE MATCHING FOR GENERAL DOMAINS

o @
8 3 .
bl m ra Function

/ «+«-+ Const
8 L8
al 2 = 90

w X10.25

fyg g

5= re x"0.5

3 o

g =} x"0.75

<

5 8

s S Fe xM

© < S

Q A

S I X125
3 ~ 8 A
S - FR xM.5
=1 .o o

T XM.75
% J T~ ,g x"2
© r T T T 1 e
0.2 0.4 0.6 0.8 1.0
Truncation quantile
(a) n = 80, £>-nn domain
g 2
N9 - 2 Function
- =
« -+ Const
= 8
Rl 2 = 90

" x"0.25

= < ~

B ,:_ § x"0.5

3 [}

2 =} x"0.75

<

£g )

g S84 FR XM

> & S
o A
1.25
<3( 2] © )
Gl L& M5
S ~. <. S
< xM.75
g ~--- 1§ 2
S T T T S
0.2 0.4 0.6 0.8 1.0
Truncation quantile
(c) n =80, fg—nn domain
0 9
3 2 .
N9 /-\‘ e Function
< S
« -+ Const
o | & 3
€4 P8 .- o)
- ] 9

" X10.25

N @

S S 3] X*0.5

e S

bl o

g =} x"0.75

<

£g g

E Q] mumim e s s e, [ © xM

S o S

Q A

2 xM.25
o 5 ~
& Fa xM.5
S S

xM.75
S T y y 1 S
0.2 0.4 0.6 0.8 1.0

Truncation quantile

(e) n = 80, unif-nn domain

1

AUC, compared to h(x)

=1

AUC, compared to h(x)

=1

AUC, compared to h(x)

0.892 1.024 1.155 1.287 1.419
1

0.760

0.910 1.028 1.146 1.264 1.382

0.792

1.025 1.136 1.247 1.358 1.469

0.914

T
0.814 0.897

T

0.730

~
3
S
.......................... s
3
@
]
o
~
~
~

-. o o
- 2
______ Lg
r T T T 1 S

0.2 0.4 0.6 0.8 1.0

Truncation quantile

(b) n = 1000, ¢;-nn domain

©
©
re
—\ d
Fo
o
0
3
R
o
@
B
FQ
............................ =
)
<
]
o
~
~. o -
-. o ©
—r == -. L3
° ©
T T T T 1 S
0.2 0.4 0.6 0.8 1.0

Truncation quantile

(d) n = 1000, £5-nn domain

P L e R et e R I I N

r T T
0.2 0.4 0.6 0.8 1.0
Truncation quantile

(f) n = 1000, unif-nn domain

AUC

Function
Const
90(x)
x"0.25
x"0.5
x"0.75

Function
Const
90(x)
x"0.25
x"0.5
x0.75
xM
xM.25
xM.5
xM.75

X2

Function
Const
90(x)
x10.25
x*0.5
x0.75

761

FiG. 4. AUCs averaged over 50 trials for support recovery using generalized score matching for log models (¢ = 0). Each curve
represents either our extension to go(x) from [10] or a choice of power function i(x) = x¢. The x axes mark the probabilities

that determine the truncation points C for the truncated component-wise distances. The colors are sorted by the power c.



762 S.YU ETAL.

S 5 & 8
47 'g Function €1 //‘ ’aoa Function
Const ) « <+ Const
2 | B3 5 | L3
= S = g0 At 5 o= 90
n X025 W X10.25
£ 1S A e L8 N
5 2 B x0.5 o N © x"0.5
B S, B So
£ 2 x"0.75 g 2 x10.75
£3 8 £g 3
g 21 Fe xM S S re xM
- © S o
E XM.25 § —_— ettt ienan XM.25
0 o © -
32 L3 xM.5 5 FS x*M.5
S = = S
xM.75 xM.75
g L2 X2 % L8 X2
S T T T U] S T T T 1o
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Truncation quantile Truncation quantile
(a) n = 80, £,-nn domain (b) n = 1000, ¢-nn domain
2 o ~ 0
© o . w0 Pl .
4 rs Function €1 re Function
+++ Const «+++ Const
Q 8 © 3
L e = 90w ¥ R
- X025 n X40.25
<5 © I3 o
5 8 3] X"0.5 < &4 Fs X"0.5
B S, 2 So
% 2 x0.75 % 2 x"0.75
£ 3 g e
g & Fi8 xM S = Fo xM
> S > = s
E 25 5 -_— xM.25
& © - —e— |
2 L2 xM.5 2 L2 XM.5
S = = S
x*M.75 xM.75
S T T T 1o S T T T U]
0.2 0.4 0.6 0.8 1.0 0.2 04 0.6 0.8 1.0
Truncation quantile Truncation quantile
(¢) n = 80, £S-nn domain (d) n= 1000, £§-nn domain
= o o r
«© = " o w "
il Pt Function 3] 'g Function
Const « <+ Const
2 3 8 8
el s =+ 90 2 5 = 90(x)
N X025 W X10.25
ze © 2 @ ~
=R FS Xx10.5 < 24 s xA0.5
23 =4 2=
T 5
g S x075 8 E X40.75
e 3 e e
s & F& xM § S FS xM
° o =] < S
E 25 g xM.25
o ~ < == Tl == T em e o
21 & xM.5 by L2 XM 5
S = = S
xM.75 xM.75
g ] ,é xA2 3 d 75 x"2
= r T T T 1 © © r T T T 1 e
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Truncation quantile Truncation quantile
(e) n = 80, unif-nn domain (f) n = 1000, unif-nn domain

F1G. 5. AUCs averaged over 50 trials for support recovery using generalized score matching for exponential square-root models
(a = 1/2). Each curve represents either our extension to go(x) from [10] or a choice of power function A(x) = x¢. The x axes
mark the probabilities 7 that determine the truncation points C for the truncated component-wise distances. The colors are sorted
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F1G. 6. AUCs averaged over 50 trials for support recovery using generalized score matching for Gaussian models (@ = 1) on
domains being subsets of R. Each curve represents either our extension to go(x) from [10] or a choice of power function
h(x) = x¢. The x axes mark the probabilities 7 that determine the truncation points C for the truncated component-wise distances.

The colors are sorted by the power c.
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List of sites with the highest node degrees in each estimated graph

765

Beta values

M values

Beta values

CDHI1—4 (28)
TCF7L1—18 (22)
RXRA—19 (21)
RXRA—22 (21)
RET—22 (21)
RXRB—82 (21)
NTRK1—40 (21)

RXRB—24 (25)
MAPK3—S8 (22)
PAX8—6 (21)
CCNDI1—19 (20)
RXRA—10 (20)
RXRA—19 (20)
RXRB—18 (20)

LEF1—2 (20)
TCF7L1—13 (20)
CDKN1A—10 (20)
CDKN1A—6 (19)
MAPK3—S8 (17)
PAX8—28 (17)
PAX8—29 (17)

M values
PAX8—9 (20)
TCF7—3 (18)

TCF7L1—9 (18)
TCF7L1—18 (18)
TCF7L2—63 (18)

TPM3—12 (18)

PAX8—29 (17)

(c) M values

(a) Beta values (b) Common edges

Fi1G. 8. Graphs for CpG sites estimated by regularized generalized score matching estimator using Beta values (a) and M values
(c), and their intersection graph (b).
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F1G. 9. Interlaced histogram (left) and Q-Q plot (right) showing the node degree distributions for both site graphs.

We quantify the similarity between the two site graphs (not aggregated) by their Hamming distance
and their DeltaCon similarity score [8]. The Hamming distance counts the number of edge differences,
and thus decreases as two graphs become more similar. Conversely, DeltaCon [8] generates a similarity
score in [0, 1], and the closer the score is to 1, the more similar the two graphs are.

The Hamming distance between the two graphs is 568, which is considerably smaller than 936, the
minimal Hamming distance between the graph for Beta values and 10000 randomly generated graphs
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with the same number of edges, and 940, that value using the graph for M values. On the other hand, the
DeltaCon similarity score between the two original graphs is 0.114, while the maximal score between the
Beta graph and 10000 randomly generated graphs is only 0.0781, while that for the M graph is 0.0761.
In Fig. 9, we compare the distribution of node degrees for both graphs , with interlaced histogram on
the left and Q-Q plot on the right. All these results suggest that the two estimated graphs are similar to
each other, but that the two analyses also reveal complementary features.

8. Conclusion

Generalized score matching as proposed in [21] is an extension of the method of [4] that estimates
densities supported on R} using a loss, in which the log-gradient of the postulated density, V log p(x),
is multiplied component-wise with a function k(x). The resulting estimator avoids the often costly
calculation of normalizing constants and has a closed-form solution in exponential family models.

In this paper, we further extend generalized score matching to be applicable to more general
domains. Specifically, we allow for domains ®© that are component-wise countable union of inter-
vals (Definition 3.1). We accomplish this by composing the function & with a distance function
oc = Q¢ 10> %c,m) - D — R%, where ‘pC/J(x) is a truncated distance of x; to the bound-
ary of the relevant interval in the section of © given by x_;. The resulting loss can again be
approximated by an empirical loss, which is quadratic in the canonical parameters for exponential
families.

In our applications we focus on a-b pairwise interaction models supported on domains ® with
positive Lebesgue measure. For these models we give a concrete choice of the function & and extend the
consistency theory for support recovery in [21] to Gaussian models on domains that are finite disjoint
unions of convex sets, and on bounded domains with positive Lebesgue measure, requiring the sample
size to be n = £2(logm). For unbounded domains with a > 0, we require an additional multiplicative
factor that may weakly depend on m. Deriving a more explicit requirement on the sample size would
be an interesting topic for future work. Finally, in our simulations, we adaptively select the truncation
points C of ¢, using the sample quantiles of the untruncated distances. Developing a method to choose
the best truncation points remains a topic for further research.
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Data availability

The code used for our simulation results is available in the genscore package on CRAN as well as
the .R files in the supplementary material. The DNA methylation data for our data analysis is publicly
available from The Cancer Genome Atlas and can also be made available by the authors upon request.
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A. Additional Plots

Below we present additional plots for our simulations in Sections 6 and 7.
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FiG. A11. AUCs averaged over 50 trials for support recovery using generalized score matching for the @ = 2 models. Each curve
represents either our extension to g (x) from [10] or a choice of power function i(x) = x¢. The x axes mark the probabilities
that determine the truncation points C for the truncated component-wise distances. The colors are sorted by the power c.
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FiG. A13. Graphs for CpG sites estimated by regularized generalized score matching estimator using Beta values (a) and M values

(c), and their intersection graph (b). Isolated nodes are included and the layout is optimized for the graph for Beta values; red
nodes have degree at least 10 (‘hub nodes’).
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F1G. Al4. Graphs in Fig. 8 (equivalently Fig. A13) aggregated by the genes associated with the CpG sites, with Beta values (a, d)

and M values (c, f), and their intersection graph (b, e). Red points indicate genes that are connected to at least 10 other genes in
the case of Fig. A14

B. Proofs
Before proving Lemma 3.2 we first prove the following lemma.

LeEmMMA B1  Suppose iy, ..., h,, are absolutely continuous in any bounded sub-interval of R, . Then

forany j = 1,....,mand any x_; € &_; 5, (h; o ¢)) is absolutely continuous in x; in any bounded
sub-interval of Qlj’@ (x_j).
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Proof of Lemma B1. In the proof we drop the dependency on x_; in notation. By assumption, under
Equation 3.1 any bounded sub-interval [a, b] of Qj’g (x_ j) must be a sub-interval of [, 7 by J] for some
k (for simplicity we do not differentiate among [a, b], (a, b], [a, D) and (a, b) here).

(H If aj > —00 and ka- < 400, denote Cy = min{Cj, (ka - akJ)/Z} and rewrite

(hj ° (Pj)(x)
= hj(mln(Cj, xj — akJ-, ka - xj))

=i = a DLty ar+cor T C) Lera+-comn—cor T 1 Orj = 5 Lyerpy —cobig1-

Then by absolute continuity of /; in [a; ;, by ;] it is apparent that (h; o ¢)) is differentiable in x;
a.e. with partial derivative

/ /
i = @ Dy ctay jan+cor = 1 Orj = X)Lt~ o 1-

Then by the absolute continuity of /; again, for x; € [a; ;, by ;1,

Xj
/a 9i(hj o @p)(ti:x_j) dfy

kj
= hj(xj - ak,j)]lx_,-e[ak‘,',ak,/+c()] + hj(C})1Xje[ak,/+co,bk¢—c0] + hj(ka - xf)]lxje[bk,i_ct)ﬁbkxi]

= (hj © ‘Pj) (x),

which proves that (hj o <pj)(x) is absolutely continuous in X; in [a; 7 by J], and hence in [a, b] C
[ak % bk J]~

2 If apj > —00 and ka = 400, on [a, b] (hj o q)j)(x) = hj(min(Cj,xj — akJ)) is an absolutely
continuous function in a linear function of x; truncated above by C; and is thus trivially
absolutely continuous in [a, b].

3 If aj = —00 and ka- < 400, on [a, b] (hj o goj)(x) = hj(min(Cj,ka- — xj)) is an absolutely
continuous function in a linear function of x; truncated above by C; and is thus trivially
absolutely continuous in [a, b].

@ If aj = —00 and ka = +o00, (hj o goj)(x) = hj(Cj) is constant and hence trivially absolutely
continuous in [a, b]. O]

Proof of Lemma 3.2. By simple manipulation

1 2
Iheo® =75 [ po) [Viozp®) 0 o9 () = Viopy) © tho )2 [ ax @)
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1 — 5
=3 Z/@Po(X)(hj ° @) (x) (Bj log py(x) — ; logp(x)) dx
J=1
1 — 5
~2 Z/@po(x)(hj 0 9)@) (9 logp(x)) " dx
=1

— Z /i) Po(x) (hj o (pj) (x)aj log po(x) Bj log p(x) dx + const. (B.2)
j=1

By (B.2) it suffices to prove for all j = 1, ..., m that

/@ Po®)(h; © ¢)(x)3;logpy(x)d; logp(x) dx = — /@ Po@); [ (h;0 903, logp(x) | dx. (B3)

. 2 2
Since [ po@) | Vlogp(x) © (ho)'/?(x) ||, dx and [ py(x) ||V Iogpy(x) © (o @)'/?(x)|; dx are
both finite under assumption, by |2ab| < a®+b? the integrand in the left-hand side of (B.3) is integrable.
Then by Fubini—Tonelli

/53 Po@®)(h; 0 ¢;)(x)9; log py(x)9; log p(x) dx

= [ [ tyonmamws o dyax
671' Ci(x—j)
=f(x)

:/6_.//R]1¢i(x_j)(xj)f(x)dxjdxj
Kj(x—j)

= / / 2 Lyt e O | £ ) dyde
SRR

=Js

where the interchangeability of integration and (potentially infinite) summation is justified by Fubini—
Tonelli again. Then using the decomposition of the domain in (3.1) while omitting the dependency of

K b j(x—j)
/ f(xj;xfj) dxj dxfj (B.4)
a,

| k=1 Yj-))
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a and ka onx_; in notation, for a.e. x_ ;€ G_ and any k =1,. Kj(x_j) we have

ka'
fx) dxj

Akj

ka
/ (h; 0 ;) (x)9;p((x)9; log p(x) dx;

ki

= lim (7; 0 9)(¥)py(x)3;log p(x) — Tim (; 0 ¢;)(X)py(x)3; log p(x)

x]/'bk] x]\al\

by
- / Po(®); | (0 ) ()0 log p(x) | dx

kyj

b
= [ oy [ (b0 gy @rdytogpw | ax

kij

by integration by parts and by Assumption (Al) on the limits going to 0. The integration by parts
is justified by the fundamental theorem of calculus for absolutely continuous functions (Lemma B1) as
well as the product rule (cf. proof of Lemma 19 in [21]). Thus, by going backwards using Fubini—Tonelli
twice again, (B.4) becomes

Ko ey
/ -y / Po()d; | (hy 0 ) )3, log p(x) | d; |
67] k=1 ak‘/(x j) ’ . ‘ .

= / / Po®)?; (0 9) ()3, log p(x) | d dx_
Cjx—))

_ _/@po(x)aj [(hjowj)(x)ailogp(x)]dx

proving (B.3). d

Proof of Theorem 4.1. Note that the condition v*'Kv® > 0 Vv € D\{0} implies that v*TKy¢ > 0
WweD, ={p/lvl:veD\[0}} S {reR": v, =1} = ™1 with S"~! compact, so

Ng = inf VTKy? v Ty = inf v? T Ky?/v? T p?
ve®D\{0} ve©+

> inf v/ TKy? /v“T ¢ > 0.
yeSm—1

(1) Case a > 0 and b > 0 (CCI, CC2): Since p is bounded everywhere, it is integrable over a
bounded ® (proving (CC1)). Otherwise, assume © is unbounded. If either a or b is non-integer, then
® C R and a sufficient condition is v'Kv* > 0 Vv € ©\{0}, and either v <OV e D or
2a > b > 0, corresponding to (i) and (ii) in the Proof of Theorem 9 in Section A.3 of [21], respectively.
If a and b are both integers, ® C R™ and the same sufficient condition can be implied following the
same proof in [21], with integration over (—o00, 4-00) instead of (0, +00). This proves (CC2).

(2) Case a > 0 and b = 0 (CC3): by definition ® € R”. If D is bounded, —5-x* Kx“ as a

continuous function is bounded, and so it suffices to bound fg exp (n ( T log(x)) dx = fg = ]7.7’ dx <
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m nj : .
szl fp,-(@) X; dxj < +ooif n > —1 for all j such that 0 € pj(D), where for the < step we used the

fact that Xj > 0. This proves (CC3) (i).
If © is unbounded and v¢ TKy > 0 for all v € D\ {0}, using the fact that exp(---) > 0,

/ Py ) dx = / exp ( —x*TKx/a) + 7" log(x)) dx
) )
<T1[ _ exp (=N 2a + 1y toste))
j=1 pi(D)

Note that the indefinite integral of the last display is

—(14n)/(2a) . 2
_ 4 (kxza) g r [1 + 1 Ngx “}

2a 2a 2¢ ° 2a

so the definite integral is finite if and only if n > —1foralljs.t.0e ,oj(@). This proves (CC3) (ii).
If © is unbounded and v¢ Ky > 0 for all v € D, then f@ Pyx®) dx < H,m:1 fpj@) x]'?j dx; < o0 if
nj > —1foralljs.t.0¢€ pj(’D) and nj < —1 foralljs.t. ,oj(ZD) is unbounded. This proves (CC3) (iii).
(3) Case a = 0, ® is bounded and 0 ¢ ,oj(”D) for all j (CC4): if ® is bounded and 0 ¢ ,Oj(’D) for
all j, then log(®) is bounded, and since the integrand is continuous and bounded, the integral is finite
without any further requirements.
4) Case a=0and b =0 (CC5): assume log(x)TKlog(x) > ( for all x € D, then

/ Py x () dx =/ exp (—EIOg(x)TKIOg(x) +7' 10g(x)) dx
o ) 2

1
:/ exp (— —xKx + n+ lm)Tx) dx
log(®) 2

m
<H/ exp(—NKsz/Z—i-(nj—i- 1)x;) dx;
j=1 log(pj(D))
m 0
< H/ exp (— NKxf/Z +;+ l)xj) dx; < +00
j=177%
since the integrand is proportional to a univariate Gaussian density.

(5) Case a = 0 and b > 0 (CC6, CC7): assume log(x) ' Klog(x) > 0 for all x € D and YIS 0 for
all j s.t. pj(©) is unbounded (from above). Then

1 T T, b
/ an(x)dx =/ exp (——log(x) Klogx) +n x )dx
o " o) 2

1
=/ exp (— —x"Kx + l;nrx +q' exp(bx)) dx
log(D) 2
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< H/ exp ( NKx/z/Z +x; + njexp(bx;)) dx
log(pj (D))
oo
< H/ cjexp ( - NKx]-2/2 +xj) dx; < 400,
17—

where ¢ = 1if 1 < < 0Oor ¢; = exp (nj(sup ,0/(33)) ) > 400 otherwise. This proves (CC6).
Finally, if log(®) is unbounded and log(x) " K log(x) > 0 for all x € D, the integral is bounded by

m

H/ exp (x; + n; exp(bx;)) dx
it Jloe(e®)

which is finite if and only if n; < 0 for all j s.t. pj(Q) is unbounded (from above). This proves (CC7).[]

Proof of Theorem 4.2. It suffices to consider the case © = R’ for general a and b as well as © = R™
for integer @ > 0 and b > 0 (so that (4.1) is well defined on R™): for (A.1), the irregularities only occur
at the boundary points, but with the composition (4; o ¢;)(x) with x; approaching any finite boundary
point behaves like h (x;) with X; N 0Tin®D = R’jﬁ, and (h o (pl)(x) with xj — 00 behaves like h ()
with x; > coin® = R’" (or Rm if applicable). For (A.2), obv1ously mtegrablllty over © follows from
that over ® = R or ]Rm (A.3) is trivially satisfied by a power function A;.

As in the proof of Theorem 4.1, Ng = inf, .4 v“TKva/vaTv > 0.

(1) The case fora > 0 and b > 0 and ® = R’ is covered in [21]. The proof for the case fora > 0
and b > 0 and ® = R™ is analogous and omitted.

(2) Casea=0and b = 0:

[P log p(x)|
X exp (—% log(x)TKO log(x) + ng log(x)) ‘xj_l (77] log(x_J)) 1 logx
< ‘ (nj — lch_j logx_j) exp [—NKO(long)z/Z + =1 long]
Kjj eXp [—NK0 (long)2/2 + (m;— 1) long] long’

X H exp (—NK0 (logxk)2/2 +1; logxk)
k#m

o [exp (~Nigyy2/2+ (= ;) | + & [exp (=Niy2/2+ (= 1) 3]

which apparently vanishes as x; “\ 0" and x; /1 400 with y; = log(x;) since it is dominated by a
constant times a Gaussian density in y;. Thus, by Proposition 3.11, (A.1) is satisfied with any «; > 0.
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Likewise, for (A.2),

/ Po(x) H Viogp(x) © (ho@)'/*(x) Hz dx
Ry

< const - Z/ Hexp[ NKO(logxk) /24, log(xk)]
RY k=1
hi() | X [ (’71 — 1°g(x—/)) i 1og xj] dx,
which can be decomposed into a sum of products of univariate integrals of the form
const - exp ( — Nk, (log xj)2/2 +A log(xj)) (log xj)B(hj(xj))C
with B = 0,1,2, C = 0,1 and constants A. With hj(xj) = x;tj for any o > 0 this is bounded by some
Gaussian density in logx;, so fM Po@)[IVIogp(x) © (h o )'/?(x)||3dx < +oo. Similarly, we have

fR’ﬁ Po@)I[VI1ogp(x) © (ko @)(x)]'|l; dx < +00 and the proof is omitted.

(3) Case a = 0 and b > 0: Recall pj(Q) = {xj :x € D). Let ,oj* (®) = sup pj(Q). Since we assume
that n; < 0 for any j such that ,oj* (D) < +o0,

Po(x)9; log p(x)

1 1
X exp (_E log(x)TKO log(x) + Bngxb)

[njb ! xj log(x )—Kx ]logx]

1 1
<exp [ 3 loe@ Kylog@ + 5 D g (6] (D)
J:p} (D) <+o0

-1, T —1
x [_xj Kj_j10g(x_;) —kyx; long]

X exp (—% log(x)TKO log(x)) [—xj log(x_J) -1 logx]

is bounded by the corresponding quantity in the a = b = 0 case with = 0,,,, and (A.1) is thus satisfied.
Similarly, the two quantities for (A.2) are bounded by a constant times those in the a = b = 0 case with
n =0, and (A.2) is thus also satisfied. U

Proof of Theorem 5.3. 1t suffices to bound I' and g using their forms in Section 4.3 and apply Theorem
1 in [9]. Thus, we first find the bounds of (%; o goj)(x)xiixz"xﬁl with 7;;(x) = x%, &; > 0, 0; > —p;,
pj € R,p, =2 0,p, > 0and x; € [u;,v;] fori = 1,...,m. Suppose without loss of generality that j, k, £
are all different, as

max () max £, () max f;3 () > max (05 2(5)3(5)) > 0

for any nonnegative functions fivsJinfis



778 S.YU ETAL.

As X; approaches its boundary, <pj(x) \. 07" and hence (hj o <pj) (x)xf TN O if o > —pj. The lower
bound 0 for (hj o (pj) (x)x?’x’,:kxf“ is thus tight enough.
As for the upper bound, the only way for the quantity to be unbounded from above is when x; ™\ ot

and p; < 0, butas x; ™\ 0r, (hjop)(x) = xj so this cannot happen with the choice of «; > —p;. Notmg
that 7; is monotomcally increasing, we consider the following cases:

(D Supposex (u +v)/2 Then

(h; 0 9))(x) < (mm{ i =%}
< hy(min{C;, (v; — u;)/2))

< min{C.", (Vj - ”j)aj/zaj},

and X < (u; + v, /20 if p; < O or X7 <V if p; > 0.
(2) Suppose X; (u + v )/2 Then

(h; o (pj)(x)xfj < hj(min {Cj,xj - uj})X?

- min{d‘-’ (g — uj)“f}xj’f :

Now let f(x) = (min{C;,x — uj})"‘-/'xl’!'. Then (logf(x)) = ozj/(x - “j)]lx<uj+cj + pj/x. For
x 2 u;+C; this has the same sign as p;, otherwise it is equal to ((ot;+p;)x—u;p;) / (x(x—u;)) = 0
on (uj, vj) since x > u;, o; > —p; and o; > 0. This implies that ifp] > 0or Vi — U < ZCj,f is
increasing on (u;, (u; + v; )/2) and so (h ) (pj)(x) < mm{ uj)/2}aj(uj + vj)l’.//217.i;
otherwise, f is i 1ncreasmg on ( U+ C) and decreasmg on (u + Cj, (uj + vj)/Z), ) (hj o
@)@ < C (u; + CP,

Thus, defining

¢, pp)
min {Cj,( —u )/Z}Q’(u +v; YPi [2Pi pj < O,vj —u < 2Cj,
= min{Cj,( u)/2} (u; +C)/ pj<0,vj—uj>2Cj,
min {Cj,( ; uj)/z}“/ 5’1’ p; =0,

we have 0 < (hj o (pj) (x)sz/)glc’kf” {]( p])vm‘v[z(. Now assume additionally that o = max{1, 1 —pj},

0 < 0y o gop(x)xj-”x’,? < ¢ ;,(a LVt
First assume a > 0. Then assuming «;,...,o,, > max{l,2 — 24,2 — 2b,1 —a,2 — a,2 — b} =
max{1,2 — a,2 — b}, using the form of I' and g in Section 4.3, for all j, k, £ we have

then by //(x) = ajx‘?‘f‘l

0< yj’u(x) <¢sr Ejkﬂax max{gj(oe 2a — 2)vk , §J( j,2b —-2)}
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and

a;gi(e; — 1,0 = 1) + [b — 1|¢;(ej, b — 2)}.

Then by Hoeffding’s inequality,

P (r]nkaég )yj’k’l - Eoyj’k’e‘ > 61/2) < 2exp (- ne/(262))., (B.5)

P (nﬁx ‘gj’k - ]Eogj,k‘ P> 62) < 2exp ( - 2ne%/gg2). (B.6)

Let €, = gpy/2(logm® +log4)/n and €; = g,/(logm® +log4)/(2n). With the choice of § < 1+

\/(log m® + log4)/(2n) and using the fact that 0 < max; ., Vixe S Sr = €,/(286 —2), (B.5) and (B.6)
imply that

P (I}Ikag ’%w - EOVj,k,e‘ > 61) (B.7)

<P max‘ 0 — Egy; )+ §—1)maxy;,, > €
(j,k,z Yk 0Yjke| +( )j,k,z Yikut 1

g}P’(max‘yjH—EoyjH)261/2)<m_f/2, (B.8)
max |7, X,
P (m%x ’gj,k - Eogj’k’ > 62) <mT)2. (B.9)
Js

The results then follow by applying Theorem 1 in [9].
In the case where a = 0, and u;, > 0 for all &,

|(h; 0 )0 Tog(xp) log(x)| < &(@;,p,) - max{| log(uy) log(uy) | log(vy) log(v)l}

and everything else follows similarly as for a > 0. O

Proof of Lemma 5.1.  We show that X>* for a > 0 or log X; for a = 0 is sub-exponential by showing its
moment-generating function is finite. Then the sub-exponentiality follows from Theorem 2.13 of [16].

First consider the case where a = 0. In Corollary 4.1, we only require K to be positive definite
without any restrictions on #, and thus for any r € R, £, exp(log X;) is the inverse normalizing constant
for the model with parameters K, and 5, + re;, where e; is the vector with the j-th coordinate equal to 1
and the rest equal to 0, and is thus finite.
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Next, consider a > 0. Corollary 4.1 requires K to be positive definite, and in addition 5o > —1,,, if
b = 0. Then, again writing x°/0 = logx for the b part,

1 1
Pox) exp (tsz“) o exp (— Zx“TKOx“ + an xb + tsza)

m
< exp (Z (( — hmin (Ko) +2arl )i/ 2a) + moxt/ b))
k=1
a constant times the density for parameters diag (A, (Ko) 1, — 2ate;) and ny. Thus, Eq exp (£X7¢) is
finite for 7 € (—00, Ay (Ko) /(2a)) 3 0. O
Proof of Corollary 5.1.  Let the sub-exponential norm of ija be HX/.Z" ’ = supq>1(E0|Xj|2“‘f)1/ 9/q,
’ 1

then by Lemma 21.6) of [21] or Corollary 5.17 of [15],

2a 2a
P (" - =%

> 63J) < exp | —min

Letting

€3 = max {ZﬁeHij“H%\/log3 +logn + tlogm + log (m — | p% ).
4e||Xj2“||1//] (log3 +logn + tlogm + log (m — |p% ) },

then max {]E()ija - 63J,0}1/(2a) < Xj(i) < (EOija + €3J)1/(2a) forallj ¢ p5 andi = 1,...,n with
probability at least 1 — 1/(3m"). The rest follows as in the proof of Theorem 5.3. g
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