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Abstract

In [Fogelson and Keener, Phys. Rev. E, 81 (2010), 051922], we introduced a kinetic model of
fibrin polymerization during blood clotting that captured salient experimental observations about
how the gel branching structure depends on the conditions under which the polymerization occurs.
Our analysis there used a moment-based approach that is valid only before the finite time blow-up
that indicates formation of a gel. Here, we extend our analyses of the model to include both
pre-gel and post-gel dynamics using the PDE-based framework we introduced in [Fogelson and
Keener, SIAM J. Appl. Math., 75 (2015), pp. 1346-1368]. We also extend the model to include
spatial heterogeneity and spatial transport processes. Studies of the behavior of the model reveal
different spatial-temporal dynamics as the time scales of the key processes of branch formation,
monomer introduction, and diffusion are varied.
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1. INTRODUCTION.

The formation of a fibrin gel, or fibrin clot, is an important component of the blood clotting
process; it complements the other major part of the clotting process, platelet aggregation
[11]. Together, clumps of platelets and a fibrin mesh between and around the platelets
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constitute the bulk of many blood clots. The structure of the fibrin clot (branch points per
unit volume, fiber thickness, pore sizes, etc.) is sensitive to the conditions under which the
gel is formed. Both the mechanical properties of the clot and the efficacy of clot degradation
by the fibrinolytic system [21] are very sensitive to its structure. Variations in clot structure
are correlated with bleeding or thrombotic disorders [6, 8, 24].

Fibrin clots are assembled from fibrin protofibrils which are in turn composed of fibrin
monomers produced by the action of the enzyme thrombin on the plasma protein fibrinogen
(as reviewed [23]). Briefly, fibrinogen is an elongated, trinodular molecule with a central

E region connected by coiled-coil chains to two D regions. As illustrated in Fig. 1, a

fibrin monomer is produced when thrombin cleaves two short protein fragments, called
fibrinopeptides, from the E region on fibrinogen. This uncovers two “A” sites, each of which
can bind to a constitutively-exposed complementary “a” site in the D region of another
fibrin(ogen) molecule. Through this binding process, fibrin monomers spontaneously
polymerize into long double-stranded protofibrils that are half-staggered through middle

to end binding. When sufficiently long, the double-stranded protofibrils can bind side by
side to form thicker fibers in a process known as lateral assembly. Somewhere during the
formation of a protofibril and/or during lateral assembly branches form and, eventually, a
three-dimensional fibrin gel results.

The fibrin branching is not well understood. There is no specific molecule responsible for
nucleating branch formation; in fact, a three dimensional gel can develop /n vitroin a
solution in which the only proteins present are fibrinogen and thrombin [20]. Experimental
results indicate that the thrombin concentration strongly influences the structure of the

gel that forms [1, 20]. High thrombin concentrations result in “fine” clots, with relatively
thin fibers, a high volume density of branch points, and small pore size. Low thrombin
concentrations produce “coarse” clots: thicker fibers, lower branch point density, and larger
pores [20]. During clotting /n vivo, thrombin is produced on the surfaces of platelets

in the platelet aggregates and is then released into the surrounding fluid where it can
convert fibrinogen to fibrin monomers. In /n vitro studies in which thrombin is produced

by reactions on cellular surfaces [2, 3, 21], the structure of the resulting fibrin clots varies
with distance from the cell surfaces. A fine gel is seen close to the surfaces and a coarser
gel more distally, consistent with the expected drop in thrombin concentration with distance
from the cells on which it is made. Studies of the early stages of fibrin polymerization [1, 4,
5] suggest that much, but not all, of the final gel architecture (branch point density and pore
size) is determined by the time of gelation, and that most fiber thickening occurs later.

One of the factors that influences the structure of a fibrin clot is the concentration of
thrombin which, as described above, converts molecules of fibrinogen into fibrin monomers,
and does so at a rate that depends on the thrombin concentration. Hence the thrombin
concentration influences the rate of fibrin monomer supply during fibrin polymerization and
gelation. In this paper, we do not explicitly include thrombin, and instead we use variations
in the specified rate of supply of fibrin monomers as a surrogate for variations in thrombin
concentration. The model we presented in [9] provided a plausible mechanism of fibrin
branch formation and showed that it could account for sensitivity of the resulting gel to

the rate of monomer supply (i.e., to the concentration of thrombin in the system) as seen
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experimentally. Using a small set of ordinary differential equations (ODES) for moments

of the polymer distribution, we studied the behavior of the model up to the time that a

gel formed. Gel formation in the model corresponds to a finite time blow-up of a second
moment of the oligomer size and structure distribution functions (concentrations). The ODE
model in [9] does not hold after a gel forms. In the context of a simpler kinetic model of
polymerization (discussed below) studied by Ziff and Stell [26], we provided a framework
for extending polymerization studies past gel time [10]. In the current paper, we extend

that framework to our fibrin branching model in order to study its behaviors both before
and after gel formation occurs. Other kinetic models have been developed to study fibrin
polymerization [13, 19, 22], but they do not account for branch formation.

Ziff and Stell [26] studied a kinetic polymerization model with gelation which tracks
concentrations ¢, of A~~mers made from kidentical monomers each with Ffunctional units
or binding sites. Binding reactions between functional sites on different molecules lead to
formation of larger polymers, with the restriction that no loop formation is allowed. In the
Ziff-Stell model, gelation is guaranteed to occur for any nonzero initial concentration of
monomers only if the number of functional sites per monomer 7> 2. In our model of fibrin
polymerization [9], we track concentrations ¢, of clusters with 4 branches and comprised
of m+ 2hmonomers. The model allows two types of reactions: bimolecular “linking”
reactions lead to oligomer elongation and trimolecular “branching” reactions result in new
branch formation. Monomers in our model have £= 2 functional sites, and so gelation is
possible only because of branching reactions which result in clusters with three or more
functional sites. As reactions proceed, the average number of functional sites per oligomer,
which we refer to as 74, evolves at a rate determined by the relative numbers of linking and
branching reactions that occur. The time required for a gel to form depends on the relative
numbers of these two types of reactions, and the resulting gel structure is sensitive to the rate
at which monomers are supplied to the system (a surrogate for the thrombin concentration).
In [9] we looked only at well-mixed systems from the start of polymerization until a gel
formed.

In the current paper, we look also at how polymerization proceeds after the gel has formed.
To extend our model [9] beyond the gel time, we must make assumptions about the types
of reactions in which the gel can participate. In their analysis, Ziff and Stell [26] considered
three distinct post-gelation scenarios in which (i) reactive sites in the gel do not react at

all; (ii) reactive sites in the gel react with other reactive sites on the gel as well as those

on finite-size oligomers; or (iii) reactive sites on the gel react only with sites on finite-sized
oligomers. In this paper, we present results only for the third scenario because only it
produces results that agree with those from stochastic simulations involving large numbers
of fibrin monomers (also see [10]).

We also investigate the effects of spatial heterogenity and diffusive transport on the evolution
of the fibrin gel structure, because conversion of fibrinogen depends on the concentration of
thrombin, which itself is likely to be spatially heterogeneous. Because thrombin production
is localized to activated platelet surfaces, and, when released into the plasma, can be

rapidly inactivated by antithrombin and other inhibitors [7] its concentration is likely to

be large only near the activated platelets on which it is produced. Similarly, in some /n vitro
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experiments thrombin is produced by reactions on cellular surfaces and then released [2, 3,
21]. In both situations, conversion of fibrinogen to fibrin is believed to occur predominantly
in the neighborhood of the cells on which thrombin is made. These situations therefore
correspond to the spatially localized sources of fibrin that we explore in this paper.

2. FIBRIN POLYMERIZATION MODEL.
2.1. Basic Model.

As in [9], we regard a fibrin monomer as a long, linear molecule comprised of two half-
monomer domains denoted S (see Fig. 2). The monomer has two kinds of binding sites,
those at its ends (depicted by a square) and those in the middle (depicted by a circle), so
each half-monomer has one of each type of binding sites. A circle of one molecule can bind
to a square of another molecule and this allows for staggered polymerization. Because of
the staggering, a linear polymer always has two free ends, each of which consists of the
half-monomer S. We refer to such a free end as an active site. Two distinct bonds have to
form for linear polymerization, end to middle and middle to end. We do not consider the
intermediate state (denoted by Z in Fig. 2a) in which one bond has formed, but instead only
the overall process of linear polymerization which we assume occurs at rate {S]?, see Fig.
2a. We call this process “link formation”. Fibrin linear polymerization is a two step process,
so the possibility exists that the second step is prevented by binding with other free ends,
creating a structure we refer to as a branch (see Fig. 2b). Again we consider only the overall
reaction of “branch formation”, which we assume occurs at rate kz[S]°.

With linear polymerization and branch formation as the only two possible reactions, we
examine the formation of clusters. We describe a cluster using two indices, mand b, where
b is the number of branch points, and m + 2bis the total number of monomers in the cluster.
We denote such a cluster by C,;pand its concentration at location x at time £by ¢(x, 9.
With this notation, a single monomer has m=1, 6= 0, and a simple branch (shown in Fig.
2b)has m=1, b=1.

We allow two types of reactions between clusters. The first is the combination of two
clusters to form a new link

ky
Compby + Cigry = Comy 4 mo, by + by @1
and the second is the formation of a new branch point by a trimolecular reaction combining
three active sites

kp

Cm1b1 + Cm2b2 + Cm3b3 —Cmi+my+m3—2,by+by+b3+1- 22

For mathematical tractability, we also assume that there are no self interactions between the
active sites in a single cluster, i.e., no loops, so that the number of active sites in a cluster is &
+ 2.

In [9], we assumed that the dynamics of the cluster concentrations ¢, m=1, 2,..., b=0, 1,
2..., were described by the system of ordinary differential equations
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dc, b k[
d_i? =75 Z Z (b1 +2)(b + Z)leblcmsz
{61 + b2 = b} {my +mp = m}

—ki(b+ 2)Cmbz Z(bl + 2)Cm1b1

by my
kp )
+5 Z Z (b1 +2)(b2+2)(bs + Z)leblcmzbzcmj,b?, @3
(bi+bp+b3=b—1}{m +my+m3=m+2}

kp
— 5 (b+2)emp DD (b1 +2) (b2 + 2)emysy oy + Smb
by, by my,my

The first two terms on the right hand side of Eq. 2.3 describe the bimolecular reactions

and use reaction rates that are the same as used by Ziff and Stell [26]. The next two terms
describe the trimolecular reactions and are based on the same fundamental principle. These
rates follow the law of mass action when reacting clusters are all different, but deviate from
it when two or more of the reacting clusters are the same. The final term S, in the equation
represents the source of clusters of type /m, 6. Below, we make the assumption that only S
may be nonzero.

2.2. Upto Gel Time.

In [9], we generalized an idea of Ziff and Stell in introducing a generating function

gt.y.z)= Y yMzb+ 2,0,
m,b

and used Egs. 2.3 to derive a single nonlinear partial differential equation for g

ki, 2 kp 3 kp 2
&= j(gz) — kjzg; R + _Q(gz) - TZngs + P, (2.5)
oy
where R4 is defined below and P(z, y, z) = 3, 528 +28,,(1). Since we allow only Syg to

be nonzero, At v, 2) = yZ2S1(9. Quantities of interest can be expressed in terms of the
distribution of oligomers {c¢,(9}:

Ry= D" (b+2)cmp 26)
m, b
B, = Zbcmb, and @7
m, b
Oy= D (m+2b)cy. 28)
m, b

(In [9], we referred to these as R, B, and M, respectively.) We refer to finite-sized oligomers
that are in the solution phase as “sol” and denote sol quantities with subscript “s”. Rg, B,
and 6, are the concentration of available reaction sites, the concentration of branches, and
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the total concentration of monomers in the sol. Analogous quantities in the gel are denoted
with subscript “g”. We define the average number of monomers in an oligomer, which we
call the average cluster size, as

1 2
A0 =55 %(m +26) . 29

Gelation occurs if A{#) — oo at a finite time . Each of the quantities of interest can be
expressed in terms of low-order moments of the oligomer distribution,

i+ k
aylazk

Mjk

y=1,z=1

for j< 2 and k< 2. Using Eq. 2.5, we derived ODEs for these moments and from those we
derived ODEs for the quantities of interest.

dR k
== - Kk R? - TbRS +2510, (2.10)
dB k
dts - Fb RS, @.11)
deyo 2
- = - (2K Ry + Ky R )ero + 1o, 2.12)
do,
ar = 510, (2.13)
2 k ’
‘Z—g = - TbaRgU + (kbe + %)‘Z—It] (2.14)

where a= k;+ kpRs The function U has initial values ({0) = 1 and %(0) =0. It was
derived from an expression related to Agby a Riccati transformation [9], (specifically
—%/(aU) = My, — R) and provides a convenient indicator of gelation because & — 0 as ¢

— lyg/if and only if A(f) — oo as t— #ye. The moment Myg(4), which gives the total
concentration of all molecules, is also of interest because 74 = R{ ! Myo(?) is the average
number of available reaction sites per molecule at time £ My satisfies the ODE

k
—-ZRZ-Z22R3+ Syp. (2.15)

For use in discussing post-gel dynamics, we introduce quantities /&, B, and 6, which are the
total reactive site concentration, total branch concentration, and total mass density, and we
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define Ry= R- R, By= B- Bs and ;= 60— 6 These are the reaction site concentration,
branch point concentration, and mass density of the gel. Equations for these quantities are
derived below.

In [9], we showed that for any positive initial quantity of monomer ¢;o(0) > 0 or any positive
constant source of monomer Sy > 0, A(#) — oo at a finite time Zye/We refer to as the gel
time. By solving Egs. 2.10-2.14, we studied the development of the average oligomer size
and branch concentration up to gel time and characterized the dependence of these quantities
at that time on the rate of supply of monomer. The gel time itself depends on the size of

the initial monomer concentration and/or the rate of monomer supply, as well as on the rate
constant kp. We showed that the branch concentration at #y is significantly affected by the
rate of monomer supply.

To facilitate our discussions below, we use R;to rewrite Egs. 2.3 as

dc, b k[
d';l -7 Z Z (b1 +2)(b2 + 2)Cm1b1cm2b2 — ki(b + 2)cppRy
{b1+b2=b} {ml+m2=m}

)

Ry > > (b1 + 2)(b2 + 2)(b3 + 2)Cmy by CmybyCms s 216)
(by+by+b3=b—1}{m+my+m3=m+2} .

kp 5
- 7(b + 2)cmp Ry
+ Smb,

and, for convenience, we repeat the ODE for R, here,

dR )
= R

kp

5 R} +25)0. @.17)

Egs. 2.16 and 2.17 form a closed system, but they hold on/y until gel time.

2.3. Beyond Gel Time.

2.3.1. Modified dynamics.—To go beyond #y, we must postulate the post-gel
dynamics. Our assumption in this paper is that gel reactive sites can react with those

on finite-sized oligomers but not with other gel reactive sites as in the third scenario
considered by Ziff and Stell [26]. This is consistent with the assumption underlying Egs.
2.16 that formation of cycles is not permitted. To implement this assumption, we first
modify Eqgs. 2.16-2.17 by replacing each occurence of R, by the total concentration of
reactive sites /. Then, we subtract terms that describe interactions involving two or more

reaction sites on the gel. Since R= R+ Ry, we note that R? = R? + 2R;R, + Rz and

R® = R} + 3R}R, + 3RR: + R. The expressions RZ and R; arise from reactions between

pairs or triplets of gel reactive sites, respectively, and so we remove them from the
equations. Specifically, we modify Eq. 2.16 by replacing Rs;by R in the second term and by
replacing RZ by R® — R? in the fourth term on the right hand side. We modify Eq. 2.17 by

replacing R; by R* - Rg and R] by R — (3R,R; + Ry).
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We also extend the model by allowing oligomer and gel concentrations to vary in space (x),
and finite-sized oligomers, but not gel, to move. In this paper we consider only diffusive
movement, but it is straightforward to also include advective motion of oligomers as we

did in [25]. Taking into account our assumptions about post-gelation reactions and diffusive
movement of oligomers, the equations for ¢,,x(X, 9 and R(x, {) are the infinite set of partial
differential equations

(emp)r =V - (DVemp)
ki
+ a5 z z (b1 +2)(b2+ Z)leblcmzbz = ki(b + 2)cypR

+=2 D (b1 +2)(b2 + 2)(b3 + 2)cm; by CmpbrCmzpy  (2-18)
(bi+br+b3=b-1}{m+my+m3=m+2}

+ $106m1640,
and
R =V -(DVR,)

kp
2

— ki(R* - Ry) (@19)

(R® = (3R¢R; + R3)) + 2510

and we assume that they hold for all #>0 and for x in a specified domain with
boundary conditions discussed below. Until the time a gel forms, #= Rsand £;=0,
and these equations represent a spatial extension of Eqs. 2.16-2.17. After a gel forms,
Ry(x,1) = Y, p(b+2)cmp and Ry(X, ) = R(X, §) = R¢(X, D).

2.3.2. Reformulation using generating function.—To study Eqgs. 2.18-2.19 before
and after gel time, we again introduce a generating function

g 1,y,2) = Y vz e(x,0) (2.20)
m,b
and find that
&=V-(DVg)
+ g(gz)2 —kizg.R + 6k_;2(gz)3 _ %zgz(R2 _ R§> +y22S]. (2.21)

In these equations, zand yare “dummy” variables from the generating function, they do
not refer to the spatial coordinates which are denoted x. In the derivation of Eq. 2.21, we
made use of the assumptions that all oligomers have the same diffusion coefficient D. It

is not possible, in general, to reduce equations 2.18 to a single PDE for g if the oligomer
diffusivities depend on the oligomer size and structure, 7.e, if Dis replaced by D, in 2.18.
However, it is straightforward to allow a finite-number of oligomer species to have larger
diffusion coefficients than other oligomers. If this is done for monomers only, then we must
solve a separate PDE for the monomer concentration as well as make a small modification
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to the equation for g above. For details, see Supplement section S1.2 and [10]. Further
discussion of our assumptions in modeling oligomer diffusion is given in Section 4.

Following its successful use by Ziff and Stell [26], we make the change of variables

W(X,t,y,2) = ZR(X,1) — g(X,1,,2) . 2.22)

It follows from the PDEs for gand Rthat W satisfies the equation

7=V - (DV(7 -7, )

Mgt B cro Wy - KR - (2R
W+ —( ) - —< )( -z ) ] 223
k
+kjzR2 — sz(R — (3RyR3 + R])) - 25102y — 1).
This equation describes diffusion of a quantity related to W with respect to the
spatial variable x and “transport” of W in the variable zwith flux function
—W + —(zR W) - (R2 - Rﬁ)(zZR — zW). Because of the presence of W(x,7,1,1) in

the diffu5|on term, the equation for W is nonlocal in the variable Z.

As we show below, to calculate the quantities of interest to us requires
Wi(x,t,z) = W(x,t,y =1,z)and V(x,1,z) = W (x,t,y = 1, z). To obtain an evolution equation

for W, we simply set y=1in Eq. 2.23. To obtain an evolution equation for V; we use Eq.
2.23 to derive a PDE for W, and then set y= 1 in that PDE. The resulting equations are

Wi=V. (DV(W—zWIZ— 1)
—[EW +—( R-w) -2 > (R = Rg)(= 2R—zW)’

2 2 (2.24)
k
2 Kp (3 2, p3
+ kizR; — 5°2(R> = (3R, Rg + R})),
kp 2 k0 o
V,=V - (DVV)={|k,W = Z2(zR-W)* + —z(R - Rg) 14
2 2 z (2.25)
+ ky((zR = W)*(R = W) = 2810z
The concentration of reactive sites in the gel, R(X, 2, can be obtained from W/ in fact,
Ry(x,1) = W(x,1,1). (2.26)

To see this, note that Ry= R= Rs, Ry = Y, (b + 2)cpp, aNd W=y = R= gdy=1 =1 = R = Rs
Hence, using Eq. 2.26, we see that Egs. 2.19 and 2.24-2.25 form a closed system. Values of
Vare used to calculate quantities of interest (see below) but do not affect the dynamics of W
and R.
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2.3.3. Other Physical Quantities.—Recall that the sol mass density,

branch concentration, reactive site concentration, and total concentration of

oligomers are 6y(x, 1) = Y p(m + 2b)cyp, Bs(X, 1) = Y pbemp, Rs(X, 1) = Y. p(b + 2)cpp, and
Myo(x,1) = Y. pemp, FESPectively. These can be expressed in terms of WAX, £ 2) and V/(X, ¢

2):

1 1
0,(x,1) = 4/ W(x,t,z')dz — / V(x,t,z")dz' = 2W(x,t, 1), (2.27)
0 0
1
By(x,1) =2 / W(x,t,z')dz' — W(x,t,1), (2.28)
0

Ry=R-Rg=R-W|,_, (2.29)

and

1

Moo = 5(Rs — By). (2.30)

The first three of these relations are derived in Supplement section S1.1, and the fourth
follows immediately from the definitions of the quantities involved. 8,and B, can be
computed from Egs. 2.27-2.29 and the total mass density @and branch concentration Bas
Oy(%, ) = X, § = 64X, ) and By(x, ) = B(x, § = B{(X, § provided we know &and B. To
determine them, we solve the PDEs

6, =V -(DV8,) + Sio, (2.31)

B,=V-(DVBy)+ %(R3 ~(3RR; + Ry)). @2.32)

Eq. 2.31 follows from the facts that in the domain interior, mass is produced only through
the supply of monomers, and that the mass can be redistributed in space by diffusion of
finite-size clusters. The rate of branch production in Eq. 2.32 is one third of the rate of
disappearance of reactive sites when branches form (see Eq. 2.19) because three reactive
sites disappear whenever a branch is formed. Like mass, branches can be redistributed in
space by the diffusion of branches on finite-sized clusters.

2.3.4. Boundary Conditions.—When we consider the PDE model, Egs. 2.19, 2.24—
2.29, and 2.31-2.32, in a bounded region Q, we require boundary conditions. We restrict
ourselves to situations in which monomer is produced at the rate F1g(X, 9 at a point x € &X.
The boundary conditions for ¢, are

—Dn - Ve,p(x,1) = F19(X, )0,10p0, (2.33)
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where n is the unit normal pointing into Q at x. In Supplement section S1.4, we use Eq. 2.33
to derive boundary conditions for R, W, V; 6, and B, valid for any Fig(X, 8, but in the
results of this paper, we consider only Fo(X, § = 0, and give the corresponding boundary
conditions here.

—Dn- VR(x,t) = — Dn- VR,, (2.34)
—Dn- VW(x,t,z) = — Dn- VRy(x,f)and — Dn- VV(x,1,z) =0, (2.35)
—Dn- VOyx,1) =0), and — Dn- VBy(x,1) =0. (2.36)

In this paper, we consider the one dimensional domain Q = —L < x< L, assume that Dis
constant, and we set F1o(=L) = F10(L) = 0. To determine the monomer distribution ¢;g, we
also solve the m=1, b= 0 instance of Egs. 2.18 and 2.33.

3. RESULTS.

In this section we consider a series of computational “experiments” in which we solve

the equations of the model under various conditions to explore its behavior. As in [9], we
nondimensionalize our variables by scaling all concentrations using a typical concentration
Gy, scaling time by (Gok) ™1, and defining nondimensional monomer supply rate and

branching rate as Slo/(klc(z)) and kpCol ky, respectively. We use the numerical method
sketched in section S1.5 in the Supplement and described in more detail in [10] except

when we solve the moment equations Eq. 2.10-2.14, in which case we use Matlab’s ode23
ODE solver.

3.1. Spatially-uniform initial monomer distribution.

Consider a spatially-uniform initial monomer concentration ¢;(0) = mf with no source
or boundary flux. In this example, we omit reference to the spatial variable x. The

corresponding initial conditions are WAO, 2) = 0, R(0) = Ry(0) = 2m}), V(0,z) = — 2mj)z,
6(0) = 65(0) = m}y and B(0) = B40) = 0. Fig. 3a shows curves of Was a function of z€

[0, 1) at several times before and after gelation, in red and blue respectively. Before gel time,
the curves steepen towards z= 1 as time progresses. Gelation occurs when Wxt, 17) —
—oo. After that time, M 1) > 0 and, in this simulation, WAZ 1) = R,(#) continues to grow
with time (Fig. 3b) until no finite size oligomers remain (not shown). Fig. 3cd show the
time dependence of quantities (c1g, Rs s and By) associated with finite-size oligomers and
quantities (R, By, and 6y) associated with gel. Early in the simulation, monomers combine
to produce oligomers, which combine with other oligomers or monomers to produce larger
oligomers, so ¢y steadily decreases and 6; — ¢1g grows. Reactive sites are “consumed”
during each interaction, so R, decreases. Some of the interactions result in branch formation
and Bgincreases. Beginning at Zye; 85and Bgsuddenly start to decrease and R decreases

at a faster rate than earlier, as sol mass, branches, and reactive sites become incorporated
into the growing gel. The solution curves in Fig. 3¢ match those of the ODE system Egs.
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2.10-2.14, studied in [9], up to #ye but it is not possible to solve Eqs. 2.10-2.14 past Zye/
when Ry, 6, and By start to grow from zero, and kinks appear in 5, B, and R, Note that
B1) = R(1) for all £ as shown in Supplement section S1.3.

3.2. Spatially-uniform constant rate monomer source.

Next, we assume that there is no monomer initially and that monomer is supplied uniformly
in space at a constant rate Sjo. The results shown in Fig. 4 up to Ze, match those shown in
Fig. 4 of [9], which were obtained by solving the system Egs. 2.10-2.14.

To assess our assumptions about post-gelation reactions, we performed stochastic
simulations of the reactions in Egs. 2.1-2.2 in a volume vwith no monomers
initially and with monomers introduced at a constant average rate of S;gVv. Oligomers

Cmyb; @nd Cpyyp, form a link during an infinitesimal time interval afwith probability

%(bl +2)(b2 + 2) o) iyt 1F (111, By) is different from (m, by), where 71y is the
number of oligomers of type Cy,p. If (rm, by) and (1, b) are the same, the

ok .
probability is 2—£(b1 + 2)2n,,,1,,1(n,,,1b1 — 1)dt. Oligomers Cpy, p;, Cpuypy @Nd Cpgpy forma
. ok .
branch with probability —g(bl +2)(b2 + 2)(b3 + 2) 0 by My by bt 1T (1111, 1), (1112, By)
1%

and (rm, B3) are distinct, with probability ;%(bl +2)%(bs + 2y by (1 by — 1)mgpadt i

(rm, by) is the same as (1, by), but different from (17, £3), and with probability

k )

é(bl + 2)3n,,,],,](n,,,1b1 = 1)y by — 2)dt if (1, Br), (M, by), and (17, b) are the same. The

larger the volume v, the more monomers the source introduces before substantial linking or
branching reactions occur.

We implemented the simulation using the Gillespie alogorithm [12]. In the stochastic
simulations, the average oligomer size cannot “blow up” because there are only

a finite number of monomers in total. However, the average oligomer size

A=(Zmpim+ 2b)2nmb)/(2m’ »(m + 2b)n,,;) and the size of the largest oligomer both begin

to rise sharply starting at the gel time predicted by the deterministic PDE system, as shown
in Fig. 5ab. Fig. 5¢ shows plots of R, B, 6, and ¢ from the Gillespie (solid color curves)
and PDE model (dashed black curves) simulations based on the assumption that gel reaction
sites can bind with those on finite-sized oligomers, but not with other reaction sites on

the gel. We see excellent agreement, which is similar to the behavior we saw with the
Ziff-Stell gelation model [10]. To further compare dynamics after gelation, we partitioned
each of /7, B, and & from the stochastic simulation into a part, denoted Ry, B, and 6,
respectively, corresponding to the largest oligomer and a part corresponding to all of the
smaller oligomers. Fig. 5d shows excellent agreement between these 7, Byand 6, as well
as Bs;and 65— ¢ and the corresponding PDE model variables from the simulation shown
in Fig. 4. This suggests that regarding the gel in the PDE model as approximating the largest
oligomer in a large finite system is reasonable.
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This is support for the particular choice we made for post-gel kinetics as described in section
2.3.1.

3.3. Spatially-uniform time-varying monomer source.

In these simulations, the spatially-uniform, time-varying source of monomer is given by
S10(t) = mglexp( — Ar). (3.2)

This source is motivated by experiments in which fibrinogen and thrombin are put in

solution at specified concentrations [20], and thrombin proteolytically converts fibrinogen to

fibrin. The source term corresponds to that from conversion of fibrinogen to fibrin according

to the linearized Michaelis—Menten equation
dG(t) _ _ keat

- Eﬂ(z) and S;o(t) = ke
dt KM = 10 - KM

G@), 32

where G(?) is the fibrinogen concentration, G(0) = /g is its initial value, £is the thrombin
concentration, and Azt and Ky are the catalytic rate constant and Michaelis—Menten
constant for thrombin’s conversion of fibrinogen to fibrin. Setting A = kg5t £/ Ky gives the
formula in Eqg. 3.1.

We report on simulations run for a range of /7, A, and kp values. Each simulation is run to
atime g4/ by which 99% percent of the supplied monomer has been incorporated into the
gel. Fig. 6 shows how e varies with the changes in /m, A, and k. For each /g value, 4y
is smallest when both A and & are large, and for fixed (A, kp), Zzesdecreases with increasing
my. The observed gel times span up to 5 orders of magnitude moving from the lower left to
upper right of a heatmap.

For the same simulations, Fig. 7abc show parametric plots of the branch point density at the
final time By(fina)) versus that at gel time By(Zy)), as A and kp are varied for a fixed value
of my (the lowest point on each curve corresponds to the smallest k). Several features of
these plots noteworthy. For each /7y, By{) is monotone increasing in A, but non-monotone
in kp, while By(fins)) is monotone increasing in both A and k. For given /my and A values,
two different 4}, values can yield very similar values of By(Z) and very different values of
B tfina))- In many cases, one of these By(fina)) Values is only a little greater and the other

is much greater than By({y). The heatmaps of the ratio By(ye)/ By tfina) In Fig. 7def show
this more clearly. For each /m, there is a range of A and & values for which By(#y)) is at
least 80% of B[4/, in agreement with recent experimental results [4, 5]. These A and &p
values seem to satisfy a condition log, ky/logs A < ), where ) decreases with 117.
Hence, our model can capture this important experimental observation, but only in certain
parameter value ranges.

The curves in Fig. 8 show how Zyeand By(Zye) vary with kp, for five values of A.
Unsurprisingly, Z;sdecreases and B Zg) increases as A increases. The gel time also
decreases as kp increases (moving from right to left along each curve), but strikingly, there is
a peak in ByZye) for an intermediate value of &y close to 1 for each A and /7 value. In Fig. 9
we look at time course data to understand how these behaviors arise.
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Fig. 9 shows results up to £y, from the ODE model (Egs. 2.10-2.14) for simulations run
with the three sets of parameters (/) = 4, A = 16, and k= 32, 1, or 1/8) which produced the
leftmost, peak, and rightmost points on the cyan curve in Fig. 8b. Fig. 8b shows that By(Zye)
is approximately the same for &, = 32 and kp, = 1/8, and that the peak value of By(#ye)) at

kp =~ 1is approximately twice that at the &, values at the endpoints of the curves. Fig. 9adg
show the different time courses of R, B, 6, and ¢y for the three kj values. To understand
them, we look in more detail at how links and branches are formed in these simulations. The
overall link formation rate can be broken down as

k k,
TIRSZ = 2kicfy + 2k)(R, — 2c10)ero + jl(Rs ~ 2¢10)", (3.3)

into the rates at which links form through interactions involving 2, 1, or 0 monomers (i.e.,
only oligomers), respectively. The overall branch formation rate can be split as

4

2 3
R} = Skyclo + 2kycto(Ry = 2¢10) + kscro( Ry = 2e10)” + ky(Ry = 21, (34)

kp
6

into the rates of branch formation through reactions involving 3, 2, 1, or 0 monomers.

These rates are plotted in Fig. 9beh. In Fig. 9cfi, we show the average functionality #3(5)

= R{H/ Myo(d plotted as a function of the total mass density of monomer 64 that has

been injected by time ¢ Recall that in the Ziff-Stell model, each monomer has ffunctional
reactive sites and that it is necessary that #> 2 in order for a gel to form. In our model, 74 = 2
for monomers and, thus, 7(#) depends on the extent of branch formation prior to time z The
concentration and reaction rate curves in Fig. 9 for the different values of & are strikingly
different.

Fig. 9abc show that with &p, = 32, the total monomer concentration 6, increases throughout
the simulation, and it closely tracks the concentration of monomers, ¢;q, up to a time

at which B44) noticeably rises. B(#) then increases at an accelerating rate until .. The
branching reaction rates far exceed those for the linking reactions, and branch formation is
dominated by reactions involving 2 or 3 monomers. 8#ye)) ~ 1.5 compared to the maximum
mo = 4 that the source can inject. 7 increases monotonically from 2 to ~ 2.68.

Fig. 9def show results with &, = 1. The curves for 8;and ¢y first diverge and B

first noticeably rises at a later time than for &, = 32. Bscontinues to increase until Zy,,
while Rsbegins to decline about mid-way to Zy in concert with the decreasing rate of
monomer supply. The link and branch formation rates are similar; most early reactions
involve only monomers. As time progresses, the rates of reactions involving one oligomer
increase, followed later by the rates of reactions involving multiple oligomers. While some
types of branching reactions slow later in the simulation, others accelerate, and Bg(?) is
approximately linear for much of the simulation. Here, ,/is more than 4-fold greater
than with &, = 32. By {4, 85 reaches ~ 88% of its possible maximum /7. A increases
monotonically from 2 to ~ 2.75. It remains close to 2 longer than for &, = 32 because linking
reactions involving only unbranched oligomers cannot cause 4 to increase.
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Fig. 9ghi show that with &, = 1/8, a gel forms substantially later than for k=1 or 32. Almost
all of the potential monomer source has been injected by #=0.29. At this time, R;and ¢
are decreasing quickly and Bsis increasing slowly. Much of the branch formation occurs
after monomer injection is essentially complete, and so draws on a rapidly decreasing pool
of monomers and small oligomers. Link formation outpaces branch formation and primarily
comprises reactions involving 2 monomers. Early branch formation primarily involves 2 or

3 monomers, but after the source is exhausted, branch formation by 3 oligomers dominates.
Because linking reactions involving 2 monomers predominate for much of the simulation,
increases very slowly during the first half of the simulation; it increases from below 2.2 to
over 2.9 after monomer injection is essentially complete.

By 1ge)) is also not monotonic in p for constant source rates. Because these observations
pertain to £ < Z,e, We can use Eqs. 2.10-2.14, with a constant source Si, to investigate the
origin of the intriguing non-monotonicities shown in Fig. 8. The colored curves in Fig. 10a
show By(#ye)) for such simulations for a large range of Sy and kp values. For each Sj, there

is a well-defined peak for an intermediate value of k. It occurs at A, = O(1), kp K 1 and &
> 1 for intermediate, large, and small values of Sy, respectively. By, scales like ké/ 2 for

small kpand like k;” 3 for large kp. The peak occurs during the transition between these two
behaviors.

To understand the origin of these scaling behaviors, suppose that ~;is in quasisteady state,
so that from Eq. 2.10, Rs = rssWhere rg satisfies

kp

0= _klrgs_ b

r3s+ 2810, (3.5)
Then, Eq. 2.14 simplifies to the constant-coefficient linear equation

ky
U" = (kprss)U" + (ki + kyrsg)rssU = 0. (36)

The solution to this equation which satisfies ({0) = 1 and ¢/ (0) =0 is

kpr3s A kbr2 kA
=e 3 !|cos| 51| — —sin|— 37
Uit)=e 2 cos(zt) 7 sm( > t) , (3.7
where 4 = ry2kjkprgs + kjras. Since, Ulge) = 0, we find that
too] = %arctan i 3.8
e =gz ) =

under the assumption that R(?) = rg. From Eq. 2.11, with R = rs constant, we see that

kb r 2k1
Bs(tgel) = Fr;‘;stgel = ﬁarctan 1,1 + %) 39)
341+ %
b'ss
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. . k
When & > 1, Sig is at least of moderate size, and we assume that the terms TbR;” and

. 4810\1/3
2510 in Eqg. 3.5 balance, ry, ~ (k_b) and rge; &

T
2kb"szs .

When &, < 1 and we assume that

T

rss«/Zkbrss

the terms k;RZ and 2S5y balance, rgs ~ (2S10/k)Y2 and 1, ~ . Using the limiting

expressions for r4in Eq. 3.9, we find that

r — .
o= O(ky ') ifky> 1
By(tger) ~ ; (3.10)

mr3f? 172 _ 172\ -
= 0(ky?) if ky < 1.

62 b

Substituting the numerical solution of Eq. 3.5 into Eq. 3.10 yields the black curves in Fig.
10a, which are in excellent agreement with the corresponding colored curves.

In the examples in Fig. 9, average functionality f“(tge/) increases monotonically in #from 2
at =0 towards a value between 2.6 and 3 at . In Fig. 10b, we see that, for a wide range
of Sy, f“(z‘ge/) approaches 2 from above as &, approaches 0, and it approaches a value close
to 2.7 as kp becomes very large. The transition between these behaviors shifts leftward as
S10 increases. To understand the asymptotic results, we first note that the relation Rs= B;+
2 My implies that

fA _ Rs _ 2
T Mgy By (3.11)

1_Rs

Then, using the asymptotic values of By#ye)) and 755 from Eqg. 3.10 and the text above it,
. . Bs(tgel) _ kp
respectively, we find that for &, < 1, Religel) Oly/5 10

Bs(tge[) L3 A .
Rofiee) 12 and so f*(tger) — 2/(1 — 5) = 2.7093,

which is the height of the dashed blue horizontal line in Fig. 10b. The origin of the gap
between the dashed blue line and the colored curves is explored in Supplement section S1.6.
Fig. 10c shows plots of f“(z‘ge/) for the source Syo(§) = MyA exp(—A9 with my =4 and 1 €
[107°, 10°]. For each A, £ seems to approach the same limit as for the constant source case
for k, — oo, while for &, — 0, it asymptotes to 3. As shown in Supplement section S1.7,
A—3ast— LgesTor any positive branching rate k;, when starting with an initial supply

of monomer and 0 source. Here, with & < 1, the source is essentially depleted after a time

of order A1 that is much shorter than the branch formation time scale ; !. Therefore, the

and therefore (1) — 2* as

— 0. For kp>> 1, Eq. 3.10 implies that

system behaves much like one with an initial supply of monomer.

3.4. Temporally and spatially varying monomer source.

We next look at the PDE system’s behavior before and after gelation when there is no
monomer initially and monomer is supplied at the temporally and spatially varying rate
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S10(x, 1) = moiexp( — Ar)s(x), (3.12)

where s(x) =1 + cos(rr - X/A) for |x} < h=0.1 and s(x) = 0 otherwise. In the following
sections we look at the effects of variations in the source rate A, branching rate 4, and
diffusion coefficient D.

3.4.1. \Variations in Source Rate A.—We begin with my =8, kp=4,and 1 =1/4, 1,

or 4, so the rate, but not the amount of monomer supplied varies. Fig. 11a shows the contour
Ry(x § =0.001 for each A. Since Ry, 7 first becomes nonzero when a gel forms at
location x, these contours show the propagation of the gel front toward the domain boundary.
The front propagates quickly across the support of the source, slows for intermediate values
of x, and speeds up when approaching the no-flux boundary at x = 0.5. Gel formation within
the source’s support occurs sooner for larger A, but the gel front for A = 1 “catches” that for
A = 4 about midway across the domain and reaches the boundary sooner.

Fig. 11bcd show contours of Ry(x, 7 for A =1/4, 1, and 4. For A = 1/4, the lowest value
contours rapidly cross the domain, and there is a long delay between the start of gelation at
x=0and R0, 7 reaching 0.5. For A = 1, this delay is much shorter, while propagation

of higher values of R, toward the domain boundary is slower. For A = 4, there is very little
delay between the onset of gelation at x=0 and R0, § reaching 0.5. In contrast, R, grows
much more slowly than for the smaller A values at locations midway between the source
and the boundary. For A = 4, R, reaches 0.005 at x= 0.5 much earlier than it does at x

= 0.35. These observations reflect the relative extent to which monomers introduced in the
source region become part of the gel there as opposed to diffusing toward the boundary.
With A = 4, the rapidly cascading growth of oligomers near x = 0 “absorbs” much of the
monomer before it can diffuse away. For A = 1/4, diffusion keeps up with the introduction
of monomer, and the gel develops more slowly at x= 0 and faster at locations near the
boundary.

For A =1, Fig. 12 shows snapshots of the spatial evolution of the sol and gel variables and
of two derived indicators of oligomer and gel structure: the structure parameter, B(x, 5/ &(x,
9, which is the ratio of the total branch point density in both the sol and gel to the total

mass density, and the average functionality £(x, § = R{x, §/ Myo(x, H. Fig. 12 shows the
base case to which other results, presented in the Supplement, should be compared. Recall
that #3(x, ) > 2 is required for gelation to occur, and that monomers in our model have
functionality 2. The first four rows show the situation at times by which 18, 39, 63, and 86%
of the monomer has been delivered by the source. At the earliest times, the peak sol densities
occur at x=0. At = 0.2, 8;is only moderately larger than ¢, at x = 0 indicating that

most molecules there are monomers. At the boundary x= 0.5, ¢jg ~ 65> 0, signifying that
monomer has reached the domain boundary but that few larger oligomers are present there.
(0, 9 has increased somewhat from its base value 2. By = 0.5, 8sand B;at x= 0 have
grown significantly, while ¢ is lower there despite the continued activity of the source. 7
~ 2.4 within the source region and is above 2 throughout the rest of the domain.
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By ¢= 1.0, gel covers the source region, but is most prominent near x = 0. Values of 8,

B, and ¢y are lower there than earlier because finite-size oligomers have been incorporated
into the gel. Gel has formed throughout the domain, but 6,(0.5, 1) is 5 - 104-fold smaller
than 6,(0, 1). A is lower within the source’s support and higher for [x > 0.25. B/8is
significantly higher near x= 0 than outside of the source region. The trends continue through
t=5, with 8;and By increasing mainly within the source region. 7 drops back towards

2 throughout the domain, as multi-branched oligomers are incorporated into the gel, while
Bl 6is relatively high over a much broader region. So much finite-sized oligomer within

the source region becomes part of the gel that a “reverse” diffusive gradient in &, develops,
particularly for intermediate | X, and finite-size oligomers diffuse from this region foward x =
0. Between £=5 and 7= 10, 6 increases a little throughout the domain and at 7= 10, over
98% of the total sourced monomer is in the gel. B/@is higher throughout the domain than
earlier and £ is now uniformly ~ 2.1.

Supplement Fig. S2 shows similar snapshots for the slower source rate A = 1/4. The salient
differences from the A = 1 results are that oligomer and branch formation, and the onset of
gelation are slower within the source region. Sol variables are more homogeneous in space
as are gel variables later in the simulation. At #= 10, most branches are in the gel and so
A~ 2 for all x. No reverse gradient in sol concentrations is present, so sol species continue
to diffuse toward the boundaries. At x= 0.5, g, reaches a value almost three times that

for A = 1. Supplement Fig. S3 shows results with A = 4. This larger source rate leads to
faster early gelation in the support region and also wider spread of oligomers outside of
this region because of steep concentration gradients. At times ¢= 2, with the source largely
exhausted, continued gelation within the source region depletes oligomers there and results
in substantial reverse diffusion. The result at = 10 is a taller gel profile that is almost
entirely contained within the source region.

3.4.2. \Variations in Branching Rate kp.—Here, we fix A = 1 and consider k5 =1,

4, and 16. Fig. 13a shows the propagation of the gel front for these values of k. Gelation
within the source region occurs earliest for &, = 16 and latest for k, = 1. As for simulations
with different source rates A, the early occurence of gelation near x =0 for a particular &
does not imply that the gel front reaches the boundary first for that ;. Here, the gel front
for kp = 4 crosses that for k= 16 and reaches the boundary significantly sooner than for the
larger &g,

Fig. S4 and Fig. S5 in the Supplement show snapshots of simulations with &, =16 and A
=1, respectively. They can be compared to those in Fig. 12 for which &, = 4. Gelation near
x =0 occurs earliest for k= 16, and later gel growth is also much more rapid than for
smaller k. The spatial extent of significant gelation is narrowest for &, = 16 and broadens
progressively as & decreases. At £= 10, the values of gy at x = 0 increase approximately
four-fold and those at the boundary decrease by more than 16-fold as & increases from 1 to
16. Similarly Byat x= 0 increases substantially as kj increases. The reverse gradients in B
and 6;are more pronounced for k= 16 than for k= 4, and are nonexistent or weak for kp
=1. At t= 10, #is a little above 2 throughout the domain for all &, and as kp increases, the
structure parameter B/& increases for all xand it has a higher “bump” for smaller |x, where
the gel is concentrated, for large k.
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3.4.3. \Variations in Diffusivity D and D;.—Fig. 13b shows gel front propagation for
simulations in which monomers and oligomers diffuse and D was varied over the values D
=0.16, 0.04, 0.01, while A =1 and k= 4. Near x= 0, gelation occurs earlier for smaller
D, and the front propagates towards larger | X} much more rapidly for O=0.16 and D= 0.04
than for D= 0.01. The solution snapshots in Supplement Figs. S6-S7 for D=10.16 and D=
0.01, respectively, can be compared to those in Fig. 12 for which O =0.04. No gel formation
is apparent up to £= 0.5 for D= 0.04 and D= 0.16, while 6,0,0.5) > 1 for D= 0.01.

For D= 0.16, sol has spread throughout the domain by #= 0.5, and there is little sign of
reverse gradients at this or later times. When gelation does ensue, it does so over the entire
domain with only moderately higher 6,and B, levels near x = 0 than near the boundary. In
contrast, for D= 0.01, reverse gradients in sol quantities develop near the source by ¢=2
and throughout the domain by ¢= 10, and gelation is confined to a narrow region around x
= 0 during the entire simulation. The sturcture variables vary notably in space. Due to the
rapid growth of the gel near x= 0 by #= 0.5, the average functionality 7 there has already
begun to drop. It is highest in locations adjacent to the gel to which sol has spread but not
yet gelled; it remains high where little gelation occurs.

Next, we consider simulations in which only monomer diffuses. The necessary
modifications to the PDEs are described in Supplement section S1.2. Fig. 13c shows gel
front propagation for monomer diffusion coefficient O; = 0.16, 0.04, 0.01 with D= 0.
Comparing these gel fronts to those in Fig. 13b, we see earlier gelation at x =0, slower
movement of the gel front across the source region, and much slower propagation of the
front from the edge of the source to the boundary. In fact, only for D; = 0.16 does the front
come close to the boundary by the end of the simulation. These behaviors are all due to the
immobility of the oligomers, which allows faster progression in oligomer size near x=0
while hindering this progression elsewhere.

Supplement Figs. S8 and S9 show snapshots of the dynamics for D; = 0.04 and Dy = 0.16,
respectively. For Dy = 0.04, gelation is underway near x = 0 before £=0.5. By #= 10, the gel
peak has grown and the spatial extent of the gel has widened somewhat, but is confined to
|X < 0.25. For the simulation in Fig. 12, in which oligomers also diffuse, the peak is a little
lower and the gel front has reached the boundary by #~ 1.5. With only monomer diffusing,
6;and Rsare much higher immediately adjacent to the gel front (see Fig. S8d) than farther
away or than when oligomer also diffuses (see Fig. 12djp). 74 in Fig. S8cfi drops to near 2
within most of the gel but is high adjacent to it, exceeding 3 at = 10. The sol concentrations
there are low, but high 74 suggests that further branch formation will occur there. For D; =
0.16 (Fig. S9, compare with Fig. S6), the gel grows faster and to a higher peak near x=0
than when oligomers also diffuse, but at #= 2 it is confined to the region | < 0.25, whereas
it reaches the boundary shortly after = 1 if oligomers also diffuse. By #= 10, gelation has
spread all the way to the boundary, but 6, near the boundary is only about 40% of that when
oligomers diffuse. At £= 10, 7 and B/6are distributed heterogeneously when D=0 and Dy
= 0.16 compared to their almost uniform distribution when D= D; = 0.16.
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4. Discussion.

In this paper, we consider a model of fibrin polymerization that investigates the spatial and
temporal behavior of the polymers both pre- and post-gelation. Using the framework we
introduced in [9], we study the early behavior of the system using moment equations derived
from a doubly-infinite set of ODEs that describe the oligomer concentrations. The moment
equations are valid only until gel time which is when a second moment, tracked by these
equations, blows up. As we did in [10] for a simpler kinetic gelation model, we develop

an alternative approach, based on the generating function of the oligomer concentrations,

in order to extend our studies past gel time. To do this, we make assumptions about the
types of reactions in which the gel can particpate, and use them to derive a closed system
consisting of a PDE for the generating function and an ODE for the reaction site density.
We find that the new system produces behaviors that agree with the moment system prior
to gel time and it lets us continue our studies after gelation. We examine our assumptions
about post-gelation reactions using the Gillespie method to carry out stochastic simulations
beginning with a large, but finite, set of discrete monomers. These simulations agree with
the solutions to the original differential equation system before gelation and with the new
PDE system after gelation, giving support to our assumptions about post-gelation reactions.
Finally, we extended the PDE system by incorporating spatial heterogenity and transport in
space by diffusion.

The essential kinetic processes in our model are linking reactions, in which two oligomers
join together without formation of a new branch, and branching reactions, in which three
oligomers join together to form a new branch. These processes have timescales 1/(4;Cp)

and 1/(kbC%), respectively, that are determined from their respective rate coefficients and a

characteristic concentration Cy. Another time scale A~ comes from the monomer source
Eg. 3.1, which models the conversion of fibrinogen by thrombin into fibrin monomers.
In problems with diffusion, a fourth time scale is £2/Dwhere L is the half-width of

the physical domain, and Dis the diffusion coefficient. We use the linking timescale to
non-dimensionalize the model equations and investigate the effects of varying the other
times scales by changing A, &, and D.

An important quantity in kinetic gelation models is the functionality, £ In the Ziff-Stell
model, each monomer has freactive sites and it is necessary that £>2 in order for a gel

to form. In our model, 7= 2 for fibrin monomers and the number of available reaction sites
in an oligomer is always two more than the number of branches in that oligomer. Since

the average number of branches per oligomer is a dynamic quantity, the average oligomer
functionality, 7, is also dynamic and can increase only through branch formation. How
rapidly 74 grows from its initial value influences the time until gelation and the structure of
the resulting gel, and is itself affected by the relative time scales of the linking, branching,
source, and diffusion processes.

We used the PDE model first in a spatially homogeneous situation and investigated

the system’s behavior, for different initial fibrinogen concentrations, 77, as the rates of
conversion of fibrinogen to fibrin, A, and branching, g, were varied. We saw that gels form
sooner for larger values of any of these parameters and that there are ranges of A and &
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values for which the branch point density at Zyis a large fraction of the gel’s branch point
density after reactions have ceased, as seen experimentally [1, 4, 5]. For other values of
these parameters, the branch point densities at £;,,and the final time are very different. A
possible explanation for this is the absence from the model of fiber thickening reactions after
LgesWhich would remove oligomers from the pool that can form new branches, and thus
reduce post-gel branch formation.

We then looked at how B Z) and f“(z‘gﬁ./) vary with A and & and saw that both are
non-monotonic functions of k. To understand this behavior we turned to the moment system
since the behavior of interest here occurs before gel time, and we simplified the investigation
by using a source rate that is constant in time. Numerically, we found that, for each source

rate, By({ye)) scaled like ki, 13 for kp>> 1 and like kj’? for k, < 1. The cross-over in these

scaling behaviors for intermediate & values explains the non-monotonicity we observed. We
presented an asymptotic explanation of the two scaling behaviors, in which the reaction site
density R, governed by Eq. 2.10, was taken to be in steady-state with a balance between
source rate and link formation rate for &, < 1 and between source rate and branching rate
for kp > 1.

Next we looked at the model in a one-dimensional spatial domain [-L, L] with a time-
dependent source, Eq. 3.12, limited to a narrow interval around x = 0. A higher value of A or
kpor avalue of Dled to earlier gelation at x= 0, but not necessarily faster propagation of the
gel front from the source to the boundary. We also see cases in which the gel’s final branch
point density at a particular location is lower than the earlier peak sol branch point density

at the same location. These behaviors can be ascribed to diffusion carrying oligomers away
from that location to other locations closer to the source, before they can become part of the
gel. The “reverse gradient” driving this flux is set up when extensive gelation at locations
closer to the center of the source reduces the soluble oligomer density to a sufficiently low
value.

Two distinct patterns of spatial-temporal gel development are seen. For large A or & or
small D (see Fig. S3, S4, S7) the gel is highly peaked and largely confined to a narrow
region surrounding the center of the source. In these cases, we see early reverse diffusion

of oligomers, average functionality 74 that decreases towards 2 within the narrow gel while
remaining high (> 2.5) adjacent to it, and structure parameter B/&that is substantially higher
within the gel than outside of it. For small A or k& or large D (see Fig. S2, S5, S6), we

see a wide gel with a low peak, 7 that rises and then decreases towards 2 approximately
uniformly in space, and a uniformly low structure parameter. Thus, a relatively large source
rate or branching rate leads to a tightly confined gel, while a relatively large diffusivity leads
to a dispersed one.

Our current model of fibrin polymerization model does have limitations. We make specific
simplifying assumptions about diffusion of oligomers of different sizes. This is done (i) to
produce a mathematically tractable treatment of diffusion and (ii) because for the /in vivo
situations to which we will ultimately apply the model (after we couple it to our existing
models of platelet deposition and coagulation under flow [7, 15, 17]), there are two cases
of particular interest, in both of which diffusion of large oligomers is expected to be of
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limited importance. If a clot forms inside a blood vessel, advection is generally dominant
over diffusion and we would expect many small fluid-phase oligomers to be washed away
before they combine into large oligomers, and it may be that only the fibrin strands which
are anchored to platelets remain at the injury site. On the other hand, if a clot forms in

the complex milieu of the extravascular space (in the presence of cells and extracellular
protein matrices), the spatial gaps in which molecules can diffuse are likely to be small, and
this would reduce the importance of diffusion of large oligomers. Another limitation of the
current model is that it does not treat fiber thickening after gel time, which is seen to be
important experimentally [22, 21] and extending the model to treat thickening is an open
question. The model also does not account for the fact that fibrinogen can bind to a fibrin
oligomer and, until that fibrinogen is converted to fibrin, reduce the ability of that oligomer
to bind with other oligomers. In [18], we present our preliminary work on analyzing models
of polymerization that involve two types of monomers. A paper using similar ideas to
include fibrinogen binding in the fibrin branching model is forthcoming. An open issue is
the coupling of our fibrin polymerization model with our existing non-spatial [14, 7, 15,

17] and spatial [16] models of coagulation biochemistry and platelet deposition under flow.
Fibrinogen will be converted to fibrin by thrombin at the concentrations that emerge from
the calculations, fibrinogen and fibrin in the plasma will be transported with the flow, and
we expect that the binding of fibrinogen and fibrin to the surfaces of platelets in the clot will
play an important role in the dynamics.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Fig. 1:

Schematic of fibrin polymerization showing thrombin-mediated fibrinopeptide release (top),
protofibril formation (middle), and hypothesized [23] modes of branch formation (bottom).
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(a) Linear polymerization to form a link. (b) Branch formation.
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i Ry = B,
0O 01 02 03 04 05

PDE Model with Spatially-uniform Initial Monomer Concentration: ¢19(0) =2, k/=1, &

= 2. (a) Time snapshots of profiles VAt 2) vs z. The curves move upward with time and

are colored red before gel time and blue afterward. Values of WAz 1) for £> £y are shown
with dots. (b) Plot of WA 1) vs ¢ Dots show (¢ WAt 1)) values corresponding to the dots in
panel (a). (c) Time dependence of the concentrations of monomer ¢y, sol reactive sites R,
sol branches B, and mass in finite size oligomers larger than monomers 6 — ¢yq. (d) Time
dependence of the concentrations of gel reactive sites /<, gel branches By, and gel mass

6, Note different concentration scales in panels (c) and (d). Dashed black line indicates gel

time.
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Fig. 4:
PDE Model with Spatially-uniform Monomer Source: ¢10(0) =0, Sjo() =0.25, ky=1, kp=

10. Plots of c1g(2) (green), R{2) (red), B (blue), (9 — c10(9 (cyan), Ry(f) = BL?) (dashed
red and blue) and (7 (dashed cyan).
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Gﬁlespie Simulations. Rate constants k;= 1, kp = 10, source rate S;g = 0.25, and volume
v=10°. (a) Average oligomer size vs. ¢ (b) Largest oligomer size vs. ¢, (c) R(d), B(d), &1
and cyg(9) from Gillespie Simulation (colors) and ODE model (dashed black) show excellent
agreement up to Zye. (d) After 4y, the mass density (6,), branch point density (B,) and
reaction site density (/) of the largest oligomer (colors) agree well with the corresponding
gel variables (dashed black) from the PDE model.
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Fig. 6:
PDE Model — Gel time as a function of mp, A, and kp with the spatially-uniform time-
varying monomer source Syo = mMA exp(-A2). The heatmaps show log;o(Zye) as a function

of loga(A) and loga(kp). (a) my =2, (b) mg = 4, (c) my = 8.
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PDE model simulations with a spatially-uniform time-varying monomer source S;g = mA
exp(-=A9 for (a,d) my =2, (b,e) my =4, and (c,f) my = 8. (a-c) Each curve corresponds to

a specific A value as indicated in the legend, and the points along each curve are for the
different & values with the large dots indicating &, = 1/8 and the & values increasing from
that point to &, = 32 at the other end of the curve. Note the different vertical scales. (d-f) The
heatmaps show B({ye))! By tfinal)-
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Fig. 8:

PDE model simulations with a spatially-uniform time-varying monomer source Sjg = mpA
exp(=Ad for (a) my = 2, (b) my =4, and (c) my = 8. Each curve corresponds to a specific
A value as indicated in the legend, and the points along each curve are for the different &
values with the large dot indicating &, = 1/8 and the & values increasing from that point to
kp= 32 at the other end of the curve.
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ODE model simulations with a time-dependent source Sjo(8) = mpA exp(-=Ad) with mg =

4 and A = 16, and (abc) &y, = 32, (def) kA, =1, (ghi) k= 1/8. (Left) Plots of R{J), B,
c10(9), and 644 until 1= £z, (Middle) Rates of link and branching formation reactions
involving different numbers of monomers. (Right) Average functionality A8 = R{8/Myo(d
vs. cumulative monomer sourced 4. Dashed black lines indicate when 99% of the

monomer has been sourced.
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Fig. 10:
ODE maodel calculations for various branching rates & and various (a,b) constant source

rates Syg and (c) time-varying source rates. (a) Colored curves show By(Zye)), blue dashed
lines show its scaling behaviors, and black curves show approximate By(Zy) from Eq. 3.10
using 7 values computed by solving Eq. 3.5 numerically; (b) Colored curves show average
functionality 74 = RJ My at lger In (3) and (b), S1o decreases from 105 (deep red curve) to
1075 (deep blue curve). Dashed blue line in (b) and (c) is 2/(1 — B4Ry ~ 2.7093 (see text).
(c) Average functionality for time-varying source rate Syo(9) = mpA exp(-A) mg=4and 1
decreases from 10° (deep red curve) to 107> (deep blue curve). Branching rates kj, vary as
indicated.
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Fig. 11:
PDE model simulations with source rate Syp(x, 2 given in Eq. 3.12, with mg =8, kp=4, 1

=0.25, 1.0, 4.0, contours of Ry in the xz-plane. (a) Contour Ry(x, §) = By(x, ) = 0.001 for A
=4.0 (red), 1.0 (blue), and 0.25 (green). Each contour defines the gel front location xge(4) vs
¢ (b,c,d) Contours Ry(x, §) = By(x, § =0.001, 0.005, 0.01, 0.05, 0.25, and 0.50 (increasing
from left to right) for (b) A =0.25, (c) A = 1.0, and (d) A = 4.0. The black dashed lines show
the upper edge of the monomer source’s support. Note the different time interval in (a).
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PDE model simulations with source rate Syo(x, 2 given in Eq. 3.12, with mp=8and 1 =1
contours of R, =0.001 in the xzplane for (a) O=0.04 and kp =1, 4, 16, (b) kp=4 and D
=0.16, 0.04, 0.01, (c) kp=4, D=0, and Dy = 0.16, 0.04, 0.01, The black dashed lines show

the upper edge of the monomer source’s support.
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