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Abstract

We present a machine learning model for the analysis of randomly generated discrete signals,
modeled as the points of an inhomogeneous, compound Poisson point process. Like the wavelet
scattering transform introduced by Mallat, our construction is naturally invariant to translations
and reflections, but it decouples the roles of scale and frequency, replacing wavelets with Gabor-
type measurements. We show that, with suitable nonlinearities, our measurements distinguish
Poisson point processes from common self-similar processes, and separate different types of
Poisson point processes.
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1. INTRODUCTION

Convolutional neural networks (CNNs) have obtained impressive results for a number of
learning tasks in which the underlying signal data can be modelled as a stochastic process,
including texture discrimination [1], texture synthesis [2, 3], time-series analysis [4], and
wireless networks [5]. In many scenarios, it is natural to model the signal data as the

points of a (potentially complex) spatial point process. Furthermore, there are numerous
other fields, including stochastic geometry [6], forestry [7], geoscience [8] and genetics [9],
in which spatial point processes are used to model the underlying generating process of
certain phenomena (e.g., earthquakes). This motivates us to consider the capacity of CNNs
to capture the statistical properties of such processes.

The Wavelet scattering transform [10] is a model for CNNs, which consists of an alternating
cascade of linear wavelet transforms and complex modulus nonlinearities. It has provable
stability and invariance properties and has been used to achieve near state of the art results
in fields such as audio signal processing [11], computer vision [12], and quantum chemistry
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[13]. In this paper, we examine a generalized scattering transform that utilizes a broader
class of filters (which includes wavelets). We primarily focus on filters with small support,
which is similar to those used in most CNNS.

Expected wavelet scattering moments for stochastic processes with stationary increments
were introduced in [14], where it is shown that such moments capture important statistical
information of one-dimensional Poisson processes, fractional Brownian motion, a-stable
Lévy processes, and a number of other stochastic processes. In this paper, we extend the
notion of scattering moments to our generalized architecture, and generalize many of the
results from [14]. However, the main contributions contained here consist of new results
for more general spatial point processes, including inhomogeneous Poisson point processes,
which are not stationary and do not have stationary increments. The collection of expected
scattering moments is a non-parametric model for these processes, which we show captures
important summary statistics.

In Section 2 we will define our expected scattering moments. Then, in Sections 3 and 4 we
will analyze these moments for certain generalized Poisson point processes and self-similar
processes. We will present numerical examples in Section 5, and provide a short conclusion
in section 6.

2. EXPECTED SCATTERING MOMENTS

Let y € L%(R) be a compactly supported mother wavelet with dilations yih = 27Jy(27/1) for
j € 7, and let X(7),t € R, be a stochastic process with stationary increments. The first-order
wavelet scattering moments are defined in [14] as SX(j) = E[|y; * X|], where the expectation

does not depend on #since X(#) has stationary increments and S, ,X(9) = SX(y, p) is a
wavelet which implies X* y (2 is stationary. Much of the analysis of in [14] relies on
the fact that these moments can be rewritten as SX()) = E[|#; * dX|], where diy; = y;. This

motivates us to define scattering moments as the integration of a filter, against a random
signed measure Y{d?.

To that end, let w e L*(R?) be a continuous window function with support contained in [0,
1]% Denote by w,(1) = w(5) the dilation of w; and set g,(2 to be the Gabor-type filter with

scale s> 0 and central frequency & € RY,

g0 = w1, y = (5,6, t e R%. )

Note that with an appropriately chosen window function w; (1) includes dyadic wavelet
families in the case that s= 2/and |& = Cs. However, it also includes many other filters,
such as Gabor filters used in the windowed Fourier transform.

Let Y(dl) be a random signed measure and assume that Y'is 7-periodic for some 7> 0 in the
sense that for any Borel set Bwe have Y(B) = Y(B+ Tg), forall 1 < i< d (where {3} i<y
is the standard orthonormal basis for RY). For f € LZ(R"), set £*Y(1): = [od f(t — W)Y (du).
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We define the first-order and second-order expected scattering moments, 1 < p, p’ > oo, at
location tas

S, Y (1): = E[|g,*Y(1)|"] and @)

Sypy p Y0 = [E[”gr *y|'s gy'(f)|p ] . ®3)

Note Y(d¥) is not assumed to be stationary, which is why these moments depend on ¢ Since
Y(d) is periodic, we may also define time-invariant scattering coefficients by

1
SY(y,p): =—; / S, ,Y(t)dt, and
7d [O,T]d v.P

1
SY(y.p,v.p'): =—f S. Y (t)dt
( ) Td [O,T]d v-D,7,P

In the following sections, we analyze these moments for arbitrary frequencies £ and small
scales s, thus allowing the filters g, to serve as a model for the learned filters in CNNs. In
particular, we will analyze the asymptotic behavior of the scattering moments as s decreases
to zero.

3. SCATTERING MOMENTS OF GENERALIZED POISSON PROCESSES

In this section, we let Y{dl) be an inhomogeneous, compound spatial Poisson point process.
Such processes generalize ordinary Poisson point processes by incorporating variable
charges (heights) at the points of the process and a nonuniform intensity for the locations

of the points. They thus provide a flexible family of point processes that can be used to
model many different phenomena. In this section, we provide a review of such processes and
analyze their first and second-order scattering moments.

Let A(#) be a continuous, periodic function on R¢ with

0 < Amin: = infA() < [[Alleo < o0, @
t

and define its first and second order moments by

my(A): = #A) T]dﬂ(t)zdt, p=12.

A random measure N(dt): = 2;"’: 15,j(dt) is called an inhomogeneous Poisson point process

with intensity function A(#) if for any Borel set B ¢ RY,
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PNE) = = NOCEE A= [,

and, in addition, M B) is independent of MB") for all B’ that do not intersect B. Now let
(Aj)j°: 1 be a sequence of i.i.d. random variables independent of . An inhomogeneous,
compound Poisson point process Y{(dl) is given by

Y= ) Aji(dr). ©)
j=1

For a further overview of these processes, we refer the reader to Section 6.4 of [15].

3.1. First-order Scattering Asymptotics
Computing the convolution of g, with Y(df) gives

(o0
(5" V0= framt—orian= 3 Aiglo-)
j =

which can be interpreted as a waveform g, emitting from each location #: Invariant
scattering moments aggregate the random interference patterns in |g,, * Y. The results
below show that the expectation of these interference patterns encode important statistical
information related to the point process.

For notational convenience, we let
- _ond =
Ag(): = At —5,11%) = [t s t]d/l(u)du
denote the expected number of points of AVin the support of g,(¢- ). By conditioning on N/
([£- s 49, the number of points in the support of 9,, and using the fact that

PN = 5.01% > m) = o (s aleo)" * |

one may obtain the following theorem.!

Theorem 1.—LetE[|A|’] < oo, and A(D) be a periodic continuous intensity function

satisfying (4). Then for everyt € R, every y = (s, €) such that s Alle, < 1, and every
m=1,

1A proof of Theorem 1, as well as the proofs of other theorems stated in this paper, can be found in the appendix
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k

m p
S% PY(I) ~ Z k! ’ (6)

50 (As(t))"[E[
k=1

where the error term e(m, s, &, 1) satisfies

Il Al
le(m, s,6,01 < C p—5— .°°||w||§[E[|A1|p]||j||'j.g+lsd(m+1) o
min

and Vi, Vo, . .. Is an I.1.d. sequence of random variables, independent of the Aj, taking

values in the unit cube [0, 119 and with density py(v) = (t - vs) for vE [0, 1]4.

d
S
oK

If we set 7 =1, and let s— 0, then one may use the fact that a small cube [¢- s, 49 has at
most one point of A/with overwhelming probability to obtain the following result.

Theorem 2.—Let Y(d) satisfy the same assumptions as in Theorem 1. Let yy= (Sx Ex) be
a sequence of scale and frequency pairs such thatlimy_.« Sx=0. Then

S, Y1)
. Yk> P
lim ———— = A(OE[|A|”]llwll}, ®)
k — oo Sk
for all t, and consequently
. SY(vk. p)
lim ——— = m(DE[|A1]"]||lw]}. ©)

k — oo Sk

This theorem shows that for small scales the scattering moments S, ,¥(£) encode the
intensity function A(J), up to factors depending upon the summary statistics of the charges

(Aj);?"= 1 and the window w. Thus even a one-layer location-dependent scattering network
yields considerable information regarding the underlying data generation process.

In the case of ordinary (non-compound) homogeneous Poisson processes, Theorem 2
recovers the constant intensity. For general A(#) and invariant scattering moments, the role
of higher-order moments of A(2) is highlighted by considering higher-order expansions (e.g.,
m> 1) in (6). The next theorem considers second-order expansions and illustrates their
dependence on the second moment of A(J).

Theorem 3.—Let Y satisfy the same assumptions as in Theorem 1. /(¥ k=1 = (Sk
Ek=1, 15 @ sequence such that limy_.co Sx= 0 andlimy _, osiéx =L € RY, then
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. SY(iep) 1 As®
1m 2d 14 14 F [0 T]d 2d
k— oo| s “E[| A1) |E[[Vil] T sk

[EHAlw(Ul)eiL ULy Ayw(Us)e
2| wl|FE[lA11"]

il - U2|P] (10)

= my(4)

where Uy, U, are independent uniform random variables on [0, 11% and (Vj)x=1 is a

sequence of random variables independent of the A; taking values in the unit cube with

d
respective densities, py,(v) = As—k(t),l(z —vsy) forv €0, 1]
sk

We note that the scale normalization on the left hand side of (10) is 529, compared to

a normalization of s~in Theorem 2. Thus, intuitively, (10) is capturing information at
moderately small scales that are larger than the scales considered in Theorem 2. Unlike
Theorem 2, which gives a way to compute /7,(A), Theorem 3 does not allow one to compute
my(A) since it would require knowledge of Ay, () in addition to the distribution from which

the charges (A j)j": 1 are drawn. However, Theorem 3 does show that at moderately small

scales the invariant scattering coefficients depend nontrivially on the second moment of A(J).
Therefore, they can be used to distinguish between, for example, an inhomogeneous Poisson
point process with intensity function A(Z) and a homogeneous Poisson point process with
constant intensity.

3.2. Second-Order Scattering Moments of Generalized Poisson Processes
Our next result shows that second-order scattering moments encode higher-order moment
information about the (4;)7 ;.

Theorem 4.—Let Y(dl) satisfy the same assumptions as in Theorem 1. Léet y,= (Sk
&p) andy; = (s, &) be sequences of scale-frequency pairs with sj, = csy, for some ¢> 0

andlimy , osiéx =L e R Letl < p, p/ <00 andq= pp’. AssumeE|A|? < o, and let

K: = |\ge, e *[er, ol Iy~ Then,

S, oy Y (1)
. Yio P> Vi P q
lim —————— = KADE||A|7], and 1
K oo SZ(p +1) [| ll] (11)
. SY(Yks P Vi P')
Jim — oy = Kmi(DE[|A[]. 12
— 00 Sk

Theorem 2 shows first-order scattering moments with p =1 are not able to distinguish
between different types of Poisson point processes at very small scales if the charges have
the same first moment. However, Theorem 4 shows second-order scattering moments encode
higher-moment information about the charges, and thus are better able to distinguish them
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(when used in combination with the first-order coefficients). In Sec. 4, we will see first-
order invariant scattering moments can distinguish Poisson point processes from self-similar
processes if p =1, but may fail to do so for larger values of p.

4. COMPARISON TO SELF-SIMILAR PROCESSES

Theorem 5.

We will show first-order invariant scattering moments can distinguish between Poisson
point processes and certain self-similar processes, such as a-stable processes, 1 < a <
2, or fractional Brownian motion (fBM). These results generalize those in [14] both by
considering more general filters and general /" scattering moments.

For a stochastic process X(), € R, we consider the convolution of the filter g, with
the noise aX defined by g, * dX(t): = [re,(t — wdX(u), and define (in a slight abuse of

notation) the first-order scattering moments at time by S, ,X(t): = [E[lgy* dX(t)lp]. In the

case where X( ) is a compound, inhomogeneous Poisson (counting) process, Y= aXwill be
a compound Poisson random measure and these scattering moments will coincide with those
defined in (2).

The following theorem analyzes the small-scale first-order scattering moments when X
is either an a-stable process, or an fBM. It shows the small-scale asymptotics of the
corresponding scattering moments are guaranteed to differ from those of a Poisson point
process when p = 1. We also note that both a-stable processes and fBM have stationary
increments and thus S, ,X(9) = SX(y, p) for all

Let1< p<oo,and let y,= (Sx &) be a sequence of scale-frequency pairs with limy—co Sk
=0 andlimy, _, osiéx = L € R. Then, if X() is a symmetric a-stable process, p< a < 2, we

1

Similarly, if X(9) is an fBM with Hurst parameter H € (0, 1) and w has bounded variation on
[0, 1], then
|

This theorem shows that first-order invariant scattering moments distinguish
inhomogeneous, compound Poisson processes from both a-stable processes and fractional
Brownian motion except in the cases where p= a or p=1/H. In particular, these
measurements distinguish Brownian motion, from a Poisson point process except in the
case where p= 2.

have

SX(rk, 1 .
lim SX(ri ) = [EH / wwe Lia X (u)
k — o0 S]lzla 0

SX(yk, 1 ,
lim (7/[/; ?) = [EH/ wwe Lid X (u)
k — o0 sz 0

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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5. NUMERICAL ILLUSTRATIONS

We carry out several experiments to numerically validate the previously stated results. In all
of our experiments, we hold the frequency & constant while letting s decrease to zero.

Compound Poisson point processes with the same intensities:

We generated three homogeneous compound Poisson point processes, all with intensity
A9 = Ao = 0.01, where the charges Ay ;, Ay j and Ag jare chosen so that Ay j=1

uniformly, A, j~/V(0, \/g) and Ag jare Rademacher random variables. The charges of the
three signals have the same first moment E[|4; || = 1 and different second moment with
[E[|A1’J-|2] = [E[|A3’j|2] =1 and E[|43, j|2] = % As predicted by Theorem 2, Figure 1 shows

first-order scattering moments will not be able to distinguish between the three processes
with p= 1, but will distinguish the process with Gaussian charges from the other two when p
=2

Inhomogeneous, non-compound Poisson point processes:

We also consider an inhomogeneous, non-compound Poisson point processes with intensity

function A(r) = 0.01(1 + O.SSin(%)) (where we estimate S, ,¥(2), by averaging over 1000

realizations). Figure 2 plots the scattering moments for the inhomogeneous process at
different times, and shows they align with the true intensity function.

Poisson point process and self similar process:
We consider a Brownian motion compared to a Poisson point process with intensity A = 0.01
and charges (4)7~ | = 10. Figure 3 shows the convergence rate of the first-order scattering
moments can distinguish these processes when p= 1 but not when p= 2.

6. CONCLUSION

We have constructed Gabor-filter scattering transforms for random measures on R¢. Our
work is closely related to [14] but considers more general classes of filters and point
processes (although we note that [14] provides a more detailed analysis of self-similar
processes). In future work, it would be interesting to explore the use of these measurements
for tasks such as, e.g., synthesizing new signals.

A. PROOF OF THEOREM 1

To prove Theorem 1 we will need the following lemma.

Lemma 1.—Let Z be a Poisson random variable with parameter A. Then for all a € R,
meN,0<A<1, we have

© k

) +1

[E[Zal{z>m}]=k Z+le lﬁkagcm’aim .
=m

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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Proof ForO< A<1landk e N, e *X< 1. Therefore,

k
1711z ml = %He ol

=mtl Z m(k+m+l)a

/1’""'1 Z (k+m+l)
(k+m+l)'

:Ca,mlm-i_l-

The proof of Theorem 1. Recalling the definitions of Y(df) and S,,,Y(4), and setting N(?) =
M- s, 19, we see
o= f . !

Ny

z Ajw(’l”)e’f'("’f)

j=1

’f =Wy (du)

P
=E

where 11, 12, .15 () are the points M) in [1- s, 49 Conditioned on the event that N8 = k;
the locations of the & points on [#- s, ¢ are distributed as i.i.d. random variables 73, . . . , Z
taking values in [¢- s, 49 with density

pz(z) = A((t)) zeli—s 19,

Therefore, the random variables

take values in the unit cube [0, 1]¢ and have density

sd d
py(v) = ml(t —vs), veE[0, 1]7.

Note that in the special case that //is homogeneous, i.e. A(§) = Ay is constant, the Vjare
uniform random variables on [0, 1]¢.

Therefore, computing the conditional expectation, we have for k= 1

p

N1 =k

Ny(@)

35 anft

j=1

(13)

) i« (r=1)

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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k ) 14
=E Z Ajw(Vj)elsé ’ Vj
j=1
A p
< W 0, 7 (14)
min

where (14) follows from (i) the independence of the random variables A;and V; (ii) the fact
that for any sequence of i.i.d. random variables 2}, 24, . . .,

k

X Zn

n=1

p

E <kP 1

= kPE[| )]

n=1

and (iii) the fact that

(1A
E[|w(vi)IP] = [()’l]dlw(v)lppv(v)dvs Aml(:llwnﬁ

Therefore, since P[N,(r) = k] = e~ O . (A,0)F 1k,

Ng(t) P

X gl e (- 0)

i=1

E

4

o0 A S
=Y A5 NsO) S() Z ( ) (=1) Ny = &

k=0

k _ P
Z Ajw(Vj)eIS§ ’ Vj

i=1

k
= i e_As(t)(Ask(i?) [El
k=1 ’

m AdNE k i 14
ji=

k=1

where

k , P
Y Ape(vy)ese Vi

ems..o:= Y e—As(t)(sIg))[El
[ ~

k=m+1

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Perlmutter et al.

By (14) and Lemma 1, if sis small enough so that A (A < s%Alle < 1, then:

%) p
AL As(f)) ' A5V
2 o2, o

k
11 & ®
< oEA el X e At Sk,) K
Amin k=m+1 ’

e(m, s, &, 1) =

14l oo
<C

. p 7 Bl A1 el (A 0)" !

I les 1
<Cmpy— [E[|Al|p]|wllp||/1||m+ sdm+1),

B. PROOF OF THEOREM 2

Page 11

Proof. Let (s, &j) be a sequence of scale and frequency pairs such that limy—c Sx=0.

Applying Theorem 1 with m= 1, we obtain:

Sy pY @

sf

—/\ s e(l,s t
_ A0 As® k HAIW Vi elsE Y, k‘pl kdék )

Sk Sk

_ASk(t) sk » p e(1, sk, & 1)

= E[lA1P]E[w(V1, k)| ]+7
N

where we write V] = V4 to emphasize the fact that the density of 1 is:

s
py () = W}L(’ — USk).

Using the error bound (7), we see that:

(s &g 1)
lim ——— =

k — oo Sk

Furthermore, since 0 < A, (1) < sf||4]| ., we observe that:

fim o Mk )
k — o0
and by the continuity of A(2),
A
lim - = lim — JAw)du = A(t).
k—oco S k — o0 Sg [k_ ]

Finally, by the continuity of A(#), we see that

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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4]l oo : d
ka(U) < - and lim ka(U) =1, Vv e|[o,1]".
min k

— 00

(16)

Therefore, by the bounded convergence theorem,

. Twm[|w(vl)|P] = El)nooﬁ)’ 1]dlw(v)|ppyk(v)dv

— P
_‘A)’l]dlw(v)l klir)noopyk(v)du

= llwllb.

That completes the proof of (8).

To prove (9), we assume that A() is periodic with period 7along each coordinate and again
use Theorem 1 with m =1 to observe,

SY (sk. Sk p)
s
_ A (1)
= AP~ Ak
[E[|A1| ]TdA),T]de sd x

k
» 1 el sk, ko 1)
A),l]dlw(u)l ka(U)dUdt+ Td-A)’l]disg dt

By (7), the second integral converges to zero as Kk — 8. Therefore,

SY (sk. &k P) 1

lim E[|A11P]Ilwllf— / A(tydt,
k—oo s 411 Prd Jio,11?

by the continuity of A() and the bounded convergence theorem.

C. PROOF OF THEOREM 3
Proof. We apply Theorem 1 with m = 2 and obtain:

S}'k’ pY(t) a7
—Ag, (1)
= N A PIE 0 ) as
2
- Ag, (1 . .
te Ask(’)( Skz( )) [E”Alw(Vl,k)elskék “Vik + AQW(VZ k)elsk-fk : V2,k|p] (19)

+&(2, s, E, 1),

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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where Vi, /= 1,2, are random variables taking values on the unit cube [0, 1]9 with
densities,

st
py () = W}L(’ — Usk).

Ask(l) [E[lw(Vl’ k)|17]

$2d

yields:
p
k llwllp

Dividing both sides in (18) by s3||w||5E[|44|”] and subtracting

S Y Ay EfJw(Vi, o))

stwllElA] 5

(20)
llwlly

~Ag )
e At @ = A D E[Jw(V1 1)

(21)
el

llwll}

2 ] . i . V4
e Ask(t)(ASk(’)) [EHAlw(Vl,k)e’Sk‘fk VIk s aqu(vy, i)k V2, k| ]

2
4 2(|wllhE[|4117)

€(2, sk, Exs 1)
sz llwllBE[| A1 7]

Using the error bound (7),

(2, sg> &k 1)

S = (22)
k— oo 529wl 5E[|41]7)

at a rate independent of ¢ Recalling (16) from the proof of Theorem 2, we use the fact that
limy , py,, = 1 and the bounded convergence theorem to conclude,

lim E |A1LU(V1’ k)eiskfk Yk + Azw(Vg’ k)eiskgk V2, k|p] (23)

k — o0

(24)

= IEHAlw(Ul)eiL Ut Apw(U)e U2|p]’

where U;, /=1, 2, are uniform random variables on the unit cube and L = limy, _, o sx&x-
Similarly,

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.
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iy Ellet71,0l]

=1 (25)
k—oo  w|lp

Lastly, recalling that s, — 0 as A— 8 and using (15) from the proof of Theorem 2, we see

—Ag, (1)
e AL - Ay
lim > (26)
k — oo Sk
L O ) R P
= lim = lim =
k — o Sk k — oo Sk
~As® @7
= A(t) lim (%)
k — oo Sk
= —At).

Now we integrate both sides of (21) over [0, 7]¢and divide by 77. Taking the limit as A —
8, on the left hand side we get:

Sy pY®  Ay® Ellw(v i 1))

o /
lim — d

2,
k= o JIOTI\ 24y PE(|ay17] s34 llwllh

SY(so &) Eflw(v, 1)) f d/\sk(t)dt
S/%dIIWIlgtE[|A1|p] ||w||§Td 0,714 2d

= lim S5k & 2) - L f d;\s"mdz
- d 2d ’
k — o Sl%d[E“W(Vl, k)|p][E[|A1|P] 74 J10,T] sic

dt

s

k — oo

where we used the definition of the invariant scattering moments and (25). On the right hand
side of (21), we use (25), (27) and the dominated convergence theorem to see that the first
term is:

—Ag, (1)

| e KNGO = Ag @ Efluw(vy )]
lim — ﬁ) d 57 =2 L
k — oo JI0,T] sk llwll
s

1 A0 = Mgt (1)
= lim — d 7 dt
k — oo Td [0,T]

Sk
1 2
= - — At)“dt .
Tdﬁmd ®

Using (15), (23), and the bounded convergence theorem, the second term of (21) is:
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—Ag, (t
lim L‘/‘ de 3k )Xkdt
k — o Td [0,T]

[E[ | AUl YT 4 Apu(Up)elL Uzlp]( )
= d P \/0 1" dt)
27w D[4 1P [0.71

where

El|are(vi, ek Y1kt aqu(vy, g)e*ksk V2. k|

Xk
2(lwlhE[lA117]

Finally, the third term of (21) goes to zero using the bounded convergence theorem and (22).
Putting together the left and right hand sides of (21) with these calculations finishes the
proof.

D. PROOF OF THEOREM 4

Proof. As in the proof of Theorem 1, let N8 = N ([~ s, ]9 denote the number of points in
the cube [#- s, 9. Then since the support of wis contained in [0, 1],

‘ _ T—u) ik (t—u)
(87, *Y)0 = [t . t]dw(?)el )
Ny ()

B Y R
j=1

where 1, 1, .‘.,tNSk(t) are the points of MVin [£- sk, 49 Therefore, in the event that

Nsk(t) =1,

eri YO = (el |7}

and so, partitioning the space of possible outcomes based on Ny, (1), we obtain:

(&g * V)"

= (e V) g0 = 1]+ (e V)0 N0 > 1)
=& Vo 1 g0 = 1) + e )0 g0 1)
= (el ") 1wy = 1) + ‘(g}’k )0 1[Ny 0> 1)

= (sl * Y]} + exto.

‘P

‘P

where
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ex®: =|( V)0 g 05 1) = (el [0 1 N0 1)

Using the above, we can write the second order convolution term as:

(7 * Lo * Y1) = (71 * el [ )0 + (871 * e -

The following lemma implies that (g},]'{ * ek)(t) decays rapidly in L”' at a rate independent of ¢

Lemma 2.— There exists 6 > 0, independent of t, such that if s, < &,

[EH(&/],C # ek)(t)‘p] <Cp.p',we, L>%lun%os;j@’ +2).

Once we have proved Lemma 2, equation (11) will follow once we show,

el (2 el < [¥ )|

A+ 1) = K(p, p', w,c, L)AOE[|A1]"]. (28)
k

m
k — o0

Let us prove (28) first and postpone the proof of Lemma 2. We will use the fact that

the support of g, * lg,,|” is contained in [0, s, + si]?. Let 5 = s+ sp, Ny(t): = N5, (0),
Ar®: = Az, (1), and let 1y, 1, ... 7, () be the points of AVin the cube [r - 5, t]d. We have

V) (M)
n!

that P[Ny(t) = n] = , and conditioned on the event that A2 = n, the locations

of the points 4, .. ., ,are distributed as i.i.d. random variables Z,(9), . . . , Z(9 taking
Az)
Ak@®)’

values in [t — 5y, z]d with density pz¢)(z) = Therefore the i.i.d. random variables
V1), ..., V() defined by V;(r): = 1 — Z;(r) take values in [0, 5] and have density

_ Mt — v) _d
PP =" , vef0,5]".

Now, we condition on A9 to see that

[E“(c% lend"* | Y\p)(f)r)l] (29)

’

N (®) P

Wl il oo
J =

=E
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RVOIGYIO)N (Ak@)"
n '

n=1

’

D
N =n

Ni(0)

Z ] (gyk el N ) -1j)

,/ =

’

0 4

- Y —Ak(t)(/\k(l))

; Plerg#lend)(7j0)

n=1

MO N ]| A1|q][E[|(gy,; [, |")(7 1(t))|p’]

’

p P

Jl (g},k |g7k| )(V )

N Z — A (Ai(0)” (Ak(t )"

The following lemma will be used to estimate the scaling of the term in (31).

Lemma 3.—For all t € R,

d

k— s

Furthermore, there exists 6> 0, independent of t, such that if s, < & then

~d
Sk
d(p +1)

el (o) 7100) | <2

Proof. Making a change of variables in both vand v, and recalling the assumption that

s, = csy, We observe that

d 7
d(5k+ ) |(ng * |grk|p)(V1(’))|p ]

sd
. Sy
S0 Jgd 0
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(30)

()]

(32

(33)

(34)

(35)
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/ w(u—,u) "fk (v—u) ( )

rRY Sk Sk
-d _ si(v — u)) sk - (v—u)

=3 pivn(siv
kAdV(r)(k)Ad( 5

~d
_ /’ SEA(t — spv) / w(u - U)eis}cfl/c S(u—-v)l¢
r? A0 R? ¢

The continuity of A(# implies that

du dv

¥4 P
w(u)| du| dv (36)

’

p
du| dv.

w(u)

d
S At — spv
lim M:1, Voelo,1+d9.
koo MO

Furthermore, the assumption 0 < Apin < lllleo < 00 implies

SEA(r = spv) < [l 41l

< , Vk > 1. (37)
Ak(t) imin

Therefore, (33) follows from the dominated convergence theorem and by the observation
that the inner integral of (36) is zero unless V€ [0, 1 + ¢]? Equation (34) follows from
inserting (37) into (36) and sending A to infinity.

Since

A
lim

k— o0 5k

= A,

the independence of V(r) and Ay, the continuity of A(#, and Lemma 3 imply that taking &
— 00 in (31) yields:

e‘Ak(’)Ak(z)[E[|A1|q][El

lim

k— o SZ(I’/ +1)
e k(t)ﬂ:“A U ik Elles, * e (7100) }
= im t
ko oo i 1 d(p 1) |18k el V1

= K(p. o', e, w, L)AOE[|A1|7].

The following lemma shows that (32) is O(s,‘f(”/ + 2)) (and converges at a rate independent of

1), and therefore completes the proof of (11) subject to proving Lemma 2.

Lemma 4.—For all a € R there exists 5> 0, independent of t, such that if s, < 8, then
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w (A (I))n n -
5 Akaw;!na[gl 2 4 eri el )7 0)
n= /=

Mo, . 12
<C(Mﬂw,c,a,L)ﬁnaumm[mlﬂ]sk(ﬂ ).

"\

Proof. For any sequence of i.i.d. random variables, 23, 2, . . ., it holds that

k

X Zn

n=1

4

k
2 1zl

n=1

E <kP~1E = kPE[|ZyP).

Therefore, by Lemma 1, Lemma 3, and the fact that the I7j(t) and Ajare i.i.d. and
independent of each other, we see that if s, < &, where &is as in (34),

S e—Ak(t)(/\k('f))n n
n=2 n:

X E

n
-21 |4 i * el )7 10)
J =

|

N

n
%’: M (Ak(")) @D
n="2 n:

X E

1411 (e * leval” )(Vl(t))‘p/}

o0 n
o~k (Al;('t)) ot

n="2
x [E[|Al|q][E[|(gﬁc ¥ |ng|,,)(1710))|1"]

= [E“Al'q][E“(gﬁc * |g7k|p)(‘71(’))|p]
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00 n
X z e_Ak(t) (Al;('ti)) np/ +a
n=2 ’

Al s+
<C(p,p,w,ec, L)TOO[E“A |q]
k

n
% i e—Ak(t)(Al;(")) bt

1l sie+ 1)
2
< Cp. o, L@y 7214} [ ——(Ak)
Sk

Il i +2)

2
<Cp.p'sw.e L) |M||ootE[|A1|"]sk

where the last inequality uses the fact that Ax(r) < 5711 4lle = (1 + %l Allco-

We will now complete the proof of the theorem by proving Lemma 2.
Proof. [Lemma 2] Since

ek (1)
:|<g7k*Y)(t)“{Nsk(f)>1}‘ = (el )t vy 0> 1)

we see that

ley * exo| < ‘gy,’( * ( (5pi )1 gy () > 1}"’)@)‘

+ ‘gﬁc ’ ((|g}’k|p* N> })(I)‘ '

First turning our attention to the second term, we note that
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|ng (|g7k| ¥ |Y| sk( )> 1} )(t)|
S 110 g5 1
S v > 1 [ o] ( S],C”)Igykr’ *| Y| )w)du

=1]{Nk(z)>1}(gsk,0 |gyk| |Y|)

(38)

since N () < Ny 4 ;(1) = N, (1) = Ni(0) forallue[r- s,;,t]d. Therefore, conditioning on

N, if < 6,

[E[‘g}'i( * (('g}’k'p * |Y|p)“ [Ng()>1 })(t)‘p/]

PPl

}(gs;(, 0*[ery

_ i _Ak(t)(/\k(t)) i

n=2

Z (gSk 02| ) 40)

Al i +2
< Clp.pawc. Ly Al ? +?

by Lemma 4. Now, turning our attention to the first term, note that

& * V) 1wy 0> 1) < Nsg@? ™ e [V )0t (vg, 0 > 1)
Therefore, by the same logic as in (38)

‘gy}( * (‘(gyk Y1 [Ng () >1 ]‘p)(r)‘
s ﬁ ~ sk t]dw(t s_/’cu)Nsk(”)P e [ )t [ N > 1)
AU/ t]dw(ts_Tu)“gka o Yoo

<N > WNEOP ™ l(gSk, 0* (|g7k|p * |Y|p))(t) :

So again conditioning on N (9, and applying Lemma 4, we see that if s, < &
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m
E grjc*(<8yk*Y)1l{NSk( > 1}‘p)(t)‘
N ) AP | I o
< Zze Ak(t)knilnp l[El -zl|Aj|p‘(gS}c»0*’g}’kD(Vj(’))‘p }
n= j=
Alleo ’+2)

, d
< Cp. ' e LY 21 211152

Amin

This completes the proof of (11). Line (12) follows from integrating with respect to ¢,
observing that the error bounds in Lemmas 2 and 3 are independent of £ and applying the
bounded convergence theorem.

E. THE PROOF OF THEOREM 5

In order to prove Theorems 5, we will need the following lemma which shows that the
scaling relationship of a self-similar process X(#) induces a similar relationship on stochastic
integrals against aX(9.

Lemma 5.—Let X be a stochastic process that satisfies the scaling relation
X(st) =4 sPX(1) (39)

for some B> 0 (where =y denotes equality in distribution). Then for any measurable function
fR-oR,

N 1
Af(u)dX(u):zsé/(J fGsu)dX ().

Proof. Let X = (X()); e r be a stochastic process satisfying (39), and let

Pn=10=15<1] <... <rg, =1} be asequence of partitions of r0,1s such that

lim max{ltﬁ— t;{'_ ll} =0.

n— o k

Then, by the scaling relation (39),

/O  flw) dX(w)
-1

= lim Y f(stR)(X(stk 1 1) = X(stk)

n—o k=0
K,—1

c=sP tim X ()X (k4 1) - X(1%)

n— oo k'=0

1
=P A F(su) dX @) .

We will now use Lemma 5 to prove Theorem 5.
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Proof. We first consider the case where X = (X(#)); ¢ g IS an a-stable process, p< a <

2. Since X has stationary increments, its scattering coefficients do not depend on #and it
suffices to analyze
|

Sk
gy WAX (W)

el ox)ot] =] [ swore

where the second equality uses the fact the distribution of X does not change if it is run in
reverse, i.e.

XD erR=aX(-D)eRrR

It is well known that X(2) satisfies (39) for = 1/a. Therefore, by Lemma 5

’ f ” "fk“dX(u)

plag A w(u)eifksk“dX(u)

el ax)of| -

=5y

|
So,

H(ng*dX (0)| H/ 1(u)e kKU g X (1)

[

The proof will be complete as soon as we show that

1 .
lim ([EH A w(w)e kK1 g x ()

k— o0

)I/p

I

1 ) p 1/p
=([E” A wwye Lid X w) )
By the triangle inequality,
| ) p 1/p
‘(EH ﬁ w(u)e’fksk”dX(u)) ]
1 ' p 1/p
—([EH A w(u)e! Lid X (u) )
p 1/p

1 A .
w(u)(e’fksk“ - e’L”)dX(u)
0

<[e
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Since 1 < p< a, we may choose g’ strictly greater than 1 such that p< p’ < a, and note that
by Jensen’s inequality

pnl/p

]l/p’

and since X() is a p’-integrable martingale, the boundedness of martingale transforms (see

[16] and also [17]) implies
1 ; ,
([E ‘ / w(u)(e"fksk” - e'L")dX(u)
0

<Cp  sup |w(u)(ei6ksku - eiL“)‘[E[|X1|p/]
0<uxl1

< Cplswé — Llllwl oo X117 |

1 . A
(E” f w(u)(e’fksk” - e’L“)dX(u)
0

1 4 .
‘ / w(u)(e"fksk“ - e’L“)dX(u)
0

o

<|E

p 1/p’

which converges to zero by the continuity of won [0, 1] and the assumption that s,&x
converges to L.

Similarly, in the case where (X(1); ¢ r IS a fractional Brownian motion with Hurst parameter

H, we again need to show

p

1/p
) —0

1 . .
lim ([EH A w(u)(elﬁkSk"_etLu)dX(u)

k — o0

However, fractional Brownian motion is not a semi-martingale so we cannot apply
Burkholder’s theorem as we did in the proof of Theorem 5. Instead, we use the Young-
Léeve estimate [18] which states that if xpug is any (deterministic) function with bounded
variation, and J(¢) is any function which is a-Hélder continuous, 0 < a < 1, then

1
/ x(u) dy(u)
0

is well-defined as the limit of Riemann sums and

1
‘ A x() dy() = x(0) ((1) = yO)| < Callll By ¥l

where II-ll gy and II-l , are the bounded variation and a-Ho6lder seminorms respectively. For
all &, the function ny(u) :=w(u)(ei§ksku - e"L”) : = w(u) f() satisfies, /1K0) =0 and

7kl By < lwlleoll 7kl BY + Il BY [l fikll 0 -

Proc IEEE Int Conf Acoust Speech Signal Process. Author manuscript; available in PMC 2023 May 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Perlmutter et al. Page 25

One can check that the fact that s,&4 converges to L implies that £ converges to zero in
both L and in the bounded variation seminorm, and that therefore that ll/l 5\, converges to
zero.

It is well-known that fractional Brownian motion with Hurst parameter A admits a
continuous modification which is a-Hélder continuous for any a < H. Therefore,

1 . . 14
[E‘ A w(u)(e"fksk“ - e‘L”)dX(u) < Bl By ElI1X 1)

Lastly, one can use the Garsia-Rodemich-Rumsey inequality [19], to show that

E[I1Xg] < oo

for all 1 < p< oo. For details we refer the reader to the survey article [20]. Therefore,

1 R X 14
lim [EH f w(u)(e’kak“ - e’L“)dX(u) ] =0
k—0 0

as desired.

Remark 1.—The assumption that w has bounded-variation was used to justify that the
stochastic integral against fractional Brownian motion was well defined as the limit of
Riemann sums because of its Holder continuity and the above mentioned result of [18]. This
allowed us to avoid the technical complexities of defining such an integral using either the
Malliavin calculus or the Wick product.

F. DETAILS OF NUMERICAL EXPERIMENTS

Algorithm 1: Algorithm for simulating inhomoge-
neous Poisson point process
Initialize V =0, =0
while ¢t < N do
generate U ~ U([0, 1])

V<V —-logU
t=inf{v: A(v) < V}
deliver ¢

F.1. Definition of Filters—For all the numerical experiments, we take the window
function wto be the smooth bump function
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,t€(0,1)

1
exp|—
( 4t—4t2

0, otherwise.

w(t) =

Therefore for = (s, &), our filters are given by

ei:ze—s2/(4ts - 4:2)’ e ©.5)

&) = () =
0, otherwise

F.2. Frequencies—In all of our experiments, we hold the frequency, & which we
sample uniformly at random from (0, 27), constant while allowing the scale to decrease
to zero.

F.3. Simulation of Poisson point process—We use the standard method to generate
a realization of a Poisson point process. For Poisson point process with intensity A, the time
interval between two neighbor jumps follows exponential distribution:

A

ji= tj—tj_ 1~Exp(4).

Therefore, taking the inverse cumulative distribution function, we sample the time interval
between two neighbor jumps through:

long
ST T

where Ujare i.i.d. uniform random variables on [0, 1], and assign the charge A;to the jump
at location #;

For inhomogeneous Poisson process with intensity funciton A(%), we simulate the time
interval based on a well-known algorithm. We, first define the cumulated intensity:

t
A(t):/ﬂ(s)ds,
0

then generate the location of jumps #;by the Algorithm 1.
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First-order invariant scattering moments of homogeneous compound Poisson point processes
with the same intensity Aq and different A;. Left: Realizations of the process with arrival
rates given by 7op: A;=1 Middle: Ajare normal random variables Bottom. A;are

Rademacher random variables. Middle: Plots of normalized first-order scattering

moments with p = 1.Right: Plots of normalized first-order scattering

with p=2.
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First-order scattering moments for inhomogeneous Poisson point processes. L eft: Sample
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realization with A(¢) = 0.01(1 + O.Ssin(—)). Right: Time-dependent scattering moments
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converges to A(4) = 0.015, A(%) =0.01, A(#) = 0.005.
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Fig. 3.

First-order invariant scattering moments for standard Brownian motion and Poisson point
process. L eft: Sample realizations 7op: Brownian motion. Bottom. Ordinary Poisson point
Ypoisson(*: &, p) and SXBM(s. &, p)
AE|A1 Pl AEIZP|lw|lf

. . . Ky
process. Middle: Normalized scattering moments for

Poisson and BM with p = 1. Right: The same but with p= 2.
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