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ABSTRACT
Water shortage could play an imperative role in the future due to an influx of water
demand when compared to water supplies. Inadequate water could damage human
life and other aspects related to living. This serious issue can be prevented by
estimating the demand for water to bridge the small gap between demand and
supplies for water. Some water consumption data recorded daily may be missing and
could affect the estimated value of water demand. In this article, new ratio estimators
for estimating population total are proposed under unequal probability sampling
without replacement when data are missing. Two situations are considered: known
or unknown mean of an auxiliary variable and missing data are missing at random
for both study and auxiliary variables. The variance and associated estimators of the
proposed estimators are investigated under a reverse framework. The proposed
estimators are applied to data from simulation studies and empirical data on water
demand in Thailand which contain some missing values, to assess the efficacies of the
estimators.

Subjects Natural Resource Management, Ecohydrology, Food, Water and Energy Nexus
Keywords Water demand, Population total, Unequal probability sampling without replacement,
Taylor linearization approach, Nonlinear estimator, Logistic regression
Mathematical Subject Classification 62D05, 62D10

INTRODUCTION
Increasing demand for water is highly concerning because of water supply reduction.
There are many reasons that cause an increase in water demand such as the rapid growth
of the human population, climate change, and so on. The world water resources consist of
more water from the sea compared to available fresh water or rainwater. The amount of
clean water is also affected by polluted water. Many developing countries face water
scarcity and flooding issues due to climate change which can affect their sustainability in
economics and lead to unsafe conditions and poor health of the population. Freshwater is
used for a myriad of reasons such as household usage, business and industry, agriculture
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and much more. Thailand is one of the developing countries that mainly uses freshwater in
agriculture which accounts for a majority of the usage of the world’s available freshwater.
Metropolitan waterworks and provincial waterworks are organizations who are
responsible for producing, delivering, and distributing water supply to all provinces in
Thailand while also providing resources for water. The former is responsible for Bangkok,
Nonthaburi, and Samut Prakan and the latter is responsible for the rest of the country.
Some of the consumption of water data are missing in the database system which could
lead to the wrong interpretation based on missing data. The missing data or nonresponse
should be taken into consideration before processing for further analysis to make for a
more powerful interpretation.

If this issue is not addressed, water shortage could lead to repercussions in the future
and it would be harmful for human life because of a lack of clean water to use.
The management of water resources to avoid facing water scarcity needs to be taken into
consideration. Knowledge of the gap between the demand and supply of water could
accommodate the strategies and policy planning for the world to be prepared for
sustainable water management in order to provide sufficient water according to the
demand. Estimating the water demand can benefit future planning to avoid water shortage.
Bakker et al. (2014) investigated three models to forecast water demand in both cases with
the model using weather input and not using it. The simulation results found that the
model using weather input gave a maximum 11 percent of the errors which is essential in
water supply system control and detecting irregularity. Huang & Lin (2017) proposed a
system dynamics model for studying demand and supply for water resources to avoid
water shortage in China. The model had been used to estimate demand and supply for
Shandong in China for the next 15 years. Rainwater is also one of the sources of water
usage. Boretti & Rosa (2019) examined the correlation between water demand, population
growth, and economic growth to estimate water scarcity in the world by 2050. They found
that the demand for water is growing even more than the growth of the population and
economy along with a low quality of resources and water to use. Kaewprasert, Niwitpong &
Niwitpong (2022) proposed confidence intervals for estimation of the mean of
delta-gamma distribution using the Bayesian method and applied it to rainfall data in
Chiang Mai Thailand.

The biased estimator, namely the ratio estimator is a popular method for estimating
population total (Y) or population mean (�Y) of a study variable (y) when the information
of an auxiliary variable (x) exists and is highly positively correlated with y. The ratio
estimator was introduced by Cochran (1940) under simple random sampling without
replacement (SRSWOR). The mean square error and bias of the ratio estimator are
investigated by using the first order approximation of the Taylor linearization approach to
transform the ratio estimator to a linear estimator. Then, the properties of the ratio
estimator can be approximated from the linear estimator. Sisodia & Dwivedi (1981)
proposed a ratio estimator when the population coefficient of variation ðCxÞ of x is known.
The ratio estimator when the kurtosis ðb2ðxÞÞ is known was proposed by H. P. Singh & M.
S. Kakran (1993, unpublished data). Upadhyaya & Singh (1999) suggested the ratio type
estimators for estimating population mean when the Cx and b2ðxÞ are known. Bhushan &
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Kumar (2022) suggested some classes of population mean estimators based on the
optimum value of the constant to improve the efficiency of the estimators under ranked set
sampling. The ratio estimators of Cochran (1940), Sisodia & Dwivedi (1981), H. P. Singh &
M. S. Kakran (1993, unpublished data) and Upadhyaya & Singh (1999) require the
population mean of x, �X in order to estimate �Y . Therefore, Perri (2004) proposed an
alternative ratio estimator namely regression-in-ratio estimator for estimating �Y .
The estimator of Perri (2004) does not require �X by using the regression estimator to
estimate this value. In other words, if the auxiliary variable x is correlated with another
auxiliary variable namely u then �X can be estimated from u by using a regression estimator
to estimate this value. The Perri (2004) estimator is a function of two estimators consisting
of estimators of �Y and �X. In the context of unequal probability sampling without
replacement (UPWOR), Bacanli & Kadilar (2008) modified the ratio estimators under
SRSWOR by estimating the population mean of y and x under SRSWOR using theHorvitz
& Thompson (1952) type estimators. The variance and associated estimators of Bacanli &
Kadilar’s (2008) estimator can be obtained by using a Taylor linearization approach and
method fromHorvitz & Thompson (1952). Lawson (2021) suggested a general class of ratio
estimators for population mean in the form of a combined estimator making use of known
auxiliary variables such as the coefficient of variation, coefficient of skewness, coefficient of
kurtosis and so on. The Lawson (2021) estimator performed well giving a smaller mean
square error especially for a small sample size.

The ratio estimators in the full response case cannot be used to estimate population
mean or population total of y when some elements in the sample units are unresponsive.
Cochran (1977) considered the ratio estimator under SRSWOR to estimate �Y in which
information on x is available for all sample units and �X is known but some elements of y in
the sample units are missing.

Later, ratio estimators with their properties when nonresponse occurs in both y and x
but �X is known under SRSWOR were proposed by Rao (1986, 1987), Khare & Srivastava
(1997), Okafor & Lee (2000), Särndal & Lundström (2005). Kumar (2015), Lawson (2017)
introduced estimators for estimating population total and population mean and their
variance estimators under probability proportional to size with replacement sampling and
nonresponse present in the study. The Lawson estimators are approximately unbiased
estimators and they do not require the response propensity when the response probability
is uniformly nonresponse, and the sampling fraction is small. Under UPWOR and when
information on x is available for all sample units when �X is known, Ponkaew & Lawson
(2018) proposed a ratio estimator for population total of y with a uniform nonresponse.
The variance and associated estimators are also discussed under a reverse framework and
when the sampling fraction is ignored. In the same year, Ponkaew (2018) proposed a linear
generalized regression estimator (GREG) for population total when information about
calibration variables u1; u2;…; uq exists. The estimator of Ponkaew (2018) is in a form of a
nonlinear estimator then automated linearization approach was used to transform this
estimator to a linear form. Consequently, the variance and their estimators can be
approximated from linear estimators. The ratio estimators in the presence of nonresponse
require the value of �X in both situations where nonresponse occurs with variables y and x
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and nonresponse occurs only with the variable y. Ponkaew (2018) considered the missing
completely at random (MCAR) mechanism which is unlikely to occur in practice. Lawson
& Ponkaew (2019) suggested a new GREG estimator using the idea of Lawson (2017) under
unequal probability sampling without replacement and nonresponse occurring missing
completely at random and when the sampling fraction is small and therefore can be
omitted. However, their estimator requires joint inclusion probability which sometimes
can be difficult to find. Lawson & Siripanich (2020) improved a new GREG estimator based
on the idea of Lawson & Ponkaew (2019) for more flexible situations with the non-uniform
nonresponse mechanism or missing at random (MAR) and where the sampling fractions
are both large and small. Ponkaew & Lawson (2023) proposed a new approximately
unbiased GREG estimator in the form of a ratio estimator following Ponkaew & Lawson
(2018) and Lawson & Ponkaew (2019) under the same situation where nonresponse occurs
under MCAR but extended it when the sampling fractions are both large and small which
is in a general form.

Some researchers suggested to estimate the missing values before further analysis.
For example, Shahzad et al. (2020) proposed population mean estimators for when there
are some missing observations in the study utilizing robust regression to apply to the
regression coefficient estimator under SRSWOR when outliers are present in the study.
They considered when nonresponse occurs in the study variable, and in both the study and
auxiliary variable when the population mean of the auxiliary variable is known and
unknown. Anas et al. (2022) also suggested ratio type regression estimators when
nonresponse is present in the study in three situations similar to Shahzad et al. (2020) but
the quantile regression in the mean estimator when outliers are present in the study was
used. Chodjuntug & Lawson (2022a) suggested a new imputation method to create a
population mean estimator when missing data appears in the study variable and applied it
to estimate fine particulate matter in Bangkok, Thailand. They suggested to apply two
constants to minimize the mean square error of the population mean estimator.
Chodjuntug & Lawson (2022b) developed a new estimator by adjusting Chodjuntug &
Lawson’s (2022a) by utilizing the response rate and the constant that minimizes the mean
square error (MSE) of their proposed estimator. Their estimator using the constant that
makes the minimum MSE performed the best. Bhushan et al. (2022) proposed some
imputation methods for estimating population mean in the form of logarithmic
imputations under SRSWOR for missing data.

In this article, we aim to propose new ratio estimators by extending the Ponkaew &
Lawson (2018) estimator to situations where �X is known or unknown and nonresponse
occurs with both variables y and x. In the situation where �X is unknown we used the
concept from Perri (2004) to estimate its value from the calibration variables u1; u2;…; uq
using the linear GREG estimator of Ponkaew (2018). The variance and associated
estimators of the proposed estimators are investigated under the reverse framework.
Furthermore, the proposed ratio estimators are considered under both missing at random
(MAR) which is more flexible to occur in practice and also considered under MCAR
nonresponse mechanism. Finally, we compared the efficiency of the proposed estimators
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and their variance estimators between the MAR and MCAR mechanisms through a
simulation study and an application to water demand data in Thailand.

MATERIALS AND METHODS
Basic setup
In this section, we introduce notations and basic notions about the population total
estimator and their variance estimators under the reverse framework. Let y be a study
variable and the population total of y is Y ¼ P

i2U
yi where U ¼ f1; 2;…;Ng and N is the

population size. Suppose the auxiliary variables x, w and the size variable k are available
and highly positively correlated with the study variable. The calibration variables
u1; u2;…; uq where q � 1 are also available and they are correlated with the auxiliary

variable x. Let, ui ¼ ð 1 ui1 L uiq Þ0 and UN ¼ ð u1 u2 L uN Þ0 be theN � ðqþ 1Þ
matrix values of ui. We are using the GREG estimator model from Särndal, Swensson &

Wretman (1992) and Särndal (2007) in which the linear assisting model n, EnðxiÞ ¼ β0ui
and VnðxiÞ ¼ r2i . The linear assisting model n is a model describing the relationship

between the study variable and auxiliary variable. Let qi be determined by the linear

assisting model n that is qi ¼ 1
�
r2i . Usually, the standard choice of qi is qi ¼ 1 and it is

determined by the linear assisting model n: EnðxiÞ ¼ β0ui and VnðxiÞ ¼ r2.
Let, F be the set of all possible subsets of U and the sample s of size n was selected from

the population U under UPWOR. A sampling design pð:Þ is a probability distribution on
F, i.e., PðsÞ � 0 for all s 2 F and

P
s2F

pðsÞ ¼ 1. Let, pi ¼ Pði 2 sÞ ¼P
s3i

PðsÞ be the first order
inclusion probability and pij ¼ Pði ^ j 2 sÞ ¼ P

s�fi;jg
PðsÞ be the second order inclusion

probability. We also define ESð�Þ and VSð�Þ as the expectation and variance operators with
respect to the UPWOR sampling design.

In the presence of nonresponse, let subscript R and ri be the nonresponse mechanism
and nonresponse indicator variable of yi which ri ¼ 1 if unit i responds to item y otherwise

ri ¼ 0. Let, R ¼ ð r1 r2 L rN Þ0 be the vector of the response indicator and
pi ¼ Pðri ¼ 1Þ be the response probability under MAR nonresponse. Let, ERð�Þ and VRð�Þ
be the expectation and variance operators with respect to the nonresponse mechanism.
Three assumptions are defined; ðA1Þ the response mechanism is uniform response.

ðA2Þβ̂r � β ¼ Opðn�
1
2

r Þ and ðA3ÞV
P
i2s

bi
pi

� �
! 0 as n ! 1 where bi ¼ wi or ri. We also

consider three more conditions for investigating the estimator of Y ¼ P
i2U

yi as follows.

ðB1Þ nonresponse occurs only on y, the information on xi is available for all i 2 s and �X is

known. ðB2Þ nonresponse occurs on both y and x and �X is known and ðB3Þ nonresponse
occurs both with y and x and �X is unknown but information on u1; u2;…; uq are available

for all i 2 s and �Uj ¼ 1
N

X
i2U

uij, j ¼ 1; 2;…; q are known.
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Throughout this article, we consider variance estimation of the population total
estimator in the presence of nonresponse under the reverse framework. Therefore, we
discuss three steps to investigate the variance and its nonlinear estimator such as the ratio
estimator when nonresponse occurs in the study variable. Assume that we have K variables
consisting of t1, the study variable and t2; t3;…; tK , auxiliary variables. Let Ŷs be a
nonlinear estimator and be defined by,

Ŷs ¼ wðT̂Þ; (1)

where w is a known smooth function, T̂ ¼ t̂1 t̂2 L t̂K
� �

, K � 2 t̂k ¼
P
i2s

ritki
pipi

if the

variable tk exhibits nonresponse otherwise it can be obtained by Ŷs: Under the reverse

framework, variance of t̂k ¼
P
i2s

tki
pi

VðŶsÞ ¼ ERVS Ŷs

��R� 	þ VRES Ŷs

��R� 	 ¼ V1 þ V2; (2)

where V1 ¼ ERVS Ŷs

��R� 	
and V2 ¼ VRES Ŷs

��R� 	
. The formula of VðŶsÞ consists of three

steps as below.
Step 1: Investigate a formula of V1 ¼ ERVS Ŷs

��R� 	
. Since Ŷs is in a form of a nonlinear

estimator then V1 ¼ ERVS Ŷs

��R� 	
can be approximated by,

V 0
1 ffi ERVS Ŷsð1Þ

��R� 	
; (3)

where Ŷsð1Þ is a linear estimator of Ŷs under the Taylor linearization approach.
Step 2: Investigate the formula of V2 ¼ VRES Ŷs

��R� 	
. The formula of V2 ¼ VRES Ŷs

��R� 	
can be approximated by,

V 0
2 ffi VR Y%

s

��R
 �
; (4)

where Y%
s ¼ ES Ŷs

��R� 	
.

Step 3: Approximate the value of VðŶsÞ and its estimator. The value of VðŶsÞ can be
obtained by,

VðŶsÞ ¼ V 0
1 þ V 0

2: (5)

The estimator of VðŶsÞ can be obtained by substituting estimators for the unknown
parameter in (5). Then, the estimator of VðŶsÞ is defined by,

V̂ðŶsÞ ¼ V̂ 0
1 þ V̂ 0

2; (6)

where V̂ 0
1, V̂

0
2 are the estimators of V 0

1, V
0
2 respectively.

Existing estimators under uniform nonresponse
Uniform nonresponse or missing completely at random (MCAR) is a nonresponse
mechanism in which the probability of response of the study variable y neither depends on
itself nor another variable such as x; k or w: In this section, we discuss two estimators for
estimating population total in the presence of uniform nonresponse namely ratio and
GREG estimators proposed by Ponkaew & Lawson (2018) and Ponkaew (2018),
respectively. The variance estimation of both ratio and GREG estimators are considered
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under the reverse framework and the sampling fraction is negligible with the UPWOR
sampling design.

The ratio estimator
When nonresponse occurs only with y but the population mean and its estimator of x are
available, Ponkaew & Lawson (2018) proposed ratio estimators to estimate population
mean and the total of y under unequal probability sampling without replacement and the
nonresponse mechanism is MCAR. The Ponkaew & Lawson (2018) estimator for
population mean is

�̂YR ¼

1
N

X
i2s

riyi
pip

1
N

X
i2s

xi
pi

�X ¼
�̂Yr

�̂XHT

�X ¼ R̂r �X; (7)

where �̂Yr ¼ 1
N

X
i2s

riyi
pip

, �̂XHT ¼ 1
N

X
i2s

xi
pi

and R̂r ¼ �̂Yrð �̂XHTÞ�1. Ponkaew & Lawson’s (2018)

estimator for population total is

ŶR ¼ N �̂YR ¼ N �XR̂r: (8)

We note that, if p is unknown the estimator of p is equal to p̂ ¼ P
i2s

ri
pi

� � P
i2s

1
pi

� ��1

.

The variance and associated estimators of the estimator in (8) is defined in (9),

V ŶR
� 	 ¼X

i2U
Diðyi � RxiÞ2 þ

X
i2U

X
infjg2U

Dijðyi � RxiÞðyj � RxjÞ þ
X
i2U

1� pi
pi

y2i ; (9)

where R ¼ �Y �X�1. The estimator of V ŶR
� 	

is given in (10),

V̂ ŶR
� 	 ¼X

i2s
D̂iðyi � R̂rxiÞ2 þ

X
i2s

X
infjg2s

D̂ijðyi � R̂rxiÞðyj � R̂rxjÞ þ
X
i2s

Êiy
2
i ; (10)

where R̂r ¼
P
i2s

riyi
pip

P
i2s

xi
pi

� ��1

, Êi ¼ riEi
pi

, D̂i ¼ riDi

p
and D̂ij ¼ rirjDij

p2
.

The GREG estimator
The GREG estimators for estimating population mean or population total of the study
variable is a powerful method when the calibration variables u1; u2;…; uq are present
where q � 1 are also available. In full response, Särndal, Swensson & Wretman (1992) and
Särndal (2007) proposed a GREG estimator under the linear assisting model n,

EnðxiÞ ¼ β0ui andVnðxiÞ ¼ r2i : (11)

Let Qs ¼ diagðqiÞs�s and qi be determined by the linear assisting model n in (5.1) i.e.,
qi ¼ r�2

i . In the presence of nonresponse, Särndal & Lundström (2005) proposed a linear
GREG estimator to estimate population total. They investigated variance and associated
estimators under the two-phase framework. Ponkaew (2018) proposed linear GREG
estimators for estimating the population mean of x under the MCAR mechanism which is
defined by,
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�̂Xð1Þ
GREG ¼ 1

N

X
i2s

rixi
pip

þ �U � 1
N

X
i2s

riui
pip

" #0 X
i2s

riqiuiu0i
pip

 !�1 X
i2s

riqiuixi
pip

 !

¼ ^�Xð1Þ
r þ �U � �̂U ð1Þ

r

h i0
β̂r;

(12)

where �̂Xð1Þ
r ¼ 1

N

X
i2s

rixi
pip

; �̂U ð1Þ
r ¼ 1

N

X
i2s

riui
pip

, and

β̂r ¼
P
i2s

riqiuiu0i
pip

� ��1 P
i2s

riqiuixi
pip

� �
¼ P

i2s

riqiuiu0i
pi

� ��1 P
i2s

riqiuixi
pi

� �
.

Then, the GREG estimator to estimate the population total of x is

X̂ð1Þ
GREG ¼ N �̂Xð1Þ

GREG ¼
X
i2s

rixi
pip

þ U �
X
i2s

riui
pip

" #0 X
i2s

riqiuiu0i
pip

 !�1 X
i2s

riqiuixi
pip

 !
;

¼ X̂ð1Þ
r þ U � Û

ð1Þ
r

h i0
β̂r;

(13)

where X̂ð1Þ
r ¼ N �̂Xð1Þ

r ¼P
i2s

rixi
pip

; Û
ð1Þ
r ¼ N �̂U ð1Þ

r ¼P
i2s

riui
pip

.

Under the reverse framework and when sampling fraction is negligible the variance of
Ŵð1Þ

GREG is

VðX̂ð1Þ
GREGÞ ffi

X
i2U

D1ie
2
iþ
X
i2U

X
j2Unfig

Dijeiej; (14)

where D1i ¼ ð1� piÞ
pip

, Dij ¼ pij � pipj
pipj

and ei ¼ ðxi � u0iβÞ.

The estimator of VðŴð1Þ
GREGÞ is equal to.

V̂ðX̂ð1Þ
GREGÞ ffi

1

p02
X
i2s

D̂iriê
2
iþ
X
i2s

X
j2snfig

D̂ijrirjêiêj

2
4

3
5; (15)

where êi ¼ ðxi � u0iβ̂rÞ, D̂i ¼ 1� pi
p2i

, D̂ij ¼
pij � pipj
pijpipj

, p0 ¼ P
i2s

1
pi

� � P
i2s

ri
pi

� ��1

if p is
unknown otherwise p0 ¼ p.

RESULTS AND DISCUSSION
The proposed new ratio estimators
In the previous section, we introduced two estimators of the population total: ratio and
GREG estimators in the presence of uniform nonresponse. The variance estimation for
both ratio and GREG estimators are considered under the UPWOR sampling design and
when the sampling fraction is negligible. However, the ratio estimators in (7) and (8) are
considered under a situation where nonresponse occurs in y only and they require the
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value of the population mean of x. Then, in this section we aim to propose new ratio
estimators when nonresponse occurs in both variables y and x. We also consider two
distinct situations of �X that are known or unknown. In the situation where �X is unknown
we estimate it from the calibration variables u1; u2;…; uq using the GREG estimator. In the
context of nonresponse, we investigate the proposed ratio estimator under the MAR
mechanism because it has weak assumptions and tends to occur in real life more often than
the MCAR mechanism. However, we still consider new ratio estimators under the MCAR
mechanism for comparing the efficiency of the proposed estimators. First of all, we
extended the Ponkaew & Lawson (2018) estimators to the MAR mechanism. The ratio
estimator of Ponkaew & Lawson (2018) for estimating population mean under the MAR
mechanism is equal to,

�̂Y ð1Þ
R ¼

1
N

X
i2s

riyi
pipi

1
N

X
i2s

xi
pi

�X ¼
�̂Y ð1Þ
r

�̂XHT

�X ¼ R̂ð1Þ
r

�X; (16)

where �̂Y ð1Þ
r ¼ 1

N

X
i2s

riyi
pipi

, �̂XHT ¼ 1
N

X
i2s

xi
pi

and R̂ð1Þ
r ¼ �̂Y ð1Þ

r ð �̂XHTÞ�1.

Then, the ratio estimator for estimating population total under the MAR mechanism is

Ŷ ð1Þ
R ¼ N �̂Yð1Þ

R ¼ N �XR̂ð1Þ
r ; (17)

Under the MAR mechanism if pi is unknown then it is estimated using the probit or
logistic regression models. The variance and associated estimators of Ŷ ð1Þ

R are discussed in
Theorem 4.1.

Theorem 1. Under condition ðB1Þ with the reverse framework and the nonresponse
mechanism is MAR.

(1) The variance of Ŷ 0ð1Þ
R is

V Ŷ
0ð1Þ
R


 �
ffi
X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj þ
X
i2U

Eiy
2
i ;

where Ai ¼ yi � Rxi, R ¼ �Y �X�1 and Ei ¼ 1� pi
pi

.

(2) The estimator of V Ŷ
0ð1Þ
R


 �
is

V̂ Ŷ
0ð1Þ
R


 �
ffi
X
i2s

D̂iÂ
ð1Þ2
i þ

X
i2s

X
infjg2s

D̂ijÂ
ð1Þ
i Âð1Þ

j þ
X
i2s

Êiy
2
i ;

where Âð1Þ
i ¼ yi � R̂ð1Þ

r xi, R̂
ð1Þ
r ¼P

i2s

riyi
pipi

P
i2s

xi
pi

� ��1

, Êi ¼ riEi
pi

, D̂i ¼ riDi

pi
and D̂ij ¼ rirjDij

pipj
.

Proof. Let Ŷ ð1Þ
R be defined in (17). Therefore, variance of Ŷ ð1Þ

R is

VðŶð1Þ
R Þ ¼ VðN �XR̂ð1Þ

r Þ ¼ N2�X2VðR̂ð1Þ
r Þ: (18)

Furthermore, the estimator of VðŶ ð1Þ
R Þ can be obtained by,
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V̂ðŶð1Þ
R Þ ¼ N2�X2V̂ðR̂ð1Þ

r Þ: (19)

Since R̂ð1Þ
r is a nonlinear estimator then the variance of this estimator is equal to,

VðR̂ð1Þ
r Þ ¼ ERVS R̂ð1Þ

r

��R
 �
þ VRES R̂ð1Þ

r R

 �

¼ V1 þ V2; (20)

where V1 ¼ ERVS R̂ð1Þ
r

���R
 �
, V2 ¼ VRES R̂ð1Þ

r

���R
 �
.

Step 1: Investigate the formula of V1 ¼ ERVS R̂ð1Þ
r

���R
 �
.

By using the Taylor linearization approach the linear estimator of R̂ð1Þ
r is

R̂ð1Þ
r Þ � Constantþ 1

N �X

X
i2s

~Ai

pi
; (21)

where ~Ai ¼ riyi
pi

� ~Rð1Þ
r xi

� �
. Then V1 ¼ ERVS R̂ð1Þ

r Þ
���R
 �

can be approximated by,

V 0
1 ffi ERVS R̂ð1Þ

r

��R
 �
¼ ERVS Constant þ 1

N �X

X
i2s

~Ai

pi

�����R
 !

¼ 1

N2�X2 ER
X
i2U

Di~A
2
i þ

X
i2U

X
infjg2U

Dij~Ai~Aj

������R
0
@

1
A

¼ 1

N2�X2

X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj

0
@

1
A;

where Ai ¼ ERVS ~Ai

��R� 	 ¼ yi � Rxi and R ¼ �Y �X�1.
Therefore,

V 0
1 ffi

1

N2�X2

X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj

0
@

1
A: (22)

Step 2: Investigate the formula of V2 ¼ VRES R̂ð1Þ
r

���R
 �
.

The formula of V2 ¼ VRES R̂ð1Þ
r

���R
 �
can be approximated by,

V 0
2 ffi VRER R̂ð1Þ

r

��R
 �
¼ VRER

1
N

X
i2s

riyi
pipi

1
N

X
i2s

xi
pi

���������
R

0
BBB@

1
CCCA ¼ VR

1
N

X
i2U

riyi
pi

�X

��������
R

0
BBB@

1
CCCA

¼ 1

N2�X2

X
i2U

ð1� piÞy2i
pi

¼ 1

N2�X2

X
i2U

Eiy
2
i

where Ei ¼ ð1� piÞ
pi

.
Then,
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V 0
2 ffi

1

N2�X2

X
i2U

Eiy
2
i : (23)

Step 3: Approximate the value of VðR̂ð1Þ
r Þ and its estimators.

The value of VðR̂ð1Þ
r Þ can be approximated by,

VðR̂ð1Þ
r Þ ffi V 0

1 þ V 0
2 ¼

1

N2�X2

X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj þ
X
i2U

Eiy
2
i

0
@

1
A: (24)

The estimator of VðR̂ð1Þ
r Þ is

V̂ R̂ð1Þ
r


 �
¼ 1

N2�X2

X
i2s

D̂iÂ
ð1Þ2
i þ

X
i2s

X
infjg2s

D̂ijÂ
ð1Þ
i Âð1Þ

j þ
X
i2s

Êiy
2
i

0
@

1
A: (25)

Replace (25) into (18) then the variance of Ŷ ð1Þ
R is

VðŶð1Þ
R Þ ffi

X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj þ
X
i2U

Eiy
2
i : (26)

Furthermore, the estimator of VðŶð1Þ
R Þ can be obtained by substituting (26) in (19) then,

V̂ðŶð1Þ
R Þ ffi

X
i2s

D̂iÂ
ð1Þ2
i þ

X
i2s

X
infjg2s

D̂ijÂ
ð1Þ
i Âð1Þ

j þ
X
i2s

Êiy
2
i : (27)

In (16) and (17), we extend the ratio estimators of Ponkaew & Lawson (2018) to the
MAR mechanism and discussed the variance and its estimators in Theorem 1. However,
the ratio estimator for population mean in (16) and for population total in (17) can be used
under the condition ðB1Þ that is, when nonresponse occurs only with the y variable but
information on xi for all i 2 s and �X needs to be known. Next, we proposed new ratio
estimators under condition ðB2Þ where nonresponse occurs on both y and x but �X is
known and condition ðB3Þ nonresponse occurs both y and x and �X is unknown but
information of u1; u2;…; uq are available for all i 2 s and the population mean of
u1; u2;…; uq are also known.

The new ratio estimator when �X is known
Assume that the condition ðB2Þ is satisfied when nonresponse occurs with both variables y
and x but �X is known. The new ratio estimator for estimating population mean is given
below,

�̂Y ð2Þ
R ¼

1
N

X
i2s

riyi
pipi

1
N

X
i2s

rixi
pipi

0
BBB@

1
CCCA 1

N

X
i2U

xi ¼
�̂Yr

�̂Xr

�X ¼ R̂ð2Þ
r

�X; (28)
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where �̂Yr ¼ 1
N

X
i2s

riyi
pipi

, �̂Xr ¼ 1
N

X
i2s

rixi
pipi

, R̂ð2Þ
r ¼ �̂Yrð �̂XrÞ�1. Furthermore, the estimator of

pi can be obtained by using the probit or logistic regression models under the MAR
mechanism. Then, the new ratio estimator for the population total is

Ŷ
0ð2Þ
R ¼ N �̂Y ð2Þ

R ¼ N �XR̂ð2Þ
r : (29)

The variance and associated estimators of Ŷ
0ð2Þ
R are discussed in Theorem 2.

Theorem 2. Under condition ðB2Þ with reverse framework and where the nonresponse
mechanism is MAR.

(1) The variance of Ŷ
0ð2Þ
R is

V Ŷ
0ð2Þ
R


 �
¼
X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj þ
X
i2U

Eiy
2
i ; (30)

where Ai ¼ yi � Rxi, R ¼ �Y �X�1 and Ei ¼ 1� pi
pi

.

(2) The estimator of V Ŷ
0ð2Þ
R


 �
is

V̂ Ŷ
0ð2Þ
R


 �
¼
X
i2s

D̂iÂ
ð2Þ2
i þ

X
i2s

X
infjg2s

D̂ijÂ
ð2Þ
i Âð2Þ

j þ
X
i2s

Êiy
2
i ; (31)

where Âð2Þ
i ¼ yi � R̂ð2Þ

r xi, R̂
ð2Þ
r ¼P

i2s

riyi
pip0i

P
i2s

rixi
pip0

� ��1

, D̂i ¼ riDi

pip0i
, D̂ij ¼ riDij

pip0i
, Êi ¼ riEi

pip0i
.

The value of p0i, p
0
i ¼ pi if pi is known otherwise p0i ¼ p̂i. p̂i is the estimator of pi from the

probit or logistic regression models.
The proof in Theorem 2 is similar to the proof in Theorem 1.
In Theorem 2 we investigated the variance and its estimators of Ŷ

0ð2Þ
R . We note that the

variance formulas Ŷ
0ð1Þ
R and Ŷ

0ð2Þ
R are the same but the variance estimators of Ŷ

0ð1Þ
R and Ŷ

0ð2Þ
R

are slightly different because the estimators of Ai ¼ yi � Rxi are different.
In (28) and (29) we proposed new ratio estimators for population mean and population

total of the study variable when nonresponse occurs on both y and x variables but �X is
known under the MAR mechanism. Furthermore, the variance and its estimator are also
discussed in Theorem 2. Next, we proposed the special case of Ŷ

0ð2Þ
R when the response

probability is consider under the MCAR mechanism (pi ¼ p for all i 2 U). Under the
MAR mechanism the population mean estimator is equal to

�̂Y 00ð2Þ
R ¼

1
N

X
i2s

riyi
pip

1
N

X
i2s

rixi
pip

0
BBB@

1
CCCA 1

N

X
i2U

xi ¼

1
N

X
i2s

riyi
pi

1
N

X
i2s

rixi
pi

0
BBB@

1
CCCA 1

N

X
i2U

xi ¼
�̂Y 0
r

�̂X0
r

�X ¼ R̂
0ð2Þ
r

�X; (32)

where �̂Y 0
r ¼

1
N

X
i2s

riyi
pi

, �̂X0
r ¼

1
N

X
i2s

rixi
pi

, R̂
0ð2Þ
r ¼ �̂Y 0

rð �̂X0
rÞ�1. Then, the population total

estimator is
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Ŷ
00ð2Þ
R ¼ N �̂Y

00ð2Þ
R ¼ N �XR̂

0ð2Þ
r : (33)

Finally, the variance and associated estimators of y are discussed in Lemma 3.
Lemma 3. Under condition ðB2Þ with reverse framework and where the nonresponse

mechanism is MCAR.
(1) The variance of Ŷ

00ð2Þ
R is

V Ŷ
00ð2Þ
R


 �
¼
X
i2U

DiA
2
i þ

X
i2U

X
infjg2U

DijAiAj þ
X
i2U

E0
iy
2
i ; (34)

where Ai ¼ yi � Rxi, R ¼ �Y �X�1 and E0
i ¼

1� p
p

.

(2) The estimator of V Ŷ
00ð2Þ
R


 �
is

V̂ Ŷ
00ð2Þ
R


 �
¼
X
i2s

D̂iÂ
0ð2Þ2
i þ

X
i2s

X
infjg2s

D̂ijÂ
0ð2Þ
i Â

0ð2Þ
j þ

X
i2s

Ê
0
iy
2
i ; (35)

where Â
0ð2Þ
i ¼ yi � R̂

0ð2Þ
r xi, R̂

0ð2Þ
r ¼P

i2s

riyi
pi

P
i2s

rixi
pi

� ��1

, D̂i ¼ riDi

pip0
, D̂ij ¼ riDij

pip0
, Êi ¼ riEi

pip0
.

The value of p0, p0 ¼ p if p is known otherwise p ¼ p̂. p̂ is the estimator of p under the

MCAR mechanism that is p̂ ¼ P
i2s

ri
pi

� � P
i2s

1
pi

� ��1

.

The new ratio estimator when �X is unknown
Assume that the condition ðB3Þ is satisfied, �X is unknown and nonresponse occurs on both
y and x variables. However, the information of variable u1; u2;…uq is available for all i 2 s

and �U is known. Furthermore, variables u1; u2;…uq are highly correlated with x. Then, we

extended the GREG estimator of Ponkaew’s (2018) to the MAR mechanism and it is
defined by

�̂XGREG ¼ �̂Xr þ �U � �̂U r

h i0
β̂r; (36)

where �̂Xr ¼ 1
N

X
i2s

rixi
pipi

; �̂U r ¼
1
N

X
i2s

riui
pip0i

, �̂U ¼ 1
N

X
i2U

ui,

β̂r ¼
P
i2s

riqiuiu0i
pipi

� ��1 P
i2s

riqiuiwi

pipi

� �
.

The new ratio estimator for population mean is

�̂Y 0ð3Þ
R ¼

1
N

X
i2s

riyi
pipi

1
N

X
i2s

rixi
pipi

�̂XGREG: (37)

Then, the new ratio estimator for population total is
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Ŷ
0ð3Þ
R ¼ N �̂Y 0ð3Þ

R : (38)

The variance and associated estimators of Ŷ
0ð3Þ
R are discussed in Theorem 4.

Theorem 4. Under condition ðB3Þ with reverse framework and nonresponse mechanism
is MAR.

(1) The variance of Ŷ
0ð3Þ
R is

V Ŷ
0ð3Þ
R


 �
¼
X
i2U

DiB
2
i þ

X
i2U

X
infjg2U

DijBiBj þ
X
i2U

EiB
2
i ; (39)

where Di ¼ 1� pi
pi

, Dij ¼
pij � pipj

pipj
, Ei ¼ 1� pi

pi
and Bi ¼ xi � Ru0iβ.

(2) The estimator of V Ŷ
0ð3Þ
R


 �
is

V̂ Ŷ
0ð3Þ
R


 �
¼
X
i2s

D̂iB̂
2
i þ

X
i2s

X
infjg2s

D̂ijB̂iB̂j þ
X
i2s

ÊiB̂
2
i ; (40)

where D̂i ¼ riDi

pip0i
, D̂ij ¼

riDij

pip0i
, Êi ¼ riEi

pip0i
and B̂i ¼ xi � R̂ru0iβ̂r , p

0
i ¼ pi if pi is known

otherwise p0i ¼ p̂i. p̂i is the estimator of pi from the probit or logistic regression models.

Proof. Let Ŷ
0ð3Þ
R be defined in (38). However, the new ratio estimator �̂Yð3Þ

R is a function of
the GREG estimator �̂XGREG then we use the modified automated linearization approach
transform �̂XGREG to a simple form and it is defined by

�̂XGREGð1Þ ¼ �U 0bþ 1
N

X
i2s

riCi

pipi
; (41)

where Ci ¼ xi � u0iβ. Then, the new ratio estimator �̂Y
0ð3Þ
R can be approximated by,

�̂Y 0ð3Þ
Rð1Þ ffi

1
N

X
i2s

riyi
pipi

1
N

X
i2s

rixi
pipi

�̂XGREGð1Þ: (42)

Therefore, variance of Ŷ
0ð3Þ
R can be approximated from,

VðŶ 0ð3Þ
R Þ ¼ VðN �̂Y 0ð3Þ

R Þ ¼ N2Vð �̂Y 0ð3Þ
R Þ ffi N2Vð �̂Y 0ð3Þ

Rð1ÞÞ: (43)

Furthermore, the estimator of VðŶ 0ð3Þ
R Þ can be obtained by,

V̂ðŶ 0ð3Þ
R Þ ffi N2V̂ð �̂Y 0ð3Þ

Rð1ÞÞ: (44)

We note that �̂Y 0ð3Þ
Rð1Þ is a nonlinear estimator then we use steps (1) to (5) for investigating

the value of Vð �̂Y 0ð3Þ
Rð1ÞÞ and it is defined by,
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V Ŷ
0ð3Þ
Rð1Þ


 �
ffi 1

N2

X
i2U

DiB
2
i þ

X
i2U

X
infjg2U

DijBiBj þ
X
i2U

EiB
2
i

2
4

3
5; (45)

where Bi ¼ xi � Ru0iβ. Substitute (45) into (43) then,

VðŶ 0ð3Þ
R Þ ffi

X
i2U

DiB
2
i þ

X
i2U

X
infjg2U

DijBiBj þ
X
i2U

EiB
2
i : (46)

Furthermore, the estimator of VðŶ 0ð3Þ
R Þ is

V̂ Ŷ
0ð3Þ
R


 �
¼
X
i2s

D̂iB̂
2
i þ

X
i2s

X
infjg2s

D̂ijB̂iB̂j þ
X
i2s

ÊiB̂
2
i ; (47)

where D̂i ¼ riDi

pip0i
, D̂ij ¼ riDij

pip0i
, Êi ¼ riEi

pip0i
and B̂i ¼ xi � R̂ru0iβ̂r .

Next, we consider Ŷ
0ð3Þ
R under the MCAR mechanism as follows. The new ratio

estimator for population mean when �X is unknown and nonresponse occurs on both y and
x variables under the MCAR mechanism is

�̂Y 00ð3Þ
R ¼

1
N

X
i2s

riyi
pip

1
N

X
i2s

rixi
pip

�̂X0
GREG ¼

1
N

X
i2s

riyi
pi

1
N

X
i2s

rixi
pi

�̂X0
GREG; (48)

where �̂X
0
GREG ¼ �̂X0

r þ �U � �̂U 0
r

h i0
β̂
0
r , �̂X

0
r ¼

1
N

X
i2s

rixi
pip

; �̂U r ¼
1
N

X
i2s

riui
pip

, �U ¼ 1
N

X
i2U

ui,

β̂
0
r ¼

P
i2s

riqiuiu0i
pip

� ��1 P
i2s

riqiuiwi

pip

� �
.

Then, the new ratio estimator for population mean is

Ŷ
00ð3Þ
R ¼ N �̂Y 00ð3Þ

R : (49)

The variance and associated estimators of Ŷ
00ð3Þ
R are discussed in Lemma 5.

Lemma 5. Under condition ðB3Þ with a reverse framework and where the nonresponse
mechanism is MCAR.

(1) The variance of Ŷ
00ð3Þ
R is

V Ŷ
00ð3Þ
R


 �
¼
X
i2U

DiB
2
i þ

X
i2U

X
infjg2U

DijBiBj þ
X
i2U

EiB
2
i ; (50)

where Di ¼ 1� pi
pi

, Dij ¼
pij � pipj

pipj
, E0

i ¼
1� p
p

and Bi ¼ xi � Ru0iβ.

(2) The estimator of V Ŷ
00ð3Þ
R


 �
is

V̂ Ŷ
00ð3Þ
R


 �
¼
X
i2s

D̂iB̂
2
i þ

X
i2s

X
infjg2s

D̂ijB̂iB̂j þ
X
i2s

Ê
0
iB̂

2
i ; (51)

where D̂i ¼ riDi

pip0
, D̂ij ¼ riDij

pip0
, Êi ¼ riE0

i

pip0
and B̂i ¼ xi � R̂

0
ru

0
iβ̂

0
r . The value of p

0 is defined in
(35).
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Simulation studies
In this section, the performance of the proposed new ratio estimators and their variance
estimators under the MAR mechanism is compared with the MCAR mechanism via
simulation studies. We generated a study variable yi from the auxiliary variables xi, wi, size
variable ki and calibration variable ui following the model from Sichera (2020) and it is

defined by yi ¼ 0:2xi þ 0:1wi þ 2kþ 3:7k
1
2 þ 2ui þ ei where ki 	 gammað10; 5Þ,

wi 	 gammað5; 10Þ, ei 	 Nð0; 1Þ, xi
ui

� �
	 N

15
5

� �
;

1 q
q 1

� �� 

, q ¼ 0:70,

i ¼ 1; 2; ;…;N . Four levels of sample sizes n ¼ 100; 200; 600 and 1,200 are drawn from a
population size N ¼ 3; 000 and n ¼ 10; 20; 60 and 1,200 are drawn from a population size
N ¼ 300 using Midzuno’s (1952) scheme. We consider the MAR response mechanism
with two levels of response rate; 60% and 80% and repeated the simulation 10,000 times
(M ¼ 10; 000) using Program R (R Core Team, 2021). We consider the case where the
response probability is unknown and estimated by the logistic regression model for the

MAR mechanism and estimated by the function p̂ ¼ P
i2s

ri
pi

� � P
i2s

1
pi

� ��1

for the MCAR

mechanism. The relative root mean square error (RRMSE) was used to compare the
efficiency of the proposed ratio estimators and their variance estimators and the formula is

RRMSE V̂ðŶÞ� 	 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
M � 1

XM
m¼1

ðÂ� AÞ2
s

A

where Â is the proposed estimators or variance estimators and A is expectation of Â or
EðÂÞ. The results are shown in Tables 1 and 2.

Table 1 The relative root mean square error of the new ratio estimators and associated variance estimators for N = 3,000.

Response rate (%) n The relative root mean square error of the proposed
estimators

The relative root mean square error of the variance
estimators

�X is known �X is known �X is unknown �X is unknown

PRMSE Ŷ 0ð2Þ
R


 �
PRMSE Ŷ 0ð3Þ

R


 �
PRMSE V̂ Ŷ 0ð2Þ

R


 �
 �
PRMSE V̂ Ŷ 0ð3Þ

R


 �
 �
MAR MCAR MAR MCAR MAR MCAR MAR MCAR

60 100 0.0470 0.0472 0.0465 0.0467 0.1702 0.1703 0.2763 0.3201

200 0.0350 0.0351 0.0354 0.0361 0.1321 0.1316 0.1761 0.2069

600 0.0322 0.0324 0.0330 0.0340 0.1150 0.1158 0.1408 0.1658

1,200 0.0104 0.0105 0.0105 0.0107 0.0427 0.0697 0.0512 0.0804

80 100 0.0364 0.0373 0.0366 0.0375 0.1453 0.1490 0.1930 0.2526

200 0.0258 0.0261 0.0266 0.0269 0.1127 0.1141 0.1855 0.2048

600 0.0134 0.0139 0.0146 0.0150 0.0588 0.0614 0.1108 0.1149

1,200 0.0086 0.0089 0.0088 0.0090 0.0433 0.0552 0.0660 0.0875
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The simulation results found in Table 1 for N ¼ 3; 000 that the new population total
estimator under missing at random performed better than the estimators under missing
completely at random for both situations where �X is either known or unknown. There was
an increase of response rate, decrease of the relative root mean square errors as same as for
the sample sizes for all estimators. When �X is unknown and needs to be estimated, it
results in increasing the relative root mean square errors due to the estimation process.
Similar results were found in the case of variance estimators. Similar results are found in
Table 2 for a smaller sample size N ¼ 300:

An application to water demand in Thailand
The new estimators are applied to estimate the water demand in Thailand. The data are from
the provincial waterworks during August and July 2022. Midzuno’s (1952) scheme is
instigated to select a sample of size 40 provinces from the total of 74 provinces. The demand
for water in August 2022 is considered as study variable y. Two auxiliary variables x and w
are the water supply in August and the water demand in July 2022, respectively. The variable
x is used to construct the new ratio estimators and the variable w is used to estimate the
response probabilities with the logistic regression model under the MAR mechanism.
The calibration variable u is the water supply in July 2022 and the size variable k is the
number of water users in August 2022. The nonresponse rate is 7.5% in this study.

Table 3 shows the total estimate of water demand in August 2022, Thailand. We see that
the estimated water demand when �X is known is higher than when �X is unknown under
both the MAR andMCAR nonresponse mechanisms. In contrast, the estimates of variance
when �X is unknown is a lot higher than the estimates of variance when �X is known due to
the estimation of the unknown population mean of the auxiliary variable. The new
estimators can be useful for application to the real world when nonresponse occurs in the
study which requires management before the estimation process and further analysis.

Table 2 The relative root mean square error of the new ratio estimators and associated variance estimators with population size N = 300.

Response rate (%) n The relative root mean square error of the proposed
estimators

The relative root mean square error of the variance
estimators

�X is known �X is unknown �X is known �X is unknown

PRMSE Ŷ 0ð2Þ
R


 �
PRMSE Ŷ 0ð3Þ

R


 �
PRMSE V̂ Ŷ 0ð2Þ

R


 �
 �
PRMSE V̂ Ŷ 0ð3Þ

R


 �
 �
MAR MCAR MAR MCAR MAR MCAR MAR MCAR

60 10 0.1166 0.1196 0.1169 0.1198 0.6605 0.6902 2.2661 2.7669

20 0.1038 0.1056 0.1049 0.1067 0.5423 0.5452 1.3307 1.3510

60 0.0624 0.0626 0.0631 0.0634 0.2420 0.2489 0.3666 0.4646

120 0.0478 0.0479 0.0483 0.0485 0.1548 0.1829 0.2500 0.2634

80 10 0.0949 0.0962 0.0957 0.0968 0.4347 0.4533 2.2106 2.5923

20 0.0863 0.0869 0.0869 0.0871 0.3722 0.3736 1.3123 1.3319

60 0.0480 0.0484 0.0481 0.0485 0.2084 0.2150 0.3628 0.4144

120 0.0298 0.0301 0.0298 0.0303 0.1392 0.1514 0.2164 0.2325
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Figure 1 shows the conclusion for all the cases of the simulation studies in an empirical
study.

CONCLUSIONS
The new ratio estimators for estimating population total and population mean when
missing data is missing at random occurs with both study and auxiliary variables under
UPWOR when the population mean of an auxiliary variable is known and unknown are
proposed. In the latter we suggested to estimate it from other variables using the GREG
estimator. The new ratio estimators are compared by their efficacies under the MAR and
MCAR nonresponse mechanisms through simulation studies and an empirical study using
water demand data in Thailand. The results found that the new ratio estimators under the
MARmechanism are more efficient than ratio estimators under the MCARmechanism for
all response rates and sample sizes. The proposed estimators are applied to estimate the
demand for water so this information can be used to plan for policies and strategies for
preventing water shortages which may occur in the future. The proposed estimators are
more useful in practice when compared to the estimators proposed by Ponkaew & Lawson
(2018) that considered only under MCAR and when only the study variable is missing

Table 3 The total estimates of water demand in August 2022.

Nonresponse mechanism Information on the auxiliary variable Estimated water demand Variance estimates

MAR �X is known 122,763,533 5,621,837,076,813
�X is unknown 112,079,391 49,945,263,902,570

MCAR �X is known 122,752,240 5,958,276,721,564
�X is unknown 111,926,154 52,711,445,906,451

Figure 1 The conclusion for all the cases of the simulation studies in an empirical study.
Full-size DOI: 10.7717/peerj.14551/fig-1
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which also required the known parameter of the population mean of the auxiliary variable
which is difficult to find. The proposed estimators are more flexible to apply in real life
because we can use them in more flexible situations when both the nonresponse
mechanism is uniform or not uniform which is more likely to occur in real world
problems. If the population mean of the auxiliary variable is unknown, it can be estimated
using the GREG estimator which makes use of the benefit of the related variables in the
estimation process to improve the efficiency of the population total estimators. We can
extend the new estimator to complex survey designs such as stratified cluster sampling and
consider it under the not missing at random nonresponse mechanism (NMAR).
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