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These supplementary materials contain the details of analytic calculations as well as additional numerical details
supporting the results presented in the main text.

The Kondo lattice Hamiltonian

In this section we detail the connection between the tight-binding model and the Schrieffer-Wolff transformation to
obtain the Kondo lattice Hamiltonian given in the main text.

The tight-binding Hamiltonian

Assuming W-layer weakly correlated the tight-binding Hamiltonian that describes the low-energy properties of the
system reads H = Hy + Hyw + Hy:
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We have introduced the operator f, for the Mo and ¢, for W-layer, respectively. We notice that differently from
Hy and Hyy the contribution H; changes the local configuration in the Mo layer.

The Schrieffer-Wolff transformation

We assume that U is the largest energy scale, U > tj,, and I'(ep) /A < 1 where I'(ep) is the hybridization function
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Fig. S1 show the evolution of I'(e) as a function of the filling  for the value of ¢ /A corresponding to Jx /tw = 1

value used for the numerical calculations shown in the manuscript. Within these assumptions valence fluctuations in
Mo layer are suppressed. We now observe that the tunneling H; can be decomposed as:

H=>Y > T (3)

qg=—1d=—1



where T, ¢ gathers all tunneling events that change the number of electrons unbalance between Mo and W by ¢ and
the double occupancies in Mo layer by d. We list the T, 4 operators below:
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we notice that T_, _q = T;’w Nro = fi fro and hpg = 1 —ny,. Moreover, the terms T_1,4+1 and T4, vanish. Before
moving on, we notice that the intralayer hopping Hjs, does not change the charge imbalance Ny, — Ny (¢ = 0), i.e

H o commutes with Naso — Nw ([Naro — Nw, Hyo| = 0). Moreover, [Naro — Nw, Ty,a] = 2¢T4,q and
Y [epnny, Tyal = dTga. (5)
rcMo

We seek an unitary transformation U = exp(—iS) which eliminates hops between states with different numbers of
doubly occupied sites and interlayer charge imbalance [33, 34, 57]:

1S, [1S, H
1 I .

where we applied the Baker-Campbell-Haussdorf formula. We now notice that to the lowest order in the expansion
we have:

H=¢e"He " = H +[iS, H) +
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where in previous sum we exclude the term with ¢ = 0 and d = 0 in shorthand notation (g, d) # 0. We readily realize
that the solution of Eq. (7) reads:
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From the latter expression we find:
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Projecting the model in the low-energy subspace with one-electron in Mo layer, i.e. n, = 1 for r € Mo, we find that
the latter term vanishes. Furthermore, the projection constraints ¢’ = —q and d’ = —d:
(q,d)7#0
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where the constant energy term ANy /2 has been absorbed in the chemical potential shift and Ty ¢ vanishes in the
low-energy subspace. By performing straightforward calculations we find that the commutator in Eq. (10) gives:
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Figure S1. Hybridization function. Evolution of I'(er)/A as a function of the filling x of the conduction band.

Expanding close to the bottom of the conduction band [k(x") for 1 (1)] [Vi/w4x|? = 9(anrk)?/4 we realize that the
latter terms can be simply accounted by a redefinition of the bare mass my — my /[1+ (tn/A—tn/(U—A))tn/(2tw)].
Finally, we find the effective spin-fermion Hamiltonian:
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where JH = 4t?\/lo/U7 Jk’p = JKVQVpa JK = Qti[l/A + 1/(U — A)L gka = €ko — €r, €ko is the elec-
tron dispersion and eg fixes the number of electron in the conduction band. The dispersion relation reads
ko = —2tw E?Zl cos(k - a; +2ms,/3), a1 = V3an(1,0), az 3 = V3an (—1/2,£v/3/2) are the lattice vectors with
aps = bnm the moiré cell lattice constant. The form factor is Vi = 2321 etk Despite U is large and Jy small
the particular form of the exchange interaction Jyx p = Jx ViV gives rise to a non-trivial competition between a
low-density magnetic phase and a paramagnetic heavy Fermi liquid. We observe that in the following we will measure
the value of A with respect to the bottom of conduction band —6ty; .

On the higher-order corrections

Higher order corrections in the expansion lower the symmetry of the spin interaction in the Mo-layer. This can
be simply realized noticing that the phase factor in the Hamiltonian Hy, lower the spin-symmetry of the model to
U(1) around z. Including higher-order hopping processes mediated by ¢, gives an XXZ spin model with Dzyaloshin-
skii-Moriya interactions:

Hs=Ju Y (SiSz+vSFSy +he)+D > (SexSy)., (13)
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we refer to Ref. [8] for additional details. For simplicity we consider the isotropic limit v = 1/2 and D = 0 in our

calculations.

The mean-field approach

In this section we detail the mean-field of Abrikosov fermions discussed in the main text. We perform the decompo-
sition of the spin-1/2 into spinons Sy = x{,FasXrs/2 and performing the mean-field decomposition in the magnetic
and excitonic channels we obtain the mean-field Hamiltonian:
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In the previous expression M?* and M| are the out-of-plane and in-plane components of the magnetization of the local
moments, the magnetic field h* and h!l are given by:

h* =6M* + Z Jp.p(cho?cp) /N,
P

pl = —3mll + Z (Jp7p+Q<CJ{)O’+Cp+Q> + h.c.) /(2N). (15)
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The excitonic order parameter reads:
=~ W (clou)/(2N). (16)
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The mean-field free-energy reads:
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where Fy) is the mean-field dispersion relation. The mean-field solution is obtained by minimizing Fi,s with respect
to the variational parameters M?, Ml ® m? ml. The Lagrange multiplier A\ imposes the Gutzwiller constraint
Zk(xltxg/N = 1, while the chemical potential u fixes the number of particle in conduction band Zk<chk>/N =z
Taking the saddle point of Eq. (17) with respect to the variational parameters gives a set of self-consistency equations
that are solved by find-root algorithm.

Energetics of the HFL and AFM states

In this section we detail the weak coupling expansion to determines the characteristic energy scales of the AFM
and HFL phases that are the RKKY energy and the Kondo temperature, respectively. We will also introduce the
effective model describing the quasiparticle excitations in the two different regimes.

AFM

In the magnetic regime the local moments S, form a 120° AFM order with (S,) = (M” cosQ-r,MlsinQ -r, Mz),
Q = k — K/, correspondingly the conduction electron Hamiltonian reads:
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In the limit of low-doping the Fermi surface is a small electron pocket around x(1) and «’(}) that are folded into the
origin of the magnetic Brillouin zone +,,, depicted in Fig. S4(b). Expanding close to quadratic order around ~,, and
keeping only the two lowest energy bands we find the continuum model:

_ h2E? 9Jkal
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where d. (k) = M?k?, dy(k) = —M (k2 — k2) and d, (k) = 2M Ik, k,. We readily realize that due to the SOC term
the spin is no longer a good quantum number, the eigenstates |ux)) are labeled by A = £ and the corresponding
eigenvalues are exy = (h%k?/2mw — er) + N9Jga%,k?|M|/8 with |M| = \/(M#)2 + (MI)2. We observe that the
theory is O(3) invariant under rotation of the magnetization M — R,,M®. The resulting stabilization energy does
not depend on the orientation of the local moments. The Fermi momentum obtained by setting ex) = 0 reads
k% = \/2maep /12 where my = mw /[1 +A(Jx /8tw)] and the Fermi energy is ep =~ 2/ (3", px) with py = pomy/mw.
We notice that in the Kondo regime Jg is smaller than the bandwidth of conduction electrons 9ty so that the mass
is always positive. The kinetic energy variation with respect to the normal state reads:

O€mf = Emp — 63K:0 = _IOOJIQ(|M|2/2> (20)



where Jx is the average over the FS of the Kondo exchange. We conclude that the total energy per site in the
magnetic regime is given by:

emt = —3Ju|M|*/2 — poJ5|M|* /2. (21)

The energy gain from the coupling between the conduction band and the local moments goes quadratically in the
electron density z. We conclude observing that interaction effects between conduction electrons in the B sublattice
introduce the tendency to develop a finite out-of-plane ferromagnetic polarization. The analysis of the effect of
interaction between conduction electrons is left to future studies.

HFL

In the paramagnetic regime electrons are described by the mean-field Hamiltonian reads:
mf = kagckackg + A Z XgXk + JK Z [Vk (I)*Ckxk + h. C} . (22)
ko

We easily realize that the Green’s function of the problem reads:
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so that the saddle-point equation for the bosonic amplitude ® can be written as:
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where G, ,(k,i€) = (ie — A\)~! is the bare Green’s function and G, (k,i€) = [i€ — ko — Se,o (K, i€)] 7 with
Seo(k,i€) = Ji || Vi / (ie — N). (25)

From the latter expression we readily find the quasiparticle residue:
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The latter quantity evaluated at the Fermi surface of the heavy Fermi liquid gives the mass enhancement of the
quasiparticles. Discarding the ® = 0 solution the equation reduces to
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where Exy = (ko + A)/2 £ /(Eko — A2 + 4J%|®[2[Vi[2/2 and the RHS is obtained taking the we took the zero
temperature limit and considering the case x < 1 where only the lower band is filled. In addition we also have the
self-consistent equation for A:

T 1 1 Eko — A
— - — =1 = — 0(—Fx—o) | 1+ =1. 28
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The onset of the HFL instability is determined looking at the instability condition of the normal state to interlayer
hybridization. In this case the solution of Eq. (28) is A = 0, i.e. the local moments are pinned at the Fermi level, and
Eq. (24) becomes:

1
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where ch(q — 0,7) = —(TT(VqZO( ) o /N, Vag=o = > . V& cka/\/§ and ch(q — 0,iQ) = foﬁ emTch(q —
0, 7). Expanding close to the bottom of the band Eq. (29) becomes:
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Figure S2. Intrinsic topological response of the HFL. Spin Hall effect (bottom panel) and anomalous Hall effect (top
panel) in the HFL as a function of the Zeeman field. The calculation is performed at Jx /tw = 1, x = 0.65.
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Figure S3. Longitudinal conductivity. Ratio between the numerical evaluation of Eq. (32) and 0., = €>7(1 — z)/m
obtained assuming a circular Fermi surface with average velocity.

where |V;| = 9a3,k2/4 with k. = \/2mye/h2.The integral is characterized by a log singularity at €. We introduce
the IR cutoff Tk, € — € + Tk, that regularize the divergence. Finally, by performing simple calculations we find:

TK >~ €F€_1/(p0jK). (31)

Since the average over the Fermi surface Jx goes linearly with the doping z in conduction band we find that the Kondo
temperature is exponentially suppressed in the limit z — 07. Finally, we notice that the Fermi energy is proportional
to the filling factor in the WSey layer, ex oc z. Away from the low-doping regime of exponential suppression we have
Tk o x which is different from the conventional result Tk o y/z. The behavior m/m* ~ Tk x x is consistent with
experimental results in Ref. [50].

Transport properties

In this section we detail the evaluation of the transverse and longitudinal conductivities in the various phases of
the phase diagram.

Charge transport in the HFL

In the paramagnetic regime the local moments fractionalize giving rise to a finite density of holes in MoTes layer.
In this regime the field @, is equivalent to the holon operator carrying physical charge —1 [50], i.e. opposite to the
electron charge. As a result both conduction electrons ¢ and spinon x contribute to the charge current. Within the
semiclassical Boltzmann equation approach and in the relaxation time approximation the transport properties are



simply obtained as integrals over the quasiparticle Fermi surface [18, 49]:
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where the anomalous Hall contribution aﬁ‘yH arises from the circulation of the Berry connection A,(k) =

i (Ukeo|Ok, Uko), With |uk,) occupied eigenstate of the Hamiltonian in Eq. (22), along the FS. In Eqgs. (32) and (33)
k; is the component of k along the tangent ¢ to the FS curve. We notice that the FS of the heavy quasiparticle is
obtained by the set of k points solution of the equation:

heavy FS : &xp — Jo|®|Vi|? /X = 0, (34)

where the second term comes from the conduction electron self-energy ¥ ,(k,0) introduced in Eq. (25) computed
at iw = 0. The Fermi velocity v, is obtained replacing k — k + eA(t)/h in o = Zio|éko — J5|®?|Vi|* /)] and
expanding to linear order around the FS we find fkp-l-%A(t)U ~ evp - A(t) where:
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and Zyx o, = [1 — 0.%co(k, 2)|.=0] ! is the quasiparticle weight. The evaluation of 0,, and o9"™ is considerably
simplified observing that the Fermi surface consists of a hole-pocket around &’ for spin 1 and & for spin |, respectively.

Assuming a circular hole-like Fermi surface with average mass m* the longitudinal contribution becomes

2 2 2 2 2_(1 _
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As a sanity check we show in Fig. S3 the ratio between Eq. (36) and the numerical evaluation of Eq. (32) for various

concentrations of electrons in the W-layer. By followmg the same line of reasoning we obtain aoyhm = —e372B(1 —
x)/m*2. We now look at the anomalous contribution o2 which can be conveniently written as UIA;I =e (WT+W¢) /h

where W, = [ d?kf(exo)Q0(k)/(27) and Q, (k) = aszg( ) — Ok, AZ (k). Due to the opposite winding of spin 1 and
1 we find that in the absence of a magnetic field W} = —W,. We observe that the difference Wy — W, gives a finite
spin Hall (SH) conductivity [40] even in the absence of the external field. Fig. S2 shows W4 £ W), as a function of the
magnetic field at doping = 0.46 and Jg /tw = 1. The small value of W} + W, at finite B follows from the Berry
curvature distribution which is peaked around the bare FS of the conduction electrons. As a result we find a small
AH contribution and a large SH one.

Ezpansion around the original Fermi surface: the topological Kondo Hamiltonian

Here we derive the k - p Hamiltonian describing the regions around x and &’ where the Fermi surface of spin 1 and
J, respectively, conduction electrons is located. The analysis clarifies the topological origin of the hybridization gap.
To start with we observe that the mean-field heavy Fermi liquid Hamiltonian reads:

A Jr @V
Ha(k) = (JKCD*Vk* Cxo ) : (37)

Expanding the form factor Vi and the dispersion £, around k we readily find:

A —Ag (kg — iky) )

Hi(k + k) = <—AK(I<:w +ik,) B2k%/(2mw) — (38)

and H| (k'+k) = H (k—k). The crossing between the local moment x and the c-electron dispersive band takes place of
a circle with radius k. = \/2mw (1 + \) where the continuum model reduces to Hy(k+k.) = —Agk.(e7™+e 07+).
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Figure S4. Bandstructure and Berry curvature of the small Fermi surface magnetic state. (a) Dispersion of the
electrons close to the bottom of the conduction band. Dashed lines are obtained with the continuum Hamiltonian (19) while
the solid ones are the lowest energy bands of the mean-field Hamiltonian (18). (b) Berry curvature around the origin of the
magnetic Brillouin zone. Solid lines show the two Fermi surfaces. The calculations has been performed at doping x = 0.08,
Jr /tw =1, Ju /tw = 0.025 and magnetic field hw /tw = 0.08.

The interlayer Kondo hybridization lifts the degeneracy and induces winding in the two dimensional space associated
with the interlayer degrees of freedom 7. The resulting Berry curvature can be readily obtained from the Kubo
formula observing that the eigenvalues of Eq. (38) are described by the matrix U(k) = exp[—ipx(k x 7),/2] with
tangx = Agk/d, and d, projection of the Hamiltonian along 7%. The integral gives quantized Chern number
Cy = —C| = 1. The model gives a topological Kondo metal which is adiabatically connected to a quantum Spin Hall
Kondo insulator at filling 2.

The magnetic regime

We now turn our attention in the magnetic regime where only the c-electrons contribute to charge transport.
The low-energy Hamiltonian is given in Eq. (19) and describes electrons with dispersion relation ey = h%*k?/2m,
shown in Fig. S4(a) and group velocity vky = hik/my with my = my /[1 — AJx|M|/(4tw)] and A = £. Under the
assumption of a single transport time, i.e. momentum- and band-independent, we apply Eqgs. (32) and (33) to find
Ouw = €272/ (3, ma/2) and o9 = €372 Bx/ (mw Y, mx/2). We now conclude our analysis considering the AHE
contribution coming from the the Berry phase winding introduced by the d,(k) and d, (k) terms in Eq. (19). In the
absence of an external magnetic field M? = 0 and the eigenstates are simply |ux+) = (1, £e~2%%)/2 with 27-Berry
phase around the origin of the magnetic Brillouin zone. A small Zeeman term opens a gap in the band structure and
gives rise to a finite Berry curvature Q4 (k):

64h2k2n?

513/2°
{161@4172 + (2h, n Mi@) }

myam

Q4 (k) =+

(39)

where n = 9Jx M| /8 and my/; = mw /[1 £ JxM?/(4tw)]. We notice that the Berry curvature is an even function
of k, vanishes quadratically at k = 0 and takes its maximum value at finite momentum k. The maximum is located
at kX = h?/(8n?) for M* = 0. The momentum space distribution in the magnetic moiré Brillouin zone is given in

Fig. S4(b). We observe that from Eq. (39) the anomalous Hall conductivity is obtained as:
2
AH _ ¢ 2
Rt =) [ #0000, (10)

which in the zero temperature limit becomes:
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