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Abstract
Statistical physics is widely used to study the nonlinear mechanical behaviors of rock. For
the limitations of existing statistical damage models and Weibull distribution, a new statistical
damage with lateral damage is established. In addition, by introducing the maximum entropy
distribution function and the strict constraint on damage variable, a expression of the damage
variable matching the proposed model is obtained. Through comparing with the experimental
results and the Weibull statistical damage model, the rationality of the maximum entropy
statistical damage model is confirmed. The proposed model can better reflect the
strain-softening behavior for rocks and respond to the residual strength, which provides a
theoretical reference for practical engineering construction and design.
Keywords : probability statistical; maximum entropy theory; lateral damage; constitutive

model; Residual strength.
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Introduction

Unlike most continuous materials, rock is a complex geological material, and its mechanical

progressive failure behavior is also very intricate under external loads, with strong nonlinear
characteristics. Since the concept of the stress-strain relationship of whole process for rocks
was proposed [1], the study of rock constitutive model that reflects the stress-strain
relationship of whole process has been the focus of traditional rock mechanics [2—7].

% The complexity of rocks failure mechanism results in a strong nonlinear stress-strain

relationship. Krajcinovic [8] firstly introduced statistics physics to study the stress-strain
relationship of whole process for rocks, to some extent, which reveals the correlation

mechanism between macroscopic phenomenology and mesoscopic damage.Then, some

academics have done continuous researches on the damage evolution characteristics of rocks
by using statistics and obtained beneficial results [9-14]. To reflect rocks' strain hardening or
softening behaviors, combining statistical theory with continuous damage theory, Xu [15]

proposed a statistical damage model. Still, it cannot show the residual strength of rocks.

Considering that it is difficult for existing models to explain the residual strength, Xu [16] and
Zhu [17] improved the damage mode by introducing a damage correction factor. The
development of rock damage is a slow process of damage accumulation, and the undamaged
area would gradually change into the damaged area. The damaged area would still bear the
load rather than become a hollow area [18-20]. In recent years, scholars began to consider
various factors to establish more scientific and reasonable statistical damage constitutive
models. Considering that rocks_cai't be damaged under low levels of stres%Jiang [21]
(

introduced a damage threshold into the model to control the occurrence of the rock damage.
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Lin [22] suggested that the size effect should be considered in studying the failure process of
rock with mesoscopic damage mechanics. Most of the above models still belong to the
traditional elastic-plastic model, in which continuous damage mechanics were modified, and

the damage variables were obtained by statistics theory. But there are still so

with these models and need further study. /(

One problem, ( there is no doubt, so far, the most widely used probability density

distribution function is the Weibull distribution. However, Weibull distribution has its

limitations and does no1 work in some case%. For example, the number of samples should not

be less than 30 [23], the materials of rock with complex defect density or brittle [24,25], and

the probability distribution of rock strength is not approximate to the power low [26]. By
contrast, the maximum entropy distribution function can overcome these problems [27,28].
As a non-parametric probability density distribution estimation method, the maximum
entropy theory can directly infer the distribution function of the parameter variables based on
the information of test samples and statistical methods without assuming the distribution of
the parameter variables in advance. Besides, information entropy [29] reflects the randomness
of the parameter, so it is scientifically reasonable to infer the distribution function of the
randomly distributed parameter variables by using the maximum entropy theory. Meanwhile,
it can avoid E)o/mu‘@ additional personal information. Unfortunately, the maximum entropy
distribution function is rarely used to study the stress-strain behavior of rock, although Deng

[5] proved the feasibility that the maximum entropy distribution function can describe rock

mechanical behaviors, there is no reasonable application constraints, so there is a risk that the

B

calculated value of damage variable may overflowN(D>1 hich is inconsistent with the


Pencil

Pencil


assumption of damage variable.

Another problem is that existing statistical constitutive models [3,5,10,16,17-20] for rock
tend to focus on axial damage but often ignore lateral damage, which is not very reasonable
and inconsistent with the actual situation.

Focusing on the above problems, this paper assumed that the strength of rock
meso-element obeys the maximum entropy distribution, and which specific probability
distribution function is deduced, then the damage variable is obtained according to the
statistical damage theory of rock. Furthermore, based on the meso-damage statistics theory, a
new statistical constitutive model considering the lateral damage is proposed, and its
constitutive relation equation is deduced. Finally, using experimental data, the proposed

model is verified by comparing the Weibull model. This study provides some reference

significance for the study of the stress-strain whole process for rock materials.
Methodology
The maximum entropy principle
Information entropy is used to reflect the amount of information transferred among systems.
The larger the information entropy is, the less information transmitted between systems will
be; the higher the uncertainty, the greater the randomness, and vice versa. Therefore, there is a
specific relationship between information entropy and the randomness of events. Let x be the
random variable, and f(x) is the continuous probability density distribution for the random
variable x, then its information entropy can be expressed as [5] g

H(x) = E[-In( f (x)]=- jR f (x) In( f (x))dx (1)

Where H(x) is the information entropy; E represents the mathematical expectation; R denotes
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the range of x.

For a particular sample group, Jaynes [27,28] holds that f(x) with the maximum
information entropy is the most unbiased under certain information conditions, then Eq. (1)
can be written as ©

H(X) e = EI0C £, (0] == 1, ()10, (x))lx @)
where H(X)max represents the maximum information entropy of x; fy(x) is the probability
density function corresponding to H(X)max. Just like the traditional rock statistical constitutive
model, assuming that the strength of the rock meso-element is x, f,(x) can be obtained by
solving Eq. (2) when H (x) is at the maximum value. Because the maximum value of the
damage variable is 1, f,(x) needs to be constrained as

jR f,(x)=1 3

fo(x) cannot be directly solved by Egs. (2) and (3) need to transform the direct solution
problem into an optimal problem by adding constraints. Herein, the information entropy
constraints mainly consist of the characteristics of the probability distribution and the
statistical characteristics of the sample data. All in all, the optimal problem can be formulated

as

f,(x) eargmax H(x) = —IR f, () In(f, (x))dx
st. [ f,00=1 (4)
[ 9,00 f,00dx=b,

Where gi(x) represents the restriction function. gi(x) has an indefinite form. Deng [5]

suggested its form is x' (i=0, 1, ..., m). b, is the original moment of samples. To solve Eq.
(4), Eq. (1) should be transformed into a Lagrange function as
H) == (I f()dx—A [ (f()dx-1)+> 4 URgi(x)f(x)dx]—bi (5)
i=1

5
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Where 4i and Ao represent the Lagrange muItipIie? If H(x) is at the maximum value, the

derivative of Eq. (5) is required to be zero, and the result is shown as

OH (0

og 0= (=R~ 2 A0 () ©)

Substituting Eq. (6) into the restriction function into Eq. (4), a nonlinear system of

equations about the Lagrange multipliers is

JReXp(_ﬁU _iﬁ'lgi(x))dx =1 (7)
J .8, 00001~ 3 Ag,(00) =h @

The Lagrange multipliers Ao, Ao, ..., 4i can be derived by solving Egs. (7) and (8) with
numerical solution. Next, the calculated values of Ao, Ao, ..., Ai are substituted into Eq. (6), the
specific functional form of fy(x) is determined. According to the statistical definition, the

probability distribution function of the meso-element strength for rocks is written as
R R M
FO)= [ f,000x = ["exp(=4 - ) 4,6, (X)) (©)
i=1

where F(x) is the probability distribution function of the meso-element strength.

Statistical damage evolution of rocks

Suppose that the macroscopic rock is made up of N meso-elements which are continuous with
each other. As the stress level increases, these meso-elements are destroyed, and their number
Ng increases, the damage variable D can be expressed as [10,18]

Ny _ N-F(x)
N N

D= =F(X) (10)

with substituting Eq. (9) into Eq. (10), the damage variable with maximum entropy can be

expressed as
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D = ["exp(~4, — " 4,8, () (11)
i=1
For the convenience of subsequent expression, the expression symbol of the strength for

rock meso-element is replaced by F, then Eq. (11) is written as
R m
D= [ exp(~4 -2 40,(F))IF (12)

where D is the damage variable of rock with maximum entropy, F is the strength of rock

meso-element.

Establishment of the statistical damage model

Model derivation
The damage variable will affect the constitutive relation of rock material, which can increase
the effective stress or reduce the equivalent elastic modulus. The corresponding relationship
can be characterized as follows [30]
o' =0/1-D=E¢/1-D (13)
where ¢* is the effective stress; o is the apparent stress; E is the elastic modulus; € is strain; D
is the damage variable.

Under the external loading, an element has two states of failure and non-failure [3,5,10,20]
as shown in Fig 1. These correspond to the two states of imaginary rock damaged and f?
undamaged, respectively. S and S’ represent the non-failure and @
respectively. S and S denotes the lateral non-failure part and the failure part, respectively.

Then the axial damage variable can be expressed as:

S 2
_ S (14)
S} +S;

t Fig 1. The mechanical analysis of rock meso-elements



Pencil

Typewritten Text
Move to the end with the corresponded figure.

Pencil

Typewritten Text
please check this.

Pencil


As shown in Fig 1, &7 and o] is the axial net stress applied on the non-failure part and
the failure part, respectively; o; and o} is the lateral net stress involved on the non-failure
part and the failure part, respectively. Here, let o/ =5/, o'is the axial residual strength,
based on static equilibrium in the axial direction, we have

0,(S! +S2)=0,S} +0,S; (15)
where o1 is the axial apparent stress. Eq. (14) is substituted into Eq. (15), then Eq. (15) can be
written as

0,=0,1-D)+0,D (16)
O

In terms of lateral damage, considering that ir{\nriaxial test, the confining pressure remains
unchanged, and when rock is completely damaged, the net stress in the damaged area should
be equal to the confining pressure. Based on the above description, let ] =Dg,, Nnamely, in
the case of constant confining pressure, it is assumed that the net stress in the lateral damage
area is proportional to the damage degree, and the lateral static equilibrium expression is
written as follows

o, =0,;(1-D)+(c,D).D @an

Egs. (16) and (17) are different from the equations derived in existing studies that ignore
the lateral damage or are replaced o with o . By investigating Eq. (17), when the damage
variable gradually rises to the maximum value (D=1), the lateral apparent stress value is equal
to the confining pressure. It is consistent with the actual situation. Since the proposed damage
mechanics model itself is a mathematical model hypothesis, there is no unified specific
expression of the relationship between rock's exact mesoscopic physical damage mechanism

and macroscopic phenomena. On the other hand, the primary purpose of the assumption of
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net stress in the lateral damage area is to solve the problem of axial residual strength.
Therefore, so the expression of the mechanical mechanism of the lateral hypothesis will not
be discussed in depth.

According to the mechanics of materials, each principal stress produces a linear strain in
two directions besides its own for a single element body. Let ¢; be the principal strain in the
direction of o1, the expression of &; can be obtained as

g =& +el+é (18)
where ¢/ represents the linear strain of o1 in the axial direction; ¢ is the linear strain of o2
in the axial direction; g denotes the linear strain of o3 in the axial direction. Based on strain
coordination, the strain produced by the undamaged material is consistent with that of the
damaged material, thus
& =g (19)

Combined with Eqg. (19) and Hooke's law, the following physical equations can be obtained as

g =0, [E
&= o, [E (20)
&/ =— o [E

Substitute Eq. (20) into Eq. (18), the new expression of & is given as follows

o, 2uoc,
g =L _2H0: 21
1= E (21)
that is
o, =gE+2uoc;, (22)

Then, substitute Eq. (22) into Eg. (16), the following equation is given
0, =(Eég +2uo;)1-D)+0,D (23)

Eq. (17) is substituted into Eq. (23), Eq. (23) can be further written as
9



o, =Eg(1-D)+2uc,1-D*)+0,D (24)

In addition, it is well-known that rock damage is closely related to the stress level, so it is

necessary to determine a damage threshold to control the onset of damage. The final statistical
model proposed here can be obtained by substituting Eq. (12) into Eq. (24), we have

0, = E&, +2u0, +( o —Eg,)( LR exp(—7, —ijﬂigi ())dx) - 2;103[ jOR exp(—7, —Zm:i,gi (x))dx} For F>0 (25)

o,=Eg +2uo, For F<0

where F represents the strength of rock meso-element. For Equation (25), when F<0, namely
no damage (D=0) occurs to rocks, the constitutive model of rock will degenerate to the
traditional form.

Determination of the strength for meso-element

The strength values of the rock meso-elements are the basic for determining the probability
density distribution function, which was defined in different ways. Cao [31] pointed out that
the strength values (F) of rock meso-elements are a function of stress levels, internal friction
angle, and cohesion. Pariseau [32] proposed that the failure strength of rock meso-element is
closely related to rock failure criteria. In view of the good engineering practice background of
the Mohr-Coulomb criteria, the suggestion of Deng [5] and Cao [31] is adopted here to depict

the strength of rock meso-element, i. e.

=g Egl[(al —0y)- (0, +03)sin (/’] (26)
o, — 20,

Discussion of the axial residual strength

Existing studies on rocks mechanics behaviors have shown that the failure process of rocks is

the process in which effective elements decrease and failure elements increase. At the same

time, macroscopic fracture plane begins to appear slowly and gradually, leading to the gradual

reduction of cohesion on the fracture plane and the gradual change of friction strength to a
10
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stable value [33], which also explains the source of rock residual strength.

As mentioned above, through the statistical damage mechanics of rock, it can be considered
that the damage meso-element can still bear a certain stress. When rock is completely
damaged, the net stress of the damaged elements equals the residual strength. Here the
residual strength is used to replace the net stress in the damaged area. ', the axial
residual strength is obtainable through the equation in Zareifard and Fahimifar [33]

—

o, =2¢, cosg, /(1-sin ¢,) +sin @,)/A—sin ,) - (24

Ax

where ¢ is the internal friction angle under residual strength, and c; is the cohesion under

residual strength, linear regression was performed on the experimental data, then these two
parameters can be obtainable.

Model Validation

To verify the model proposed in this paper, experimental data for sandstone ma@e by Zeng
[35] is adopted here, and the data was also referenced to build the model of Weibull

distribution by Cao [31]. The basic physical parameters of the referenced data are given a

Young’s modulus E=95MPa, Poisson’s ratio 4=0.2, the internal friction angle ¢p=31.0649. The

model validation can be divided into two steps. Firstly, the K-S test needs to be carried out on

fo(X). Generally speaking, a good fitting can truly reflect the probability density distribution
characteristics of rock strength. Secondly, the maximum entropy model needs to be developed

under different confining pressures. The calculated curves by the proposed model are further

c

compared with the experimental curves in Zeng [35] and the simulated curves in Cao [31]. C}L“

Y
K-S test of the probability distribution function \A) \/\’\é (.I @

The K-S test of the maximum entropy density distribution function f,(x) is required. If

11
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03=5MPa, by Eq. (25), the strength of rock meso-elements can be calculated as (unit: MPa):
0, 6.99, 17.644, 29.89, 40.87, 65.16, 89.39, 114.77, 136.92, 161.18, 182.00, 201.36, 220.47,
N
238.05, 252.12, 265.96, 279.23. R - ?
N N
The first-order, second-order, third-order origin moments of the above samples are needed
to be calculated, then according to Eq. (7), the Lagrange multipliers are computed as:
20=4.26732, 11=0.02475, 1,=2.40024x10*, 13=6.24729x107. Set the maximum entropy
probability density function attained herein as f (x), the corresponding probability distribution
function is F(x), and assume Ho: F(X)=Fo(x); Set the empirical probability distribution
function as Fn(x), and the statistic D, can be calculated as
D, = ggfm\ Fo(X)—F,(X)| (28)
Here, the sample size n=17, and the significance level a is set at 0.1, the critical value D17,
010 =0.3285, which can be found in the K-S test table [5]. Through Eq. (28), the calculated
statistic D17=0.077, obviously D17<D17, 010, therefore, the original hypothesis cannot be
rejected. It means that the imitative effect of the maximum entropy probability distribution
function obtained is perfect.
Model verification
Under different confining pressures, through the above-discussed calculation method of

maximum entropy, the calculations of the Lagrange multipliers are shown in Table 1.

Table 1. The calculated Lagrange multipliers under different confining pressures.

Confining pressures /MPa

Lagrange multipliers

0 5 10 20
A0 4.45679 4.26732 5.45264 4.57542
o 0.02667 0.02475 0.02547 0.01621

12
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A2 -2.053725x10* -2.40024x10* -2.84668x10° -5.58234x10°

/3 3.95647x107  6.24729x107 -5.45348x10® -1.98512x10°%

Through substituting the Lagrange multipliers in Table 1 into Eqg. (25), the rock constitutive

equation can be determined. Cglm‘ﬁed fitting curves are shown in Fig 2.

obtainel

Fig 2. Fitting curves of the the maximum entropy model. moveto Fig. 2

¢ From the comparative analysis of the fitting curves in Fig 2, it can be found that the
verygenere

discussion confining pressure influences the axial peak strength of rock and seems to increase in direct

proportion. This conclusion is consistent with the traditional rock mechanicsﬁn addition, it
can be found that the greater the confining pressure, the greater the residual strength of the
rock. The probable reason is that the increase of confining pressure will increase the contact
stress between each element or fracture plane inside the rock, and the residual strength will
increase when the friction coefficient remains unchanged.

The experimental curves and calculated curves of the Weibull model serve as the control
group, the comparison result is shown in Fig 3, and the relative error analysis of the two

calculated curves are given in Table 2.

Figure 3. Comparison of experimental and calculated values: (a) 6.=63=0

6:=63=5MPa; (C) 62=65=5MPa; (d) 6.=65=5MPa.

Table 2. Mean relative errors of Weibull model and proposed model (%6).

Confining pressures /MPa
Model Total mean relative error
0 5 10 20

13
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Weibull model 3880 954 7.38 31.74 21.87

Proposed model 7.74 564  4.69 23.60 10.41

It is found that the proposed model and the Weibull model introduced by Cao [31] can well
reflect the progressive failure phenomenon for rocks before the peak value. In the post-peak
curve stage, the axial strength gradually decreases, and the strain continues to grow, this
phenomenon belongs to the strain-softening behavior of rocks, and both calculated curves can
also well capture this characteristic. At the end of the curve, the axial strength tends to a stable

value, it is ostensibly independent of strain, and the stable value is called residual strength.

The proposed model considering the residual strength can well describe this phenomenon,

while the description ability of the calculated curves in Cao [31] for residual strength is
weaker.

Overall, the proposed model can well match the experimental curves, and the overall mean
relative error only reac 0.41%. The average relative error of the fitting results of the

_/—/
maximum entropy model is smaller than the Weibull model under different confining
pressures. Although the stress-strain relationship of whole process for rocks can be reflected
well by the proposed model, there are still some calculated points which deviate slightly from
. < -

the experimental curve. Probably there are two reasons: Bn-the-ene-hane; from the statistical
standpoint, the damage of rocks is complex, rely on a mathematical distribution function to
describe the gradual failure process of rocks seem too idealistic; On-the-etherhand, from the

standpoint of the failure mechanism for rocks, in the gradual failure, its physical parameters

will inevitably change, and it is difficult to maintain a constant, so further research is needed.

Conclusions
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In this research, the maximum entropy distribution function is utilized t@he damage
characteristics of rock, and a rock constitutive model considering lateral damage is
established by using meso-damage statistics theory. Using experimental data, the proposed
model is compared with other theoretical models to verify its applicability. The following
conclusions are obtained as follows:

1) The expression of the maximum entropy probability density function is deduced to
describe the distribution of random variables without any subjective bias. Compared with the
classic random distribution, the method can make full use of the sample information without
excessively depending on the sample, which has more sufficient mathematical and physical
significance.

2) Compared with the experimental curves, the progressive damage process of rock can be
well simulated by the proposed model. The total average relative error of the maximum
entropy model is only 10.41 %, which is close to the experimental curve. It also reflects that

the rock strength is affected by the stress state, the confining pressure has a noticeable

influence on the axial peak strength of rock, and there is a directly proportional relationship
-

between them, which is obviously consistent with the traditional rock mechanics. In addition,
the proposed model can better reflect the strain-softening behavior for rocks and respond to
the residual strength of rocks. In summary, the proposed model is feasible and provides a
specific reference for the study of the statistical damage model of rocks.

3) Existing statistical damage constitutive models assume that the strain produced by the
undamaged material is consistent with that of the damaged material, based on the assumptions,

in the progressive failure process of rock, the physical equation of the material in the damage
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is difficult to be determined, or there is a contradiction with the current statistical damage

hypothesis, which requires further research and discussion.
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