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SUMMARY
This document contains supplemental materials to the article “Interpretable Principal Com-
ponents Analysis for Multilevel Multivariate Functional Data.” Section 1 presents additional
methodological details, including the estimation of within-subject correlation p;; (Section 1.1),

the selection of tuning parameters (Section 1.2), the estimation of eigenvalues and principal
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component scores (Section 1.3) and the form of the Fantope projection operator (Section 1.4).
Section 2 presents additional details with regards to the application, including a description of
data processing (Section 2.1), a presentation of all estimated regression coefficients (Section 2.2),
additional visual representations of estimated quantities (Section 2.3), and a comparison of per-
formance of the proposed procedure to the naive procedure often used in the applied literature
(Section 2.4). Section 3 presents results from additional simulation studies with varying number

of subjects (Section 3.1) and varying values for the tuning parameter § (Section 3.2).

Key words:

1. ADDITIONAL METHODOLOGICAL DETAILS
1.1 Estimation of pjx

The MoM estimator discussed in Section 4.1 in the main text depends on an estimator of the
within-subject-between-electrode correlation pjj,. Here, we consider an estimator of p;;, that takes
advantage both of the separability of the within-subject electrode and temporal effects, and
of the sparsity of pj,. This estimator can be viewed as a modified version of the estimator
considered by Staicu and others (2010) to our setting. Define the M x M matrix fjr(t,s) =
2{Ky(t,s) (1 = pjx) +02I(t = s)I } , which can be consistently estimated as

X 1 &

Fin(t,s) = & > {Y(t) = Yir()} {Yi5(s) — Yin(s)} .

i=1

Note that, due to separability of the within-subject electrode and temporal effects, we can de-
fine a function Fj, = ft,sET 1%, fir(t,8)1ps dt ds which, since Fjj, o< (1 — pji), provides a mea-
sure of the disassociation of electrodes in that Fjj is large for electrodes for which p;, = 0.
A set of electrodes for which pj; = 0 can be estimated by thresholding the estimator ﬁjk =

Sy Yy 1o ik (. tg) 1ar/P(P = 1).

For 6 € (0,1), define the set of pairs of electrodes A = {(j, k) | F\jk > upper § quantile of F\Jk} .
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Our goal is to identify a subset of electrodes that are uncorrelated adjusting for subject-level de-
viations, and not necessarily the entire set. Consequently, § should be selected in a conservative
manner relative to the anticipated percentage of uncorrelated electrodes. The parameter § was
set at 30% for methods 1 — 4 in our simulation and was set at 20% in the real data analysis. In
practice, we suggest plotting all the value of ij and select somewhere below the changing point
of ij to decide d. Results for varying levels of § are provided in Section 3.2.

Given this set A, we then define fa(t,s) = 2 Gryea fir(t,s)/|Al, where |A| is the number
of pairs of electrodes in A, which is a consistent estimator of 2K, (¢, s) for t # s. Since fA(t, s)—
fjk(t, s) is a consistent estimator of 2p;,Kw (t, s), we can construct a consistent estimator of pj

as
P P

b= S S [Faltyte) = Firltost)| s p /4SS 1% [Faltyste)| 1

p=1q#p p=1q#p
1.2 Tuning Parameter Selection

Our optimization procedure (3) in the main text involves three tuning parameters: v controls
smoothness, a controls the among variate sparsity, and A controls the within time localization.
We will first select a common ~ for all eigenfunctions ¢,.,r = 1, ..., R using cross-validation (Rice
and Silverman, 1991), then fix v and select . and )\, sequentially using either cross-validation
or fraction of variance explained, depending the goal of the analysis.

To select v, we employ five-fold cross-validation. The parameter - is chosen among a set
of candidates 7, such that the estimated covariance K*) from the validation dataset, and the
estimated H,E:f) (7,0,0) from the training dataset with @ and A being 0, have the largest cross-

validated inner product. Formally:

5

5 = argmax Y (H\Z}(7,0,0), K))

€T r=1

where T is a candidate set of v, for which we used a sequence between 0 and P times the largest

eigenvalue of K.
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Similarly, (a;,\.) as a combination can be chosen by maximizing the cross-validated inner
product of Hﬁ;f) (4, ar, Ay) and K®):

5

(Gr,Ar) = argmax > (HT(§, 00, \,), K&)
(r Ar)EY2 -

where T, is a candidate set of (., Ar). Both the candidate sequences of a, and A, are between
0 and the 95% quantile of absolute values of off-diagonal entries in K, = (I —IL,_)K(I —1II,_1).
In our simulation we used coordinate descent to find the maximum cross-validated inner product.

The (&T,X«) found by the cross-validation approach minimizes the bias of estimating the
eigenfunction ¢,.. When ¢, is truly localized either within variates or among variates, cross-
validation would be a desirable approach to reveal the true level of sparsity in ¢,.. We adopted
this method in our simulation analysis in Section 5 in the main text.

Often, rather than an accurate estimate that is closest to the true ¢,., we are more interested
in an interpretable estimate ar that highlights variates and time points with dominant variation,
even with some sacrifice of the fraction of variance explained (FVE). The second method of choos-

" Ko

totv(K—~D)’ where

ing (a, Ar) is designed to provide such interpretable ér. Define FVE(¢) =
totv(K —+D) is the sum of all positive eigenvalues of K —~D, which is an approximation of the to-
tal variation removing the noise o2. Also define relative FVE as tFVE(a;., \,.) = %
where ar(ﬁ,AT,ar) is the r*" estimated eigenfunction with %, a,., and .. Then we select the
largest localization under the condition that rFVE is larger than some proportion b € (0, 1] that
one choose to guarantee:

(Gr, Ar) = argmax {a, + A, : tFVE,.(a,, \.) > b}. (1.1)
(ar7>\r)€T2,r

If there are more than one combination providing largest «,. + A,., we will choose the combination
with largest «,. to provide a more parsimonious eigenfunction. We will illustrate this method in

our real data analysis in Section 6 in the main text.
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1.3 Estimation of Eigenvalues and Principal Component Scores
For each subject i, we re-write Equation 1 in the manuscript using the mixed model format
Yi=Ziui + ¢

where V; = [V, VL, .. YTT,i =1,.,N is a JMP x 1 vector. The design matrix Z; is an

JMP x (Ry + JRy) matrix containing the subject-level and electrode-level eigenvectors

O ) or
p 1 o DR, g PRy
o1 o DR, ol R

The vector u; contains R; subject level and J X Ry electrode level principal component scores to
be estimated, and takes the form w; = [£7, ..., §7g, 5 [€8 j=1s s €8 =gy s [E8R i1 -+ ERy = g1 -

The covariance matrix of wu; is

o

0%1
o7 1 pr2 .. pu
® .

0%, psn pr2 e 1

The error term e; is a vector of length JM P, and the covariance matrix of e; is R; = o21.
Following Robinson (1991), the best linear unbiased predictor (BLUP) of the principal com-

ponent scores has the form @; = G;ZI (Z,G;ZF + R;)™'Y;, Z;,G; and R; are assumed to be

known in the BLUP, which involves the estimated pjz, 62, éﬁ AZ:‘Q and éf 767::“ . As previously

described, p;j, is obtained from the MoM estimator, qASf and (;37;’ can be obtained by interpolating

eigenvectors estimated from LVPCA. To estimate 67,6% and o2, we follow two steps in below:

ryrr

1. Estimate o2: Before introducing any localization, we first introduced a roughness term to

smooth the eigenvectors by maximizing the problem ¢ (K —yD)¢ such that |¢| 2 = 1 for
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some given vy > 0. As this is just the form of singular value decomposition, the middle part
of the quadratic form can be viewed as a smoothed covariance matrices I~(z = IA(Z —v.D
and K,, = K,, — 7, D. Recall the electrode level E{K(t,s)} = K, (t, s)+ 1o2I(t = s). We

estimate o2 by

.2  C
0" =P {trace [ ] Z all the positive eigenvalues of K }

2. Estimate 6,: Recall 0, = [, - [+ & (t)K(t, 5)$,(s)dtds, we estimate the subject-level 67

by 07 = in)fT[A(zéi/MP, and estimate the electrode-level 8 by 6% = gZA);:”TIA(w(z;;”/MP

1.4 Frobenius projection operator Ppy(p)

Lemma (Chen and Lei, 2015): Let IT = VVT, where the p x d matrix V contains d orthogonal
basis. Let the p X (p — d) matrix U be the orthogonal complement basis of V.

Suppose UTBU = ZZ U vimin! is a spectral decomposition of UT BU, then UTPDH(B)U =
S F (O)minT, where ;7 (0) = min [max(y; — 0,0),1] and P-4+ (0) = 1. So the Frobenius

projection operator of symmetric matrix B is

Z % (O)nim}

Poy ) = ur.

2. ADDITIONAL DETAILS FOR THE ANALYSIS OF DATA FROM THE BADA STUDY
2.1 Data Processing

The primary task, preprocessing, and conventional analysis of data from the task on a different
sample are fully described in Kerr and others (2019). Briefly, temporal artifacts likely to be caused
by blinks were rescaled, electrodes with outlying time domain characteristics (mean or standard
deviation outside the Turkey hinges) were interpolated, within participants, from other electrodes,
movement derived from raw and smoothed (4s kernel), and accelerometer data were regressed

out of each channel independently. Following transformation to the frequency domain, frequency
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data were linearly rescaled by dividing by the base frequency to make power at each frequency
roughly consistent, and were log transformed. Temporal outliers in the frequency domain time
series were Windsorized within electrodes. Frequency domain data were temporally smoothed (10
second kernel) and normalized to have initial values of zero at each electrode by subtracting the
time series at each electrode from a baseline calculated from the first 100 millisecond of the trial.
Participants did the 10 second rumination task twice, separated by a 10 second rest period. The

processed 10 second frequency domain time series was averaged for the two runs.

2.2 False Discovery Rate Control

To adjust for multiple testing, all reported p-values are adjusted to control the false discovery
rate (FDR) at 0.05. We utilize the adaptive group Benjamin and Hochberg (GBH) procedure
(Hu and others, 2010) for the 14 hypothesis tests grouped within anatomical regions for each
electrode-level principal components, controlling the FDR for each component at .00625 = .05/8.
Specifically, based on the correlation structure the 14 electrodes are grouped into 5 functionally
distinct regions across the scalp: the right frontal (AF4, F4, F8, FC6), the right temporoparietal
(T8, P8), the left frontal (AF3, F3, F7, FC5), the left temporoparietal (T7, P7), and the occipital
(01, O2) region. The proportions of true null hypothesis, which are estimated through the two-
stage (T'ST) method (Benjamini and others, 2006), are assumed to be dissimilar between the five

groups and the signals are more likely to appear together in these groups.

2.3  Complete Regression Results

Table 1 presents estimates, standard errors and adjusted p-values from the univariate regression

models for all 60 principal component scores.
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2.4 Additional Visual Representations

2.4.1  Scatter plots of principal component scores vs. transformed DES Figure 1 shows scatter
plots of principal component scores vs. transformed DES along with fitted values for the models

presented in Table 4 of the manuscript.

2.4.2  Topologies of n; Figure 2 shows the mean topologies across 14 of the electrode-specific
shifts from the overall mean function (maps for 7; from Equation 1 in the manuscript) across all

frequency bands.

2.5 Regression between Average Activity over Time and Transformed DES Scores

One of the traditional approaches for EEG analysis is to consider temporally averaged activity
during a task. In this subsection, we show that the associations identified with average activity
are mostly consistent with that identified from the multilevel LVPCA. However, the LVPCA
reveals more information, with regards to both dynamics of brain activity and connections across

frequency bands.

Instead of using principal component scores 7. and &;7, as predictors, consider a simpler way
of defining subject-level and electrode-level scores. Let (7, ; = % y Yi(.m) (tp) be the average

activity across all the time points and all the electrodes for subject i, m = 1,...,4 for theta,

alpha, beta and gamma frequency band. Let ¢ ;. = % - [Yig-m)(tp) - ﬁ(m) (tp)] be the average

activity across all the time points for subject i at electrode j with subject mean removed. Here

z .and C*

b m.i; are new subject-level and electrode-level scores and will be used to fit individual

regression models with the square-root transformed DES scores same as in Section 6.2 in the
main text.
Table 2 displays estimates from five models with significant effects or main score effects. The

significant interaction effects between a history of trauma and (7, .,,, Ciore @t O1 and (Y at

gamma
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O indicates that, among participants with a history of trauma, higher whole-brain theta power,
and higher beta and gamma power within the occipital cortex are associated with lower level of
dissociation. The significant main effect of (;%,, at O; and O, indicates that, among participants
without a history of trauma, higher beta power within the occipital cortext is associated with
higher levels of dissociation. These findings are consistent with those from the multilevel LVPCA
analysis. However, the LVPCA provides more detail. For example, from the LVPCA we know
that higher whole-brain theta power with an emphasis on power in the middle of the trial is
associated with dissociation, and that higher beta and gamma power with an early increasing
trend, usually occurs together and jointly associate with dissociation. In addition, coefficients
of the interactions in this analysis are shrunk towards zero relative to those from the LVPCA,
which may due to loss of information incurred by averaging over time. It should be noted that
the only significant association that is found with this simple approach but not with LVPCA is

the interaction effect between (37, at O1.

3. ADDITIONAL SIMULATION RESULTS
3.1  Simulation Results with Varying Numbers of Subjects

In this section, we present additional simulation results with varying numbers of subjects, N = 50
and 200, and with P = 100, 0 = 1 and other parameters same as the setting shown in the main
text, to evaluate the effect of sample size on empirical performance.

Figures 3 and 4 display estimated eigenfunctions ¢? and ¢, r = 1,2,3, from one simulated
data set with N = 50 and N = 200 subjects, respectfully. They display similar characteristics as
in Figure 2 in the manuscript with N = 100 subjects in that within-variate localization, between-
variate sparseness penalties and accounting for within-subject correlation between electrode-
specific deviations leads to favorable recovery of eigenfunctions. The medians of the errors || ¢—¢A>||2

over 200 simulations with N = 50 and N = 200 subjects are reported in Tables 3 and 4,
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respectfully. Together with Table 2 in the manuscript with N = 100, it can be seen that the
errors in estimating eigenfunctions decrease with increasing sample size for each of the eight
estimation methods. As seen for N = 100 in the manuscript, for both N = 50 and N = 200 the
proposed LVPCA outperforms the other methods when estimating subject-level eigenfunctions,
and performs favorably when estimating electrode-level eigenfunctions.

In terms of identifying areas of signal, Tables 5 and 6 list the median specificity and the
median sensitivity for estimating nonzero eigenvector elements with N = 50 and N = 200
subjects, respectively. As seen in the manuscript with N = 100, here we see that the proposed
LVPCA has the highest specificity and a reasonable level of sensitivity for N = 50 and N = 200.
Median specificity and sensitivity increased slightly with increasing sample size for all methods,
with two exceptions. The median sensitivity in estimating zero elements of <ZA)§ for the two methods
(&, A, 0) and (0, A, 0), which have wider quantile ranges, decrease as sample size increases.

Figure 5 displays boxplots of estimated subject-level and electrode-level eigenvalues with
N = 50,100 and 200. The four methods that adjust for within-subject correlation between
electrode-specific deviations can recover eigenvalues with relative little bias compared to the four
methods without adjusting for within-subject correlation. Variance decreases for all components
and for all methods with increasing sample size.

We also present empirical performance in estimating principal component scores, noise level
and within-subject correlation between electrode specific deviations. Table 9 lists the average root
mean square errors (RMSE) for estimating the principal component scores with N = 50,100 and
200 subjects. The proposed LVPCA has minimum RMSEs among the methods, and all RMSEs
reduce with increased sample size. With the setting 02 = 1, the average 42 is 0.932 (SD =
0.007) when N = 50, 0.945 (SD=0.005) when N = 100, and 0.950 (SD=0.003) when N = 200.
The empirical performance in estimating the within-subject correlation between electrode specific

deviations is quantified through the average of errors |2 — ||, where ¥ is the J x J correlation
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matrix. The average of |3 — || is 0.496 (SD=0.181) when N = 50, 0.347 (SD=0.145) when
N =100, and 0.253 (SD=0.181) when N = 200, compared to ||I —X||s = 1.60 without accounting

for within-subject correlation between electrode specific deviations and restricting all pj, = 0.

3.2 Simulation Results with Varying Values of §

In this section, we present results with varying values of §. In Section 4.4 of the main text we
discussed the estimation of pj;;, which requires to first identify a set A of pairs of electrodes
for which pji = 0. We proposed to estimate the set A by thresholding the estimator ij, ie.
A = {(4, k)|ﬁ'jk > upper 0 quantile of ij}. In the previous simulations we assumed we know
that 30% pairs of electrodes are uncorrelated adjusting for the subject-level deviation, i.e. § = 30%
. Here, we consider simulations with ¢ set to be 20% and 50% in order to explore robustness to
selection of 4.

Table 8 shows the median of errors || — ¢||o for ¢7,¢%,r = 1,2,3, (with median absolute
deviations in parenthesis) with ¢ = 20%,30% and 50% over 200 simulation runs, N = 100, P =
100, o = 1. The middle part of the table with = 30% is the same as the table 2 of the manuscript,
but is displayed for comparison. Here we see that when § = 20%, the median error for (Ei and <$;£
are similar as when ¢ = 30%. When ¢ = 50%, some median error for q@i becomes a little larger,
especially for <$§, while the median error for &5}1’ still remains the same. This trend is consistent
with what we observed in the table 2 of the manuscript, where methods 5 to 8 with 5 = 0 (can be
seen as § = 100%) lead to higher median error for 5}? especially $§” in a larger scale. Table 9 lists
the median specificity and the median sensitivity for estimating nonzero eigenvector elements.
the values are almost the same for § = 20%, 30% and 50%.

Figure 6 displays boxplots of estimated subject-level and electrode-level eigenvalues. When §
is under-specified as 20%, 0", 05 and 0% are over-estimated with median bias ranging from 0.012

to 0.036. When 0 is over-specified as 50%, 603 is over-estimated, with median bias ranging from
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0.018 to 0.022, and 07, 65 and 65 are under-estimated with median bias ranging from -0.108 to
-0.025. This trend is consistent with what we have observed in Figure 5 where methods 5 to 8
with ¢ = 100% lead to over-estimated 63 and under-estimated 6% in a larger scale.

In practice we suggest plotting all the value of ij. Since ij should be large for electrodes
pairs with p;; = 0 compared to electrode pairs with correlation, we may select § somewhere
below the change in the velocity of E k- For example, Figure 7 shows F ik as a function of ¢ from

one of the simulation datasets. The “elbow” of the line suggests picking § = 30%.

3.3 Simulation Results with larger number of variates

In this section, we present results with larger number of variates M = 15. Specifically, we ex-
panded the original eigenfunctions of M = 3 in Table 1 in the manuscript to M = 15 by
replicating the three original eigenfunctions by 5 times. Other parameters same as the setting
shown in the main text. We also considered varying number of subjects N = 50,100, 200. The
bias or error level for estimating the eigenvalues 6, PC scores &, and the correlation p remains
the same compared to that of M = 3 in the manuscript, while the bias of eigenfunctions ¢ are
slightly larger than that of M = 3.

Table 10 reports the medians of the errors ||¢ — @2 over 200 simulations with N = 50, 100
and 200 subjects. Overall the bias are slightly larger than the M = 3 case in the manuscript,
while the overall trends are similar that the proposed LVPCA has the smallest bias. Table 11
reports the median specificity and sensitivity. Similar as in the M = 3 case, LVPCA has the
highest specificity among all the methods.

Figure 8 displays boxplots of estimated subject-level and electrode-level eigenvalues with
N = 50,100 and 200. The trends are similar that the four methods that adjust for within-subject
correlation between electrode-specific deviations can recover eigenvalues with relative little bias

(ranged from -0.01 to 0.03 for N = 100, from -0.02 to 0.02 for N = 50 and from -0.01 to 0.02 for
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N = 200) compared to the four methods without adjusting for within-subject correlation. The
overall level of bias of M = 15 is comparable to that of M = 3.

Table 12 lists the average root mean square errors (RMSE) for estimating the principal com-
ponent scores with M = 15. The proposed LVPCA has minimum RMSEs among the methods,
and the overall error level is comparable to that of M = 3. For the estimated noise, the average 52
is 0.946 (SD=0.004) when N = 50, 0.96 (SD = 0.003) when N = 100, and 0.966 (SD=0.002) when
N = 200. The empirical performance in estimating the within-subject correlation between elec-
trode specific deviations is quantified through the average of errors || — %||; where ¥ is the J x .J
correlation matrix. The average of |2 — 2|5 is 0.532 (SD=0.182) when N = 50, 0.383 (SD=0.119)
when N = 100, and 0.267 (SD=0.1) when N = 200, compared to ||I — |2 = 1.60 without ac-
counting for within-subject correlation between electrode specific deviations and restricting all
pik = 0. The overall level of error is comparable to that of M = 3, which is 0.496 (SD=0.181)

when N = 50, 0.347 (SD=0.145) when N = 100, and 0.253 (SD=0.181) when N = 200.
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Square root transformed DES score vs principal component scores

w
§3 ,FC6 2;3 F8

Fig. 1: Scatter plots and fitted regression lines of square root transformed DES score on &3, £} o1,
€3’ roe and &1 pg. Red represents participants with a history of trauma and black those without.
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(c) m;(t) for beta

Fig. 2: 7;(t) for four frequency bands.

(d) m;(t) for gamma
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Fig. 3: True (black solid) and estimated (green and red dot) eigenfunctions from one simulated
data set with N = 50, P = 100 and o = 1, by the described eight estimation procedures. Solid
black lines are the true eigenfunctions, green lines indicate estimated zero elements and red lines
indicate estimated nonzero elements.
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Fig. 4: True (black solid) and estimated (green and red dot) eigenfunctions from one simulated
data set with N = 200, P = 100 and ¢ = 1, by the described eight estimation procedures. Solid
black lines are the true eigenfunctions, green lines indicate estimated zero elements and red lines
indicate estimated nonzero elements.
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Fig. 5: Boxplots of eigenvalues estimated by the eight described estimation methods with N

50,100, and 200, P = 100 and ¢ = 1, over 200 simulation runs. Red solid lines indicate true

eigenvalues.
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Table 1: BADA Study - Univariate regression models for all 60 PC scores.

Score Trauma Score x Trauma
B1 (SE) p-value s (SE) p-value B3 (SE) p-value

€& 057 (0.35) 0823 1.65(0.26) <0.001 -1.11(0.71) 0.967
€ 065(0.56) 0999 1.66(0.25) <0.001 -2.67(0.89) 0.027
€ -0.44 (0.53) 0999  1.62 (0.26) < 0.001 1.78 (0.96)  0.526
I 052 (1.2)  0.999 1.64 (0.26) < 0.001 -2.70 (1.71)  0.939
€y -0.47 (0.41)  0.999  1.62 (0.27) <0.001 0.48 (0.60)  0.999
€ pr  -0.06 (0.39)  0.999  1.66 (0.27) <0.001 0.35 (0.57)  0.999
0.27) <0.001 0.23 (0.68)  0.999
0.26) <0.001 0.02 (0.62)  0.999
0.26) <0.001 -0.55 (0.52)  0.999
0.27) <0.001 0.10 (0.68)  0.999
0.25) <0.001 -1.73 (0.59)  0.036

€ ps  0.06(0.38) 0999 165
€pcs  0.31(0.42) 0999  1.64
€ 0.05(0.35)  0.999  1.66
€0 pr  -0.11(0.32) 0999  1.63
€, 1.01(0.40)  0.098  1.62

) (

£ 0p 0.68(0.38) 0313  1.67(0.26) <0.001 -0.69 (0.59)  0.999
& ps  0.20 (0.34)  0.999  1.64 (0.26) <0.001 -0.25 (0.59)  0.999
€ ps 030 (0.37) 0999  1.64 (0.27) <0.001 -0.38 (0.61)  0.999
EPpos 020 (0.32) 0999  1.65 (0.27) < 0.001 0.06 (0.55)  0.999
g, 043 (0.42) 0999  1.62 (0.26) < 0.001 0.46 (0.60)  0.999

(0.51)  0.999
€Vaps -0.06 (0.34)  0.999  1.64 (0.27) <0.001 0.09 (0.45)  0.999
aps -0.72(0.53) 0999 164 (0.26) <0.001 0.82(0.95)  0.999
& p;  -0.35(0.47) 0999  1.63 (0.26) < 0.001 -0.64 (0.77)  0.999
& py  -0.07(0.50)  0.999  1.64 (0.27) <0.001 -0.13(0.85)  0.999
€pos  -0.60 (0.50)  0.999  1.66 (0.27) < 0.001 0.43 (0.80)  0.999

0.27
0.26
0.27

<0.001 -0.40 (0.78)  0.999
<0.001 -1.02 (0.82)  0.999
<0.001 0.48 (0.73)  0.999

& p; <015 (0.41)  0.999  1.67

& o1 -0.25(0.42) 0999  1.64

(0.26)

(0.25)

(0.26)

(0.26)

(0.27)

(0.27)

(0.27)

(0.26)

(0.26)

(0.27)

(0.25)

(0.26)

(0.26)

(0.27)

(0.27)

( (0.26)
€ 0.02(0.35) 0999  1.65(0.26) < 0.001 0.72

( (0.27)

( (0.26)

( (0.26)

( (0.27)

( (0.27)

Yopp -0.22(047)  0.999  1.67 (0.27)

( (0.26)

( (0.27)

( (0.27)

( (0.27)

(0.26)

(0.25)

(0.26)

(0.26)

(0.27)

& 0y -0.07(0.48) 0999  1.64 (0.27) <0.001 -0.08 (0.86)  0.999
& ps  0.11(0.45) 0999  1.63(0.27) <0.001 -0.17 (0.85)  0.999
& g -0.08 (0.49)  0.999  1.63 (0.26) < 0.001 0.76 (0.86)  0.999
pce 024 (042) 0999  1.68 (0.25) <0.001 1.76 (0.83)  0.999
& py 044 (0.49) 0999  1.63 (0.26) <0.001 0.70 (0.80)  0.999
& ps  0.11(0.44) 0999  1.69 (0.26) <0.001 1.27 (0.84)  0.999
€ p, -0.23(0.48) 0999 164 (0.27) <0.001 0.17 (0.77)  0.999




Table 2: Coefficients, standard errors and adjusted p-values from univariate models on (7, ;

m i with significant interaction effects or main score effects.
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Table 1 Continued

Score Trauma Score x Trauma

B1 (SE) p-value (SE) p-value Bs (SE) p-value

& ars  -0.48 (0.42) 0999 1.65 (0.26) < 0.001 1.40 (0.84) 0.999
&' pr  -0.36 (0.41) 0999 1.62 (0.26) < 0.001 -0.35(0.77)  0.999
& ps -0.67 (0.48) 0999 1.57 (0.26) < 0.001 -0.70 (1.12)  0.999
&rcs  -1.01 (0.45) 0.999 1.66 (0.26) < 0.001 0.65 (0.76) 0.999
& 7 -0.73 (0.44) 0999 1.65 (0.26) < 0.001 0.25 (0.88) 0.999
& pr -0.69 (0.38) 0999 1.57 (0.26) < 0.001 -0.48 (0.82) 0.999
& 01 -0.03 (0.37) 0999 1.62 (0.26) < 0.001 -0.66 (0.59) 0.999
&3 02 -0.23 (0.37) 0999 1.64 (0.26) < 0.001 0.07 (0.71) 0.999
£3 ps  -0.24 (0.40) 0999 1.64 (0.27) < 0.001 0.75 (1.01) 0.999
&Y g -0.56 (0.40) 0999 1.64 (0.27) < 0.001 0.96 (0.89) 0.999
£§”7VFC6 -0.43 (0.39)  0.999 1.68 (0.26) < 0.001 2.10 (0.80) 0.082
&' py  -0.72 (0.41) 0999 1.66 (0.27) < 0.001 1.60 (0.86) 0.359
& ps -0.31 (0.40) 0999 1.74 (0.26) < 0.001 2.21 (0.84) 0.082
§¥arps  -0.48 (0.43) 0999 1.63 (0.26) < 0.001 0.64 (0.80) 0.999
Efars 041 (0.64) 0999 152 (0.26) < 0.001 -1.95(1.05) 0.999
& pr 036 (0.66) 0.999 1.57 (0.27) < 0.001 -1.58 (0.97)  0.999
& ps 027 (0.67) 0.999 1.54 (0.27) < 0.001 -1.28 (0.97)  0.999
Efres 103 (0.72) 0.999 1.68 (0.26) < 0.001 -0.32(1.08)  0.999
L7 0.62 (0.79) 0.999  1.66 (0.26) < 0.001 0.25 (1.17) 0.999
L pr  -0.07 (0.66) 0.999 1.64 (0.27) < 0.001 -0.41 (1.13)  0.999
o1 039 (0.67) 0.999 1.53 (0.27) < 0.001 -1.63 (1.00)  0.999
€ 02 -0.01 (0.61) 0.999 1.65(0.26) < 0.001 -1.48 (1.02) 0.999
£ ps  -0.01 (0.54) 0999 1.64 (0.26) < 0.001 -0.63 (0.89) 0.999
& s 0.10 (0.56) 0.999 1.61 (0.26) < 0.001 -1.38 (1.00)  0.999
&frce  0.10 (0.59) 0.999 1.66 (0.26) < 0.001 -1.26 (1.01)  0.999
& rpqe  0.09 (0.67) 0.999 1.60 (0.26) < 0.001 -1.61(0.96) 0.999
& ps  0.03 (0.64) 0.999 1.63 (0.26) < 0.001 -1.31 (1.02) 0.999
& aps  0.54 (0.65) 0.999 1.59 (0.26) < 0.001 -1.62 (0.92) 0.999

Score Trauma Score x Trauma
(SE) p-value (SE) p-value Bs (SE) p-value
Cheta 0.32 (0.31) 0.999 1.68 (0.25) < 0.001  -1.56 (0.49) 0.015
(e, at O1 0.78 (0.33) < 0.001 1.65(0.26) < 0.001  -1.38 (0.48) 0.036
(et at O 0.69 (0.34) < 0.001 1.68 (0.26) < 0.001 -0.41 (0.59) 0.999
Camma 2t 01 062 (029) 0999 157 (025) <0001  -150 (0.49)  0.021
© oha at Or 057 (0.32) 0999  1.65(0.26) <0.001 -1.252 (0.445)  0.048

23
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Table 3: Median of errors ||¢ — <$||2 for ¢z, ¢¥,r = 1,2,3, (with median absolute deviations in
parenthesis) with N = 50, P = 100 and ¢ = 1, over 200 simulation runs.

G5 b3 ?3 i ¢35 o3
(&, \,p) 0.72(0.26) 1.23 (0.64) 2.99 (1.49) 0.35 (0.05) 0.44 (0.06) 0.84 (0.13)
(4,0,5) 0.92(0.36) 3.12(1.32) 4.00 (2.03) 0.75 (0.10) 1.24 (0.20) 1.22 (0.12)
(0,A,p) 147 (0.41) 1.35(0.74) 4.96 (1.81) 0.63 (0.22) 0.45 (0.08) 0.82 (0.14)
(0,0,p) 3.78 (1.17) 5.79 (1.63)  6.28 (1.51) 1.92 (0.68) 2.90 (0.78) 2.23 (0.64)
(&, X,0) 0.71 (0.25) 1.94 (1.44) 24.49 (0.00) 0.35 (0.05) 0.44 (0.06) 0.84 (0.13)
(4,0,0) 0.93 (0.36) 6.00 (2.78) 14.29 (7.77) 0.75 (0.10) 1.24 (0.19) 1.22 (0.12)
(0,A,0) 150 (0.40) 1.99 (1.47) 24.41 (1.08) 0.63 (0.22) 0.45 (0.08) 0.82 (0.14)
(0,0,0) 4.39 (1.35) 7.99 (2.63) 14.52 (4.15) 1.92 (0.68) 2.90 (0.78) 2.23 (0.64)

Table 4: Median of errors ||¢ — $||2 for ¢z, ¢¥,r = 1,2,3, (with median absolute deviations in
parenthesis) with N = 200, P = 100 and ¢ = 1, over 200 simulation runs.

o5 ?3 P35 oY ¢35 ¢35
(&, \,p) 0.36 (0.04) 0.57 (0.18) 1.40 (0.77)  0.35 (0.04) 0.39 (0.02) 0.47 (0.06)
(4,0,p) 0.45 (0.05) 1.42 (0.40) 1.62 (0.91) 0.59 (0.04) 1.02 (0.08) 0.65 (0.06)
(0,\,p) 0.93(0.25) 0.65(0.25) 2.41 (0.72) 0.33 (0.03) 0.39 (0.03) 0.43 (0.06)
(0,0,p) 2.08 (0.60) 2.89 (0.71) 3.01 (0.84) 1.09 (0.31) 1.71 (0.38) 1.12 (0.32)
(&,X,0) 0.35 (0.04) 0.66 (0.26) 24.49 (0.00) 0.31 (0.02) 0.39 (0.02) 0.48 (0.06)
(4,0,0) 0.45 (0.05) 2.81 (1.35) 10.42 (5.20) 0.59 (0.04) 1.02 (0.09) 0.65 (0.06)
(0,,0) 0.97 (0.27) 0.82 (0.41) 23.75 (0.75) 0.33 (0.03) 0.39 (0.03) 0.43 (0.06)
(0,0,0) 2.26 (0.62) 4.07 (1.11) 11.52 (4.40) 1.09 (0.31) 1.71 (0.38) 1.12 (0.32)

Table 5: Median of specificity (proportion of zero elements correctly estimated as zero) and
sensitivity (proportion of nonzero elements estimated as nonzero) for ¢Z,¢¥,r = 1,2,3, with
N =50, P =100 and ¢ = 1, over 200 simulation runs.

Specificity Sensitivity
TR S - W G 2 SR O T S R 2 M

o~ N N TN~ N

A, A, p) 099 099 1.00 0.99 1.00 0.70 0.87 085 1.00 0.88 0.88 0.84
&4,0,p) 075 0.72 1.00 0.73 0.73 0.01 1.00 1.00 1.00 1.00 1.00 1.00
0, p) 097 0.99 0.78 1.00 1.00 0.70 0.71 083 099 0.76 0.80 0.85
0,0,p) 0.01 0.01 0.01 0.01 0.01 0.01 1.00 1.00 1.00 1.00 1.00 1.00
A73\,0) 0.99 097 0.86 099 1.00 0.70 0.87 088 0.13 088 092 0.85
4,0,0) 0.75 0.72 0.50 0.73 0.73 0.01 1.00 1.00 1.00 1.00 1.00 1.00
0,5\,0) 0.97 097 0.80 1.00 1.00 0.70 0.71 083 0.21 0.76 0.80 0.85
0,0,0) 0.01 0.01 0.01 0.01 0.01 0.01 1.00 1.00 1.00 1.00 1.00 1.00




Table 6: Median of specificity (proportion of zero elements correctly estimated as zero) and
sensitivity (proportion of nonzero elements estimated as nonzero) for ¢z, ¢¥,r = 1,2,3, with
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N =200, P =100 and o = 1, over 200 simulation runs.

25

Specificity Sensitivity
95 95 9f ¢y ¢F R T S S N 3
(a,\,p) 1.00 1.00 1.00 1.00 1.00 0.79 0.87 0.88 1.00 0.92 0.88 0.84
(4,0,p) 0.75 0.73 1.00 0.73 0.73 0.02 1.00 1.00 1.00 1.00 1.00 1.00
(0, 5\, p) 097 1.00 0.04 1.00 1.00 0.80 0.74 0.83 1.00 0.76 0.80 0.84
(0,0,p) 0.03 0.02 0.02 0.03 0.02 0.02 1.00 1.00 1.00 1.00 1.00 1.00
(A,S\,O) 0.99 0.98 0.88 1.00 1.00 0.79 0.87 0.88 0.00 0.88 0.92 0.84
(¢,0,0) 0.75 0.73 0.51 0.73 0.73 0.02 1.00 1.00 1.00 1.00 1.00 1.00
(0, 5\, 0) 097 1.00 0.81 1.00 1.00 0.80 0.74 0.83 0.18 0.76 0.80 0.84
(0,0,0) 0.03 0.02 0.02 0.03 0.02 0.02 1.00 1.00 1.00 1.00 1.00 1.00

Table 7: Average RMSEs (root mean square error) for estimating the principal component scores
by the eight described estimation methods with N = 50,100,200, P = 100 and ¢ = 1, over 200
simulation runs. The values are augmented 100 times for better presentation

§ & & & & &

>

(6,\,p) 151 164 56.7 19.7 160 103
(6,0,p) 152 188 57.0 21.3 161 11.5
(0,\,p) 16.0 17.9 576 224 173 11.3
N=50 (0,0,p) 205 26.0 637 258 214 157
(4,A\,0) 154 279 87.8 440 285 11.7
(4,0,0) 16.3 369 923 542 265 13.3
(0,A,0) 17.0 30.8 91.6 54.0 29.3 125
(0,0,0) 24.6 453 103.2 710 31.5 19.2
(6,\,p) 102 93 638 142 121 87
(6,0,p) 105 104 613 149 122 94
(0,\,p) 109 104 642 152 127 9.2
N=100 (0,0,) 140 17.0 60.6 17.6 154 123
(&,A,0) 10.1 165 933 430 252 102
(4,0,0) 10.8 209 107.1 534 251 11.1
(0,A\,0) 11.2 184 97.1 485 268 10.8
(0,0,0) 169 31.4 1169 704 283 15.3
(6,\p) 71 65 590 103 93 7.1
(6,0,p) 7.0 70 590 11.1 96 7.5
(0,A\,p) 76 7.6 593 112 99 75
N=200 (0,0,p) 101 123 582 131 119 94
(6,\,0) 7.1 87 891 385 233 88
(4,0,0) 7.1 131 99.3 425 227 88
(0,A,0) 79 118 91.1 476 239 9.2
(0,0,0) 115 20.2 111.6 60.5 238 11.2
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Table 8: Median of errors ||¢ — ¢||z for ¢Z,¢¥,r = 1,2,3, (with median absolute deviations
in parenthesis) with ¢ = 20%,30% and 50% over 200 simulation runs. Other parameters N =
100, P =100 and o = 1.

5 P35 or ¢35 3
(&, X\, p) 048 (0.14) 0.87 (0.38) 2.14 (1.03) 0.35 (0.05) 0.41 (0.04) 0.66 (0.10
(4,0,5) 0.60 (0.15) 1.77 (0.58) 2.42 (1.40) 0.66 (0.08) 1.11 (0.11) 0.91 (0.10
(0,A,p) 1.25(0.31) 0.97 (0.46) 3.26 (1.13) 0.41 (0.09) 0.41 (0.05) 0.60 (0.09
(0,0,5) 2.61(0.79) 3.76 (0.91) 4.27 (1.09) 1.43 (0.43) 2.14 (0.58) 1.57 (0.44
(&, X\, p) 049 (0.15) 0.91 (0.41) 2.18 (1.15) 0.34 (0.04) 0.41 (0.04) 0.66 (0.10
(4,0,5) 0.60 (0.15) 1.89 (0.68) 2.54 (1.50) 0.66 (0.08) 1.11 (0.11) 0.91 (0.10
(0,A,p) 1.25(0.31) 0.96 (0.44) 3.49 (1.13) 0.41 (0.09) 0.41 (0.05) 0.60 (0.09
(0,0,p) 2.67 (0.78) 3.89 (1.00) 4.46 (1.23) 1.43 (0.43) 2.14 (0.58) 1.57 (0.44
(&, X\, p) 0.48 (0.13) 0.88 (0.38) 3.39 (1.86) 0.34 (0.04) 0.41 (0.03) 0.66 (0.10
(4,0,p) 0.60 (0.15) 2.18 (0.91) 3.65 (2.09) 0.66 (0.08) 1.11 (0.11) 0.91 (0.10
(0,\,p) 1.25(0.31) 0.97 (0.46) 4.83 (1.58) 0.41 (0.09) 0.41 (0.05) 0.60 (0.05
(0,0,p) 2.78 (0.81) 4.38 (1.21) 5.53 (1.60) 1.43 (0.43) 2.14 (0.58) 1.57 (0.44

Table 9: Median of specificity (proportion of zero elements correctly estimated as zero) and
sensitivity (proportion of nonzero elements estimated as nonzero) for ¢Z,¢¥,r = 1,2,3, with
0 = 20%, 30% and 50% over 200 simulation runs. Other parameters N = 100, P = 100 and o = 1.

Specificity Sensitivity

N S S W 2 S % R S - R 2 W W Y
(&, A, p) 099 1.00 1.00 099 1.00 0.75 0.87 0.83 1.00 0.92 092 0.85
(&,0,p) 0.75 0.73 1.00 0.73 0.73 0.01 1.00 1.00 1.00 1.00 1.00 1.00
(0,A\,p) 097 1.00 0.02 100 1.00 0.76 071 0.83 1.00 0.76 0.80 0.85
(0,0,p) 0.02 0.01 0.02 0.02 0.02 0.01 1.00 1.00 1.00 1.00 1.00 1.00
(&, A,p) 099 099 1.00 099 1.00 0.75 0.87 0.83 1.00 092 092 0.85
(&,0,p) 0.75 0.73 1.00 0.73 0.73 0.01 1.00 1.00 1.00 1.00 1.00 1.00
(0,A\,p) 097 1.00 0.03 1.00 1.00 0.75 071 0.83 1.00 0.76 0.80 0.85
(0,0,p) 0.02 0.01 0.02 0.02 0.02 0.01 1.00 1.00 1.00 1.00 1.00 1.00
(&, A,p) 099 099 1.00 1.00 1.00 0.74 0.84 0.88 1.00 0.88 0.92 0.85
(&,0,p) 0.75 0.73 1.00 0.73 0.73 0.01 1.00 1.00 1.00 1.00 1.00 1.00
(0,A\,p) 0.97 1.00 0.03 1.00 1.00 0.76 0.71 0.83 1.00 0.76 0.80 0.85
(0,0,5) 0.02 0.01 0.02 0.02 0.02 0.01 1.00 1.00 1.00 1.00 1.00 1.00
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Table 10: Median of errors ||¢ — Q/gH2 for ¢z, ¢¥,r = 1,2,3, (with median absolute deviations in
parenthesis) with M = 15 over 200 simulation runs for N = 50, 100 and 200. Other parameters
P =100 and ¢ = 1.

o7 b3 P35 oY ¢35 o3
(&, A, p) 157 (0.54) 3.59 (2.37)  6.71 (3.10)  0.78 (0.09) 1.26 (0.29) 1.48 (0.21)
Noso (@05 L98(0.75) 669 (260) 724 (344)  L7L(031) 277 (0.62) 2.37 (0.32)
(0,7, 296 (1.18) 5.29 (3.56)  9.53 (3.36)  0.86 (0.19) 1.63 (0.74) 1.52 (0.17)
(0,0,p) 856 (2.68) 13.08 (3.56) 12,54 (3.91) 4.63 (1.46) 6.45 (1.87) 4.75 (1.43)
(&,X,0) 1.57 (0.55) 7.64 (6.24) 32,92 (21.85) 0.78 (0.08) 1.26 (0.29) 1.49 (0.21)
(4,0,0) 2.10 (0.80) 13.04 (6.72) 29.27 (16.99) 1.71 (0.31) 2.76 (0.61) 2.34 (0.30)
(0,A,0) 3.53 (1.70) 9.14 (7.07) 32.42 (17.46) 0.86 (0.19) 1.63 (0.74) 1.52 (0.17)
(0,0,0) 9.53 (3.15) 18.71 (5.36) 32.22 (10.39) 4.63 (1.46) 6.45 (1.87) 4.75 (1.43)
(&, X, p) 1.06 (0.30) 1.87 (0.95)  4.62 (2.01) 0.72 (0.05) 1.44 (0.29) 1.05 (0.14)
(4,0,p) 1.37(0.41) 4.20 (1.55)  4.93 (2.22)  1.43 (0.17)  2.50 (0.36) 1.64 (0.20)
(0,A,5) 2.25(0.80) 2.80 (1.65)  7.03 (2.19)  0.77 (0.13) 1.55 (0.43) 1.09 (0.11)
(0,0,p) 6.33 (1.52) 8.64 (2.23)  9.02 (2.29)  3.13 (1.04) 4.74 (1.21) 3.32 (0.87)
(&,1,0) 1.15(0.36)  3.61 (2.65) 25.72 (15.50) 0.72 (0.05) 1.44 (0.30) 1.07 (0.16)
(4,0,0) 1.46 (0.47) 8.32 (4.08) 21.79 (10.59) 1.41 (0.15) 2.50 (0.36) 1.64 (0.18)
(0,A,0) 2.37(0.92) 3.43(2.32) 28.74 (14.01) 0.77 (0.13) 1.57 (0.43) 1.09 (0.11)
(0,0,0) 0.68 (1.73) 1228 (3.47) 25.93 (8.93) 3.12 (1.03) 4.74 (1.17) 3.29 (0.83)
(&,X,p) 083(0.13) 143 (0.55)  3.20 (L.51)  0.76 (0.04) 1.60 (0.31) 0.78 (0.14)
(4,0,p) 1.05(0.14) 3.28 (0.96)  3.34 (1.63)  1.32 (0.11) 2.32 (0.24) 1.27 (0.22)
(0,A,p) 1.42(0.29) 1.78 (0.76)  4.89 (1.84)  0.79 (0.07) 1.54 (0.19) 0.80 (0.10)
(0,0,p) 4.49 (1.17) 6.43 (1.49)  6.37 (1.88)  2.37 (0.64) 3.50 (0.75) 2.54 (0.81)
(&,1,0) 081 (0.12) 1.45(0.65) 30.25 (19.61) 0.76 (0.04) 1.60 (0.31) 0.78 (0.14)
(4,0,0) 1.04 (0.13) 5.57 (2.46) 18.18 (8.31)  1.32 (0.11) 2.23 (0.24) 1.27 (0.23)
(0,A,0) 1.58 (0.33) 2.32 (1.44) 35.46 (19.31) 0.79 (0.07) 1.54 (0.19) 0.80 (0.10)
(0,0,0) 5.05 (1.35)  9.25 (2.96)  24.43 (9.75)  2.37 (0.64) 3.50 (0.75) 2.54 (0.81)
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Table 11: Median of specificity (proportion of zero elements correctly estimated as zero) and
sensitivity (proportion of nonzero elements estimated as nonzero) for ¢z, ¢¥,r = 1,2,3, with
M =15 for N = 50,100 and 200 over 200 simulation runs. Other parameters P = 100 and o = 1.

Specificity Sensitivity

L T S ) G ) S % 1 T T - W s W WL |

(@,Ap) 1 098 1 099 1 0.71 084 093 1 0.85 091 0.92
Nz (@05 086 084 1 084 084 05 1 1 1 1 1 1
(0,\,p) 096 096 0.81 097 097 05 0.74 093 1 0.8l 089 0.91
(0,0,p) 0.02 0.01 0.01 0.02 0.01 0.01 1 1 1 1 1 1
(6,\,00 1 097 09 1 099 0.71 0.83 097 1 0.84 091 0.92
(4,0,0) 0.86 0.84 0.75 0.84 084 05 1 1 1 1 1 1
(0,A,0) 096 0.95 0.76 0.97 097 0.5 0.74 0.93 099 0.81 089 0.91
(0,0,0) 0.02 0.01 0.01 0.02 0.01 0.01 1 1 1 1 1 1
(&,A\,p) 099 099 1 1 099 0.73 08 092 1 087 097 0.93
N—100 (@09 086 084 1 084 0.65 05 1 1 1 1 1 1
(0,\,p) 096 096 0.84 0.97 097 051 0.76  0.92 0.99 0.87 0.96 0.92
(0,0,p) 0.03 0.02 0.02 0.03 002 0.02 1 1 1 1 1 1
(4,A\,0) 099 098 093 1 099 0.73 085 092 1 087 096 0.93
(4,0,0) 0.86 0.84 0.75 0.84 0.65 0.5 1 1 1 1 1 1
(0,A,0) 0.96 097 081 097 0.97 051 0.75 091 098 087 0.96 0.92
(0,0,0) 0.03 0.02 0.02 0.03 0.02 0.02 1 1 1 1 1 1
(@, \p) 1 099 1 1 098 0.74 087 093 1 089 0.99 0.93
N oy (@0.,9) 086 084 1 084 051 05 1 1 1 1 1 1
(0,\,p) 097 097 091 098 097 0.54 0.77 092 099 089 097 0091
(0,0,p) 0.04 0.03 0.02 0.04 0.03 0.02 1 1 1 1 1 1
(G,A,00 1 098 093 1 098 0.74 087 092 1 089 0.99 0.93
(4,0,0) 0.86 084 0.76 0.84 051 0.5 1 1 1 1 1 1
(0,A\,0) 0.97 097 089 098 0.97 0.54 0.77 092 098 089 097 091
(0,0,0) 0.04 0.03 0.03 0.04 0.03 0.02 1 1 1 1 1 1
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N=200

N=100

N=50

<+ [+ F-{]} +-[J}4 HH o+ [H HH
- +{[]- - F-{]HA F-[TH HH + [H HH
-+ F-{1H F-[IH HH «+ [ HH
-+ F-{]FA +-[[F HH «+ [ HH
-+ F-{[FA ok-[[}4 HJJH + -] ~+{J}H
- +{]J- - F-{[FA oot {[}-4 HIJ- - [J]-4 -+{JH4
-H{[J-+ F-{]HA o[} 21K - [[]-4 -+{J}-
«H{[-+ F-{[FA o F-[[}4 =1 E +-[[]-4 =+{H
+--[]]--A F--T--- F-[ 4 + {4 FIH +{JH
+--[]]--+ F--{[]-- F-{T}-H +{- FI}H +{JH
ek -{]]-- F--{11--4 F-{]} -+ + - HI}- +{JH
ck--[fJ--4 | |- -1} - F-{] 14 +[+ +{} +{J}+
T Il A B e I N (I I I S | R A I
cb=-[--4 | |- +--[1]--- F-{]}-A +-[J-- F-{]]-4 +--[]}
ck--[f)--4 | |- F--[0--A F-{]]- +-{J}- F-{]]-4 +--[]}+
ck--[f]--4 | |- r--LI}-- F-{]]- +-{J- F-{]]-A +--[]}
eo b=-[F--4] [F---1F-A F--{T]J-t4 o+ [} +-[}4 ek [}
oo b=-[ -4 | F---[1F- F--]1}-- + [} -+-[[}H o k-[J}H
oo b=-[[}--41 | +--11- o+--{]}-FA +J} o -[[F4 o+ {JH
oo b=-[[-4¢ | F---[IF- ok--[ T} +[} o -[[} - k-[J}+
eo b=-[F-4 | [+---[1]-- cb--{[F-4| |- r-{1--- wob == []]--A -~
oo b=-[}F-4¢ | F---[[]--A «t--{1]--4] |- +-{1}-- oot =[]} -4 e --1]]-4
oo b=-[[}--4| | +---[]]-A ok--{I]--4| |- -+-11]-A oot =[]} -4 o+--{]]-4
oo b=-[[-4° | F---[1]--- et--11]--4| | -+-{1-+ et --[]]--A oo --{]]-
Py PN pE 5 25 oy

(0'0°0)
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Fig. 8: Boxplots of eigenvalues estimated by the top four estimation methods, with M = 15 for

N

50,100 and 200 over 200 simulation runs. Other parameters P = 100 and o = 1.
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Table 12: Average RMSEs (root mean square error) for estimating the principal component scores
by the eight described estimation methods with M = 15, N = 50,100,200, P = 100 and ¢ = 1,
over 200 simulation runs. The values are augmented 100 times for better presentation

§ & & & & &

>

(6, \,p) 151 141 46.0 187 150 95
(4,0,p) 150 15.0 46.7 19.7 15 10.3
(0,\,p) 165 17.0 457 203 164 10.4
N=50 (0,0,p) 207 250 485 236 199 15.0
(4,A\,0) 15.6 275 101.6 542 28.2 112
(4,0,0) 162 29.2 1028 555 26.1 12.5
(0,A\,0) 17.8 30.4 1024 595 29.8 125
(0,0,0) 255 40.6 113.1 724 31.3 186
(6,\,p) 89 86 550 126 108 638
(4,0,) 89 92 550 133 10.8 7.3
(0,\,p) 99 103 564 146 119 74
N=100 (0,0,p) 132 163 552 163 145 10.7
(4,\,0) 9.1 156 102.8 479 26.1 83
(4,0,0) 9.7 192 1131 545 253 9.2
(0,A,0) 104 16.7 1047 544 293 9.0
(0,0,0) 162 31.5 1221 706 28.7 13.6
(6,\,p) 65 62 493 89 79 49
(6,0,p) 65 65 49 95 80 5.3
(0,\,p) 7.0 70 500 95 85 54
N=200 (0,0,p) 95 1L7 513 113 104 80
(4,\,0) 6.6 102 1002 414 249 6.8
(4,0,0) 7.0 123 1109 456 235 6.8
(0,A,0) 7.3 156 1074 609 264 7.4
(0,0,0) 11.3 222 127.7 708 253 10.6




