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Ng et al, A time for every purpose: using time-dependent sensitivity analy-
= sis to help manage and understand dynamic ecological systems, The American

s INaturalist.

ass S1 Parameter values for the introductory model

s In this section, we provide the parameter values of the introductory model Eqns. (3) and (4) used
g7 to illustrate the adjoint method. As a reminder, the model describes a population in a sink habitat
s that is currently maintained through immigration, but the habitat is being restored so eventually the
o population will become self-sustaining. We use the abbreviation PU for the arbitrary population unit,
so and VU for the arbitrary value unit.

g1 @ Unregulated per-capita birth rate: We choose b=1/year.

sz ® Per-capita loss rate: We want y(t) to decrease as a sigmoid, so we choose

893 u(t)=po+ (1 —po) / (1+e10)/T), (S1)

sa  where yp = 1.5/year and y; = 0.5/year are the pre- and post-restoration per-capita loss rates,
895 to = 10 years the time at the inflection point of the sigmoid, and T = 2 years a timescale that
ss  characterises the steepness of the sigmoid.

sor @ Coefficient for intraspecific competition: We choose a=0.1/PU

sos ® Immigration rate: We choose 0 =0.2 PU/year.

g0 @ Per-capita rate of contribution to ecosystem service: We choose w=1 VU /year/PU.

w0 ® Per-capital terminal payoff: In this example, any perturbation will eventually decay downstream,
901 so it is possible to eliminate the effects of a finite time horizon if we choose v such that it is equal
w2 to the ecosystem service contribution had the time horizon been extended indefinitely beyond T.
o3 To estimate this, we linearise Eqn. (3) about the post-restoration carrying capacity K, and find that
904 any perturbation will decay exponentially at a rate y; —b(1—2aK) and hence contribute a reward
o5 of w/[u1—b(1—2aK)]. Based on this reward, we choose v=1.74 VU/PU.

s  Initial conditions: We want x(0) to be the steady-state population pre-restoration. Solving the
97 equation bx(0)(1—ax(0))—pox(0)+0c=0 gives us x(0)=0.37 PU.
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w S2 Incorporating perturbation costs into time-dependent sensitivities

o0 Just like in optimal control theory, we now consider a manipulated system

910

i 28(55@):“(15)/0/ X(0)=Xo, (52)

ou  where u(t) quantifies the external manipulation. We also define

T
o2 K= /O () u(t) )t (S3)

a3 the total cost of the manipulation, analogous to the total reward function J. If there is no manipulation,
ae  there is no manipulation cost, so we require that ¢(¥,0,f) =0 for any ¥ and t. At the same time, we
a5 assume that the integrand f(X(f),t) of the total reward | does not depend directly on u(t).

916 We are interested in the effects of a small, brief manipulation at time t* on the net value | —K. More
a7 specifically, we consider u =e€h, where h is a narrow window function centered at time ¢*, normalized
as  such that fo )dt =1. Since ] is only indirectly affected by the manipulation through the effects
a0 on X(t), if we mterpret u as yet another parameter with an unperturbed value of 0, we can apply

20 Eqn. (A10) from Appendix B, so

3&( X(E)u(t) )
ou

921 A ] ~€ Z/\ (84)

u(t*)=0

o2 Meanwhile, since ¢(¥,0,t) =0 for any X and ¢, this is also true for its partial derivative in ¥, so to order

23 O(€), AK only comes from the direct dependence of ¢ on u. More specifically,

24 AK:/OTaC(’?(t)'”(t)'t)

eh(t)dt~ ac(X(t),u(t),t*)

€, (S5)
u(t)=0 u

ou u(t)=0

o5 where in the second step, we used the fact that / is a normalized narrow window function centered

o6 at time #*. Hence, the sensitivity to a small, brief manipulation at time t* is given by

_AJ-AK ZA ag] X(H)u(t) )

B B ac(X(F),u(t),t*)
eﬁO € ou

u(t*)=0 ou

(S6)

927

u(t*)=0

s Note that unlike optimal control theory, we only need the linearized versions of the functions g; and

o0 ¢ about #=0 and not their full functional forms in order to calculate the sensitivity.
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020 S3 Change of adjoint variables under a change of state variables

i1 Let X be the original state variables, and i be the new state variables. For simplicity, assume that the
o2 transformation is invertible and also has no explicit time dependence, so we can write each new variable
o33 Y; as a function y;(X) of the old variables, and each old variable as a function x;(¥) of the new variables.
034 When taking partial derivatives, it is important to keep track of what other variables are being held
o35 constant. We will use the notation (a%)x to mean holding all other x;; constant. The old and new

a6 variables satisfy the dynamic equations

dx; - dyz -
937 ar :gxz‘(x(t)/t)/ ar =&y (y(t)/t)' (57)

s Since the transformation does not contain any explicit time dependence, chain rule tells us that
dyi _x~( i\ 4% _ (v
o5 dt_;<axj xdf_]z- ax; ) 8 (S8)

a0 SO we have the relation and inverse relation

d i axi
o4l gyi:z(aZj) 8x;jr gxi:Z(‘) 8y; (S9)
x y

j 7 \%;

042 Let the reward function be

T
s = /O FGE)Ddx+F(F(T)). (510)

s The old adjoint variables satisfy the adjoint equations and terminal conditions

dAy, of ang (oY
" dt <axl> X ]Z'ij ( axi x, /\Xi (T) N aixl X 56:55(1"), (Sll)
us while the new adjoint variables satisfy
dA,. 09,
t iy TNy 17 ylgeym)
048 In the remainder of this section, we will prove the relation
ox;
]
049 Ay = Z <ayl) Ax;. (513)
] Y
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o0 First, we define

- ax]
951 A= 3 A (S14)

5]

9

a1

> Our strategy is to show that A/ satisfies the same adjoint equations and terminal conditions as A, so

o3 we can then conclude that A} = A, hence proving the relation. Consider

ax] (Zf(ax]) > ax]-) dy,

d
dar dt :]Z.<ayi , dt +;ij dt

definition of A! from product rule

(50,60, (%),

from adjoint equations Eqn. (S11)

8yk

=~
an [ &
YA Z dyt"< % ) (S15)
j

oYY

9!

5y
hS

from chain rule

B ox; 0x; 0%, 9%x;

—2a), (56), 22 (5) 2 s
(&), *

955 We will first simplify the term () before returning to the equation. We have

(5,02, -7 () 2) (3,

m

~
from chain rule

Tont(3) (%) (o [Z@y)g])

Sim from Eqn. (S9)
. 16
= Zz/\xk Z(Sz,m ai Z <a k > gyn
k n m Ym |7 Yn
\ , Y

9y;

axk> <8gyn> < azxk >
=YY Ay | (S T (R P
;Z k[(«'iyn SN ), ooy )5

from product rule

o7 Now we replace the dummy variables k and 7 in (%) by j and k respectively, and plug it back into
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e Eqn. (515). We get

()T (),(5), - () o v ()

9!

5]

]
959 (517)

cancels
af) l(agyk>
(L) =Y .
(al/i y ; oy /,

%0 Comparing Eqn. (S17) to Eqn. (S12), we see that A} does indeed satisfy the same adjoint equations in
o1 Eqn. (S12) as A,,. All that is left is to show that A} also satisfy the same terminal conditions in Eqn. (512).

o2  Consider

ox; ox; oY oY

63 N(T):Z(f) A (T) = Z( ]> <> = () , (S18)
l TNy %i 9%/ #=%(T) Wi/ y §=y(T)
from Eqn. (S11)

%4 hence completing the proof.
965 More elegant proofs probably exist from optimal control theory, but this version is the most
o6 straightforward.
o617 S4 Parameter values for Example 1:
968 Disease spillover into multi-species sink communities

%o As mentioned in the main text, the parameter values have been chosen to best illustrate the qualitative
oo features of interest. We explain the choices in more details below.

on ® Disease-free mortality (y;): For simplicity, we assume that all species have the same y;. Without loss of
o72 generality, we choose the units of time so that one unit corresponds to one lifespan, so y;=1 for all j.
o3 ® Unregulated per-capita birth rate (B)): For the species of concern, we want there to be a substantial
os  population decline despite the low infection prevalence (especially if the disease reaches the species
o75 of concern from the exogenous source only after a long chain of transmission), so that control
os  measures are necessary. Therefore, we choose Bj. =1.02 so that it is only very slightly above p;..

or7 For all other species, as explained in the main text, culling an intermediate species too early in
oz the season is ineffective since the population would have mostly recovered by the time the chain of
oo infection reaches the species. To demonstrate this point clearly, we want B;>> p;, so we choose B; =5.
o ® Intraspecific competition coefficient (4;) or carrying capacity (K;): We can specify either a; or K; since
%1 they are related by K;=(1—u;/B;)/a;. For simplicity, we assume that all species have the same Kj;,
982 and without loss of generality, we choose the units of population size so that K;=1 for all j. This

o3 means that a;=0.8 for all species, except the species of concern, where a;. ~0.02. In other words, the
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984 large carrying capacity in the species of concern despite the low birth rate is due to low intraspecific
985 competition.

986 Alternatively, we could have chosen the same competition coefficient a;=0.8 for all j, in which
o7 case all species will have K;=1 except for the species of concern, where K;. ~0.02, i.e. a low carrying
988 capacity. We find that most qualitative features observed in the two networks are still present under
989 this alternative scenario.

o @ Disease-induced mortality (v;): We want a large disease-induced mortality in the species of concern,
991 so we choose vj. =5. In contrast, for all other species, we choose v; =0, so the disease has no impact
992 on their populations.

%3 ® Recovery rate (7;): Again, for there to be a substantial population decline in the species of concern, we
0  need a high per-capita rate of infection in the species of concern, even after a long chain of transmis-
995 sion, while still keeping Rg < 1. Numerically, we find that this is easiest to achieve when all species
%  have comparable infectious lifetimes 1/ (y;+v;+;). Since the species of concern already has a short
%07 infectious lifetime due to the large disease-induced mortality v;., we set ;. =0. For all other species
o  without disease-induced mortality, we choose 7y; =5, so that they recover quickly from infection.

w0 ® Length of active season (T): Even though both networks were meant to be hypothetical, we designed
wo  them with pollinators in mind. Since the average lifespan of a bee is of order 20-30 days, we choose
1001 T =5 so that the active season would correspond to a realistic period of 100-150 days.

w2 ® Coefficients in the reward function (stc' lec, VS;'C' Vljc): Without loss of generality, we choose the
wos  units of value so that Ws, =1. We assume that infected individuals are just as capable of providing
1004 the ecosystem service, so WI/'C =1 as well. (One possible scenario is that most infected individuals
1005 in the species of concern start off as asymptomatic carriers, but quickly die once the symptoms set
ws  in. Therefore, the fecundity of infected individuals as well as the ecosystem service they provide
w7 remain unaffected before they die.) For the terminal payoffs, we arbitrarily choose Vs, =V; _=1.
we  We find that most qualitative features observed in the networks are still present under other choices
1009 of WIJ'C’ VS/C and VIjC'

o ¢ Transmission coefficients (bjx): We parametrize b;; according to the network structure and then
1011 rescale them so that the dominant eigenvalue of the next-generation matrix is Ro. Below, we present

w2 the values of bj before rescaling.

1013 — Network 1: We take the ¢ — co limit of the trait-matching model, which gives
11000
11100
1014 B=|0 1110 (S19)
00111
00011
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1015 — Network 2: We first define resource utilization 7, as the relative frequency an individual of

1016 species k chooses to utilize resource type j. As explained in the main text, there are two resource

1017 types, and bridge species 3 (the species of concern) is less specialized, so we choose
110200

1018 r= (520)
0 0 08 11

1019 We then assume that B is given by B=rr. To enhance intraspecific transmission in species 5,

1020 we also double the value of bss.

121 ® Basic reproduction number (Rp): We choose Ro=0.9 for Network 1, and Ry =0.95 for Network 2.
2 ® Spillover coefficient (0}): In both networks, only the first species receive exogenous spillover. We
1023 choose 07 =0.2 for both networks.

104 ® Initial conditions (S;(0), I;(0)): We choose S;(0) =K; and I;(0) =0 for all j. In other words, we assume
1025 that each species starts the current season disease-free at the carrying capacity. This is mainly for sim-

w6 Pplicity, so that the transient dynamics mostly reflect disease transmission and not population growth.

1027 S5 More details on Example 2:
1028 Leopard frogs as reservoirs of the amphibian chytrid fungus
1029 S5.1 Functional forms and parameter values

1030 The load-dependent functions ¢(x), Go(x) and G(x’|x) are assumed to take the form

£(x) =1—=D(x|p1,01),
1031 Go(x/) = ¢(x’|a(t),c70), (521)
G(x|x) =p(x'|a(t) +bx,00).

2 Here ¢ and ® are the probability density and cumulative distribution functions of the normal distri-
133 bution, with mean and standard deviation given by the two parameters after the vertical bars.

1034 The temperature-dependent functions a(T) and sz(T) are assumed to take the form

IZ(T) =dao+a; (T_ Tbase)/
1035 SZ,O (822)

s2(T)= 14+e(T-12) /o,
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1036 The temperature is assumed to vary sinusoidally across the year, and is given by
max— Imi 27t
w057 T(t) = Toin + % [1 —cos (;;) ] , (S23)

13 Where t here is in weeks, and it is assumed that one year has exactly 52 weeks.

1039 Wilber et al. (2022) fitted separate Bd transmission models at four geographic locations (Louisiana,
10 Tennessee, Pennsylvania, and Vermont), and at three possible values of the parameter K controlling
w4 density dependence in recruitment: el? (low density), e® (medium density) and ¢* (high density). Most
w2 parameter values can be found in Table S2 from Wilber et al. (2022); we chose parameter values for
a3 Tennessee under the high-density assumption, as well as s; =1. Other parameter values that can only
14 be found in the main text or in their scripts are: Tinin =4°C, Tmax =27°C, aquatic calendar days 30-150
s (so W(t) =1 for week numbers 5-21), and reproduction calendar day 90 (so R(t) =1 for week number
s 13).

1047 §5.2  Discretizing the IPM

s We discretize the IPM in Eqn. (20) into m bins each of width h. The ith bin has midpoint x;, lower and
a9 upper boundaries x; and ¥;, and contains I;(t) infected individuals (so I;(t) approximates I(x;t)h). The
ws0  discretized equations are then given by

N(t)

L(t+1)=7 R(t)+L(t)sp(1—my),

S(t+1)=L(t)sympe” NO £ 5(1)s0e PZOWE 1505y 4, 1(1),
i=1

1051 m (S24)

I,‘(f—l—l) = S(t)SQ (1 —e*,BZ(t)W(t)) (GO)i+SOSIZ(1 —ZJ)G,]I](t),

j=1
Z(t+1)=AW(t))_e“Li(t)+sz (1) Z(t) +w,
i=1
1052 Where "
N(t)=5(t)+) _Li(t),
i=1

1053 ¢; :1_q>(xi|]’ll/07)/ (S25)

(Go)i=P(T[a(t) 00) ~ (xa(t) ),
Gi]’ :Cp<fj’ﬂ(t) —|—bx]',0'0) —@(gi‘a(t) —|—bxj’0'0)_
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1054 §5.3  Deriving the adjoint equations

w55 To derive the adjoint equations, we first write down the Hamiltonian
m I
H=A(t+1): [r/WR(t)+L(t)sL(1—mL)]

m
L(t)sLmLe_KS(t) —KEL () +S (t)Soe_ﬁZ(t)W(t) +S()S[Z€i Ii (t)
i=1

m
5(H)so (1 _e—ﬁzu)wu)) (Go)i+sos1Y_(1—€,)GyLi(t)
j=1

FAg(t+1)-

(S26)

1056

m
+) Ari(t+1)-
i=1

m

AW(E)Y e I(t)+52(8) Z () +w
i=1

FAZ(t+1)- —V()Z().

157 We then obtain the adjoint equations, Eqn. (22), by taking partial derivatives of the Hamiltonian H
wss according to Eqn. (11).
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1050 S6 More details on Example 3:
1060 Population cycles in the pine looper and the larch budmoth
1061 S6.1 Larch budmoth: Model details

ez Johnson et al. (2004, 2006) proposed a tritrophic, spatially-explicit, discrete-time model, where budmoths
wes  and their parasitoids are located in patches of suitable habitats embedded within a larger landscape.
we+ In each patch, which we index by i (maximum #), and at year ¢, the local densities of budmoths
s and parasitoids are represented by state variables H(i,t) and P(i,t), while the local plant quality is
wes represented by the state variable Q(i,t) with a maximum value of 1. The dynamics can be represented

wer by the equations

n (o= (dij/an)? - H(jt) aP(j,t)
: _ ‘ _eQUnse _ 22U __ Wy
H(it+1)=) { o H]exp[r()(l e r )] exp( 1+awP(j,t)> ,

j=1
budmoth local budmoth growth avoiding local parasitism
dispersal
n [ o= (d;/ap)? aP(jt)
P(it+1)= —— Hi|l—exp| ———rr— ,
(i4+1) Zl{ ] e o sy (S27)
]7 /
parasitoid local parasitism
dispersal
uH(i,t)

Qit+1)=(1-B)+BQ(it)— o+ HGA)

local plant recovery
local herbivory

weo  For dispersal, d;; is the distance between patches, and we assume a Gaussian kernel with dispersal
w0 parameters ay and ap for the budmoths and parasitoids; Cy and Cp are normalization constants.
1 Before dispersal, we assume that the local budmoth and parasitoid densities change in accordance to
w2 the local dynamics. For the budmoth, rj is the maximum growth rate?, ¢ is a scale parameter that
w73 determines how fast the growth rate approaches ry with increasing plant quality Q(j,t), and k is the
w4 budmoth carrying capacity in the limit of large Q(j,t), so 1/k characterizes intraspecific competition.
s Local parasitism is described by a modified Nicholson-Bailey framework: the exponential describes
w7 the probability of a budmoth avoiding parasitism, and is parametrized by 2 and w representing the
w77 search efficiency of a parasitoid and the mutual interference between parasitoids. Finally, for local
s plant dynamics, B represent the rate at which plant quality Q(i,f) recovers towards 1, while u and
w79 v characterize the impact of budmoth herbivory on plant quality. We note that Johnson et al. (2004)
s also introduced an additional parameter that is meant to approximate the effects of demographic

st stochasticity, although it was omitted in Johnson et al. (2006); we chose to omit it as well.

20r nearly so, since Q(j,t) cannot exceed 1, so the maximum growth rate is really ro(1—e~1/%) ~0.989r; for the chosen
value of 6=0.22.

10
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1082 Most parameter values can be found in Table 1 of Johnson et al. (2006), although note that the
w0s3  parameter labels (r9,K,A,W,A,C,D,é) should be corrected to (ro,k,a,w,B8,u,0,6). Other parameter values
s that can only be found in the main text are: ;=10 km and ap =5 km. For the normalization constants
wss  Cpy and Cp, the authors stated that they were chosen such that the “total proportion of dispersal across
1 suitable and unsuitable habitat sums to one”. Therefore, we discretized the landscape into an arbitrarily
wsr large spatial grid of resolution 3 x 3 km (based on the patch dimensions in Johnson et al. (2004)), and
s assumed that the Gaussian kernel applied to any pair of grid cells, and not just grid cells assigned

s as suitable patches. We then obtained Cp using

1090 Cy= i i el /B hem))?, (S28)

i=—00j=—00

w01 where 7 and j here are grid indices (not patch indices). A similar expression was used for Cp.

1092 We wanted to replicate the scenario in Johnson et al. (2004, 2006) where patches near the center of
103 the landscape had the highest connectivity. According to Johnson et al. (2004), “habitat configurations
10s Were created by assuming that the probability of a patch being suitable declined exponentially with the
105 distance from the focal location”. Therefore, we drew random samples from an exponential distribution
19 With a mean of 5 grid units, applied a random sign, and rounded them to the nearest integer. Pairs
107 of these integers were then used as grid indices for the suitable patches. We generated 500 unique
s patches this way.

1099 Since we were only interested in the deterministic version of the model, we did not introduce
uoo random variations into rg for each patch and timestep as was done in Johnson et al. (2006). Also, even
uot  though we initialized the simulation the same way as Johnson et al. (2006), we ran the simulation for

uez  many time steps before the start of the time horizon, to allow any transients to die off.

1103 S6.2  Larch budmoth: Objective function and adjoint equations

uos A possible objective function is to maximize the plant quality over a time horizon from t=1 to T, with
uos  weight W(i,t) assigned to patch i at time ¢, so
—1ln n
1106 J=Y Y W(3iHQ(@)+) W(it)Q(@T).
t=1i=1 i=1
uo7  We choose an arbitrary time horizon of T =200 years, and we assigned equal weight to all patches,

uee  but more weight to more recent years, by having

1109 W(i,t) :e_t/T,

11
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o where T=>50 years. Just as in the pine looper example, the decaying weights reduce the dependence
un  of the time-dependent sensitivities on the time horizon, should the dynamics be quasiperiodic.

1112 The Hamiltonian (which we denote by H to avoid confusion with the budmoth density) is given by

n e~ dl]/lXH) : H(t) ﬂp(t)
_Q(]/t)/(s ]’ ]’
H= E H(it+1)) { H(j, )exp[ro< —e 2 )]exp( 1o awP(iF) P(j,t))

i=1 j=

n _ n (o= (dij/ap)? ‘ aP(jt)
+i221AP(l,t+1)j:21{ 7CP H(]/t) |:1 —eXP <_ 1+awP(j,t) >:| } (529)

+ii1AQ(i’t“) [(1_ﬁ)+ﬁQ(i,t) _ zﬂl(l(zt)t)]

+Y W(it)Q(it),

i=1

u1s  where the last term comes from the objective function. The adjoint equations are then given by

AH(i,t):agz;,[lt) i it +1) {e%é/amz (1 ron(i,t)>eXp[rO(1e—Q(i,t)/am’:f’f)ﬂexp<%>}

j=1
dﬂ/ ap)? aP(it) , uv
N OH (dji/an)? —opss_ H(t) a aP(it)
M= 5pG MUY { Hnesp o (15 | e (- urien )
dji/ap)* aP(it)
+Z’\P ft+1) { [1+awP(z nEeP <_1+uwP(i,t)) ’
. oH il ) —Qit)/6 —anss_ H(t) aP(it)
AQ(l't)_aQ(i,t) —; (],t—l—l){CHH(z £ 5¢ exp[ro(l—e _k>}exp<_1+awl’(i,t)>
+AQ(it+1)B+W(it),
1115 (S30)

116 with terminal conditions

1117 )\H(I,T) :/\p(i,T) :0, )\Q(i,T) = W(i,T) for all i.
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11 S7 Supplementary figures and tables from Example 1:
110 Exogenous disease spillover in multi-species sink networks
Transmission matrix by Species 5 population dynamics
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Figure S1: Additional figures from Network 1. (A) Matrix representation of the transmission coefficients b;. (B)
Population decline in the species of concern (species 5) over a 10-year period, assuming that the population size
at the end of one season carries over to the start of the next season. The purpose is to show that the population
decline can be significant despite the low infection prevalence shown in Fig. 3(D). (C) Time-dependent sensitivity
when only susceptible individuals are culled. (D) Time-dependent sensitivity when only infected individuals
are culled (—A Ij)' The weighted sum of (C) and (D) gives the time-dependent sensitivity to indiscriminate culling

—Ap.) sh in Fig. 3(G).
( N/)S own in Fig. 3(G) 13
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Transmission matrix by Species 3 population dynamics
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Figure S2: Similar to Fig. S1, except for Network 2.
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Figure S3: For Network 1, the graphs above show the population rebound in the species of concern (species
5) when 10% of another species is indiscriminately culled. Late culling leaves less time for the population to
rebound (affecting the terminal payoffs VSJ'c and VI/c ), and also less time for the rebound to contribute to the

integral in the reward function.
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Figure S4: More results from Network 2, obtained using modified parameter values. (A) Reducing Ry caused the
importance of species 5 to fall entirely below species 1, due to multi-step within-module transmission becoming
less likely at a lower Ry. (B) Increasing the exogenous spillover rate o; caused the most important species to
switch from species 5 back to species 1 towards the end of the season. This is due to the large decrease in the
population of species 3 resulting from the increased spillover; the switch no longer occurred in (C) when we
converted most of the disease-induced mortality rate in species 3 to its recovery rate.

16


https://doi.org/10.1101/2023.04.13.536769
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.04.13.536769; this version posted April 16, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

120 S8 Supplementary figures and tables from Example 2:
121 Leopard frogs as reservoirs of the amphibian chytrid fungus
Log load distr., unnormalised Log load distr., normalised
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Figure S5: (A) Number of infected frogs in each log load bin, each week across the year, at steady state. (B) Log
load distribution each week, obtained by normalizing the sum of each vertical column in (A) to 1. Due to the
temperature-dependent load dynamics, we see that the load is the lowest in summer and the highest in winter.

17


https://doi.org/10.1101/2023.04.13.536769
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.04.13.536769; this version posted April 16, 2023. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

10910(~ 1, log load bin)

25

11

20

10

15

10

Log load

-5

-10

0 10 20 30 40 50

Weeks

Figure S6: The sensitivity to removing an infected frog from each log load bin, each week across the year. Note
that this sensitivity does not take into account whether the log load bin is actually “occupied” which is why
we choose to work with —A;(t) as defined in Eqn. (24) instead.
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Figure S7: Effects of the time horizon T. Similar to Fig. 6, except that we have also shown the sensitivities every
year within the time horizon. We see that if the time horizon is sufficiently long, the seasonal sensitivity patterns
during the first few years are identical. At steady state, each year starts with the same “initial conditions”, so the
second year can be thought of as the same system with a time horizon of 9 years, the third year a time horizon of
8 years, etc. Therefore, the fact that the early years show identical seasonal patterns means that the early-year pat-
terns are independent of the time horizon, and hence expected to be the same as when the time horizon is infinite.
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Figure S8: Varying the number of bins in the discretized IPM. Similar to Fig. 6, except that we have varied

the number of bins used when discretizing the IPM.
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Figure S9: Checking against explicit perturbations. Similar to Fig. 6, except that we have also shown the sensitiv-
ities obtained by explicitly perturbing the state variables at each time point (red dashed lines). The perfect agree-
ment with the adjoint variables implies that the adjoint equations have been correctly derived and implemented.
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S9 Supplementary figures and tables from Example 3:

Population cycles in the pine looper and the larch budmoth

S9.1 Pine looper

Site r S u Xmin B
Culbin 5.064x107° 0.079 3364 2150 0.204
Roseisle  5.760x1072 0246 3.644 0510 1.016
Tentsmuir 5.677x10~% 0.000 4.075 0.618 0.294

Table S1: Parameter values of the maternal effects model, fitted separately using data at three sites.
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Figure S10: Phase plane diagram at Roseisle, Tentsmuir and Culbin, showing the periodic steady-state solution
at Roseisle, and the quasiperiodic steady-state solutions at Tentsmuir and Culbin. At Roseisle, we only showed

10 years to illustrate one complete cycle of two oscillations, whereas at Tentsmuir and Culbin, we showed every
year across the time horizon of 200 years.
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Figure S11: Changes in the current pupae density N(t) and the cumulative moth density ), N(#) at all
t, following a 20% cull at t = tpert. (A) Roseisle; tpert = 4. (B) Roseisle; tpert = 6. (C) Tentsmuir; tpert =7. We
see that the changes in current density decay with time in (A) and (B), but persist indefinitely in (C), likely
because of the steady-state trajectories being periodic in Roseisle, but quasiperiodic in Tentsmuir. As a result,
the cumulative changes approach constant, non-oscillatory values in (A) and (B), but remain oscillatory in (C).
Note that the choices of tpert are unimportant here; we made these specific choices only to facilitate comparison
with Fig. 7(D-F) and Fig. S12.
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Figure S12: Changes in the current reward —N(t)W(t) and the cumulative reward —Y},_; N(¥)W(t) at all ¢,
following a 20% cull at t = tpert. We have rescaled these changes by a factor of 1/0.2, so that the cumulative
reward at t = T =200 should be approximately equal to the demi-elasticity in Fig. S13 at t = tpet; any small
discrepancies are due to nonlinearities from the relatively large perturbation. (A) Roseisle; tpert =4. (B) Roseisle;
tpert = 6. (C) Tentsmuir; tpert =7. Note that unlike Fig. S11(C), the changes in current reward decay in time
because of the decaying weight W(t). This allows the cumulative reward to approach a constant, non-oscillatory
value, and hence reduces the dependence of the demi-elasticities on the time horizon T.
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Figure 513: Demi-elasticities of the reward to the culling of pine looper at (A) Roseisle, (B) Tentsmuir and (C)
Culbin.

1125 S9.2  Larch budmoth
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Figure S14: Verifying that TDSA gives the correct sensitivities for the larch budmoth model using explicit
perturbations. We focused on the two patches discussed in Fig. 8.
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Figure S15: The effects of adding parasitoids at t =15 to the two patches discussed in Fig. 8. The current reward
refers to the sum of plant quality times the weight in the current year, and the cumulative reward the sum
of current rewards from f=1 up to the current year. We used small perturbations to ensure linearity, but scaled
the results by the inverse of the perturbation size, so that the change in cumulative reward at ¢t =T =200 (the
end of the time horizon) should be equal to the sensitivity at t =15 (the time of perturbation). As expected,
they indeed agree with Fig. S14 at t =15 (~40 for Patch A, ~ —80 for Patch B).
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