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Web Appendix A: Proof of Proposition 1

Proposition 1 Let m;y, follow the multinomial logit model defined in equation (6) of the manuscript, and let
Yk have a univariate intrinsic CAR prior as defined in equation (7) of the manuscript. Under Pélya—Gamma
data augmentation, the full conditional distribution of 1 is N(mgy, Vik), where
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where U}, = M—i—cm—wfpk, Ui is an indicator equal to 1 if z; = k and 0 otherwise, c;, = log{zhl;k exp(wl pp+

bin)}, and wy, ~ PG(1,0).
Proof. The full conditional distribution of vk, denoted p(1k|---), may be expressed as
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where U, is an indicator equal to 1 if z; = k and 0 otherwise. Given Uy = (Ulk,...,Unk)T, we may re-

parameterize the model for ;. as
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Dividing through by th;ék exp(wW! pp + i) gives
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where c;, = log{zhl;k exp(Wr pp, + i)} and vk = Wl pg + i — cir.. Now, we notice that with respect to iy,
the likelihood contribution may be simplified as follows.
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The likelihood is now in the logistic form, which |Polson et al. (20153) showed can be written as a scale mizture
of normals with Pélya—Gamma precision terms wy, ~ PG(1,0). Thus, we have
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where U}). = ”“wim + cip — w pi. Following standard results from Bayesian normal models (Hoff, |2009), we

find the full condmonal of Vi 18 N(myg, Vig), as defined in equation .



Web Appendix B: MCMC Algorithm

1. Update multivariate skew-normal outcome model parameters ., €, and Xy.
For k=1,.. K:

(a) Update p:
i. Define n; = Z?:l I.,—1 as the number of spots in mixture component k.

ii. Define Z; as the set of all spot indices assigned to mixture component k.

iii. Define Y} as the ni X g matrix of gene expression values for mixture component k. Similarly
define t; as the length nj vector of truncated normal random effects for mixture component k
and define ®;, as the n;, x g matrix with rows @7, ..., qbgk.

iv. Define E = (Y — @5 — tg{k) and e as the column means of Ey.

v. Update py, from its Ng(penk, Vi) full conditional, where g, = Vnk(Vakluolg + nkZI;lék) and
Vo = (Vo + 317

(b) Update &:
i. Define My, as the ng X g matrix with each row equal to u;{.

ii. Re-define E; =ty o (Y — My — ®;), where “o” denotes the Hadamard product, and let €5 be
the g x 1 vector of columns means of Ey.

iii. Update & from its Ng(&uk, Xyp) full conditional, where &, = Xnk(X&jEOk + nkEEIék) and

Xk = {X(;kl + (Zz’ezk t?)Eil} 1
(c) Update Xj:
i. Re-define Ej, = (Y), — My, — &, — t1¢&;).
ii. Update ¥y, from its IW (v, Spk) full conditional, where vy, = vor +ng and Sy, = Sox + EfEk

(d) (optional) Back-transform to original MSN parameterization:

Nik = Mg+ P,
Q. = Iy +&EL,

1 . _
oy = Diag(%)"/2Q;, €.

V11— &0

2. Update multivariate skew-normal conditional representation random effects t;.

Fori=1,...,n:
(a) Given z; = k, define A = (1 + S,{E,;lﬁk)*l and define a;; = Ak(fgﬁgl(yi — i — @i)).
(b) Update t; from N[O,oo) (aik, \/Ak).
3. Update outcome model multivariate CAR random effects ¢;.

Fori=1,...,n:
-1

(a) Given z; = k, update ¢; from its g—dimensional normal full conditional, where E(¢;|...) = (X, +
miA) " (E (v — e — ti€e) + AT Y s, #1) and Cov(ey...) = (B +mA) 7L
4. Update multinomial regression CAR random effects (See Proposition 1).
Fori=1,...,n and k =2, ..., K, the full conditional distribution of ;; is N(m;, Vi), where
1 *
oo Ve + U; 1
g = i 216 *and Vg = ————, (2)
i 1 m; 1
gt 7 A
where U} = U“Z}%klﬂ + cip — WiTpk, U;r is an indicator equal to 1 if z; = k and 0 otherwise, ¢;; =

log(Yps, exp(W] pp, + in)), and wyy, ~ PG(1,0).
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5. Update multinomial regression mizing weight parameters py and latent variables w;y.

For k=2,.. K:

(a) For i =1,...,n, update PG latent variables w;; from PG(1,n;;), where n;; = W;‘Fpk + Y — Cik-
(b) Compute R, ;, = (Rakl + W70, W), where Oy, is the diagonal matrix with entries (wy, ..., wnx) and

W is the n x p matrix of covariates with rows wi,..., wZ.
(c) Compute ppi = Rnk(Raklp()k + WTOkUZ), where Uf = (Ul’;ffklm + Clks .- U"#*klﬂ + an>~

(d) Update py from Nj(pnk, Ruk).

6. Update mizture component labels z1, ..., zn.

For:=1,...,n:

(a) Compute the probability of spot i belonging to cluster k under current values of model parameters.
For k =1, ..., K, compute Py, = dnorm(y;; px + ¢k + ti€k, 2i)-

o exp(w] petiik)
(b) ComPUte ik = Zthl exp(WE pp+iin)
(¢) Compute P(z; = k|...) = —gllk

- Z;Ile Pipmin
(d) Update z; from Categorical{P(z; = 1]...), ..., P(z; = K|...)}.
7. Re-map mixture component labels to protect against label switching.
(a) Define ord(z) as the function to return a length K vector containing the order in which each unique
mixture component label appears in z. E.g., in R this is the unique () function.
(b) Initialize z* as an empty length n vector for the re-mapped mixture component labels.
(c) For k =1,...,K, let z*[z = ord(z)[k]] = k.
8. Update A from its IW()\,, D,,) full conditional, were A, = A\g +n and D,, = Do + ®7(M — A)®, where
® as the n x g matrix with rows qf)lT, .y @' M is an n x n matrix with diagonal elements my, ..., m,, and

all other elements 0, and A is the n x n adjacenty matrix with elements a;; = 1 if cell spots i and j are
neighbors and 0 otherwise.



Web Appendix C: Supplementary Figures

Skewness of HST Data
Computed from top 3000 SVGs across 32 data sets
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Figure S1: Skewness of top 3000 spatially variable genes across 32 publicly available HST data sets. The

skewness coefficient s(X) is defined as s(X) = mg /mg/ ?_ where ms and mg are the 2nd and 3rd sample
moments of X, respectively.
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Figure S2: Trace plots for a selection of mean and variance parameters for the simulated mouse brain data
analyzed in Section 4 of the main manuscript. Geweke’s diagnostic z-score statistic is shown to assess model
convergence.
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Figure S3: Trace plots for a selection of mean and variance parameters for the real breast cancer data analyzed in
Section 5.2 of the main manuscript. Geweke’s diagnostic z-score statistic is shown to assess model convergence.
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Figure S4: Top 5 most differentially expressed marker genes in each of the five sub-populations inferred from
the invasive ductal carcinoma analysis in Section 5.2. Each color band in the colored heatmap represents one
cell spot, and normalized gene expression intensities in each cell spot are shown with color, with bright yellow
indicating higher expression and dark purple indicating lower expression. Marker genes were identified using
adjusted p-values obtained from the Wilcoxon Rank Sum test of each gene in each sub-population vs. the same
gene in all other sub-populations.
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(A) WAIC Values
Invasive Ductal Carcinoma Analysis
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Figure S5: (A) WAIC model fit criterion across a range of K for invasive ductal carcinoma analysis. (B) DICs

model fit criterion.

(A) Sub—Population Labels
K =6 model

Figure S6: K = 6 results for invasive ductal carcinoma analysis. (A) Sub-population labels from K = 6 model.
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(B) Top 5 markers for each sub-population from K = 6 model.



Web Appendix D: Supplementary Tables

Table S1: Simulated parameter values and estimates obtained from three model variants: (i) MVN: multivariate
normal clustering without spatial random effects; (ii) MVN Spatial: multivariate normal clustering with CAR
spatial random effects; and (iii) MSN Spatial: multivariate skew-normal clustering with CAR spatial random
effects. Parameter estimates are shown as posterior means with associated 95 % credible intervals.

Parameter True MVN MSN MSN Spatial

U1 -2.00 -2.72 (-2.86, 1.77) -2.14 (-2.74, 1.62)  -2.01 (-2.86, -1.55)
[i12 -1.00 -2.34 (-2.45, 1.01) -0.83 (-1.27, -0.79) -0.87 (-1.04, -0.63)
L1 1.00 -0.97 (-1.07, 0.64) 1.32 (0.85,1.53)  1.03 (0.82, 1.24)
14 2.00 1.79 (1.66, 2.89) 2.12 (1.95,2.36) 2.03 (1.84, 2.22)
& -1.50 - -0.95 (-1.59, -0.28) -1.64 (-1.82, -1.46)
IS0 -0.75 - -0.41 (-0.79, 0.09)  -0.78 (-1.14, -0.51)
13 0.75 - 0.63 (0.36, 0.89) 0.75 (0.43, 0.95)
&1 1.50 - 1.27 (0.80, 1.52) 1.43 (0.8, 1.74)
Si11 1.50  2.01 (1.78,2.68)  1.45 (0.92,2.21)  1.57 (1.42, 1.74)
Y112 1.00  1.37 (1.17, 2.13) 1.11 (0.93, 1.75) 1.13 (0.89, 1.25)
113 0.75  0.60 (0.42, 1.77) 0.75 (0.50, 1.45) 0.78 (0.64, 0.95)
Y114 0.50 0.32 (-0.24, 1.22)  0.42 (0.25, 1.11) 0.49 (0.39, 0.60)
Y199 1.50  1.37 (1.17, 2.13) 1.59 (0.39, 0.90) 1.61 (1.41, 1.72)
Y193 1.00  0.79 (0.63, 1.74) 1.05 (0.68, 1.39) 0.88 (0.64, 1.05)
Y124 0.75 0.32 (0.11, 1.26) 0.82 (0.49, 0.99) 0.71 (0.54, 0.99)
S133 1.50 171 (1.54,2.13)  1.41 (1.01, 1.65)  1.52 (1.24, 1.83)
Y134 1.00  0.32 (0.11, 1.26) 1.03 (0.76, 1.48) 1.11 (0.54, 2.13)
S 1.50 148 (1.15,1.70)  1.87 (1.01,1.91)  1.44 (1.30, 1.96)
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Table S2: Run time in seconds per 100 MCMC iterations for sagittal anterior mouse brain data. All models
were fit on an M1 iMac with 8gb RAM.

Dimension (g) Run Time (K =6) Run Time (K =8) Run Time (K =10) Run Time (K = 12)

6 o4 68 87 106
7 62 7 93 114
8 62 83 97 117
9 63 81 99 122
10 64 89 109 129
11 65 92 118 128
12 72 88 102 131
13 69 90 111 130
14 73 93 114 136
15 7 101 119 146
16 80 97 121 138
17 73 98 121 144
18 83 106 132 151
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Web Appendix E: Inverse-Wishart Sensitivity Analysis

We sought to investigate the sensitivity of posterior inference of z1, ..., 2z, to the choice of inverse-Wishart prior
scale matrix Sp;r and degrees of freedom vgr. We considered the simulated mouse brain data discussed in
Section 4 of the manuscript, which featured n = 2696 cell spots divided into K = 4 sub-populations. We
simulated multivariate outcomes yi, ...y, with g = 4 gene expression features. The outcomes yi,...y, were
generated according to model (3) of the manuscript, where mixture component-specific parameters pj were
used to achieve separation between mixture components as:

H1 = (_3a37 _373)7 H2 = (17_1> 17 _1)7
U3 = (_1’ 1a _17 1)7 M4 = (37 _37 37 _3)7

and all mixture components shared a common variance parameter X, i.e.,

1.50 0.25 0.25 0.25
0.25 1.50 0.25 0.25
0.25 0.25 1.50 0.25
0.25 0.25 0.25 1.50

S ===, =

We then fit the SPRUCE model using each combination of prior degrees of freedom g € {2,4,6,10,100} for
k=1,...,4, and four prior scale parameters st e S defined as:

0k » 0k
1 000 2 -1 -1 -1 0 1 1 1 1 000
g _ 0100 g®@ _ -1 2 -1 -1 g® _ 1 10 1 1 W _ 0200
Ok 1o 0 1 of” "% -1 —1 2 —1|"70k "1 1 10 1|”°% 10 0 3 O
0001 -1 -1 =1 2 1 1 1 10 00 0 4

In Table S3 below, we show the count (%) of misclassified cell spots from each model fit using the the
inverse-Wishart parameter combinations shown above. We found that the model was able to achieve a low
misclassification across all prior parameter combinations. Since the mixture component labeling parameters
z1,...,2n, are our main object of inference, we conclude that most analyses will be robust to specification of
inverse-Wishart priors for .
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Table S3: Count (%) of misclassified cell spots out of a total of 2696 from model fit across a range of inverse-
Wishart parameter combinations. Posterior estimates of cell spot labels were computed from 1000 post burn-in
MCMC samples using a burn-in period of 1000 iterations.

e — 2 g = 4 ok = 6 ok = 10 g = 100

Sor =S\ 2 (0.07%) 2 (0.07%) 0 (0.00%) 2 (0.07%) 2 (0.07%)

Sor =S\ 2 (0.07%) 2 (0.07%) 1(0.04%) 2 (0.07%) 2 (0.07%)

Sor =S¥ 2 (0.07%) 2 (0.07%) 1(0.04%) 2 (0.07%) 2 (0.07%)

Sor = S{Y 2 (0.07%) 3 (0.11%) 1 (0.04%) 2 (0.07%) 2 (0.07%)
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Web Appendix F: Comparison of Model Fit Criteria

We conducted a simulation study to assess the performance of the six model fit criteria discussed in Section 3.3.2
of the manuscript across various levels of clustering signal in the data. Using the ground truth 4—component
mouse brain labels and coordinates studied in Section 4, we simulated three data sets: setting 1, setting 2, and
setting 3, where the separation of simulated mixture components is high in setting 1, moderate in setting 2,
and low in setting 3. As a result, setting 1 presents an “easy” scenario for the model, while settings 2 and 3
represent “medium” and “hard” scenarios, respectively. We control levels of separation in mixture components
using the mean pj and variance ¥j parameters of model (3) of the manuscript. UMAP plots summarizing
separation of mixture components under each setting are provided in Figure §7} For each simulated data set,
we fit the SPRUCE model for a range of K = 1,...,8 and computed each of the six model fit criteria discussed
in Section 3.3.2. The results are displayed below in Figure

We find that entropy increased markedly for K > 5, reflecting the lack of separation between artificially
separated sub-populations. The negative log-likelihood criteria identified the correct K under settings 1 and
2, but overestimates K in setting 3. Similar patterns were observed with AIC and BIC. DIC identified the
correct model dimension in settings 1 and 2, but was unable to differentiate between models using K € {2,3,4}
in setting 3. Finally, WAIC identified the correct model dimension across all settings, and generally preferred
more parsimonious models. Generally speaking, AIC and BIC more clearly identified the correct K in settings
1 and 2 when compared to WAIC and DIC. Thus, while we utilize WAIC due to its reliable performance and
preference for parsimonious models, we conclude that viable alternatives exist for this setting.

(A) Setting 1 UMAP (B) Setting 2 UMAP (C) Setting 3 UMAP
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Figure S7: UMAP plots visualizing the relative separation of mixture components across three simulation
settings considered in Section 4.2. (A) Setting 1 with high separation, (B) Setting 2 with moderate separation,
(C) Setting 3 with low separation. Dimensions V1 and V2 represent UMAP coordinates.
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Figure S8: Comparison of six model fit criteria across three simulation settings: (A) setting 1: “easy” data with
clear separation of mixture components, (B) setting 2: “medium” data with moderate separation of mixture

components, and (C) setting 3: “hard” data with low separation of mixture components.
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