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Web Appendix 1: Proofs for the efficiency of the product
method compared to the difference method under the four
data types

Throughout, we will use NIE,« 4jc, NDEg« 4ic, TEy+ g/c; and MP - 4. to denote the NIE, NDE,
TE, and MP, respectively, defined for the exposure in change from a* to a conditional on C = c.

. T = (p) S S . .
Meanwhile, we use NIES?MC, NDE:;MC7 TES?MC, and MPSZ)MC, respectively, to denote estimators

of NIE,+ 4/c; NDEg« 41, TEq« 4jc, and MP 4+ g/ given by the product method, where the superscript

‘(p)’ stands for the first letter of ‘product method’. Similarly, we define NIE((I*),W:7 NDE,« 4/
—~(d —(d
TEEL*)MC, and MPEI*{G‘C to be the corresponding estimators given by the difference method, where

the superscript ‘(d)’ stands for the first letter of ‘difference method’.

Appendix 1.1 Proof of result 1
1. The product and difference methods are compatible.

Here and throughout, we say that the product and difference methods are compatible if the

regression models under both methods can hold simultaneously. In Case Y.M,, the outcome re-



gressions and mediator regression are assumed to be

Model I: E[Y |4, C] = 8 + i A+ BT C,
Model II: E[Y'|4, M,C] = Bo + B1A+ B M + 35 C, (s1)

Model IIL: E[M|A, C] = v + A +~LC,

where the difference method involves Models I and II and the product method involves Models 1I

and III. Given Models II and III, we can show

E[Y[A,C] =E[E[Y[A, M, C]|A,C],
= Bo+ f1A+ BE[M|A,C] + 85 C,

= Bo + Bayo + (B + Bavi) A+ (BY + Bova )C.

Therefore, Model I holds given Models II and III, and we have parametric relationships, S5 =
Bo + B270, B = P1 + P21, and B5 = Bs + Bav2. It follows that the above three regression models
are compatible and it is easy to verify the product and difference method provide same mediation

measures (e.g., NIE = fayi(a — a*) = (87 — f1)(a — a*) and MP = ,82'%11151 =1- %)

2. The product method and difference method are algebraically equivalent for esti-

mating mediation measures.

MacKinnon et al. (1995) [4] showed that the product and difference method are algebraically
equivalent for estimating mediation measures when C' is null. Now, we show that this result extends
when C' exists.

The proof of MacKinnon et al. (1995) [4] can be easily adapted to the scenario where C' exists.
In Case Y. M., ordinary least squares (OLS) is used to solve for the unknown regression parameters

in Models I to III, separately. We reorganize the three linear regression models as follows

Model I: E[Y |H| = 5 + 3¢ H,
Model II: E[Y|H, M] = By + BT H + 2 M,

Model II: E[M|H] = o +~{ H,



where H = [A,CT]T, Bf = [ﬂf,ﬁ;T]T, B = [ﬂl,ﬂg]T, and 41 = [y1,74 7. By Model I, we have
B% = [Var(H)] " 'Cov(H,Y). (s2)
Taking covariance of H and Y from Model II, we have
Cov(H,Y) = Cov(H, By + BT H + Bo M) = Var(H)B, + BoCov(H, M). (s3)
Substituting (s3) into (s2) leads to

Bt = [Var(H)|~*Var(H)B, + [Var(H)] ' BoCov(H, M)

= By + Bo[Var(H)|"*Cov(H, M).
From Model 11, we know 4; = [Var(H)]"1Cov(H, M) and then we can show
Bi = Bi + B

Replacing Cov(H, M) and Var(H) with their empirical versions and replacing the unknown re-

gression parameters with OLS estimators, the above identity still holds, i.e., 3; = 3; + 52%'1. This

N N ~ —(d ~ ~ ~ —
indicates B — B1 = Bo¥1. Therefore, NIB.. o\ = (3 — f1)(a — a*) = foii(a —a*) = NIEL. ,,, and
By . o — )

TEa*)’a|c =0f(a—a*) = (61 + f2Y1)(a —a*) = TE((IP*,G‘C. Also,

3?-31252%@3;?31 :Bﬁl @ijﬁl B

i i Br B+ B’

. —=(p) —=(d) . - . ——(p)
which leads to MP,. ;. = MP,. ;.. Finally it is straightforward to show that NDE,. ;. =
—(d .

NDEEL*),MC as both have a same expression, f1(a — a*). Therefore, the difference and product

methods are algebraically equivalent for estimating mediation measures given C.



Appendix 1.2 Proof of result 2

1. The product and difference methods are compatible if and only if A is binary and

")’2:0.

In Cases Y My, if A is binary and 2 = 0, the three models simplify to

Model I: E[Y|A, C] = B + Bi A+ 857 C,

Model II: E[Y|A, M,C] = o + S1 A+ B M + 8L C, (s4)
eYoty1A eo eYotm o
Model IIT: E[M|A, C] = T rowind = Txow (1 T oorn 14 e”fﬂ) ;

and, given Models II and III, we have

E[Y|A,C] =E[E[Y|A, M,C]|A,C] = Bo + B1A + BE[M|A] + 85 C

eo eYotm eo T
:Bo+62m+ [51+[32 (1+€70+71 - 1+e”0>} A+ B3 C.

Therefore, above three models are compatible when A is binary and 2 = 0, and we have 35 =

Bo + ﬂg%, By =61+ B2 (% — %), and 35 = B3. Again, one can check the product
and difference methods share the same mediation measure estimands by substituting the parametric
relationships into mediation measure expressions given by the difference method or the product
method.

Of note, a binary A and 2 # 0 are also necessary conditions to ensure compatibility between
the product and difference method. To show this, assuming A has multiple values, Model 111, i.e.,
E[M|4,C) = 2t e

IT and III, E[Y|A, C] will not have a linear representation with respect to A and C. Therefore, A

must be a non-linear function with regard to A and then, given Models

should be binary. If A is binary, then we can show that

E[M|A,C] =

1+ e%+vl+72TC - 1+ 670+‘72TC

er0+73 C eotmi+vs C e
14 ertriC

According to the previous formula, it can be straightforwardly observed that E[M|A, C| will always
have an interaction term between A and C if «2 # 0 such that E[M|A, C] (and also E[Y|A, C])

cannot be presented as a linear function of A and C. This concludes that Models I, I, and IIT are



not compatible if either A is continuous or ~ # 0.

2. When the error term in the conditional outcome model (2) follows a homoscedastic
normal distribution, then the product method yields maximum likelihood estimation

(MLE) and is asymptotically at least as efficient as the difference method.

Let {Y;, A;, M;,C;}?_, be n observations of {Y, A, M,C}. The log-likelihood function for
{}/hAivMi;Ci}?:l iS

log L(B,7; Y, A, M, C) = Y log{Pa~(Yi, Ai, M;, Ci)}
=1

= Z log { P~ (Yi|Ai, Mi, C;) P~ (Mi|Ai, Ci) P ~(Ai, Ci)}

=1
=) log Pg(Yi|Ai, M;, C;) + ) log Pg (M| Ay, Ci) + )~ log P4 (Ai, Ci),
1=1 1=1 =1

(55)
where Pg~(Y;|A;, M;,C;), Pg~(M;|A;,C;) and Pg~(A;,C;) are density functions that may de-
pend on unknown parameter {3,+}. The joint distribution {4;, C;} does not depend on any un-
known parameters, therefore Pg ~(A;, C;) simplifies to P(A;, C;). If we assume ez, or equivalently

Yi|A;, M;, C;, follows a homoscedastic normal distribution, we have

(Y; — (Bo + BrA; + BoM,; + 53?01))2 )
1

Zlogpﬁ7ty(}/l|A1’M/L7CZ) X —

i=1 i=
which implies that Pg(Y;|A;, M;, C;) is only a function of 3; i.e., Y1, log Pg~(Y;|A;, M;, C;) =
i log Pg(Y;|A;, M;, C;). Furthermore, the OLS algorithm used to estimate the parameter of
Model II are maximizing Y .-, log P3(Y;|A;, M;, C;). Similarly, we have Y . | log Pg ~(M;|A;, C;)
only depends on ~ and solving the logistic regression model III is equivalent to maximizing the
log-likelihood function "', log P (M;|A;, C;).

Following the above discussion, formula (s5) can be simplified to

log L(B,7; Y, A, M,C) = " log Pg(Yi|Ai, M;, C;) + Y _log Py(M;| A;, C;) + > log P(A;, C5).

=1 i=1 i=1

Solving Model I and III, separately, maximizes Y ., log Pg(Y;|A;, M;, C;) and Y-, log Py (M;|A;, C;),



respectively. Because Y .-, log P(4;, C;) is not a function of 3 or «, solving Models I and III sepa-
rately maximizes the full likelihood function log L(8,~;Y, A, M, C). This indicates that the product
method provides the maximum likelihood estimation (MLE) of the regression parameters, 3 and -.
Noticing that mediation measures are functions of the above regression parameters, we have that
the product method coincides with the MLE for estimating mediation measures by the invariance
property of MLE and therefore is asymptotically efficient for estimating mediation measures, and
Avar(é(p)) < Avar(é(d)), where 0 denotes a mediation measure, e.g., NIE, and ) and 6@ are the

point estimators obtained by the product and difference method, respectively.

3. If there are no confounders in the mediation analysis, i.e., C is null, then the product
method and difference method are algebraically equivalent for estimating mediation

measures.

When C is null, 8* = [8%, 8:]7 and B = [0, 1, 2]T are obtained by OLS method and 4 =
[40,41]" is obtained by solving the logistic regression given by Model III. Since A is binary and C

is null, Model IIT becomes a saturated model, which indicate that the model-based estimators for

P(M = 1]|A) equal to their corresponding nonparametric empirical estimators; that is, % =
P(M = 1]A = 1) and 15@% = P(M = 1|A = 0), where P(M = 1|A = a) denoted the empirical

probabilities of P(M = 1|A = a) for x = 0, 1. Based on discussions in Web Appendix 1.1, we know
the following identity holds if outcome models are based on linear regression,
. Cov(A, M)

By =B+ ﬂQv\T(A)’



where éc;/(A M) and @(A) denote the empirical covariance and variance based on the dataset.

Because both A and M are binary, we have

Cov(A,M)  E[AM]-E[AEM]  PA=1,M=1)-P(A=1)P(M=1)
Var(4)  Pa=1){1-Pa=1)} P(A=1)P(A=0)
_ P(M=1A=1)P(A=1)-P(A=1)P(M=1) P(M=1A=1)-P(M =1)
P(A=1)P(A=0) P(A=0)
_ P(M=1A=1)-P(M=1A=1)P(A=1)- P(M =1/A=0)P(A=0)
P(A=0)
=P(M=1]A=1)—P(M =1|A=0)
eo+i Yo
- 1+ Yot 14 ¢t
Therefore, we have
A . . o+ Yo
Pi =P+ 5 (1+€’?0+’71 - ]__|_e“70>
—(d . . s .
ie. TEI(I )a‘c = TEi*),a‘c. In addition, the previous formula indicates 87 — 51 = B2 (ﬁ%llﬂ - 146—1070>
. B e'AYOﬂ+'AY1A _ e’yq d
ana 2zt o PSR ER) R o N, nd S, = WP,
P 61+52(1ievo+v1 B 1ie“/o>
nally it is straightforward to show that NDEEI*) ale = NDE((I* .ale @s both have the same expression,

Bl(a — a*). Therefore, the difference method and product method are algebraically equivalent for

estimating mediation measures when there is no confounding.

Appendix 1.3 Proof of result 3

1. The product and difference methods are compatible.

In Case Y, M, , the three models become

Model I: E[Y |4, C] = P +8iA+8;7C
Model II: E[Y'|A, M, C] = PotPrA+5M+65C (s6)

Model ITI: M = vp 4+ 71 A+ 72 C + €3,



where €3 ~ N(0,02). Given Models IT and III, we have

E[Y|A,C] = E[E[Y|A, M, C]|A, C] = P tFA+BICR[eh2M| 4 (]

. 1 (M=ot atf o)’
— Potb1A+B; C [ f2M 203 dM

\/27‘(0'?2)6

= 650+52’Yo+0-5025§+(51 +5271)A+(ﬁ§+527§)0’

It follows that the three models in (s6) are compatible and 35 = Bo+ B270+0.503 33, 87 = B1+ B2,
and B35 = B3 + Pava.

2. The product method yields maximum likelihood estimation (MLE) and is asymp-

totically at least as efficient as the difference method.

Similar with Web Appendix 1.2, we can decompose the log-likelihood function for {Y;, A;, M;, C;}7,

as

log L(B,7; Y, A, M,C) = " log Pg(Yi|Ai, M;, C;) + Y _log Py(M;| A;,C;) + > log P(A;, Cy),
i=1 i=1 i=1
where Pg(Y;|A;, M;,C;) and Py(M;|A;, C;) are a log-binomial and normal density function that
depends on unknown parameters 3 and «, respectively. Solving the log-binomial model IT maximizes

the log-likelihood function Y., log Pg(Y;|A;, M;, C;). Also, because e3 ~ N(0,03), we have

> log Py(M;|A;, Ci) o< = > (M — (vo +mAi + "/zTCz'))z ;

i=1 1=1
and therefore the OLS estimator that solves linear model IIT maximizes Y -, log Py (M;|A;, C;).
Noting that Y, log P(4;,C;) is not a function of 8 or «, solving Models II and III maximizes
the full log-likelihood function log L(83,~;Y, A, M, C). Therefore the product method yields MLE
and therefore is asymptotically efficient for estimating mediation measures, which implies that
Avar(6®)) < Avar(6D)), where § denote the mediation measure. Therefore, the product method is

asymptotically at least as efficient as the difference method. This completes the proof.



Appendix 1.4 Proof of result 4

1. The difference method and product method are compatible if and only if A is binary
and v, = 0.

Similar to Case Y.Mj, if A is binary and 2 = 0, the three models are compatible. Specifically,

the three models become

«ax T
Model I: E[Y|A, C] = o +PrA+h: C

Model II: E[Y|A, M, C] = fotP1A+5M+BC (s7)
evotmA
Now, given Models II and III, we can show
log {E[Y'|A, C]} = log {E [E[Y[A, M, C]|A, C}
= Bo + f1A +log {E[e”M|A,C} + B85 C
P eYotmA T
=,80+61A+10g{1+(e *- 1)1+670+71A} +8;C

1+ e L+ (P2 — 1) 1505

Yo 1+ eﬁZfl#ﬂ71
50+10g{1+<6521)6 }+<ﬁ1+log{ ( EEvai; A+pre.

Thus the product and difference methods are compatible and we have 5§ = Sy+log {1 + (P2 — 1) 1_?20 },

1+(e52—1) Ewo+11
BT = b1 +log T 11)+"‘:$0 "+ 5, and 35 = B3 by comparing the coefficients in the above formula
“ iy

with those in Model .

Of note, a binary A and 2 # 0 are also necessary conditions to ensure compatibility between
the product and difference method. To show this, assuming A has more than two values, Model II1,
i, E[M|A,C] = —<0tmAie

PETETEEsacE must be a non-linear function with regard to A and then, given
+e 2
Models IT and ITI,

evotm A+~]C

log (E[Y|4, C)) =Bo+ﬂ1A+log{1+(eﬂ2 -1 }+ﬁ3TC

1+ evotmnA+yIC

will not have a linear representation with respect to A and C. Therefore, A should be binary. If

10



. . yo+v3 C vo+m+vic yo+vi C
A is binary, then we can show that E[M|A, C] = 1;70:@0 (1ievo+71+2~2TC — 1:_67“:;0) A and
then
5 e’YO+’YlA+'7;C T
— 2
IOg (E[Y“LLCD _60+ﬁ1A+10g 1+ (6 1)1+€70+’Y1A+72TC +/63C
otATC 1+ (P2 — 1)%
€ Yo+v1+.
— BO _|_10g 1+ (652 _ 1)7%' + 51 +10g 1470 1T02 A—i—ﬁgC
1 -+ e’YO+72 1 4 (652 _ 1) Pl ne?)
1+ewo+'y2TC’

According to the previous formula, it can be straightforwardly observed that log (E[Y|A, C]) will
always have an interaction term between A and C' if 5 # 0 and therefore cannot be presented as
a linear function of A and C. This concludes that Models I, II, and III are not compatible if either

A is continuous or 72 # 0.

2. The product method yields MLE and is asymptotically at least as efficient as the

difference method.

After noticing that P, (M;|A;, C;) = Py(M;|A;) if v2 = 0, the full log-likelihood function for
{Yi, Ai, M;, C;}?_; can be decomposed to

log L(B,7; Y, A, M,C) =Y log Pa(Yi|Ai, M;, C;) + > _log Py(M;|A;,C;) + Y log P(A;, Cy),

i=1 i=1 i=1
= "log Pa(Yi|Ai, M;, C;) + > log Py (M;|A;) + Y log P(A;, Cy),
=1 =1 =1

where Pg(Y;|A;, M;, C;) and P,(M;|A;) are binomial probability mass functions (with log and lo-
gistic links) that depends on unknown parameters 3 and ~, respectively. Solving the log-binomial
model IT and logistic regression model III maximizes the log-likelihood function .-, log Pg(Y;|A;, M;, C;)
and Y7, log Py (M;|A;), respectively. Noting that Y., log P(A;, C;) is not a function of 3 or =,
solving Models IT and IIT maximizes the full log-likelihood function. Therefore the product method
agrees with MLE and therefore is asymptotically efficient for estimating mediation measures, which

implies that Avar(®) < Avar(6?), where  denote the mediation measure.

11



Web Appendix 2: Numerical studies of the asymptotic rela-
tive efficiency (ARE) of the product method compared to the

difference method

Appendix 2.1 Procedures for calculating the ARE

In Case Y, M, and Y, M,, the regression models in (s6) and (s7) were used, respectively. Given
the intuitive parameters in Table 2 in the manuscript, the regression parameters were calculated
based on the procedures shown in Web Appendix 2.2. Next, we calculated the asymptotic variances
of NIE and MP estimators obtained from the product and difference method, i.e., Avar(lﬂ]\ﬂ((fi)
V.S. Avar(l@éi?) and Avar(l\//II\D((fi) V.S. Avar(l\//ﬁ’éi?), through the asymptotic variance formulas
shown in Web Appendix 2.3. Finally, the AREs for the NIE and MP were given by ARE(NIE) =
Avar(NTE()) _ Avar(MP{)

Avar(méﬁ) and ARE(MP) N Avar(l\//[_?’(()‘fi)’

We calculated the AREs based on a factorial design of all combinations of the intuitive param-

respectively.

eters shown in Table 2 in the manuscript. In summary, a total of 21,600 and 135,000 scenarios
were considered in Cases Y, M. and Y, My, respectively. Because the intuitive parameters were not
always compatible, 2,522 and 73,392 of those scenarios were excluded from analysis. The details
for the reasons why we excluded those scenarios were shown as follows.

In Case Y, M, , 2,730 among 21,600 scenarios were removed from analysis because the probabil-
ities P(Y = 1|M, A) are larger than 1. Noticing that P(Y = 1|A, M) = efotAA+82M j5 ynbounded
with respect to the regression coefficients, P(Y = 1|4, M) can be greater than 1 if the regression
coefficients are large and the values of A and M are extreme. Therefore, we need exclude scenarios
where P(Y = 1|M, A) may be greater than 1 from our numerical analysis. Ideally, we need to
substitute all possible combinations of A and M into P(Y = 1|A, M) = ePotAA+82M ¢4 check if it
is bigger than 1. If it is true, then we remove its corresponding scenario from analysis. However,
f(M|A = a) follows a normal distribution in Case Y, M., therefore M can be any value between
(—00, +00), which can always make P(Y = 1|A, M) greater than 1 if we numerate all possible M.
However, since M near —oo or 400 is too rare to happen in practice, we consider all possible M
lying within the 0.001% to 99.999% quantile of M|A = a, which should cover all possible values of
M that could appear in a finite sample data set. Specifically, in the simulation study, we excluded

the scenarios that P(Y = 1|]A = 1,M = m) or P(Y = 1|A = 0, M = m) is greater than 1 for

12



any possible m in (i) 0.001% to 99.999% quantile of the distribution of M|A =1 or (ii) 0.001% to
99.999% quantile of the distribution of M|A = 0.
In Case Y, My, 73,392 among 135,000 scenarios were removed from analysis and reasons are

summarized as below:

e 1. In 68,808 scenarios, 2 cannot be specified given the intuitive parameters. Specifically, the

. 2 B2+v0+y . .
equation exp(MP x TE) = 81;21&1{'}'(@1_7_63;7;; for calculating B2 given the TE, MP, ~y, and
~1 does not have a real root, when (i) exp(MP x TE) > %, Y < 0 and v3 < 0 and

(ii) exp(MP x TE) < —=£¢2_ ) > 0 and 7, > 0. Under condition (i), it is straightforward

14eY0+71

B2+v0+
to show that the right hand of the equation 812:219{;6;;;:3 € (0, 1;;‘;1(21 ) for all B2 €

R when 79 < 0 and 71 < 0, which contradicts the left hand of the equation exp(MP x

TE) > H};@% Similarly, under condition (ii) we can show that the right hand of the

(14e70)(14-eP2H70+71) 14€70
(1+evo+71 )(1.,_6/524—"{0) ( 14eY0+71
contradicts the left hand of the equation exp(MP x TE) < Lie’0

THeroF

equation

+o0) for all B3 € R when 79 > 0 and 7 > 0, which

e 2. In 4,584 scenarios, the probabilility P(Y = 1|A = a, M = m) = efothrathzm g oreater
than 1, where a € {0,1} and m € {0,1}. This may happen when the total effect is large and
the outcome prevalence is common (e.g., TE=log(2) and P(Y = 1) = 32%).

Appendix 2.2 Relationships between the intuitive parameters and regres-
sion parameters

Case Y,M,. , binary outcome and continuous mediator without consideration of con-

founders

In Case Yy My, the intuitive parameters include TE, MP, P(Y = 1), P(A = 1), Var(M), E[M],
and Corr(A, M). Here, we show how to calculate the regression parameters based on those intuitive
parameters. First, calculate the 1, 7y, and o3 of the mediator model, based on the following

equations,

_ 1 P(A=1)(1—-P(A=1))
Corr(A, M) = \/P(A=1)(1—P(A=1))Var(M)’

EM] =~ +nP(A=1),
Var(M) = /2P(A = 1) (1 — P(A = 1)) + o2.

13



Then, we calculate £, B2, and Bp, the regression parameters in the conditional outcome model.
Specifically, we calculate 51, B2, and [y, sequentially and separately, based on the following equa-

tions:

(1—MP) x TE = 4,
MP x NIE = ﬁg’yl,
PY=1)=PA= 1)9XP</30 + B1 + B2(v0 + 1) + %) +(1-PA= 1))exp(ﬁ0 + Boyo + @;%)7

The third equation for solving Sy is non-linear and does not have an explicit root, therefore we use
the nlegslv function in R software to obtain a numerical solution. Finally, 55 and 37, the regression
parameters in the marginal outcome model, were obtained by the parametric relationships shown
in Web Appendix 1.3.

Remark: The formula for P(Y = 1) and Corr(A, M) were derived as follows

P(Y =1)=P(Y =1|[A=1)P(A=1) +P(Y = 1|A=0) (1 — P(A = 1))
=P(A= 1)/]13’(Y = 1M =m, A=1)p(M = m|A =1)dM

+(1-PA=1)) /]P’(Y = 1M =m, A = 0)p(M = m|A = 0)dM

1 _(m=vg=1)? 1 _(m—y)?
=P(A=1 efothitbam___— o 203 dn+(1-PA=1 /eﬁ‘)ﬂi?mie 203
( )/ V2mos ( ( ) V2mosg
B33 Bia3
=P(A = Dexp(fo+ B+ B2ly0 +71) + 52 ) + (L= P(A = 1) exp(Bo + Bvo + 52 ).
Cov(M, A) B E(AM)—- P(A=1EM

Corr(A4, M) = /Var(A)Var(M) N VP(A=1)(1-P(A=1))Var(M)

_ E(y0A +74?) — P(A=1E(y0 + nA4)
VP(A=1)(1-P(A=1))Var(M)
__ mPA=1)(A-PA=1))
VP(A=1)(1 - P(A=1))Var(M)

Case Y, My, binary outcome and binary mediator without consideration of confounders

In Case Y,M,, the intuitive parameters are TE, MP, P(Y = 1), P(A = 1), P(M = 1), and
OR(M]|A). Here, we show how to calculate the regression parameters based on those intuitive

parameters. We first calculate 71 and ~g, the regression parameters in the mediator model, based
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on the following two equations:

OR(M|A) = exp(71)
E[M] = P(A=1)-£2""_ 4 (1 - P(A=1)) <2

1+eYo+71 1+e70

Then, we calculate 3y, B2, and [y, the unknown parameters in the conditional outcome model,

based on the following three equations, separately,

(1—MP) x TE = fi,
MP x TE = log ((1+e"/0)(1+e[32+70+71))

(1+e"/0+"fl)(1+eﬂ2+70)
P(Y =1) = ePopyg + ePotPipy + ebotPap g 4 ebotbithap

where Pam = P(A = avM = m) = P(M = m|A = G’)P(A = a); i'e'a P11 = %paa P10 =

70 e70t71 0

e (L = pa), po1 = (1 — y550m7)Pas and poo = (1 — t555)(1 — po). Finally, A7 and By, the
regression parameters in the marginal outcome model, were obtained by the parametric relationships

shown in Web Appendix 1.4.

Appendix 2.3 Asymptotic variance formulas

The estimating equations for the marginal and conditional outcome model can be shown as

U8 =Y UnVi' Vi —EYi|4,.CJ| =0 (58)
i=1
U (g) = Z UpnVy' [}/i — E[Y;|A;, M3, Cz]} =0 (s9)
i=1
where U;; = W, and U, = %AM’”C’A. If the outcome is continuous, V;; = a% and

. .. %, g% A o @*T ey, w1 gk A 1@ T e
Vio = 03; if the outcome is binary, we have V;; = efo+AiAitBs  Ci o (1 — Bo+BiAi+Bs " Ci) and

Vig = ePotPrAi+BaMi+B5 Ci (1— eﬁ(’*ﬁlAi*B?MﬁﬁgCi). The estimating equation for the mediator

model is
U (y) = S UsV5! [Mi ~E[M;|4,, ci]] —0, (s10)
i=1
. Teo.
where Uz = %’W and Vi3 is 0F and (14?23315;:52:0@)2 if M is continuous and binary,

respectively. Next we derive the asymptotic variance formulas for the NIE and MP estimators
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obtained by the product and difference method.

Difference Method

For the difference method, the estimating equation for unknown regression parameters 8 =

« T T1T .. o U(l)(ﬁ*) _ . s . .
[B* ,B']" isU(0) = = 0. By theory of unbiased estimating equations [3, 6], we know
U®(g)

v/n(0 — 0) is asymptotically multivariate normal with zero mean and covariance matrix is given by

2 - (E[D"V"'D|) B {E[D"Vlee'viD|}(E[DTV'D]) o (s11)

where D = [aED(;Ig"C], 8E[Y|§éM’C]}, e = (Y —E[Y|A,C],Y —E[Y|4, M,C))" includes the er-
ror terms in the marginal and conditional outcome models, and the expectations in (s11) are
taken over {Y, A, M,C}. Here, V is a variance-covariance matrix that equals to diag(c?,03) and

dwg<663+ﬁ1*A+,6§TC x (1 — efo+BIA+B;TC) oBo+PrA+BM+B5C o (1 _ eﬁo+ﬁ1A+62M+,@§C)) when

the outcome is continuous and binary, respectively. Formula (s11) can be further simplified to
-1 —1
Qo — (E [DTV‘lDD {E[DTV‘lE[eeTM,M, C]V‘lD”OE [DTV—1DD ,

where E[ee” |A, M, C] is a function of {M, A, C} shown in Web Appendix 2.4.

Next we show how to numerically calculate £29. We assume A and C are binary variables. Note
that the formula for calculating Q¢ depends on E [DTV‘lE[eeT|A, M, C]V‘lD} and E [DTV‘lD] ,
two expectations with respect to variables {A, M, C}. We use the following method to numerically
calculate the expectations with respect to {4, M,C}. When M is also binary (Case Y; M), the
density function of {A, M, C?} is discrete and we can obtain the expectation for any function of

{M, A, C}, say f(M, A, C), through the following formula

E[f(M,A,C) = > f(M=m,A=0a,C=c)P(M=m,A=0a,C=0c),

m,a,c

= Z f(IM=m,A=a,C=c)P(M =m|A=a,C=c)P(A=a,C = ¢),

m,a,c

where P(M = m|A = a,C = c) refers to the mediator model and P(A = a,C = ¢) is an explicit

function describing the A-C' relationship. If M is continuous (Case Y,M. ), we can calculate
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E[f(M7 A, C)] by

B4 1,0 = P4 =0C =) [ s azac=ge TR e T ey,

— 00

where ¢(.) denotes the density function of standard normal distribution. We use the Gauss-Hermite
Quadrature (GHQ) method to numerically calculate the above integral.

Now, we know how to numerically calculate the asymptotic variance-covariance Inatrix of 8.

Finally, by multivariate delta method, the asymptotic variances of NIE((I* .ale and MPa* .ale can be
shown as
@ 1 8NIEad)alc 8NIEi’f)a‘c
(d) ()
() 1 aMPa . OMP,.”,
Avar(MPa*va‘c) = E T‘c Qg T‘c 5

where NIEa* ale = = (87 — f1)(a—a*) and Mp“ o a|c = 1— 2L are the NIE and MP expressions given

By
ONIE@
by the difference method. It is straightforward to show 878““: [0,a—a*,0,0,—(a—a*),0,0]"
EMIPéd)a‘c -
and — Q290 [0, ,3*2 5 0 6* ) 0, 0] .

Product Method

For the product method, the estimating equation for unknown regression parameters 0% =
T T T . U(Q) (ﬂ) . . . .
B, '] s UB) = = 0. By the theory of unbiased estimating equation [3, 6], we
U ()
know \/ﬁ(é* — 0*) is asymptotically multivariate normal with zero mean and covariance matrix is
given by

Q- = (JE[D*TV*”D*D71{1E[D*TV*’16*6*TV*—1D*}}(E[D*TV*’ID*D . (s12)

where D* = [dE[Ygg*M .C] dE[MlA C]} V* = diag(Va,V3) is the working variance-covariance ma-

trix, € = [eg, €3] = [Y — E[Y|A, M, C], M — E[M|A, C)]" includes the error terms in the condi-
tional outcome model and mediator model, and the expectations in equation (s12) are taken over

T
{Y, A, M,C}. Here, V3 is 02 and _ 0 e A s continuous and binary, respectively. We

(1+€70+71A+750)2
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can further simplify formula (s12) after noticing

E [eze3|4, M,C] = E[(Y — E[Y|A, M, C)) x (M — E[M|A, C])|A, M, C]
=E[Y —E[Y|A, M,C]|A, M,C] x (M — E[M|A, C])
=0 x (M —E[M|A,C]) =0.

Therefore,

«T 71w xT x—1 *
E|D" v e viiD

_E {D*TV*’I]E[e*e*T 1A, M, C]V*’ID*}

( €2 6263) A M. C

€9€3 e%

:E{(BE[Y!;S’TM’C] 0 ) (‘/2_1 0 ) (‘/2 0) (V;l 0 ) (GE[Y(;XAM,C] 0 )}
0 8E[Ié\){y‘;}’0] 0 V3_1 0 Vi 0 V3_1 0 aE[AgLA,C]

(B0 U] 0

- ( 0 IE[U3TV3_1U3]) '

Also, we can show

AE[Y|A,M,C] -1 OE[Y|A,M,C]
E [D*TV*AD*} =E o BJE[M(\)A C] " ’ 1 " 6IE[M(TA C]
0 =l 0 Vi 0 S T

oNT

E[UTV, U] 0
0 EUIV, US|

1

) [D*TV*_ E V*“D*}

It follows that

—1 —1
o (BUIV;i'm 0 UV, U)o EUTV; U 0
9 =
0 E[U{ Vs 'Us] 0 E[U{ Vs 'Us] 0 E[U{Vy ' Us]

_ (EUSV; U, 0
0 EUIV, Ut )
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ULV, U, 0

0 E[USV; U3 !
The formula for Qg+ takes expectations with respect to {4, M, C} and we can again use the nu-

Now, we know the asymptotic variance of \/n(6*—8*) is Qg- =

merical method shown in the previous subsection to numerically calculate 2g+. Finally, using the

multivariate delta method, we have

— (p) 1 _aNIEt(zZ)a\c BNIEt(zIZ)MC
Avar(NIE,. ;) = ol Ry : Qg- 7@0*’ ,
[ (p) (p)
——(p) 1 8MPa*ya aMPa*ﬂ
Avar(MP, ) = — | —5a el Q- e e ]

where NIE® | and MP®)

o ale a*alc AT€ given in Table 1 in the manuscript.

Appendix 2.4 Expression of F(ee'|A, M, C)

In the numerical studies in this paper, we only considered a binary outcome (Cases Y, M, and

Y, My,). Therefore, we further derive more explicit results for those Cases. Specifically, we have

a b
E(eeT|A, M,C) = , with
b d

d=E|(Y - eﬁo+[31A+ﬁzM+ﬁ3TC)(Y _ eﬂo+[31A+BzM+ﬁ3TC')|A’ M,C

— E[Y|4, M, C] — 2efotBrA+5MBICR[Y| A, M, C] 4 ¢2P0t21A+25:M+265 C
= PotBLA+B MABC _ [2B0+281A+28: M+285 C

= PotPrATABMABIC (] _ pPotBiAtBM+BTCY
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b=E |(Y — S HBrATBT O )y _ PothAthM+BICY 4 M C
=E[Y|A, M, C] — 5P AB CR[Y|A, M, C) — PotPrA+0MABSCR[y | A, M, C]
4 PotPrA+BM+B; C+B+p71 A+8; 7 C
— BotBrA+B2MAB; C _ Bi+BT A+B5T C (fo+P1A+L2M+B5C _ Bo+PrA+B2M+P3 C o+ A+B2M+B5 C
4 ePotBrA+BM+B5 C+B5+57 A+B5TC

= PotBIATABMIBIC (] _ (PothiATBMABICY _ g

)

and,

a=FE [(Y _ 653+6IA+B§T0)(Y _ eﬁS+BfA+B§TC)|A7 M, C}
=E[Y|A, M,C] — 2653+ﬁ1*A+5§TCE[Y|A, M,C] + o285 +287 A+283T C
— PotBIA+BMAB5C _ 9oBo+FrA+A MABS CHAi+BT A+B3TC | (265+28] A+2B57C
= eﬂo+51A+ﬁzM+ﬁ§c(1 _ 660+61A+ﬂ2M+ﬁ3TC) + (eﬂé-ﬁ-,@fA-s-ﬁ;Tc B eﬂo+51A+ﬁ2M+B3TC)2

= d + (PO TPIATATC _ pPotBriAtfaM+B5CY2,

Therefore, it is straightforward to observe that E(ee’ |A, M, C) is an explicit function of {A, M, C}.

Appendix 2.5 In Case Y, M. , the ARE does not depend on the expectation

or the variance of the mediator

We consider two settings: In Setting I, we consider E(M) = 0 and Var(M) = 1; and in Setting
I, we set E(M) = u,, and Var(M) = v,,, but all other intuitive parameters are otherwise the same
as those in Setting I, where u,, and v,, > 0 are any numbers other than 0 and 1. If we can show
the regression models in both settings are algebraically equivalent, then both settings will have the
same AREs and we complete the proof.

Let g*M, g1 ~M and agm be the regression parameters correspond to setting I. And let
B B2~ and 032,(2) denote the regression parameters correspond to II. According to the

relationships between the parametric relationships between regression and intuitive parameters

20



shown in Web Appendix 2.2., we have

2 (1)
()—um"'\/vmr}/ 771 _’)él)\/’vm? 3 = m0'92) ;

2) _ 51, 52) _ By @ _ 1) _ B
1 1 »~2 M? 0 0 \/m )
63(2) _ ﬁg(l);ﬁ’{@) _ ﬁi‘@).

Therefore, the three regression models used in Setting II is

Model I: E[Y]A] = ¢ +81"4,

52 Dum

(1)
Model II: E[Y|A, M] = %~ o +017 A% MM

Model III: M = u,, + w/vm'yo —|— 'yll),/va + €3, where ez ~ N(0, vma2( )).

Next, let M* = % and substitute it into the previous regression models, then we have

Model I: E[Y|4] = % +8174,
Model II: E[Y|A, M*] = ¢ +81" a+850M”

)

Model IIL: M* =~ 4404 £ et where & ~ N(0,02").

Notice that now M™ is mean zero and variance 1 and the above three models are actually the
regression models used in Setting I. This indicates the regression models used in Settings I and II

are algebraically equivalent and therefore share same variances for NIE and MP.
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Web Appendix 3: Numerical studies of ARE in the presence

of confounding

Appendix 3.1 Results

Here, we report the results of numerical studies to investigate how AREs change in the presence

of a binary confounder M. We consider the following regression models

E[Y|A,C] = eﬁ(’;+6I‘A+B§C’

E[Y|A, M, C] = eﬁ0+51A+ﬁ2]W+53C7

(s13)
M =7 +mA+7C +e;,
exp(¢o + ¥10)

PA=10) = 1+ exp(v +910)

where C'is a binary confounder and e3 ~ N(0,03). The last regression model defines A-C relation-
ship. The intuitive parameters include those used previously (See Table 2 in the manuscript) and
the following four parameters in relation to C: (i) the prevalence of C; (ii) the odds ratio of A for
a change in C from 0 to 1, i.e., OR(A|C) = e?1; (iii) the correlation of M and C, Corr(C, M); and
(iv) the risk ratio of Y for C' corresponding to the change from 0 to 1, i.e., RR(Y|C) = 3. The
choices of the intuitive parameters were given in Web Table 1. We conducted a factorial design
of all combinations of the intuitive parameters shown above. For each of combinations, we first
calculated the regression parameters based on the intuitive parameters according to the procedures
shown in Web Appendix 3.2, and then calculated the AREs based on the formulas shown in Web
Appendix 2.3.

A total of 19,200 scenarios were included for comparison, where 5,319 (27.7%) of those scenarios
were excluded from analysis because the intuitive parameters were not compatible. The detailed

reasons were shown below

e 1. In 1,440 scenarios, the specified value of Var(M) was smaller than the specified value of
Var(yo + 714 + 712C), which indicated that the variance of the error term in the mediator

model, i.e., o3, was less than 0.

e 2. In 3,879 scenarios, P(Y = 1|4, M,C) may be greater than 1. Noticing that P(Y =

1A, M,C) = efotBhra+B2M+B5C i ynbounded with respect to the regression coefficients,
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P(Y = 1|4, M, C) can be greater than 1 if the regression coefficients are large and the values
of A, M, and C are extreme. Therefore, we need exclude scenarios where P(Y = 1|4, M, C)
may be greater than 1 from our numerical analysis. Ideally, we need to substitute all pos-
sible combinations of A, M, and C into P(Y = 1|A, M,C) = ePotPAA+B2M+8:C 14 check
if it is bigger than 1. If it is true, then we remove its corresponding scenario from anal-
ysis. However, f(M]|A = a,C = c¢) follows a normal distribution in Case Y, M., there-
fore M can be any value between (—oo,+00), which can always make P(Y = 1|4, M,C)
greater than 1 if we numerate all possible M. However, since M near —oo or +0oo is too
rare to happen in practice, we consider all possible M lying within the 0.001% to 99.999%
quantile of M|A = a,C = ¢, which should cover all possible values of M that could ap-
pear in a finite sample data set. Specifically, in the simulation study, we excluded the
scenarios that P(Y 1A = 0,M = m,C =0), PY = 1|A = O,M = m,C = 1),
PY =1A=1,M =m,C =0),or PY = 1A =1,M = m,C = 1) is greater than 1
for any possible m in (i) 0.001% to 99.999% quantile of the distribution of M|A =1,C =1,
or (i) 0.001% to 99.999% quantile of the distribution of M|A = 1,C = 0, or (iii) 0.001% to
99.999% quantile of the distribution of M|A = 0,C =1, or (iv) 0.001% to 99.999% quantile
of the distribution of M|A =0,C = 0.

Thus, we calculated the AREs in the remaining 13,881 scenarios. The distributions of the AREs
under those scenarios are shown in Web Table 2. The distributions of the AREs were slightly more
dispersed compared to those without confounding effects, but most of the AREs were still near 1,
where more than 95% of the ARE(NIE) and ARE(MP) were greater than 0.7 and 0.95, respectively.
Moreover, we observed that increasing the confounder-mediator association decreases the AREs of
the NIE estimator. The relationships between the AREs and the intuitive parameters are visualized
in Web Figures 5 and 6 for aspects of NIE and MP, respectively. It is shown that changing the A-C
and Y-C associations has minimal influence on the AREs, but strengthening the C-M association

lowered the AREs, favoring the product method.
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Appendix 3.2 Relationships between the intuitive parameters and regres-

sion parameters

The relationship between the parameters in regression models (s13) and the intuitive parameters
P(Y =1), TE, MP, RR(Y|C), E(M), Var(M), Corr(M, A), Corr(M,C), P(A=1), OR(A|C) are
derived below.

First, we obtain 1y and 1 by solving

OR(A|C) = exp(yp1) and

_ __exp(o+9 exp (Y o
P(A=1) = {PR0CERSP(C = 1) + (FRiis (1 - P(C = 1)),

Next, we calculate 7, and 7, by solving the following two linear equations simultaneously,

_ mVar(A)+~2Corr(C, A)\/Va‘r(A)Vdr(C)
COI‘I‘(M, A) \/Var(A)Var(]W)

Corr(M,C) = 1 Corr(C,A \/\W+W2Var(6‘)

\/Var(A)Var(JVI)
Pl A_ _ P0t¥l po_1)_p(A=1)P(C=1)
where Corr(C, A) = PA=LO=D-_PUA=DP(C=1) _ 1scfot™n Var(4) = P(A =
’ \/Var(A)Var(]V[) \/Var(A)Var(M) ’

1)(1 = P(A=1)) and Var(C) = P(C = 1)(1 — P(C = 1)). Then, we obtain vy and 03 by solving

the following two equations

E(M) =~ +mnP(A=1)+7%P(C =1),
Var(M) = v2Var(A) + y2Var(C) + 2y172Corr(C, A) x /Var(A)Var(M) + o3.

Next, we obtain 51, B3, 82 by solving

(1-MP) x TE = f,
MP x NIE = 62’71,
RR(Y|C) = ¢Ps.
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Finally, after noticing

1 1
PY=1)=) Y P(A= a,C’:c)/P(Y =1A=a,M =m,C=c)f(M =m|A=a,C=c)dm
a=0 c=0
1 1 7(m—vo—v1a—726)2

1
— P(A=a,C=c¢ /650+ﬁ1a+52m+536 e 203 dm
2D P ) Ao

a=0c=0
1 1 5202
= Z Z P(A =q,C = C)e,@0+31a+ﬁ30+52(’Yo+V1a+’YzC)+%’

a=0 c=0
we obtain [y by solving

1 1 5 5
P(Y =1) :ZZP(A:aaC:C)eXP(ﬁo+ﬂla+53c+52(70+71a+720)+%),

aex +ic . * *
where P(A = a,C = ¢) = P(A = a|C = o)P(C = ¢) = {229 p(C = ). Finally, 55, 51,
and 33, the regression parameters in the marginal outcome model, were obtained by the parametric

relationships given in Web Appendix 1.3.

Web Appendix 4: An example that the difference method
may be more robust than the product method when the

exposure-mediator relationship is misspecified

Appendix 4.1 The example

We provide an example under Case Y, M, to illustrate that the product method has estimation
bias if the exposure-mediator relationship is misspecified, but the difference method remains unbi-
ased and can be more robust. In Case Y, M., the product method requires the following mediator
model,

M= +mA+7 C+ e,

where the error term, e3, follows a homoscedastic normal distribution N (0, 0%) such that Var(e3) =
Var(e3|A, C) = 03. In reality, M|A, C may be heteroskedastic such that Var(ez| 4, C) is a function

of A and C. Assume now Var(ez|A4,C) = ng + mA + ni C but we misspecify the error term to
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follow a homoscedastic normal distribution. In Web Appendix 4.2, we prove that given the outcome
model adjusted for the mediator (i.e., model (6) in manuscript) and the heteroskedastic mediator
model, the outcome model without adjustment for the mediator (i.e., model (5) in manuscript)
still hold, which indicates that the product and difference methods are compatible even under
heteroskedasticity.

It is well known that heteroskedasticity will not affect the consistency of the ordinary least
]T

squares estimator; i.e., estimator of v = [yp, 71,74 | is still consistent even under misspecification

of e3. In addition, regression coefficient estimators for the outcome models (5) and (6) are also

unbiased as those models are correctly specified. However, we claim that I@Eﬁ)@k, T\Efﬁ%c,

and 1\//11\3(p) are biased, though ﬁ(p)

a*,ale a*,ale 18 consistent. That is because the expression of the
mediation measures given by the product method changes. Under the counterfactual framework,

Web Appendix 4.2 shows that the correct expressions for the NIE and NDE are
NIEq: /e = (B271 + 0.583m)(a — a*) and NDEg. 4c = Bi(a — a*),

where the NDE expression is exactly identical with its shown in Table 1 in manuscript but the

NIE expression is different. Therefore, TEq« qc = (81 + f2y1 + 0.585m1)(a — a*) and MPg« o) =

B271+0.583m
B1+B271+0.582n1

method is

It follows that the asymptotic bias' of the NIE estimator given by the product

z(zli),a\c) = lim mfﬁ)’alc

n—00

- nh—g;(ﬁz%(@ —a*) = (Bem1 +0.585m)(a — a*)

ABIAS(NIE — NIEy- gc

Boyi(a —a*) — (Boyr + 0.583m1)(a — a*)

—0.55§n1(a —a")

where the second to the third row holds since 32 and 47 are consistent estimator of Sy and ;.

IThe asymptotic bias is defined as lim p — p, where p is a mediation measure and lim p is its estimator’s
n—r 00 n—r 00

asymptotic limit when sample size is sufficient large.
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Using the same strategy, we can show the asymptotic biases for the NDE, TE, and MP are

——(p)

ABIAS(NDE," ) =0,
ABIAS(TE,, ) = —0.582m(a — a*),
—=(p) 0.5ﬂ1,822’l71

ABIAS(MP,- 1) = — (B1 + Boy1)(B1 + B2y +0.563m1)’

respectively. From the above formula, we observe that the NDE estimator is always unbiased and
biases of NIE and NDE estimators are functions of 5, the mediator effect on the outcome, and
11, degree of heteroskedasticity. The bias of the MP estimator is also affected by 8; and v;. In
Web Figure 8, we illustrate the asymptotic biases when varying 8 and 7;. The NIE, TE, and MP
present minimal bias when 7; and (5 are small but their biases dramatically increase when 7; or
(2 increases.

On the other hand, the expressions of the mediation measures given by the difference methods
are not affected (see Web Appendix 4.2). Since the two outcome mean models are also correctly
specified under heteroskedasticity, the difference method can still provide consistent estimators for
all mediation measures. That means the asymptotic biases for all the estimators given by the
difference method are 0.

Of note, the bias analysis results shown here differ from the results in Cheng et al. (2021) [1].
In Cheng et al. (2021) [1], they found that the product method exhibited minimal bias even under
heteroskedasticity in Case Y,M.. That is because they only evaluated the bias of the respective
regression parameters but did not address the additional complication that the expressions of the
mediation measures (e.g. NIE and MP) will change if the error term in the mediator model is
heteroscedastic. In this study, we clarified that in Case Y, M, the expressions for the mediation
measures given by the product method can be different when the error term in the mediator model
is in fact heteroscedastic. Therefore, by analytically deriving the asymptotic relative bias formulas,
we showed that the estimators for mediation measures given by the product method incorrectly

assuming homoscedastic variance can subject to bias.
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Appendix 4.2 Several analytic relationships for when e; ~ N(0,79 +m A +
1 C)

i) In Case Y, M., the product and difference methods are compatible when ez ~ N(0, 70+
mA+mn; C)

Given the heteroskedastic mediator model and the conditional outcome model as shown in

equation (6) in manuscript, we have that

E[Y|A,C] = E[E[Y|A, M, C]|A, C] = P tAATBs CRlefM 4 ()

_ (M*<’Yo+'le+’72TC))2

_ eﬁo+51A+ﬁgTC / eﬁzM 1 - e 2(no+mA+nC) M
V2r(no + mA+niC)

— PotPIATBIC o B2(vo+y1 Aty C)+0.565 (no+m A+n; C)

— Po+B27v0+0.565m0+(B1+B2v1+0.5685m) A+(B3 +B2v3 +0.565m3 )C
i

This concludes that the outcome model without adjustment for mediator (as shown in equation
(5) in manuscript) still holds and 8% = Bo + B2yo + 0.58310, B = B1 + Pay1 + 0.585n;1, and
B3 = B3 + Baya + 0.583m2. This completes the proof.

ii) Expressions of the mediation measures under the product method when ¢; ~

N(0,m0 +mA+mn3C)

Under the counterfactual framework, we have that

E[Y (a,M(a))|C =c] = /P(Y =1llA=a,M=m,C=c)f(M =m|A=a,C =c)dm

(Mf(woerlaJr‘ch))z

2(ng+n1a+nd c) dm

1

€
V2 (no +ma+mnc)
_ eﬁo+ﬁ2’yo+0.5ﬁ§no+(ﬁ1+52"/1+0.5[3§771)a+(5§+ﬁ2’7§+0.5ﬁ§ng)c.

:/6B0+51a+ﬁ2m+ﬁgc
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Similarly, we can show that

E[Y (a, M(a"))|C = €] /P(Y =1ll[A=a, M =m,C=¢)f(M =m|A=a",C =c)dm

— Bo+B270+0.583mo+B1a+(B2v140.583m )a” +(B] +B2v3 +0.585m3 e
b

E[Y (a*, M (a¥))|C = ] = /P(Y =1lA=a",M=m,C=c)f(M =m|A=a",C=c)dm

— PotBay0+0.583m0+(Br+B2y1+0.585m )a” +(B5 +B27v3 +0.583m3 e

Finally, by definition of NIE, we have that

NIEq« qjc = log (E[Y (a, M(a))|C = c]) —log (E[Y (a, M(a"))|C = c])

= (B +0.585m)(a — a®).

Similarly, we have that NDE,- ,c = Bi(a — a*), TEg« qc = (81 + Boy1 + 0.568%n1)(a — a*) and
MP,- gje = Bav1+0.582m

= B1+B2m1+0.582m:1 "
iii) The difference method presents correct mediation measure expressions when ¢e; ~

N(0,m0 + mA+nIC)

First, because the NDE expression given by the product method is correct and same with the
NDE expression given by difference method, the difference method offers correct NIE expression.
Second, as derived in i), we have the following parametric link 8 — 8 = fB2y1 + 0.583n;. Therefore,
the NIE expression under the difference method is (37 — 8)(a — a*) = (B271 + 0.585n1)(a — a*),
which is exactly the NIE,- 4. under heteroskedasticity (see derivations in ii)). It follows that the
difference method provides correct NIE expression. By noticing TE and MP are functions of NIE

and NDE, the difference method also provides correct TE and MP expressions.
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Web Table and Figures

Table 1: Specifications of the intuitive parameters under Case Y, M. in the presence of a binary

confounder.
Intuitive Parameters Notation Values

Total effect (log risk ratio scale) TE log(1.2),log(1.6), log(2)
Mediation proportion MP 0.1, 0.3, 0.5, 0.7, 0.9
Prevalence of the outcome Py =1) 1%, 4%, 8%, 32%
Prevalence of the exposure PA=1) 50%
Expectation of mediator E(M) 0
Variance of mediator Var(M) 1
Correlation of the mediator and exposure Corr(A, M) 0.2, 0.4, 0.6, 0.8
Prevalence of the confounder P(C=1) 50%
Odds ratio of the confounder on exposure OR(A|C) 1,1.2,1.5,2
Correlation of the confounder and mediator  Corr(C, M) 0,0.2,04, 0.6, 0.8
Risk ratio of confounder on outcome RR(Y|C) 1,1.2,1.5,2

Table 2: The AREs for NIE and MP under Case Y, M, in the presence of a binary confounder.

(n = 13,881 scenarios)

Index  Min Percentiles Max
5%  10%  25%  50% 5%  90%  95%

NIE 0.011 0.734 0.895 0.985 0.999 1.000 1.000 1.000 1.000

MP 0.100 0.967 0.989 0.999 1.000 1.000 1.000 1.000 1.000
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Figure 1: Relative Asymptotic Efficiency of NIE (denoted as ARE(NIE)) under Case Y, M, (binary

outcome and continuous mediator). The outliers, defined as AREs outside 1.5 times the interquartile

range above the third quartile and below the first quartile, are not shown [5].
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Figure 2: Relative Asymptotic Efficiency of MP (denoted as ARE(MP)) under Case Y, M, (binary

outcome and continuous mediator). The outliers, defined as AREs outside 1.5 times the interquartile

range above the third quartile and below the first quartile, are not shown in the box plots.
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Figure 3: Relative Asymptotic Efficiency of NIE (denoted as ARE(NIE)) under Case Y, Mp(binary
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Figure 5: Relative Asymptotic Efficiency of NIE (denoted as ARE(NIE)) under Case Y, M, (binary

outcome and continuous mediator) in the presence of a binary confounder. The outliers, defined as

ARESs outside 1.5 times the interquartile range above the third quartile and below the first quartile,

are not shown [5].
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Figure 6: Relative Asymptotic Efficiency of MP (denoted as ARE(MP)) under Case Y3 M, (binary

outcome and continuous mediator) in the presence of a binary confounder. The outliers, defined as

ARESs outside 1.5 times the interquartile range above the third quartile and below the first quartile,

are not shown [5].
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MaxART [2]

37



(@) NIE (b) NDE

7] - 7]
8 I 8 2
[a2] 1 m |
© - O _
- -
2 S
Q o 4 — m=0 Q o 4 — m=0
g ! —— m;=0.25 ; ! —— my=0.25
) - n1:0.5 %) - r]120.5
< 5 — =1 < 5 — n1=1
o o
[ [ [ [ [ [ [ [ [ [ [ [ [ [
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
B> B>
() TE (d) MP
0 %)
S g 8 2
[a2] 1 m 1
0 - O _
—— ——
2 2
Q o 4 — m=0 o oS 4 — m=0
; ! —— m =025 ; ! —— m =025
%) n n:=0.5 %] n n1=0.5
< — m=1 < — m=1
o o
[ [ [ [ [ [ [ [ [ [ [ [ [ [
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
B> B>

Figure 8: Asymptotic biases of the NIE, NDE, TE, and MP estmators given by the product method
when varying 77 and f2 from 0 to 1. The mediation measures were evaluated for one unit increase
of the exposure. Other parameters affecting the asmptotic bias of MP, including 8; and 7, were

fixed to log(1.2).

References

[1] C. Cheng, D. Spiegelman, and F. Li. Estimating the natural indirect effect and the mediation
proportion via the product method. BMC Medical Research Methodology, 21(1):1-20, 2021.

[2] S. Khan, D. Spiegelman, F. Walsh, S. Mazibuko, M. Pasipamire, B. Chai, R. Reis, K. Mlambo,

38



[6]

W. Delva, G. Khumalo, et al. Early access to antiretroviral therapy versus standard of care
among hiv-positive participants in eswatini in the public health sector: the maxart stepped-
wedge randomized controlled trial. Journal of the International AIDS Society, 23(9):e25610,
2020.

K.-Y. Liang and S. L. Zeger. Longitudinal data analysis using generalized linear models.

Biometrika, 73(1):13-22, 1986.

D. P. MacKinnon, G. Warsi, and J. H. Dwyer. A simulation study of mediated effect measures.

Multivariate Behavioral Research, 30(1):41-62, 1995.

F. Mosteller, J. W. Tukey, et al. Data analysis and regression: a second course in statistics.

1977.

L. A. Stefanski and D. D. Boos. The calculus of m-estimation. The American Statistician, 56

(1):29-38, 2002.

39



	Web Appendix 1: Proofs for the efficiency of the product method compared to the difference method under the four data types
	Appendix 1.1 Proof of result 1
	Appendix 1.2 Proof of result 2
	Appendix 1.3 Proof of result 3
	Appendix 1.4 Proof of result 4

	Web Appendix 2: Numerical studies of the asymptotic relative efficiency (ARE) of the product method compared to the difference method
	Appendix 2.1 Procedures for calculating the ARE
	Appendix 2.2 Relationships between the intuitive parameters and regression parameters
	Appendix 2.3 Asymptotic variance formulas
	Appendix 2.4 Expression of E(T |A, M, C)
	Appendix 2.5 In Case YbMc , the ARE does not depend on the expectation or the variance of the mediator

	Web Appendix 3: Numerical studies of ARE in the presence of confounding
	Appendix 3.1 Results
	Appendix 3.2 Relationships between the intuitive parameters and regression parameters

	Web Appendix 4: An example that the difference method may be more robust than the product method when the exposure-mediator relationship is misspecified
	Appendix 4.1 The example
	Appendix 4.2 Several analytic relationships for when 3 N(0,0+1 A + 2T C)

	Web Table and Figures
	Tables 1 and 2
	Figures 1–8


