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S.1 Technical lemmas

We first present two lemmas that connect the operator mgng\ X with the con-
ditional distribution (X, X;)" | [X_u,,Y = y|. For any subvector A C V, let
i
M, e = [T ] D
Lemma S1 If Assumptions[]] to[3 hold, then, for any (i,7) € V x V and y € Q,,
(i) For any (f,9) € O, % D, (X0 g, X007 | (X 9] follows a bivariate
Gaussian distribution, and cov({f, X.), (g, X;) | X_u;,v) = ([, mgfixij_u]-)g);

(i1) miilex,(i,j) =0 if and only if X, L X, | [ X _,),Y =y;

(ZZZ) S:Z]g(zXﬂX_(l,]) = Za,bENE(O{?Oé? | X*('@f)’ y)n? ® njb

PROOF. Let A = (7,5). By Assumption , for any f € Qy,, g € Qx,., and y € Qy,

B (exp {o [t ((£.X0) = (M F Xee) ) + g, Xue)| 1)
= BB ) = 2000 D, MM )+ 20800, B )

—2t:t2(9, Vs o, Mo f) T M o D% e My x, S) + 1209, DY 5, 9)
= 80, B xaxe ) T80, D% 5, 9)-

Therefore, (f, Xx) — (M, x,. f, Xac) and (g, Xue) are independent for all g € Qx,.,
which implies assertion (i). Assertion (ii) follows immediately by (i). Assertion (iii)
can be shown using an argument similar to the proof of Proposition |4| and (i). This

completes the proof. O

Note that Lemma (ii) generalizes the classical result that, under the Gaussian
setting, the conditional independence is equivalent to the zero conditional covariance,
from the case when X is a vector of random variables to the case when X is a vector of
random functions. The next lemma provides an alternative expression of U 51X

using €% X,



Lemma S2 If Assumptions[]] to[J hold, then, for any (i,j) €V x V,

mg(ix-\xf(i’j) = ng)}(ixj - [m?;(ixi]lﬂgg)}(ixf(i’j) [Qg(f(i,j)xf(i,j)]71€g(7(i,j)xj [mg(jxj]l/2'
PROOF. Denote the right hand side of the above quantity as 3% XX Then by

direct calculation, for any f € Qy, and h € Qy_ ) We have

E((f, Xo) = (b, X_wp)* [y = (f, Eiixﬂxfu,j)f) + ||[Q:gcf(i,j)xf(i,j)]ﬂm@y
oY

X (i.9)X;
x[0% N7 = 2Dy bl =Vi(f) + Va(f, h).

X—(i,j)X—@,j)] X_(4.9)

Following a similar proof in [Fukumizu et al.| (2009, Proposition 2), we have

Vi(f) = inf {E [((f, Xo) = (B, X_:y))* |yl - h € Qxfu,j)}
= E(f, X)) — (W, X_;) | yl,

where h' = 9% | X f, and the last equality holds by Lemma (i), and the definition
of conditional expectation. This implies that V,(f, ") = 0, and

y -1/2qy y v2£ _ [0 1/2yy y
[Q:X—(mx—(i,]‘)] X—(i,j)Xi[ X'Xi] f [Q:X—(i,j)x—(m] X (i.9) Xi‘X—u,]‘)f’

'3 —

for all f € Q,. Denote the above relation as V,f = V, f; therefore,
mg(ixj + ViV = Zg&-XﬂX—(i,j) - mg{ixj +ViVe= mg{iXﬂX—(i,j)'

This completes the proof. O

We next present a lemma that extends the classical Bernstein inequality to Hilbert
spaces. Its proof immediately follows (2000, Theorem 2.5) and is omitted.

Lemma S3 (Bernstein’s inequality in Hilbert space) Suppose U*',... U™ are
i.i.d. samples from U in Q,, where U is a random element with E(U) = 0, and
Qy is a generic Hilbert space. If, for any ¢ € N, E||U||f, < b* ¢!, then, for any t > 0,

—nt?
P[||EUlla, > t] < 2exp (4b+2bt> '

Note that the function f(t) = ¢*/(4b*+2bt) > t/(4b) if t > 2b, and f(t) > t*/(8b?)
if t < 2b. Therefore,



P|EUlq, >t] < 2exp[—cn(t At?)], (S1)

for some constant ¢ > 0. This means, when the moment condition E||U||f, < b* /!

holds, the probability of {||E,U||,, > t} behaves as a sub-Gaussian when ¢ is small,

and as a sub-Exponential when ¢ is large; see also |Hanson and Wright| (1971)).

The next lemma gives a result on the perturbation of linear operators.

Lemma S4 Let 0 and T be the population and sample covariance operators of U €
Qu, and {(\*,n)}_, and {(\*,7*)}"_, be their eigenvalue and eigenfunction pairs,
with A' > X > .-, and A > A2 > ... > A" Then max,_, . w17 = 0 le <

4D — B, where k,, = min{\* — X a=1,...,m+1}.

PROOF. Suppose {5\1, o ,5\”} are the closest members to {\', ..., A"} in the spectrum
of U. Then by , Theorem 4.10), max{|A* = A*| : i =1,...,n} < |V -]
This implies that Ao < A for all @ = m + 1,...,n. Therefore, we have Ao <
A4 || - for all a = m+1, . .., n. Similarly, we can show that A\* > X" — || T —J||
foralla=1,...,m.

When &, < 2| — ]|, the asserted inequality of this lemma holds.

When &, > 2|0 — ||, we have A" — | — || > A"+ + ||V — ||, which, together
with the above bounds for A\, implies that min{\',..., A"} > max{\™', ... \"}.
Moreover, for any a = 1,...,m, A" < A + | — V|| < A* — |V — Y| < X7,
indicating that A* = A, for all @ = 1,...,m. Therefore, max{|5\a — At a =
1,....m} <||U-]. By (1971, Lemma 2), we obtain the asserted inequality,
and complete the proof. g

The next lemma shows that the intermediate operator J3(e,) and the estimated

conditional correlation operator €% (d, €y, €,) are both semi-positive definite.

Lemma S5 If Assumptions (1| to @ hold, then B¥(e,) is semi-positive definite and
bounded. Moreover, if ky(y,,y,) > 0 for any y,,y, € Qy, then ég{x(d, €y, €1) is also

semi-positive definite.

PROOF. By Proposition [S3| €% is positive definite, which implies that J*(e,) is
semi-positive definite. Moreover, 9 (¢,) is bounded because ||P(e,)|| < |IBY||. Also
note that, from the proof of Proposition , QA]’;( +(d, &) is semi-positive definite. Fur-
thermore, for any f = (f,,...,f,)" € Qy,



<f, (@ix(d, ev,€) = {[D%(d, )" P *B  (d, &) {[D%(, ey)rﬂ}l/z’) f>
= &30 (o [T, (d )] ) 2 0,

where D (d, €, ) is a block diagonal matrix with [D% (d, e, )], = ‘i]g{ixi(d, €y), fori € V.

~

This implies €%, (d, €y, €,) is semi-positive definite. O

S.2 Proofs

Proof of Proposition (1} For U, , note that for any h,, h, € Hy, E [h,(Y)h,(Y)] <
[l ||ho]| By (-, Y)||?, which is bounded by My ||h,|| ||k, by Assumption [I Then
the existence and uniqueness of *U,- are ensured by the Riesz representation theorem.
For Uy, x,, because E|| X,
ness of Y, x, can be proved by a similar argument as that for U, .
For Uy, , note that the expectation E[(X;, f) (X}, g) h(Y)] is bounded by

?in is finite by Assumption |1, the existence and unique-

EI(X, ) (X5 9) (V)| < EY2(hy iy (V) B2 [E2 (X 1) (X5, )T Y)]. - (S2)

Moreover, the conditional expectation E(|(X;, f) (X;, )| | Y) < ||f]] llg]] £**(]| X.
Y)EV2(| X, | Y) < MZ|| || |lg]] by Assumption [} This implies the right hand side
of is bounded by ||A|| || f]] |lg]| M2 E*?ky(Y,Y). This completes the proof. [

|

Proof of Proposition |2 By definition, for any (f,g) € Qx, x Qx,, and h € Hy,
E[(f, X:) (g, X;) h(Y)] = (Vv h, My (f @ 9)) = BN v (f @ g) o (V) R(Y)],

implying E{[(f, X) (9. X;) — M, v (f ® g) o (V)]A(Y)} = 0, for h € H,. By the
definition of conditional expectation and the fact that #, is dense in L,(P,), the
proof is completed. O

Proof of Proposition : By Definition , we have range(’Bg(in) C span({n°}=,),
and ker(y )" 2 span({n’}:2,)*. Therefore,

(f,0%,x,9) = 2o @ia] [y)(f,n0) (g, m)) = 22, B (@ia] [ y)(f, (0} @1))9),

for any f € span({n/}>,) and g € span({n’};°,), where the last equality is by the
definition of tensor product. This completes the proof. g

4



Proof of Theorem : Let €Y =C ¢y By Lemma

i y @y ! :
=) Xz'Xf(i,j)[ Xf(mxfa,j)] X)X

, we have Tt v = [T% ., ]"*[€% x, — €h-.p][T%,x,]"/%, implying that

Vi, =0 & ., —¢ 0. (S3)

idl—(6d)

It suffices to show that Q:?c,-xj — &Y., = 0if and only if [Pv],; = 0, which, together

with and Lemma [S1] imply that X, I X; | (X_,), ) if and only if [J3*],, = 0.

Let A = (i,7). Then by rules of matrix inversion,

(B Tesen) T = [(BR"]isen) T B0, ((BY150)

Because [([PY]i,en) o =1 — €y = 1 — €y = ([PB¥]11) 7", which is invertible,

we have &% — € , = 0 if and only if [B¥],, = 0. This completes the proof. [

Y
i3]~ (irg
Proof of Theorem [2} This is a direct result of Lemma [ST] and Proposition [3] O

Proof of Proposition [5} By definition, ||[¢%,(d, ¢, €)]., || = sup{|[[€%(d, &, €.)].,

fll = f € Qx, [IfIl = 1} = sup{{(y, [@ix(d,ey,el)]i,jﬁ tf € Qx,9 € ija 1Al =
lg|| = 1}, which, by (8], can be computed by solving

maXfeQXi,gessz <97 mg(ixj (dv EY)f>

54
abject to. (B, (d.0) + ) = (0B (o) +alle) =1

Note that, by (6) and (7)), for all (¢,5) €V x V, and a,b =1,...,d,

~

(M, ()] (7] @ 07) = (Byy + &) E, (X, © X0 @0)ky (Y],

J

which equals to E,[ara’c(-)] with ¢(-) = (Vyy + €y)'k(-,Y). Therefore, for any
f €span({n7}¢_,) and g € span({7’};_,) the three inner products in (S4) are:
(f, %y, (de)g) = fTAD,BTy,
(f (B (de) +al)f) = [TADATf + e fI*
(9, (V%  (de) +e1)g) = g/BD,BTg, +ellgl’,

where D, is diagonal with [D,].. = (c(-), ky (- Y®), k=1,....n, f;=(f!, ..., fOT €
R* with f* = (f,n?) fora=1,...,d, and A € R*" with [A]., = &"*. Similarly, we



define g; = (g},...,g)", with g’ = (g,7") for b=1,...,d and [B],, = &*. Then by

7?

Cauchy-Schwarz inequality, ffAD,B'g, < (ffAD,ATf,)"*(¢9JBD,B"g,)"?, and thus

<ga si]g(ixj (da 6Y)f) S [<f> (g’ﬁg(zxz (d7 EY) + 61[)f>]1/2[<gv (QAT;‘(]_XJ_ (d7 EY) + 61[>g>]7

which is no greater than 1 by the constraints in (S4)). This completes the proof. [

Proof of Proposition @: The representation of Uy can be derived following [Fuku-

mizu et al.| (2009). The representation of QATXZ_ x, 18

Brx) = (Bxx B (B Ba()])
= 7 (XA BOYX o (X5 Bu(O) X)) = B LX),

k=1

where the last equality is because (XF, B, (:)) = | XF|Te,, where ¢, is a vector of size m
whose jth element is one and zero otherwise. Similarly we can derive |2, x, (f®@g)],
for (f,g) € QY x QN. This completes the proof. a

Proof of Proposition : It suffices to show , from which the representations in
1) follow immediately. First, by @) and Proposition |§|, the coordinates of SIA)TXWY( f®
g), for all (f,g) € QY x QV, can be written as

[, (f @ 9)) = (By + & L) [(LFITLX L)L D)oo (LATLXT ) Lol TLXG D]
for each (i,5) € V x V. Therefore, by (13), [y, v (e ) (07 @ 7)) © (y) is equal to

B (y) M, v () (0 @ ))] = ()" (diag [(Ky + ex L)' By (y)]) &,
for any a,b=1,...,d. Then by (7)), the proof is completed. O

For notational simplicity, for two sets A, B and two integers A, B, we use Z:\f and
Z’:’bB to abbreviate the double sums ) _, >, . and >4 S°F | respectively.

Proof of Theorem (3} For (i), by definition, we have,

A

mxvﬁxj - mxix_j = En[XL ® X/ - E(XL ® X/)]

Therefore, by Lemma [S3| and 7 we have the asserted bound if there exists ¢ > 0
such that, for all £/ € N,



E|X, @ X, — E(X,® X,)||5s < L. (S5)

To bound , we note that,
E|X,® X, — BE(X, ® X,)|lhs
<2 {BIB(IX. @ X,y | V)] + BIE(X, 8 X, | V)llie} = 27 [BA(Y) + EA(Y))

Next we show that both A,(y) and A,(y) can be uniformly bounded for all y € Q..
For A,(y), when ¢ > 1, it is equal to

Bl (X @ X5 @ my)ie) ™ [yl < My {32057 (XA /M) E((§)*(€))" Ty},

where the inequality is by Jensen’s inequality, N, = {a € N : \* £ 0}, and £ =
(Ae)"2a, for all a,b. Furthermore, when conditioning on Y, £ = (A*)7'/?a? is
standard normal by Assumptlon I Therefore, due to that Zf?bN’ AN < (>o0Am)2,
which equals E? . éxi < M, by Assumption ,

we have A, (y) < (2MO);€!. When ¢ =1, for any y € Q,,

A(y) < EV(I1X @ Xl | y) = {3200 NN EI(E)(§) [y} < M,

Combining the above bounds, we have, for any ¢ € N and y € Q,, A,(y) < (2M,)" ¢\
For A,(y), we have

Moy) = (T B @ X @ )i < (U NN EE) (€)1 y)™" < M,

Combining the bounds for A, (y) and A,(y) leads to (SH), with ¢ = 4M,.

For (ii), again by definition, we have,
siIYXij - mYXij = En[HY('a Y) ®X,® Xj - E(RY("Y) Q@ X; ® Xj)]v
which implies that, for any ¢ € N,

Ellry (-, Y) @ X, ® X[y = B[V, V) |X © Xjllus]” < MBI X, © X[,

where the inequality is by Assumption [I[} Moreover, by Jensen’s inequality,

1E[ry (V) © X, @ X]llhs < E[[5y (- Y) @ X, @ X3 < MPEY?(|1X, @ X[



Then following a similar argument as in the proof of (i), we have
Ellay(Y) @ X, © X; — E(hy (-, Y) @ X, ® X;) [l < (4Mo/ My ) £,

which, again by Lemma [S3] leads to the asserted bound.

For (iii), it can be proved by following the proof in (2009} Proposition 13).
For (iv), we have, for any t > 0,

0]

P (max 1By x,, — Dy, | > t) < SP(|Byx,, — Byx,y |l > 1)
< Cyp*exp[—Cun(t N t2)],

where the last inequality is by assertion (i). Hence, by the condition logp/n — 0 as

n — 0, we have,

max ||QA]YX”- - 2UYX”-” = Op|(logp/n)""].

i,jEV
By similar arguments, we can prove (v) and (vi). O

Proof of Theorem |4} First note that,

max [ B% (. ev) = BV, (d)llus < AY+ AL,

i,J€

where
A; = max 1220 M, v ()] (7 @ 72) 0 (y) — E(afal | y)} i © 2|,

Af = max 350 Batay | y) [0 — ) @ a5+ 07 @ (7] = 1)) s

We next derive the bounds of AY and AY, respectively.
For AY, by Proposition , it is further bounded by >_° AY, where

k=1""3,k?
Ag,l - 122’\}; HZ:,:{[WX”\Y(GY) - mxij\Y](TIj ® 77;)} © (y> f]j ® ﬁ;‘)HHS?
Az, = max I A0 (eI = ) @ (17 — 1)1} © (y) 7 @ s
Ajs = max 1w A D (e @ (77 — )]} o () 7 @ 7l

A3, = max (|20 {0, v ()]0 = 17) @ 11} o ()7 © s

We next derive the bounds of AY

3,k

k=1,2,3,4, respectively. For A?

3,19



Ag,l < max {ZZZ:K[g:an‘jlY(EY) o DﬁxijlY](Wf ® 77?)7 "{Y('v y)>| : Z?] € V}
< @M x max 190, v (€v) — D, vl

= 1, for all 7,7,a,b, and the last
inequality is by Assumption [I} and that ||7¢ @ 7"|lss = 1. Moreover,

where the first inequality is because

mhas Himx v (ev) — My, \YH < maX ||mTey(%YXij - mYXij)H
e (S6)
e (B — BB, B, — Ml

i,JEV

The first term on the right-hand-side of [S6|) is no greater than €' max; ;v HQAIYXU —
Uy x, || because [bass

| <e;'. The second term is bounded by

max||(‘lﬂf§ Q];?)’BYX | < ||mT€Y|| ||‘Byy Uy || X maXHmTemeX |

i,7EV

< €;1||mYY — By || X max ||mtxij|y|| < cMy €;1||mYY — By ||,
2,7

where the second inequality is because U, X = Q]YY?.DTXUM and the last inequality is
because, by Assumption [§ (|9, v [| < (|7 ol < 1Bvvllfs <
Ek(,Y) @ k(- Y)|lus < ME. The last term, by Assumption [6] is bounded by

max [[B7, By, — My, v || = & X tax 1B, M v || < cef,

i,JEV

where the inequality is because |0, 0%, || < €.

Similarly, for A?,, by Lemma , and that max; ;v Uy x,, || < 2M,M,"?,

3,27

Az, <&My x max {37 B, 6 =) © )]H}
eV 1 1 jev Vi 2777

x (max [Dy.x,, — By, || + 2,007,
1,7 “

Furthermore, both A%, and AY, are bounded by

46;,1d2/-i;1M51,/2 X max HgﬁXij o ijXj H X (max HQAJYXU o Q}YXU‘ ” + 2M0M§1//2)'
JjEV i,5€V

For AY, by Proposition [ and Assumption [G]



AZ S 4d2/<;;1M}1,/2 X m%i’/([”mXU\YH(H%XzXZ - mxixi
i,j

+ HQA]X]'X]' - ijXjH)]

< 4CM;/2+Bd2’€;1(I?§/X 1DV, x, = Do, | + max 1D x,x; = Dy, )

Combining the bounds of Ay to Ay ,, and Ay, and applying the results in Theorem
Bliv) to (vi), we have
{%2\}/(”%;,)(3 (du EY) - %;ixj (d)HHS
=0p{d’[e,'(logp/n)"” + ,'n"""* + €]} + Op{d’¢; 'k, ”[(log p/n)*” + log p/n]}
+O0,{d¢; 'k, [logp/n + (log p/n)"*]} + Op[d’k, " (log p/n)"].
By the conditions €, < 1, (logp/n) < k2, we can eliminate the terms with smaller

order. This then completes the proof. O

Proof of Lemma [1} We first note that,

max [|[€% (d, ey, €)]i; — (€ (dy€)]isllus < AL+ AL+ A,

1,7V
where R A .
Ay = max [[[(3217)7 = (Z17)" 72 (25) s,
AY = max || (Z1)2(5, — 2) (1) 2| s,
i,JEV

A = max || (Z19) 75, [(8250) 2 = (35)2] s,
i,j€EV
Y, = miixi(d% ZAjl - gijg(ixi(da 6Y)> Y, = mg(ixj (d)> ZA]2 - QA]g(ixj (d> €Y)7 Yy = mgng (d)’
and 3, = ‘ﬁ’;(jxj(
For AY, we have that, for any (4,7) € V x V,

d, €y). We next derive the bounds of AY, AY, and AY, respectively.

()2 = (SE) 22080 2 us < {II(ZF)”Q[(EI”)‘?’” — (B s

HS

(S - 88

1

s b X NS 28, (54 2.

There are three norms in (S7)). The first norm is bounded by 3¢;%2(||S, — . || + M, +
€151 = Eills, because [[(Z1) 72 + (1) 2] < [I1£0 = Sl + [(217) ]2, and
that [[(377) 7] = |0, (d)[| + e, < tr(V% ) + & < M, + €, by Assumption . The
second norm is in a smaller order than the first norm, and thus can be ignored. The
third norm is bounded by 1 by Proposition [f] Therefore,

10



Aé’ = 6173/2[@13/}( Hﬁjg(ixi(d? GY) - mg(z)(z(dwi[s + H_lg/x Hgﬁkx?(d €Y> - milxq(d)ull%]ﬂ

whose order of magnitude is Op|e;**{d*c; 'k, (logp/n)'/* + d*¢2}| by the condition
that d’e;'r; ' (logp/n)'? + d*el < 1.

For Ag and AY, following a similar argument, we have
A+ A= Oy 6,2 {de; K, (logp/n)'? + dPel }] .
Combining the bounds of AY, A¥, and AY leads to the asserted rate. U

Proof of Lemma 2t Let [€% ((€1)]i; = ([9%].:)™ D%, ([D%],,)™ for (i,5) € VXV
with ¢ # j, and max, .0 be the maximum over all (7, j) € V x V with ¢ # j. Then,

max 1% (ds )i — [€% i)

z]€V

lns < AL+ AS,

where

<

A= max |[€% « (d, El)]m‘ - [Qg(x(el)]inHS,

z]EV

s = max €% (e)]is — [€xlis s

<

A

We next derive the bounds of AY and AY, respectively.

For Ay, following a similar argument as the proof in Lemma [T}, we have,

AL =P max |0y (d) = B lus + max || D% (d) = B ]
+ €' max HQ]@‘QXJ_ (d) — T x, s
i,jEV

Moreover, by Assumption [7], we have,

max [0, (d) = B, s = max |32, Elaal [ y)(n7 © 1)) s

< max{3° E[(af)" | y] E(a))* | y]}* = O@d).

i jEV
Therefore, AY = O(e*?d™).

For AY, by direct calculation, we have,

(Ag)* = max [|[€%  (e)]i; = [€i i

zeV

s S M2 3 [ AL L))
where Ar? = 2A7 N e (AL +AV) €0 = 2[(AL AL ) (A AT e (AVe + A" €)' 2.

11



It is further bounded by 2e¢,(max;cy [|TY% « ||) + €. Therefore, by Assumption , we
have Ay = O(e'/?).
The proof is completed by combining the bounds of A? and AY. O

Proof of Lemma 3} By Lemma , 197 (d, €y, €1, €,) — B*(€)||us is bounded by
1€ (d ey €2) = Chillis 19 ()]

< 62_1 ||é:gcx(d7 €y, 61) - Q:§(X||HS < E;lp X I}i%\}f “[é:g(x(da €y, 61)]231 - Qrg(inHHS'

By Theorem [f, we then have the asserted rate. 0
Proof of Lemma : Note that [PB|aa = (€%, xyx,.) " With A = {7, j}. By the rule
of matrix inversion, for any distinct pair (i,7) € V x V,

— 15y

[my]m - _(Q:Z)/(ixﬂxf(i’j)) Xin|X7(i‘j>(¢§(ij\X7j

)t = =0,

Let €%« x_, j)(€2) =&y, T €0, — @)’QX_(”)(@ +el) ¢ Then,

X (1,5) X = (4,9) X Xi

B ()]s = € () G (@[ ()]

= [Vi(e)] " [Wa(e)][Ws(e)]
This further implies that

max [|[BY(e:)];; — BV, lns < A+ Ay + A,

i,jev0
where
A = mae ([ )] — ¥ V() [0)] e
1,J€
A, = max W [Wy(6s) — Wo) [Ws(en)] ™ ],

i,jEV

Ay = max [ U W, {[y(€:)] " — V5" Hlus.
i,jEV

We next derive the bounds of A, A,, and A,, respectively.
For A,, first note that ||[¥,(e,)]™ — ¥['|| is bounded by

T (ex)]™" = W] < 10 (e) [ 1

. g (S8)
1 1

Xl = ) U ey F I =18 )8 -
Moreover, because €% . < Vi(e) and [[(€% x, x_,) 7' = I[B].] < 1B < oo,

the first two norms on the right of are bounded. The third norm is in a smaller

12



order than €, because (€Y ¥ ,))*1 — (@Y X i) +61)7 < cpne(TY ¥ _))*1
—(%,7 —(%:J —(%7 —(%,] —(%J —(%]
. . —1
by Proposition and that Q:yXiX—(i,j)(Q:g(—(i,j)x—(i,j)) Q:g(—(i,j)Xi < I. Therefore, we
have max; jevo [[[W1(6:)] ™ — ¥T'[| 2 €. Because Wy(6;) > € « x_,, [|Ps(e)] is also

bounded. Moreover,

max || C;ZX—(L]) [Q;—(z,])x—(z,]) + 62]] _1€§(_(1,])X] ||HS

i,5€V0
-1
= n}g% Hcg‘ix—(i,j) [cg‘—u,ﬂx—(i,ﬂ] Cg‘—(i,nxj s

which is finite by Proposition [S2] and Assumption [8f This implies || ¥, (e,)]|us is uni-
formly bounded. Therefore, we have A, =< ¢,.
For A,, it suffices to show that ||U,(e,) — W,]|us is uniformly bounded. Following

a similar argument as that for A,, we obtain that,

_ Y Y —1gy
f?fv’é 192 (e2) = Wallus < Coin frjlg,% ||€XiX—(i,j) [QX—(i,j)X—(i,ﬁ] €X—(i,j)xj||HS = €
which implies that A, < ¢,.
For A;, we can similarly show that A; < e,.
The proof is completed by combining the orders of A;, A,, and A,. (]

Proof of Theorem [6f The first assertion follows Lemmas Bl and [l For the second
assertion, we have, by Lemma [S1] E* = {(i,7) : i # j, ||[B*].,]lus > 0}. Furthermore,

P [E??P()(dJ €y, €1, €g, pcpo) 7£ Ey}
=P {H[‘ﬁ”(d, €y, €1,6)]i; > pero and [PY],; = 0, for some i, j € V}
P {‘|[§i§y<d’ €y, €1,6)]i; < pepo and [PY],; # 0, for some i, j € V} ;

where both terms are bounded by P{max, .o ||[B*(d, €, €1, €)]s; — [B"]is s = poro
which tends to zero as n — oo by the condition that pepo = [6, + €;'pd,]. This

2%

completes the proof. O

S.3 Discussion of Assumptions 4] and

We discuss Assumptions 4] and [p] in more detail. Assumption [] characterizes the level

of smoothness for the underlying distributions of the random functions. We first note

13



y? y . . . .
that the quantity fobNJ (pret)? in is zero if and only if p?¢* = 0, for a € N¥ and
b € N¥, which is equivalent to the conditional independence between X; and X given
Y. We next provide an equivalent condition of Assumption |4l Its proof immediately

follows by the definition of conditional correlation operator and is omitted.

Proposition S1 Suppose Assumptions[1] and[q hold. For each (i,j) €V x V, i # j,
andy € Qy, if €0 =3 p"t(nrt @nrt), then

(Z) Q:g(ixj = (mgqxi)lqu?,}p(mg(jxj)1/2;

(ii) (@]) holds if and only if max, ;ev.z [|€0 |3 < c1.

We note that, in the context of unconditional functional graphical model,
(2018, Assumption 4) has introduced a similar condition,
¢X4X4 _ (mxixi)1/2+B€3j(€nxﬂx~)1/2+67 (89)

v 2707

where § > 0, and QinX]., Uy .x,, €

4,57

of & . Tk ., €, and Wy, respectively. Proposition (1) and condition 1)

and mxj x, are the unconditional counterparts
4,7

are imposed in a similar fashion. However, Assumption {4] is more transparent than
, because it is based on the variances and covariances of the eigenfunctions of the
conditional covariance operators.

To provide some further insight to Assumption El, let 772" = var='/?({nv*, X;) |
y) cov({nr, Xo), (nr*, X;) | y) var2({n?, X;) | y), which is the correlation between
(nr, X;) and (nv, X;) given Y = y. Assumption {4 then implies that both quan-
tities D, o (72°)2(AV) 1 (Av?) "t and Y A¥* need to be uniformly bounded. For
example, if \»* =< o™ and 77" < (ab)"**/* with o, 8 > 1, then Assumption
holds. Note that because A\ vanishes fast, 7** needs to vanish faster, which implies
that the conditional dependency between X, and X, given Y needs to be adequately
concentrated on the leading eigenfunctions of U . and Q]g(j X,

Under Assumption E|, the next proposition shows that &4 X, is Hilbert-Schmidt,

and thus it is compact.

Proposition S2 If Assumptions [1] to[] hold, then there exists a constant cys, such

that max; jcy.iz; HQ?’XZ,XJ, s < cus.

14



PROOF. By definition, HQfg(in |2 is equal to

Y NY

Ni ’Nj ~y,a Yy ~y,b\2 __ N?‘N? 2 ~y,a ~y,b
Za,b <77i >mx,,;xj77j > _Za,b E (<777 7Xi> <"7j 7Xj> |y)7

where 79" = ny /(Av*)'/? for any y € Q, and (4,j) € V x V. By Assumptions (3] the
right-hand side of the above quantity is further bounded by

NY ,NY

N; ~y,a ~ N%’Ny a s ,a a s
S eovi (G X0 % X0 1 0) = S5 DN o] < a8,

where (p?**)? is defined in , and the last inequality is by Assumption 4l Note that

2,7

the last term in the above relation is ¢, (D, A*)* = e,tr® (U ) which is no greater

than ¢, M} by Assumption [I} O

Assumption || is to prevent the existence of a constant function consisting of a
linear combination of non-constant functions. To see this, for f = (fi,..., f,)" € Qx,
we have that, ker(0%) = {f € Qx : E[(3_1_,(fi, Xi)ay )? | Y] = 0}, which is further
equal to {f € Qy : >" (f., Xi>QXi = 0 almost surely}.

Under Assumptions[fand[5] the next proposition shows that €Y is lower bounded

by a strictly positive constant, which immediately implies that €% , is invertible.

Proposition S3 If Assumptions [1] to [J hold, then there exists ¢, > 0, such that
Coind < €Y%, where I is the identity mapping.

PROOF. Note that €% can be expressed as €%, = I + @', with €’ being a compact
operator. Therefore, by (2008), if €%, is invertible, then there exists ¢ > 0
such that €

XX

invertible, which implies that €% is also invertible. This completes the proof. U

must be bounded below by cI. Moreover, by Assumption , 0y, is

S.4 Estimation via conditional partial correlation operator

As an alternative approach, we briefly discuss how to estimate the graph EY via the
conditional partial correlation operator % XX ()" First, we estimate 0%, X% (i)
by, for each (i,7) € V x V,

Vs, (v, &) =T (dey) — T (d,ey)

XiX_(i,9)

< [ (d,er) + 631]‘1@ (d, &),

X (i) K= (i,9) X (i) X

15



where €; > 0 is the ridge parameter. By Proposition , we estimate Y, X% (i) by

S)Eig(ixj\x_(i’j) (dv €y, €3, 64) = <®§¢XHX_(¢J) (dv €y, 63) + 641)_1/2

X Q}iixij,(i,j)(d’ €y, 63)(@2&\&@,”(03’ €y, €) + € 1)7,

where ¢, > 0 is a ridge parameter to enable the inversion of U% Xt (d, €y, €) and

Q}g(jxj\x,(ij)(da €y, €;). Then, for each y € Q,, we can estimate the graph E¥ by

Egjpco(da €y, €3, €4, pcpco) :{(ia ]) eV xXV: “iﬁiixﬂxi(m) (dv €y, €3, 64)HHS > pPepcos t 7 ]}7

where pepeo > 0 is the thresholding parameter.

At the sample level, we estimate the coordinates of Ejfixi XjIX_ (g 1Y BS

)

B} Lmz)/(ixﬂx_(i,].)(da €y, Es)JB; = [M(?J)]u - [M(y)]i,—w,j)x
([M(y)]_“,j),_(i,j) + 531<p—2>dx<p—2)d)_I[M(y)]—u,j),j = Niji—an(W),
B} ngfixﬂx—(i,j) (d, €y, €, 64”6;- =[Nisi—ap(y) + 64[dxd]_1/2 Niji—a.n(y)

—1/2

[Nyii—an () + €dasa 7,

A

where M (y) =5+ | D% (d, €y)] s+, and its (4, j)th block [M(y)]., is of dimension d x d.

S.5 Additional sparsity structure

Recall in Theorem |§|, our CPO estimator depends on the rate of p(logp/n'—"""")"2.
This means that the graph dimension p can only grow at a polynomial rate of the
sample size n. This is partly because we did not impose any sparsity structure, but
only required the threshold pcpo approaches zero at the same rate as the minimum
signal strength. Next, we consider two explicit sparsity structures, one on the CPO
and the other on the CCO. We show that, with such additional sparsity assumptions
and some regularized estimation such as hard thresholding, we can further improve
the rate in Theorem [6] so that p can grow at an exponential rate of n.

The first sparsity structure we consider is explicitly placed on the CPO, by re-

stricting the number of nonzero elements on the off-diagonal elements of the CPO.

Assumption S1 Fory € (), there exists s, € N such that
C&I’d({(i,j) : [my]m 7é 072 7& j}) - S?/'
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Although Assumption [S1] imposes the sparsity explicitly on the CPO, it indirectly
restricts the number of nonzero elements of its inverse, i.e., the CCO, as shown by

the next proposition.

Proposition S4 If Assumptions[1},[3 [4 and[S1] hold, then, for each y € Qy,

C&I‘d({(i,j) : [Q:z(x]zl,j 7é 07@ 7é ]}) < Sy(sy - 1)

PROOF. For y € Q,, by Assumption[SI]there are at most s¥ columns in B¥ having at
least one nonzero elements, which also implies the remaining columns all have zeros
on their off-diagonal elements. Let A = {i € V : [J¥], ., = 0} index those remaining

columns. Then by Definition [3] and the matrix inversion rule, for ¢ € A,
(i = =[P AP} =0,

Moreover, for distinct 7,5 € V x V, [€%,],;, = 0 < X, Il X,. This implies there are
at least p — s random functions, each independent with the rest of the functions.

Therefore, there are at most s?(s¥ — 1) nonzero off-diagonal elements in €Y, . U

Proposition [S4] suggests the number of nonzero off-diagonal elements in the CCO is
of the order s?. This means, when s, < p, the majority of the off-diagonal elements
in €Y%, are zero. To take advantage of this sparsity structure, we consider a hard
thresholding regularization to estimate the CCO, then the CPO and the graph,

[é:zcx<d7 €y, €1, C)]ZJ = [étzcx<d7 €y, 61)]1’4‘ 1(H[QA:§(X<d7 €y 61)]@3‘ |HS Z C)?
;:By(d> €y, €1, €, C) = {@;!(x(d> €y, €1, C) + 621}71a (810)
E?(ljpo<da €y, €1, €a, CvpCPO) = {(%]) eVxV: ||[;‘By(d; €y, 617627C)]i,j||HS > Popo, & 7é J}

where ( is the thresholding parameter. The next theorem establishes the consistency
of the estimators in (S10]).

Theorem S1 If Assumptions[]] to[§ and[S] hold, ey, e, < 1, d*¢;'r;* (logp/n)'/? +
d*e; <1,0, < (=<1, and (€;'¢s? + €,) < pepo, then, for any y € Qy,

| Qv:g(x(d, €Y7€1,C> - Q:§(X||Hs = Op(Csf);
max ||[BY(d, ey, €1, 6,C)]i; — [B]isllus = O,(e,'Cs; + 6);

,JEV,iF£]

P[EZ(/JPO(CL €Y>€17€27C7pCPO) = Ey] - 1, as n — oQ.
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PROOF. For any ¢ > 0, define €% : Q2 — x as,

(Q:g(lgf)i,j = [Qg(x]m‘ 1(”[@0{]1‘,]‘

\HSZC), (Z,j) cV xV.

Note that €% is an intermediate operator between €% (d, €y, ¢,,¢) and €%,. For
simplicity, write €% (d, ey, €) as €% (;lg(ixj(d, €y, €) aS éjg(ixj, and €% (d, ey, €, ()

as @3( «- By the triangular inequality

Hé:g(x - Q:;X“HS < A4 + A57

where A, = [|€%  — €% |lus, and A, = [|€%5 — €%, |lus. Next, we derive the orders of
magnitude of A, and A;, respectively.

For A;, we have,
A5 < Zi,jevo”Q:g(in“HS 1(”¢§(1XJHHS < g) < Czi,jevol(”Q:g(inHHS 7é O)?

which by Proposition [S4] is further bounded by ((s*)?.
For A,, we have
DS Tl € s L€ e > €€ s > O
5l s L€ s = € 11€% s < )
Yl s L€ s s < € 1€% s = €)= A+ Agy + A

We next find the orders of A, to Ag,.

For A,,, we have,

A < max € — €%y [l (5,00 1(1€% o llus = € 11€% flus = O)

i,J€V

< ma}g Hggclxj - Q:?;(ixj HHS [Zi,jev()l(HQ:z(in HHS 7é O)]?

1,7V

whose order of magnitude is Op[0y)(s?)?], by Theorem 5| and Proposition

For A,;, we have,
s €5 ol = s 1€ s < G 1 s > €)
+ Zi,jeVOHQ:z)l(in “HS 1(||Q:?;(ixj||HS < C, ||€z)/(zxj||HS 2 C)

Following a similar argument for the order of A,;, we can show that the orders of
two terms on the right above are O.[0,(y)(s?)?] and O»[((s*)?]. Therefore, A,; =
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Or[¢(s")7].
For A,,, we have,
B €5 ol = s 018 s 2 G 1% e <€)
ol s & s 2 G 1% s < €) = A+ A

Note that A, < A, = Op[((sY)?]. Moreover, given ¢ € (0,1), Ay < Ay + Ao,

where
Apn = Zi,jevouég(ixj — € x, llus 1(Hé§<ix‘jHHs > (€ < [|€% x, llns <€),
Az = Zz‘,jEVOHth(in - Qg(ixj s 1(||Q:§<ixj”Hs >, ||€§in s < ().

For A,,.;, by Theorem [p] and the fact that,

Apn < mg/’g H@;}(ixj - €§(in s [D2 e 1(cC < H@)ngjHHs < Q)]
J

1,

the order of magnitude of A,,,, is Op[d,(y)(s¥)?].

For A,,.,, we have,

JAVEIPELS meajg H@ng - thng "= {Zi,jevol[HQ:g(in - Q:gQX]-HHS > (1 —c)(l},
2,7

because [|€% = €%\ [lus > [|€% « lus — €%« [lus > (1 = ¢)¢. In addition,

P ({8, anlll€ s, = € llus = (1= )]} > 0) <

P {max 1€% 1, = € llus = (1 = c)g} ,
which tends to 0 by the condition 4, (y) < ¢. Therefore, Zmevol[H@g(in — & llus >
(1 = ¢)¢] = 0p(1), which implies A,,;, = 040, (v)].

Combining the orders of A,;, Aupir, Auors, Auss, Aus, and A, we obtain the con-
vergence rate of ||€%(d, €y, €,,¢) — €% ||us.

Following a similar argument as that of Theorem [0} we can show the convergence
of max jevi; [|[R(d; €, €16, Oy = B llus and P[ELpo(d, vy €, 65, €, poro) = BV
This completes the proof. g

Theorem [S1| suggests that the uniform convergence rate of P¥(d, ey, €,, €, ¢) depends

on s2(logp/n)" /%, which indicates that p can diverge at an exponential rate of n.
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The second sparsity structure we consider is explicitly placed on the CCO, by
directly restricting the number of nonzero elements on the off-diagonal elements of
the CCO this time, instead of the CPO as in Assumption [S1]

Assumption S2 Fory € (), there exists s, € N such that
card ({(i,7) : [€4y)i; # 0,1 # j}) = s,

We consider the hard thresholding estimators in , and show in the next
theorem that, when replacing Assumption [S1] with Assumption [S2], we can further
improve the order of magnitude from s2¢ to s,(. The proof of the theorem is similar
to that of Theorem [S1] and is omitted.

Theorem S2 If Assumptions[]] to[§ and[SQ hold, €y, e, < 1, d*c;'k;" (logp/n)'/? +
d*¢? <1,9,<(¢ =<1, and (6,'Cs, + €,) < pero, then, for any y € Qy,

”Qv:g(x(d €y, €1, C) - Q?{XHHS - Op<<Sy>;
max ”[‘By(d7 €y, €1, €, C)]m - [my}w ‘HS - OP<€;1C89 + €2>;

§,JEV,it]

P[EéPo(d' EY7617€2;C7pcpo) = Eq] — 1, as n — Q.

Finally, we remark that, for both sparsity structures, we allow s, to grow at

the polynomial order of n. Besides, we have only considered the estimation by hard

thresholding. Other regularization approaches such as the ¢, penalty (Rothman et al.|

2008} (Cai et al.| [2011]) can also be used to encourage the sparsity.

S.6 Effect of tuning parameters and kernel functions

Our method involves a number of tuning parameters. We investigate the effect of those
parameters on the proposed graph estimator. Overall, we have found our method is
robust to the tuning parameters as long as they are within a reasonable range.

We first examine the effect of the parameters m, e, and v, that govern the con-
struction of the coordinates. Recall that m is the number of basis of QV, €, is the
ridge parameter in , and 7, is the bandwidth in the radial basis function kernel.
They all control the level of smoothness on the estimation of X’. Figure in the
Appendix reports the area under the ROC curve with varying values of m, €, and ~;.

We see that the estimated graph is robust to the choice of these parameters.
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Figure S1: Area under the ROC curve for the reconstructed graph, with varying
parameters €, (upper axis), m (right axis), and ~, (colored boxes).

We next investigate the effect of d, the number of leading K-L coefficients used
to approximate X’. Figure [S2| reports the area under the ROC curve with varying
values of d from 2 to 10. We see that the performance remains about the same after
d reaches 5.

We then study the effect of the ridge parameter €,, which controls the smoothness
of the estimated regression operator Sjtxij‘y(ey), and the two ridge parameters ¢, and

€,, which control the smoothness of the estimators of the conditional correlation
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Figure S2: Area under the ROC curve for the reconstructed graph, with the varying
parameter d.

operator @3’( +(d, €y, €,) and the conditional precision operator ‘:By(d, €y, €1, 6). Figure
reports the H-S norm of the CPO estimator under varying values of e¢,,. We see
that, within a reasonable range of ¢,, the CPO estimate is relatively robust. Figure
reports the H-S norm of the CPO estimator under varying values of €, and ¢, for

the random graph. We observe that, a different value of €, or €, leads to a change of
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Figure S3: The Hilbert-Schmidt norm of the CPO estimator, with the varying pa-
rameter €,

the scale of the H-S norm of the CPO, but the overall pattern does not change. This
suggests that our CPO estimator is relatively robust with respect to €, and ¢, too.
Finally, we study the performance of the CPO with different choices of the kernel
function. Specifically, we generate the error function £(¢) using a Brownian or Gaus-
sian kernel as the basis function. We then choose a Brownian or Gaussian kernel for
kr, and a Laplacian, Student ¢ or Gaussian kernel for k.. This leads to 12 combina-
tions of (e(t), kr, ky ). Figure [S| reports the area under the ROC curve for the graph
estimated by our CPO method for those different combinations. It is seen that the

performance of our method is consistent across all combinations.
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Figure S5: Area under the ROC curve of the estimated graph by the CPO, with
respect to the external variable Y, under three kernel functions for ky: Gaussian
(red), Laplacian (green) and Student ¢ (blue), two kernel functions for x,: Gaussian
(top) and Brownian (bottom), and two kernel functions for (¢): Gaussian (left) and
Brownian (right).

S.7 Brain connectivity validation analysis

We report the analysis result of an independent validation dataset of 828 subjects

from HCP. Figure [SG| reports the changes of the identified significant edges, with

respect to the intelligence score at 7,11, 15,19, 23, for the medial frontal module from

the new dataset. The finding is similar to that reported in the paper.
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Figure S6: Medial frontal network changes, with respect to the intelligence score at
7,11,15,19,23, based on an independent validation dataset. Blue color represents
the small H-S norm value of CPO, green the medium norm value, and red the high
H-S norm value. 27
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