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In this supplement, we begin with the detailed proofs of the main theorems, followed by some

supporting lemmas and their proofs. We conclude with some additional numerical results.

S1 Proof of Theorem 1

For the rank r = 1 case, the true model reduces to
Vi = wi( Tﬁxz)ﬁi‘l © Bik2 © ﬁik:a +&, i=1,...,n.

We first bound the estimators from Steps 1, 2, and 4 of Algorithm 1, respectively. Putting

together these bounds, we bound the estimator from the ¢-th iteration.

S1.1  Error bound of the estimator from Step 1 of Algorithm 1

In the first step, we derive the error bound for the unconstrained estimator from Step 1
of Algorithm 1. We obtain the bound for 51,3 as an example, while the bounds for 51,1
and 5172 can be derived similarly. When we derive the error bound for ,51,3, we fix other
parameters. We assume 31,17 31’2 from the previous iteration are u-mass unit vectors,
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Recall ,(;1,3 is the solution of the optimization in (5), and is of the form,
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where ﬁ, = Yi/a;; and @;; = B\in when the rank r = 1. Denote Fy = supp(8j,) U

<e and [|Bra— B4l < e

/81,3,1 =

SUPP(Bl,l), Fy = SUPp(ﬁikg) U Supp(B\m), and F3 = SUPP(BT,?) U SUPP(B\L?)), where supp(v)

refers to the set of indices in v that are nonzero. Let ' = F} o F, o F3. Consider the following

“equivalent” estimator,
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where R;r denotes the restricted version of tensor R; on the three modes indexed by F}, F5
and F3. We note that, replacing ,51,3 by ,gig does not affect the iteration of ,53\173 due to the
sparsity restriction and the scaling-invariant truncation operation (Yuan and Zhang, 2013;
Sun et al., 2017). Therefore, in the sequel, we assume 51,3 has been replaced by 5}‘73.

By the definition of RzF, (B1,3 can be expanded as
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In vector form, it can be written as,
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where A and B are diagonal matrices with diagonal entry,
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The distance between 3173 and (w} Y 1 Qi) /(W Y, &71)B7 5 is decomposed as,

wy Z?:l ai,IO‘fJ/”
(O Z?:l ai,l/”

51,3— Bis=10L+1L+ 11, (52)

where

wi Y Qo /n . A . A .
Il = - ! 1/\2 . {<ﬁ1,1761,1><51,2751,2>_1}/81,3

wlZz 1n 11
(07 i
11 :&A*{B AZ’Z1 i /1/
=1 11

w1
Oéz
115, = 12 LI Eir ><1ﬁ1 ><2,32

811 Bu) (B Bm} Bl

Next, we bound Iy, Iy, and I, respectively.

Bound for I;: By definition, we have that,
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The second inequality is due to the following facts. Since |w; — wi| < ew] < 1/2w}, we have
\w,| > 1/2w}. By Assumption 1 (i), > 1", Qipa;/n = BTA{ZZ. XixiT/n}ﬁi4 < Amax, and
similarly we have > " | &7, /1 > Apin. Besides, since HBl,l — B7.]l and HB\LQ — Biall <€ we

have ’1 — <5{71,31,1><ﬁ1‘,2,31,2>

< €.

Bound for I1;: Il can be equivalently written as
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We first bound each diagonal entry of the matrix p~*A. Let Z;;, ,;, = p_ln_lailéi,ll7127113\%,1711//6\%,2,l2'
Then p~!Ay has the form,
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where the inequality holds due to the facts that |a; ;| = | §I4Xi| < ¢; by Assumption 1 and
31,1, ,/3\1,2 are p-mass vectors. Here, to ensure the initials satisfy similar p-mass assumption
as in Assumption 1 (i77), we perform the same thresholding step as in Jain and Oh (2014).
Lemma 7 ensures that the thresholded initial estimators satisfy the required Assumption 4

and 2p-mass condition. Also, we have that,
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By Bernstein’s inequality, we have
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where Anin, Amax, C2 are the same constants as defined in Assumption 1.




By (S4), it is obvious that 7 < 3\ yac. Then with probability at least 1 — 2/d'°, we have,
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Next, we bound the norm of the vector in 11y, which is
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where e; is the column vector whose [th entry is 1 and others are 0.
By definition, we have that,
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Since 37 3, B1,1, B12 are p-mass vectors, we have that,
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By the p-mass assumption and Assumption 1 (i), ||x;]| < ¢1, and ‘Bl’l,lﬁlg,bﬁi&lam

c1p3 /515, We next bound the first absolute-value term on the right-hand-side of (S6).



Instead of bounding the absolute value, we bound the square of the term as,

Z?:l ai,la;‘k,l/”/\

ST % Qi1 (871, B11)(B1a: Br2)BranBrai, — 181 1,81 21,
i=1 Qi1

2

~ ~ S Qe /n) Doy Qinaiy/n
< <ﬁi1a,61,1>2<61k,2761,2>2 [{ Zl:i Za z)n %271 -2 ZZ:i Za z)n Oéi,la;il —|-Oé;~k,21
i=1 Qi1 i=1 i1
n oo~ * 2
A ~ L Qi al/n
< * 2/ ax 2 Z’Lfl 2, 1%%,1 o~k * 2 *2
< (B0 B i Bl | { SR (A = iy oo
S Qiaady/n ~ R
-2 i:TlL za l/ln {O‘i,l - O‘Zl + 0‘;1}@21 + O‘Zﬁ{l - <ﬂ>1k71,,@171>2<Bi2,ﬂ1’2>2}
i=1 i1
o~ ~ 2 o~ o~ o~
- |:Z?:1 aiafai, — ai,l}/”] o 4 2a,, — af o im Qinegy iy Qin{og, — Qin}
< — i1 i, 1) 1 = =
Z?:l %2,1/” ’ B Z?:l az'2,1 Z?ﬂ 0%2,1
S dal /)’ ~ ~
+ { ’Zé 1@ Z/ln {aig — of )2+ o {1 — (B 1, 811)*(B7 5, Br2) }
i=1 %1
A2 A2 A2 A2
< )\I;‘i"xc%GQ + 2 )\I;f”‘ et + )\glzj‘xcfeQ +cle? = {4;;2_“ + 1}0%62, (S7)
min min min min

where the last inequality holds by Assumption 1 (i), i.e., ||2;]] < ¢4, HBM =Bl HB\LQ —Bi.ll,
and HBM — Bi.4ll < e. Therefore, we have that,
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By Assumption 2, i.e., p > cs{log(d)}*1?/ns'®, we know that the above norm is bounded.

Also, we have
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Using vector Bernstein inequality and the fact that ), , , /E(Ziy, 1,1) = 0, we have that,
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constants ¢. Here 7 is the constant defined in (S4). Then the following holds with probability
at least 1 — e'/4/d",
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where the last inequality holds since ) . & 1/n — T ZZ it L 5 14— 7 > Amin — 7 and
¥ < Amin by (S4).

Bound for I11;: we expand I, as,
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Next, we bound the term HZl pln&i,lﬂgi(é’ip) X1 B\Ll X ,/8\1,2 . We write
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Bounding /71;5: Note that
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where we denote Py = AAT as the projection onto the column space of matrix A. Next we

prove the upper bound of two terms separately. Observe that P@TQBLQ = ,8?2(,8’1“;31,2) and
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< 1. Therefore, to bound the first term in (S11), it suffices to bound
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where e;; is a R%*% matrix with all zero entries except that the (j,[)-th entry is 1. Note

that
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where we used the y—mass assumption and Assumption 1 (i) i.e. ||x;|| < ¢;. By the matrix

Bernstein inequality (Lemma 4), the following bound holds with probability at least 1 —d~1°
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Next, we bound the second term in (S11). Note that

zi: %%11_191- (Eir) X2 Pa; Bra|| < ‘ ZZ: %%11_191-(&1?) H(ﬁm) ,31,2H
< e Zia*lng.(em)
— - pn 7, 7
where we used the fact H )T,Bl ol = H ,31 2 31,2) < e. It suffices to bound
1 * 1 *
Z _ai,lﬂQi(é‘iF) sup _ai,lnﬂi(giF> X1 U1 X9 Uy X3 U3,
i pn U1 €51, u2€S52,u3€S53 bn
where S; = {u € R% : ||u| = 1,|lullp < s;}, for i = 1,2,3 is the sparse unit sphere

in R%. Similar to the proof of Theorem 1 of Ryota and Taiji (2014), we use a covering
number argument. For each given subset U; C [d;], we define the set Sy, := {v € R% :
|v|| = 1,supp(v) C U;}. Let Cy,Cy, C3 be €-covers of Sy,, Sy,, Su,- Let € =log(3/2)/3 and
Theorem 1 of Ryota and Taiji (2014) has proved that
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Next we bound each term in the summation. For each fixed wq, us, w3, we write
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We now construct the upper bound for 1711;5. Combining (S11), (S12), and (S13), the
following bound holds with probability at least 1 — 3d~'°,
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where the derivation of last inequality is similar to (S12).

Bounding I714: We write
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where the inequality holds due to Assumption 1 (i) and p-mass assumption. By Lemma 4,

with probability at least 1 — d~'° we have,

np nps NG
(S16)

HH[MH—H—Z@ Eir) X1 811 X2 B,

-G max{a slog(d)’ o log(d) log (L) }

Bounding I71;: It easy to check that

[ 111 < Hﬁ14—514H

1
Z —Ilo, (&ir) X1 ﬁ1 1 X2 ,31 zx
pn

7

We write

! 3 2 T 1 Lo o

zi: %Hﬂi Gy B e = XZ: — I, (€ir) X1 (Pa;, + Pa; )Bra X2 (Pa;, + Pa: ) Brax;
1 2 fon ~

= Z %HQZ (ng) X1 Pﬁf’l/gl,l X9 PBI,Z/BLZ + D. (817)

i
We next bound the two terms separately. Observe that |37} /6’1 1]| < 1. Therefore, it suffices

to prove the upper bound of

1
—Ilg, EZ X 11 X ’ T
zi: on o, (Eir) X1 51,1 2 131,2Xz

10



We write
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Now we conclude that with probability at least 1 —2/d~'° we have that
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Finally, plug the bounds in (S18), (S14), (S15), and (S16) into (S10), we bound ||/1];|| as
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Finally, we bound the distance between the normalized 6173 and the true parameter (3 ;.
For the normalized vectors By 3/||31s| and 3 3 we have
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Next, it is clear that

*%Z? 1 10‘:1 51,3 e
WL ~ 1,3
w2 @ || 1Busll
*1 vl
~ ;0 - G101
S ||161,3|| — /&;1;21:1 2,141 + 131’3_ 1/11 T zz:l 7, 11ﬂ13
n i:l i 1

Therefore, the following bound holds with probability at least 1 — 1/d°

El 3 3)\max > IUT . al 10 1
= — ,Bik 3 = 61,3 - An ﬁl 3
‘ 1813l ’ Amin wll i= 10%1
6Amax | Amax Y 3AmaxCo slog(d)
< €+ + 37’} €+ — : S21
)\min { )\min )\min - w1 min{)\min - ’7} ( )

S1.2 Error bound of the estimator from Step 2 of Algorithm 1

In the second step, we derive the error bound for the constrained estimator from Step 2 of
Algorithm 1. After obtaining normalized 5173 / HBLS || from Step 1, we apply the Truncatefuse
operator to 5173 /l 51’3H to obtain the sparse and fused estimator, then normalize it to get a
unit estimator ,@1,3.

We first obtain a result for the estimator after applying the fusion operator to 5173 / ||Bl73||,

Bl = argmin Hﬁ — Bua/|1Bus] H such that | DBllo < 74,

where 74, is the fusion parameter in our Algorithm 1, and f3 is the true fusion parameter.
< |8, - Bia

the true parameter has a fusion structure, then adding the fusion step in our algorithm is

Then by Lemma 8, we have that, ||B{3 — . In other words, if

guaranteed to reduce the estimation error.

Next, we apply the Truncate operator to 3{3 By Lemma 1, we have

VECE - )

where the right-hand-side is an increasing function in terms of |,/3\{§BT3|, when it is in

B8

N T
Truncate (Bf?), 7'33> 61‘,3

[0,1] and 75, > s3. The estimator from Step 2 of our algorithm has the form 3173 =

Truncate(gf?,,ug) ’ < 1 due to the

Truncate(B\f?),ng)H. Note that )

Truncate(ﬁ{yg, 7'33)/‘

13



facts that ||,(/3\{3|| = 1 and Truncate operator sets some entries in 3{3 to 0. Therefore,

~ = Iy 2
|B13 — BT:;H < \/5\/1 - (ﬁ1T3ﬁT3)2 < \/5\/1 - Truncate(ﬁ{’g,Tss)T,Bi?)}

< \/5{1+2\/:3(1+\/>>}1/2\/1 (Bl3815)
sl < V10

< \/1_0H[§f3 - Bis ‘ : (S22)

Next, we establish the error bound for the constrained estimator 3173 from Step 2 of

Algorithm 1. Combining (S21) and (S22), with probability at least 1 — 1/d°, we have,

1 max max 1 max C 1 d
‘ < 610\ {)\ ey +37,} - *3\/_0)\ Co slog(d)
)\min Y wl/\min{Amin - 7}

s - 814

)\min >\min -
1 2 C ]
6\/_0>\max {)\max Y + 37,} e+ 6\/_)\ma Co S Og(d)

9
- Amin o wiNZ; np ' (523)

Amin - Amin min

where the second inequality is due to the fact that constant v < Apin/2 based on (S4).
Finally, we prove that, if the true parameter 3 ; is a p-mass vector, then the estimator

,@173 after each iteration is also a cu-mass vector. Note that the u-mass of the update does

not increase beyond a global constant. By (S1), each entry of 31,3 can be bounded as,

‘w:’{‘B”| ,U ‘ZZL:]_ %a{\i,l le;b 5i,l1,l2,l(giF)ll,l2,l/81,l,ll/81,2,l2

Bisil < = -
Bratl < W1 Ayl /s |w1All’
_20‘110‘11+7M 1 Qi1
< — A I, (&
< 120‘11 \/5 @ ; o, (€ F)X1,31><2ﬁ2
< 2)\max +7 B Co slog(d)

mln -7 \/_ wT{Amin - ’7}
where the last inequality is from the bound for I71;. By (S4), v < Amin/2, and then we have
Amax +7 1 < 6)\max

rn1n - \/_ mln \/g

And by Assumption 5, np > C%02slog(d) /{w**X2,_}, then we have

2

Co slog(d) < M
Therefore there is some global constant ¢ > 0, and we have
a ~ M
< c—.
max {|:8k,3,l|} N

Given that the true parameter 8 ; is a y-mass vector, the update from each iteration is a

cu-mass vector, where ¢ is a global constant.

14



S1.3 Error bound of the estimator from Step 4 of Algorithm 1

In the third step, we derive the error bound for the estimator //6\174 from Step 4 of Algorithm

1. That is, we aim to bound HBlA — B14ll; given the other estimators wy, 31,1, 3172, B\Lg.
Denote A; = @1§1 1 oﬁl 9O Bl 3, and A} = wiB], 0 Bf 5 0 B7 3. When the rank r = 1, the

true model is V; = B} x;Af 4 &. Then the closed-form solution of ,6’1 4 n (9) becomes

n

—1

~ 1 <& ~ 1 ~

Bia= {5 > 1Mo, (A i } =3 (Mo, (81 + €), T, (A1) ) x
i=1

=1
By the fact that ||TTo, (A)|[% = <HQI, (A1), g, (/Tl)>, we have,
. 1 ~ 11 ~ N
Ba=prl = | {2 S Gl | {3 55 (T, (A = ), 1o (A0 T B2

%Z<nﬂi<<€i>,ﬂm<ﬁl>>’“}H |

-1
1 PN —~ .
< | S} ([ 3 (0= 0.0 () T,
4 he
1
b Mo (&), 11 > A
t | 2 (oo ma () x| )
111
We next bound the three terms, Iy, I'l5 and 1115, respectively.
Bound for I,: We first show that,
1(1 ~ ~ ~
Hﬁ{g Z o, (B11 0 Brao Bis)% — |Bi1 o Brao B 3||F}Xz <7,

where v is the same constant as defined in (S4). Denote

1(1 ~ ~ ~ ~ ~ ~
Z; = E{EHHQZ(ﬂll o ﬁl,z o ﬁl?))”%‘ - ||ﬁ1,1 o ,31,2 o /61,3‘|%’}X2'XZT

1(1 PO
= ﬁ{;“ﬂm(ﬁm oBi20Bis)||F — 1}XiXiT'

Then, it holds that E(Z;) = 0 where the expectation is taken with respect to d;, 1, Besides,
11 ~ o~ s 11 c

120 = i Bus o Bra o Bl - LIl < - 1) < L

ni{p n{p np

In addition, we have that,

15



1 1 ~ ~ ~ 2
H ZE(ZE) = H Z B ({—Hnﬂi(ﬁu o Brz0Bis)lF - 1} ) XX XX,
- H Z Z 171,3 Qkﬂl 3ZX1X XiX 251,173 ,271«311,371“1/”2XiXiTXiXZ-TH

i ]7 7 jkl
C (&) C (&)
< 4 p° <4 I .
np33 np31~5

By matrix Bernstein inequality, we have that,

11
P(|
n

~ ~ ~ 1
1—0 ; HHm (ﬁl,l o 51,2 o Bl,:;)H?:XiX,-T - Z EXiXiT
>1—2gexp {

—7°/2 }
cieap® [{npst} + ¢ty /{3np} )
By Assumption 2, i.e., p > cqu{log(d)}/(n s*%) > cu{log(d)}/(n s*5~?%) for some constant
c. Here 7 is the constant as defined in (S4). With probability at least 1 — 2¢/d'°, we have
Hll Z ||Hszl (31,1 © 31,2 © 51,3)”%7(@'?(; - Z le‘XiT
np < n

i

For two matrices A; and Ay, since ||A7! — A < [|A; — Asll||ALT[|AS Y]], we have that,

1A

lATH] < T
L—[lAr — Aofl AsY

(S24)

Letting A; denote the matrix ), ||lg, (61 10 61 50 ,81 3)]|%x;x;, and Ay denote the matrix
> =x;x; , we then have that,

n-{o 3 Mo (A s }

-1
L s} 4 :
@2 e S wi2{1 — v/ Amin } < w2’
1 1— ,-)/H{l/n Zz Xz'XZ‘ } H mln 1 min mln 1

IN

(S25)

where the first inequality is from (S24), the second inequality is due to the fact that
|y — wi| < wi/2, and the last inequality is due to the fact that constant v < Apin/2 based
n (S4).

. _ 1,1 1 1 T
Bound for I: Let Z;j, 50 = p~ ' 010, 15,0 (A7 — A1)y 15,0 (A1)ig, 10%i%; 37 4. Then,

—Z<HQ Ay = &), T, (A1) ) xix] Bl = > Zityau:

i,0,01,l2
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Note that,

1 N
| Zi gy 00 — B(Zigy )] < on (AT — A1)iy b %% B 4]l

(it

(A1) iy o

since |w| < 3/2wj, and the p—mass condition. Furthermore, we have that,

By Assumption 1, we have [|x;x 84| < ¢}. Besides, we have < Swipd/sts,

‘(AT — A)igs o

< [wiB1 148l 20,8l 0 — T1B81.1,85 20,87

W1 81,11, 87 2,1,81.31 — W1B1,1,1, 81,2871 3,
6uwie

|18t 1Bt 2B a1 — 0181 B 20,8 | +

+ ’1/51,31,1,1151,2,12,3?3,; - @51,1,;151,2,1251,3,1‘ <

Therefore, we have,
3

)
=N

=%
“ =

1 u%3
||Zi,l1,2,l - E(Zi,ha,l)n < p_n6w1?§w 15

Also we have

Z ]E ”le1727 - ( 111727)H )

3,0,01,l2

IN

Z ,81 4XZX x;x; B 47 {6w* 'Z}

*4 3 2
812 cowit e

pnsls

By vector Bernstein’s inequality, we have that,
Z Zily la,l Z<~A A, Anxix; B yl| S ywie | > 1—exp 17 Bl
il o i R —

Therefore, by Assumption 2, with probability at least 1 — e1 /d"?,

nip > (T, (Af = &), T, (A1) ) xix/ B3

1 P
I, < < — A; — Ay, Axix] B w2
2 = = nz< 1 1, Anxix; By, +ywiTe

i

1 * i - *
< 230l A A e e
Note that ”ﬁlﬂF = |w;| < 3/2w;. We next bound ||A} — .,Zl\lHF as,
A — Alllr = “@1,31,1 oB120013— wTIBI,l o /Bf,z o Bf,sHF

‘@151,1 oB120PB13—wiPr10PBi20P13 - + Hwi@l,l oBi120013— w;@h oBi20013 .
A g N

Vv NV
1121 1122
+ |wiBiioBizoBus — wiBiy 0 Bioo Bua|| + [wiBii 0 Bla o Bus — wiBl, 0 Biao By
! g £l g E
1123 1124
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Note that I = |0y —wi| < wie, I3 < wf”@l,l —B7 1|l S wie, I < wie, and 1y < wie.

Therefore, we have ||,11 — At||F < 4wie. By Assumption 1(i) that n™' Y, [|xix; || < ca,

I15 < {6cy + 7} wie. (526)
Bound for [11,: By definition,
1 ~
— Z <HQZ~(5¢), A1> Xi
np 4

The jth entry of the vector nlp > <HQZ. (&), ,Zl> x; for each j € [¢] can be written as

@i Z <HQi (&), 31,1 o 31,2 o B1,3> X;

np

11, =

C1

nip XZ: <Hgi(&),ﬁ1> Xid =y 2 <Hm (51)7«11> Xii/cr.

Our goal is to prove the upper bound of

i Z <HQz (gz)) Bl,l o ,@172 o 6173> X j

np

Note that |x;;/c1| < 1. Therefore, it suffices to bound

&1

— <
np -

Z <H9i (&), 31,1 o 31,2 ° 31,3>

7

C1
_E o (€
np : Ql<gl)

in (S13), we obtain for each j € [q],

7 pn ’L,l

Similary as the upper bound of HZ Lo o, (Eir)
with probability at least 1 — 2d~1%, that

C1
-t o (&
o 2 o (&)

%

< Gyo slog(d) |
np

for Cy > 0. Therefore, we conclude that with probability at least 1 — 2¢/d*0s

< 3Cyow;  |gslog(d)

111, < |0y (527)

nip Z <HQi (82-)’ B\l,l o ,/6\1,2 o 3173> X;

2 np

Combining the bounds of I, I, and I11l,, with probability at least 1 — 1/d°, we obtain that,

3Cyow; [gs log(d)]

~ . ] )
1814 — B1,4|| < —T2 {{602 + 7} wlge + 5 ”

a /\minw
- (S28)
Cyo  [gslog(d)

)\mian np

< Ko€ +

Here, the constant v < ¢y by (S4). Let kg = ¢o/Amin Where some constant multiplier is

merged into ¢y and 6'2.
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S1.4 Proof of the theorem

Finally, we iteratively apply the error bound from each step, and obtain the final error bound

(0)

in Theorem 1. Given the initial estimators B§°} and w; ~ with an initialization error €, the

error bound in (S23) implies that, with probability at least 1 — 1/d°,

6710 maxCo | slog(d)
*)\2 np )

min

o
18Y) — Bisll < kae +

where r1 = 611002, /22 + 12/ 10 A max¥/ (A25n) + 18V 10 A maxY /Amin- By (S4) the constant
v < A2, /{48v 10 max }, then we have 12v100mey - 1 %. Let the positive constanty’ satisfy

A?r)ln
1 Ami A2
"= ~min s min : S29
7 2 { T2V 10 A max 144V 10\ haxCo } (529)

Then it is easy to check 18v/10Anaxy /Amin < 1/4. By Assumption 4 we have 6\/;)\““”‘6 < %.

Therefore, k1 < 1. By a similar derivation, the error bound holds for || ,@ﬂ =Bl | ,31,2 —B1ll;
and wa — w}|/wi. Then by the error bound in (S28), with probability at least 1 —2/d”, we

have that,

3 * 6 v C(Am x0 S 10 S 10
||ﬁ512 =Bl < kKakie+ Ky a \/T i F
mln Amin 1

The contraction coeflicient is

k= kike = {6VI0A2 /X2 + 12V 10 max 7 /A2 4+ 18V 10AmaxY' / Amin }¢2/Amin-

By (S4), the constant v < A3, /{48v/10c2\max} then we have H‘CCM < 3. By (529),

min

we have 18V 10AmaxC2y' /Amin < 1/4. By Assumptlon 4, we have € < )\min/{24\/ OcoA2 1.

Therefore, it is easy to check that % < , then k < 1.
We have now obtained the error bound from the first iteration. After repeatedly plugging
the estimation error bound from iteration (¢ — 1) into the error bound from iteration ¢, with

probability at least 1 — (¢ 4+ 1)/d°, we have that,

max{m& — wjlfwf, max {1} - 51]”}}

< iled 1 —kl6v1 C/\maxa slog 1 — k1 Oyo sqlog(d)
€
- 1—-rk AW 1=K AminWj np

1 C 1
K'e + 10 [slogld

IN

1—r wi np
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where C} = (6v1 C/\maX + C’g miny/q )/A%. . and q is the dimension of the predictor vector
and is fixed under Assumption 1(i). This completes the proof of Theorem 1. O

S2 Proof of Theorem 2

We next extend the theory to the general rank r case. Although this proof follows similar
steps as those of Theorem 1, the interplay among parameters from different ranks makes the

derivations more challenging and considerably different from Theorem 1.

S2.1 Error bound of the estimator from Step 1 of Algorithm 1

Similar to the rank-1 case, the first step is to bound the error for the unconstrained estimator

from Step 1 of Algorithm 1. Now the model under a general rank r is of the form,
= BixwiBi 0B, 0Bis+ & i=1,...n
kelr]

The unconstrained estimator is of the form,

- . S
Dot w0k D 1y Ot o Rty ot Br1 1y B2,

no 152 22 32
Zz 1 n Yk 220y s wk(slZIJZJIBk,l,ll/@k,Q,lg

Br3i =

where @, ), = B,&Xi and ﬁ, = ( Zk/# Wi O klﬁk/ e ,Bk/ 90 ,Bk/ )/azk Denote F| =
supp(B;.,) Usupp(Br.1)s Fo = supp(B;.,) Usupp(By.), and Fy = supp(B; ;) Usupp(By.s). Let
F = F o I, o F3. Similar to the rank-1 case, we restrict Ri on the three modes indexed by

Fy, F5 and F3. Then Bk’&l can be rewritten as,

S a2, S ittt (R o ﬁk,l,lﬁng
n 1"\2
> i n ik Zzl I Wi gy 15,1 ﬂk 1 ll/BkQZQ

For the vector By ;, denote By ; = Truncate(B; ;, Fy), for k =1,---r and j = 1,2,3. By

the definition of Fj, we have BZ] = B, and Bk,j = B, for 7 =1,2,3. By Lemma 2 and

Brai =
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substituting the expression of ﬁ, into ,@hg’l, the vector 5}6’3 can be expanded as

~ Wy Y Qi) /0 . ~
lBk,3 = {Eklz /\izl:/n <131:,17/6k71><ﬁl:,27/6k72>/6z,3

Zk/;ﬁk{zz = 0 O YW <ka 15 /Bk 1) </6k’ 29 ﬁk 2>/6k;’
wk Z 7, k/n

Zk’;ék{zl 0y o Ol gy } W </6k’ 12 Bra) (ﬁk/ 2 By 2)5
Wy, Zz i,k/n

w;; doiQikaiy/n, o~ . 4 \
+TA {B AW<BI¢717ﬁk,l><6k72aﬁk,2>}Bk,g

k' £k W
1 " a
_ 2,1 = =
+—A"! 2T, (Eir) X1 Bra X2 P,
w1 n

where A and B are diagonal matrices with the diagonal entry,

22 22
Ay = Z Q; k/n Z 0; ll,lz,lﬁk,ul /Bk,Z,b?

ly,l2

B = Z Qi k0 1./ Z i 112,085.1.1, Bk 2.1, Bk, 1,1 Bre 2,15

l1,l2

n
1 _ _ ~ ~
-~ * * *
Fyy = E Eai,kai7k/ E 51',11,12,Z,Bk/,l,llﬁk/,2,525k,1,51ﬁk,z,lQ,
i=1 I1,lo
n 1 _ _
Gru = E E@i,kai,k’ E 51',11,zg,lﬁk/,ulﬁk/,z,zgﬁk,ulﬁk,zlz-
=1 ly,l2

‘ 3 Wi @k i
Then the difference between and By 3 and — ST T B3 1s

* n 1’\ *
wkzi 1 n @ik 1

A Zz lazk/

Brs — Bis=1 +IL+1IL+1Vi+V;,

21

_ w*/ Z’L aivka;‘,k"/n % = % > A%
+ Z A 1Tk {Fk’/ - W‘A</@k’7l7/Bk,1></8k/,27/8k,2>} IBk,",3

B ZAflqﬂkl {Gk’ ZSZEO:,; /n (ﬂk,1,5k1><ﬁk’2’ﬁ“>}’gk"?’

(S30)



where

[ - i n n’\, 7 { v ) * ; - 1} * s
1 Wi D iy O /10 (B Br) (B2 Br2) Br.3
1
= Wy, Z 2 /n Z a”“ Z { &, k’wk’ Bk’ 176k 1></8k’ 27/8k 2)51« —Q; k,wk,

K £k
</6k:’,17 Br1) <5k',2> 5k,2>5k',3 }7

/ iai’ Oéf/n
o= YA {Fk,——z i/

k' #£k Zz az,k/n

_ ZA 12‘:}’: {Gk,—zz%ﬁ—w (ﬂk/175k1><,3k/2»,3k2>},§k/,3
k' ’

1 Q.
Vi = A~ Z kHQ(zF)X15k1X2Bk2

W,
k =1

W

111, = @Al{B—A

Wk

Aw‘;;/,l,ﬁk,1><5z.2ﬁk,2>}B;:.g

Comparing (S30) with (5S2) in the rank-1 case, we see that, when = 1, the sum includes the
terms [, I11; and V; . When the rank is » > 1, the sum includes two additional terms, I1;
and IV}, which appear due to the interplay among different ranks.

We have shown in (S3) that
2
>\max 62.

min

1]l <

By (S9), with probability at least 1 —4/d'°, we have,

2y
)\min - ’V o )\min

1L <

Here ~ is the positive constant satisfying

1 : { )\min )\?nm )\?nln :;1211’1 } (831)
= — min , Ca, , )
773 2 192v/10A e 96V 102 A2 1

Furthermore, by (5S20), with probability at least 1 — 10/d', we have,

200 slog(d)

/\mln mln ’I’Lp

VAl < +67'e.

The value of 4" will be determined later. Next, we bound I1; and I'V;, respectively.
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Bound for I1;: Note that (B\k/71,,/6\k,1><[§k,72,3k72> — <//6\1<;/,1 _ 52171 + Bz,7l’l(§k7l><ékl72 B
Brio+ Bl Bk2> Henceforth,

> {a;ik,w;; (Bir1, BBy 22 Bro) By 5 — i B 1, Brt) (Br o ﬂmmkl,g} '
k' #k
< Z a;'k,k'w;;' <Blt:’,1’ :Bk,1><61f;',2a Br,2) {Bz's - /31«,3} '
k' #k
+ 1D arpwi (B Bea) (Brs — B Be2)Bu s
k' #£k
+ 1D arpwi (B Br2) Bry — By Bea) B s
k' #k
+ D alwwiBrs = Bira Br2) By — Bivy Bra)Br s
k' #£k

< orwi, A6+ edPe+ 2erwl, (€ + efe + erwt € < deprwl, € + deyrw?, e,

where the second inequality is due to the following facts. First, )<BZ/,17 Bk1> = ‘<BZ/,1> Bk,l —

Bia + Bia)

<& +e¢ and |af | < ¢ due to Assumption 1 (7). Besides,

Z Oézk’wlt:’ <:8k/,17 /Bk,1></8k’,2a Bk,2>ﬁk’,3 - az‘,k'@k’ <5k/,1, ﬁk,1><5k/,27 5/@2)5;9/73

k' £k

~ o~ 2 ~ o~ ~ ~ 2

S r|a;‘,k,w}$, - ai,k/wk/|§ S |Oéi7k/wk/ — U)k/Oézk/ + wk/a;k, - Oézk/w;;/h“g
* 2
< derrwy, €€

2
By triangular inequality, we have that,

2c3
)\minw;knin
cirwk {86 + 8&e + H&3e}

/\minw;lin

L] < [4rwfnaX62 + drw?  Ee+ 5wfnaxre§2/2]

Bound for 7/V;: Denote
noo~ *
Wiy { > i O‘i,kai,k'/n ~

zn a /n ai,k<6;’,17ﬁk,1><62’27ﬁk,2>ﬂl€,l,ll/6i,2,l2
i=1 i,k

~ * % Q% ) ) -1 _—1 3%
—Oéi,k%,kﬂkf,l,zlﬂk/,z,zﬁk,l,llﬁk,z,lz}5i,z1,lz,lp n" B 3.

Zi k1 ol —
Wy,
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where e; is the column vector whose [th entry is 1 and others are 0. Then we have,

77» -~ *
’LU 1 OfZ’k-Oé,k//n — ~ — o~
Ly { L Y Fk/}ﬂk,g— S Zoni

o~
. QU n
k’#k Zz:l l,k/ i,k l1,l2,l

Since B/ 3, Bk,1, B2 are p-mass vectors, we have that,

2w

W Zitioa — E(Zigy 1o0)|] < —22— ﬁk,l,llﬁk 2 zgﬁk/ 3000k
n

wmll’l

Zz 1 al kal k/n
Zz 1 az k/

(B 25 Br,2)Br, 111 Br2ts — B 1, B 2.1, |-

<ﬁk’ 1 /Bk 1>

We have proved in (S7) that

Zz 1a1kazk’/n

Z?:l ai,k/

Therefore, we have

1 Zi1 100 — E(Zigy 100)|] < - M_Cle\/{4>\2a + 1}0% < e

* 1.5
WpinPM S min

2
A
< {4A2 + 1}

min

</8k’ 1 61 1> <18k’ ,2) /Bk 2>16k71711ﬁk‘ 2,0 — z:kBZ/,l,llBZ’,Z,lg

where the last inequality holds by Assumption 6, i.e., p > (cspPw?,.)/(wk; ns'?) and the

constant v is defined in (S31).
In addition, we have that,

> EZisirins — E(Ziwr i 1))

7"7k;l7l7l1 712

1 4wH128,X /\2 Z:L:]. alvka:‘,kl /n/\ % = % = = =
= {_ - 1} Z w2 n? 5k1l15k2l2 ik Qi k(B 1> Br1) (B 25 Br.2) Br.1.1 Br 2.1,

n A~
P ik Ll | min > i1 O/

2
* Q¥ Q*
_ai,k’ﬂk’,l,ll /Bk',2,12 }

4w*2 azk /~L z k k:’/ _ ~ B N R N
S *Qmax Z b ) Z ZIBk/ 3,1 — d ai’k<ﬁzlvl’ﬁk’1><’62,12"61‘3,2>16k,1,l1,6k,27l2
wminpn p n s W 1y Z 1 Z k/
2
= _ Arw *2 b )\2
_a:’k/ﬁzlvlyllﬁzl,Z,lz} S *’}9?{81 - {4)\r2nax + 1}
min min

By vector Bernstein inequality and the fact that >, | E(Z;,1,4) = 0, we have,

1 2
P Zigysa|| S7ve| =1 —exp i Y
drw +1}c%

A2

. 2

Zyl17l27l ;‘;')ax)‘maxus{zl )\anax
min

*2 1.5
’LUminan
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By Assumption 6, we have p > corpPwi2 log(d)/(ns' w2 ) > crpdw2 log(d)/(ns* w2 +?)

for some positive constant c. Here 7 is the same constant as defined in (S31). Then the

following inequality holds with probability at least 1 — e'/*/d',

P2 Wk 2lim1 Qi/n

1 Wi Z?: Q; ko) Jn = = A o
- = {A e By s Brt) (B, Brz) —ka},@kf,g

Similarly, we have that,

ZA 1wk’ {Gk’ . Zzaz/liaz/k’/n <18k,1,ﬁk1><ﬁk'2”3k2>}ﬁk/’3
Pyt 7 z,k

As we have shown in (S5), if p > csu® log(d)/{ns?} > cu*log(d)/{ns*y*} for some positive
constant c. Here 7 is defined in (S31). Then with probability at least 1 — 2/d', each entry
of the diagonal matrix A has the lower bound |1/pAy| > 3, a7, /n — ~. Therefore, by the
definition of I'Vj in (S30), IV} can be bounded as,

2ye 4rye

1V < )
|| 1|| o )\mm -7 - )\min

Now we are ready to bound the distance in (S30),

S Wi yQiagy,
- =65 < || 11 111 1V V]
Br.3 BeS T, &2,/ Bra|| < Ml + [[TLu]| + [[TTL | + [[IVA]| + [V
< 2/\InaLX€2 N cArw? {86 +8§6+5§26} e+6’y’e+ 2Co slog(d)'
)\min >\m1nwmm )\mm wr*nin>\min np

As shown in the rank-1 case, the error of normalized Ekﬁ can be bounded as,

*% Zn 1 @ k’a;kk B3 3.l <2 B wy, Z:’L:l %ai,ka;:kﬁ*
=~ T MR = k37 T -~ k.3
wk Zz 1 O‘z k B3l Wi, Z?:l ai,k/n
Therefore, we have that,
§k73 ,3* < 6)\12nax 62 + 36%/\maxrw;ax{8€2 + 856 + 5526} + max’ye + 18)\max’y/€
=~ - k,3 — *
| ’,Bk,?, H )\r2nln )\r2nln mm /\?mn )\min
66)\maxa slog(d)
wmln)\?mn np '
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S2.2 Error bound of the estimator from Step 2 of Algorithm 1

In the second step, we derive the error bound for the constrained estimator from Step 2 of

Algorithm 1 for the general rank case. Similar to the proof in Section S1.2, we have that,

67100 x| log(d)

- Bra
Hﬁk,3—62,3 ‘ <VI0||—="— — Bp3|| < r1e ;
”/Bk,?)” mln)\?mn np
where
.y — 6vV10A2, . 24v10Anax N 18v/ 10\ pax = CE AmaxTWE N cl)\maxrwmax§

€+ Y Y €
2 2 2 w* 2 w*
)\mln )\mm )\min )\mln min >\m1n min

By (S31) v < X2 /{192v/10\pax}, then we have 24v/10\pmay/N2,, < 1/8. Setting con-
stant 7 < Amin/{144v10 nax} we have 18v10Amax?/Amin < 1/8. By Assumption 8,
we have e < A2, /{2 } and then 6v/10\%_ ¢/\?

G AmaxT W €/ {2 wh i b < 1/4. By Assumption 9, we have cf\paxrws, /A2

< 1/4. By Assumption 8, we have
< 1/4.

max max min

min mm

Then it is easy to check x; < 1.

Finally, we prove that the estimator B\hg has the p-mass property under the assumption
that the true parameter 3] 3 is a p-mass vector. This would allow us to bound the error in
the subsequent iteration effectively. Toward that end, we show that max;{| B\k73,l|} < /s,

where ¢ is a global constant. By the expression of B]f’g,l, each entry can be bounded as,

Besi| < |wiBy| p ‘Zz L @ik Dy g Ot 1o (EiF )i 10,18k, Br 2.1
k3l <= _
’ | W Ay \/_ | W Ayl
£y i wi|Fou| p 0w Gru| 1
Pyt @kA Vs oA s
< 2112 Q; zk+’7 Z{2wmaXZ OéZkOélk//TLE—{—’yi
- Z az kT k'#k wmln n Zz C“z‘,k -7 \/E
Z O‘zkazk’/ne‘i"y 0421
maX A Z X X
+w;'}1m Iya—v Vsl ||@ 2 #) 1 B xa B
Amax + 77 1 5(r — Dw? .. /\m3LX +7 Co slog(d)
< 2— + " :
mln ﬁy \/— wmin mln 7 \/— U)Inln)\ITllI1 np

Similar to the proof in Section S1.2, under Assumption 10, we have

Co slog(d) < 2
Wi { Amin — 7} Vs
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By (S31) v < Amin/2 then we have

Amax + ¥ N < 4 A\ max M 5(r — D)Wy ax Amax +7i < 10(r — 1wy, oy Amax L
mm -7 \/_ - AInln \/_ w;knin AInin -7 \/g a wmm)\mln \/g

Therefore, for some constant ¢, we have that,

2

- iy
<ot
mﬁx{mk,&l\} NG

S2.3 Error bound of the estimator from Step 4 of Algorithm 1

In the third step, we bound ||Bk74—,3;;’4 || for each k given all other parameters wy, Bk,l, B}CQ, Bk,g

and Wy, ,(/3\;,’1, [/3\2,72, [/3\2,’3 for k" # k. The closed-form estimator in step 4 of our algorithm is
1 n -1 n

Bra = (= 0 Mo (A3 | 07t (o, (Si), Ar ) xi 332

Br,a (n;H o,( k)HFXXz) n™> (Mo, (Sik), Ar ) x (532)

i=1

where A, = @kﬁm © ,3k,2 © 5k,3, and Si = Vi — Zk/?ﬁk Wy (5;,4Xi)5k',1 o 51«,1 © ﬁk',zz- The

rank of the coefficient tensor B* is r. Plugging ) into (S32), BkA can be rewritten as

n -1
B — (% > I (A ] ) (33 (1o (i), A o
+ — Z <HQ .Ak> Xl Z Z < Ak./ ./zl\k/>, ./Zl\k> XiXZ-T,B;4> .

i KAk K E]r]

Therefore, we have,

1Bes = Biall < (%gungwuixixj) (H— (T, (&), &) %,

S S (Mo — Ay, A o 81| |

i kelr]

y (525), (S26) and (S27), we obtain that,

3Cyowr,.. |qslog(d) }

6

HIBk4 _Bk4” — )\

1’1’111’1 min

(S33)
12C50w?,. | qslog(d)

< ko€ +
2
AminWis np

where Ky = cow2 r/(Ammw;2,). Here we use the fact that v < ¢y by (S31).
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S2.4 Proof of the theorem

Finally, we provide the error rate after ¢ iterations, by iteratively applying the error bound

from each step. We have shown that, with probability at least 1 — 1/d°,

. 6\/_0)\maxa slog(d)
1B — Biall < ket 5 .

mln min np

The error bound in (S33) implies that with probability at least 1 — 2/d® we have

. 6\/ C)\maxa s log( 12C oW qslo
1BLS = Biall < more + s RS o sl

The contraction coeflicient is

6vV10A2, . 24v/10Apax N CE AmaxTWE N C Amax W o ¢ cowi2 7
€+ € :
/\2 )\2 g /\2 w* )\2 w* )\mmw;anm

min min min mln min rmn

R = R1RkRg =

Here, by Assumption 8 and Assumption 9, we have

/ 2 *2 *2 2 *2
6 Amax . CoWya T 1 ‘1 Amaxrwmax . CoWpax T 1 Cl)\maxrwmaxé . CoWppx T < 1
2 *2 ’ 2 w* *2 ) 2 w* . *2 )
)\mln )‘mll’lwmm 4 )\mln min /\mlnwmln 4 /\mln min )\mlﬂwmin 4

and by (S31) we have v < A3 . w2 /{96v/10 A paxcow2 r} and

2410 A max QWA r 1
N U Now? A

min

Therefore, the contraction coefficient x < 1.

The error bound after ¢ iterations is, with probability at least 1 — (¢ + 1)/d°

o e 67 — il (180 - 97 11:)}

. 1= K 6V10C A a0 slog(d) 1— k!t 12020wmax qs log(d)

< Ke
-k wm1n>\12n1n -k mlnwmm
< c s log 2meax slog(d
N mll’l mll’l np
< et Cy owk,.. [slog(d
= 2
11—k wiz, np

where €4 = 6v/10C A max /A2, C = 125’2\/5/ Amin and Cy = C4 + C4. This completes the
proof of Theorem 2. 0

28



S3 Proof of Proposition 1

We divide the proof into three steps. In Step 1, we show that there exists at least one trial
1 <7 < L such that 37 is the top left singular vector of the population version of 7" x3 g7
In Step 2, we prove that the top singular vector v7 is close to 37 ;. We obtain the bound for
vy as an example, while the bounds for vy and v3 can be derived similarly. In Step 3, we

prove that aﬂ is close to true factor.

Step 1: Let T* — wik Zz nilﬁrzxiﬁil © ﬁiQ © /BT,37 and ’y*T = U}T Zz 71/61 4Xz<ﬁi3a§1>'
Then,

T x39" =wj Z 51 4% 51,3@”5?,1 ° 5?2 = 'Y*TBIJBTE- (S34)

Therefore, v*" is the singular value of T x3 ¢” when rank r = 1.
Next, we need to prove that there exists some 7 such that +* is sufficiently separated

from 0. Since g] = U, U/ g7, we have,
= wj Z ﬁ14 (U, U B} 3 81)

where, recall that, Uy is the rank-1 eigen-decomposition of By, and By = g diag(A1AA]) as

defined in Section 4.3. Given that g is a standard Gaussian vector, v*7 is zero-mean Gaussian

71,31 4Xz‘ ||U1U1TBT,3||-
Without loss of generity, let |y*!| > [y*%] > -+ > ]’y*L\. By Lemma 5 and r = 1, for any

(2]

fixed small constant § > 0, with probability at least 1 — J, we have,

1
2Bt

which holds due to the condition that L > C] for some constant CY.

*1>w1

10U, By 5]l (S35)

Let A} be the mode-3 matricization of 7*. Then,
A*_wlz ﬁ14 i1 3 ﬁ11®512) € Rz,

Let U7 be the basis of the column space of AA%T. Intuitively, the space spanned by Uy is
close to the space spanned by the true tensor factor. Then, by Lemma 6, the bound in (S35)

can be simplified as,

v > wiy/1 - ||U - Ui|%, (S36)
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since |>°, n~!B7 x| > C4. Next, we show that |U; — Uj|| is small. Following the proof of
Theorem 1 in Cai et al. (2019a), we have,

ATAT - AAT|

UL - U3l < VEIULUT - U5 <! SR

(837)

where U(A*) is the singular value of Aj. Since A7} is a rank-1 matrix, we have o(A}) =

wiy,n . By Lemma 1 in Cai et al. (2019a), we have,

* s T =
|ATATT — AAT| S |A ]| + oV d LY o + 0V
VP NG

IA; |l + 0Vd
VP

HAT “200 0\/_d 7 2
+ ’ \/log(d)||ATl] + [|AT]l3.00

where [|Al|2,00 = max;cpy || Ay ||z for any matrix A € R™*", and d= max{ds,d;d>}. By the

+ HA*THQOO} log(d) (S38)

definition of Aj, we have,

5131“’12 :314 i /311®:312)

wlz 514 i

where the last inequality is due to Assumption 1 (i) and (iii). In addition,

[ATl2,00 = max

2 (S39)
H Bii®Bi,) Hz < clwf%,

< ma
> le[dﬂﬁul’

2

* «
HAITHQ’OO < qwj e max |ﬁ1 1812 12} < cqwi—. (540)
€ldi],l2€[d S

Since A7 is a rank-1 matrix, we have
1 9 )

wy Z ~B1) AXi

Combining (5S39), (S40) and (S41), (S38) can be simplified as

[ATll2 = [AT]F = 1871|811 ® Bi) || < et (S41)

wip? o*dlog(d)  wiu® [log(d) . [dlog(d)  w}’

log(d) + + + wio

A KT T
HAlAl AlA H s1op p 3 p P s

Therefore, (S37) can be simplified as

3 ~  o2dlog(d) 2 og(d) o [|dlog(d 2
\wrumg#;m@+—ﬁ§l+&-ﬁu+—-—ﬁl+i
SEp wyp S p Wy p S
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Therefore, for any arbitrary small constant § > 0, with probability greater than 1 — ¢,
v 2wy (S42)

We have shown that there exists some 7 € [L], such that v*7 2 wj. This means that 37 3
exhibits the largest correlation with the projected g, which further implies that 37 ; is the

largest left singular vector of T* x3 g7.

Step 2: Recall that v is the top left singular vector of M", where

M =p'T x3 g =T x3g +{T —T"} x3g] = 7*T131 1/3 HT - T} x5 87,
W_/

M*T
and the second equality is due to the definition of 4*7 in (S34). By Wedin’s Theorem,
vi - Bl < T 2OPL (513
) — ,y*T_ ||MT_M*T||

Next, we bound [|[(M™ — M*7)87 ||z and |[M"™ — M*7||, respectively.
First, to bound |[M7” — M*7||, recall that g] = U, U g]. Define gi” = UiU; g7, and
decompose,

M™ =M ={p'T =T} xs8] ={p'T =T} x3 g + {p™'T —T"} xs{g] - g}

Vv Vv
V1 V2

We next bound the two terms V; and Vs, respectively.

Note that V; is a zero mean random matrix in R%*% with independent entries

—1 —1 —1
Vi, = Z n g, [P ity — 1B AXiwi BT 11, Bt 00,8 0s + 0 Eity tats]

l3€[d3],i€[n]

By Lemma D.4 in Cai et al. (2019b), with probability 1 — O(d~'?), we have,

IVl < {Vilos(d) + Va/loa(d) }og(d) + \/Vs log(d),

where
Vs = ISE[IC%]&%”] I gy ({07 00y 1ty — 138 X 8711, BY 01,8 505 T 0 Eiots) |
*T 3
< —”g;n“m {w;% t+o log(d)}.

1/2
2 o1 2 skt -
Vi = {E(Eilz)} {Hgl ”2 w12—+||gl ” } .

~ L/
1 G
2 2 *2 T2 T
Vs = max{ml?XZZE(Ell,zg)aInl;iXZZE(Ell,zg)} < _{ g1 15— + llg7 ||2U 5}
2 1

pn
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Therefore,

V]| < g5 [lsc0 log™? (d) HngHoowlN\/ log(d ||ng||2(7 slog(d)
pn \/pns N
< Mo log®(d) N wip? log(d) N o+/5log(d)
pny/s Vns? N
_ wintlogd) ov/Flog(d)

\/pns? vono

where the first inequality and the third inequality are satisfied under the assumptions

(S44)

of Proposition 1. The second inequality holds due to the fact that, with probability at
least 1 — O(d™), [|19i"]l« = [[UTUT g1| < [[Uill2.00\/10g(d) S p/log(d)/s, and [|gi7]|2 <

U3l y/1og(d) S v/log(d)
Next, we turn to Vo, and have that,

IVl < {p™'T = T} xs {&] —&i M < llp™'T = T7IllI&] — &7 Il=-

Since U; U] and UjU;" are both rank-1 matrices, by the standard result of Gaussian random

vectors, we have, with probability at least 1 — O(d~1?),
I&7 — &i"ll: S IIU.U] - UUiT[Vd < 1.
Moreover, we have that,

_ * wy ¥ H 1 1
07T =T < || 83 o, (81180 Bz 0 Bis) =T

By Corollary D.3 in Cai et al. (2019b), with probability at least 1 — O(d~'°), we have,

EYNAE

By Corollary D.4 in Cai et al. (2019b), with probability at least 1 — O(d~'?), we have,

log™?(d dlog®(d
<_ZHHQ %ﬁ+a %() (S45)

< Ve log®(d) + omode log”?(d),

. 2 T (B850 81, 0 81) =T

where
* 3
wy wip
Vo = ma 1 g I1 1 X o o <
6 held), ZQG[dQ] s [ds] < Q; /3 ﬂ1 108] 2 Bi 3) )l g ~ S5y
10263
2 2,4
2 wT * T * * * * 'lUI %
o = max g E||l— g g, X; ) ) e < )
mode Lheldr ] 4 Elda)] A <p7’L . Q; (/31,4 ﬂl,l ﬂl,Q 13173) ) ~ anQ
I3€[d3],i€[n] i lilal3
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Therefore,

< wiptlog’(d) | wip?log”*(d)
~ s15p /pns ‘

(S46)

o > To, (BiixiBis o Bizo Bi) =T

Combining (545) and (5S46), we have,

wiplogh(d) | wip?log”?(d)  olog”™(d)  |dlog’(d)
1.5 g :
s1op N p P

Combining the bounds of V; and V5, we obtain that,

Vel S ™' T =77 <

M7 = M| < [ Vi + [[ V2| < w?.
Second, to bound [|(M"™ — M*")37 ,||2, we have, by the definition of the operator norm,

IM™ = M7)B; |2 < [Hp™' T = T} > By s &1l < ™' T = T} > BiAlllIET -
Similar to the proof of (S44), we have that,
187 1 |00 log™* (d) L BLillcwipy/log(d)  [1Biall20y/s log(d)

—1 - * * <
{p— T T}Xlﬁu!l N on \/W n
< Mo log?? u 2wiy/log(d)  o+/slog(d)
~ pn\/§ \/}W VP
< prwsi+/log(d) N a\/slog(d)'
~ \/pns? Vpn
We have proved in (S42) that v*7 > w}. Besides, we have ||[M7 — M*7|| < w}. Therefore,
the difference in (S43) becomes,

log(d) o [slog(d)
T=BLll S’y —F + =y ——. S47
[vi =Bl Sw ons? + wr on (547)

Next, we show that v] is ciu—mass, where c is a general constant. We have that,

/ / log c 2 A
< / 2 // S 1
l?é?;ix |V1l ‘ mé[ldX] |/611l1’ +c \/gu

where the first inequality holds by (S47). The second inequality holds due to the assumption

on the sample size.
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Step 3: Now we develop the bound for [/3\174. We have shown in (S28) that, if p 2
w3 log(d)/{ns*°}, with a high probability,

Coo [ qslog(d)

Amian np

1Bra = Brall < ket

9

where & is some constant, and e is the estimation error of v; in (S47). Therefore, the final

error rate of By 4 is,

~ [log(d) o [slog(d)
(0? _ 3 < 2 g v g
m]aX { ||181,] /61,] ||2} ~ M pn$2 + wT np (848)

This completes the proof of Proposition 1. O

S4 Auxiliary lemmas

Lemma 1. (Yuan and Zhang, 2013, Lemma 12) Consider a sparse vector X with supp(x) = Fx
and Fy = dy. Let F, = supp(y,s). If ||x|| = |ly|| = 1, then

| Truncate(y, F) x| > |y x| — \/%min [ 1—(y'x)2, (1 + @) {1- (yTx)Q}] :

Lemma 2. (Sun et al., 2017, Lemma S.6.2) For any tensor T € RU*%*ds gnd an index set
F = Fl @) FQ e} Fg with E g {1, tee dz}7 ZfT = ZiE[R} w;a; © bz o Cy, then

Tr = Z w; Truncate(a;, F1) o Truncate(b,, F3) o Truncate(c;, F3).

i1€[R]
Lemma 3. (Zhang et al., 2019a, Lemma 4) For a scaler a* and any sequences (a,--- ,ag),
S S 2
Z(ai —a*)?> S <S1 Zai - s*)
i=1 i=1
where the equality holds if and only ay = as = -+ - ag.

Lemma 4. (Xia et al., 2020, Lemma 5) Let Xq,--- , X, € R™>*™2 pe random matrices with

zero mean. Suppose that maxi<<i<n [|[| Xilll,, < U™ < oo for some a > 1. Let

o’ = max{ iEXZ-XiT i]EXZTXi } :
=1 =1

Then there exits a universal constant C' > 1 such that for allt > 0, the following bound holds

Y

with probability at least 1 — et

(a)
< C'max {J\/t + log(m; + m?)’U(a) (log VU ) t + log(my + my) } .

X+ X,
n n o n
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Lemma 5. (Cai et al., 2019b, Lemma D.5) Let {X; ;j}1<i<ri<j<r be a sequence of i.i.d.

Ul >

standard Gaussian random variables. Consider some quantities kK > 1, A >0 and 0 < 6 <

1/2. There exists some universal constant C > 0 such that if

—_

L > Cr¥ (ky/r + 8) exp(A?) log(=),

5
then with probability at least 1 — 6, there exists some 1 < jo < L such that X, , >

R IMaxX) «;<r |Xz,_70’ + A.

Lemma 6. (Cai et al., 2019b, Lemma D.6) Let U and V be two d X r matrices, each with
orthonormal columns. Suppose that |[UUT — V'V || < 3. Then for any unit vector uy € R?

lying in span(U ), we have
[1Pv(uo)|| = v1I—=62  and  [[Pyo(uo) <9,
where Py (ug) denotes Py(ug) = VV Tuy.

Lemma 7. (Jain and Oh, 2014, Lemma A.4) Letu; € R*, 1 <[ <1 be such that |[u;—u;j || <
a where o < 1/4. Also, let ujf,1 <1 <r be u-incoherent unit vectors. Now define u; as:
o
N
sign(w (@)L=, if jw(i)] > L=

NG vn

w(i), i lw(i)] <

ﬁz(i) =

Also, let u; = w;/||uy||2. Then, [[u; —uf|]2 < 3a, V1 <1 <7 and each 1y is 2u-incoherent.

Lemma 8. Suppose Assumption 3 holds. Then,

1815 = Biall < |Bra/1Brsll - Bis

The equality holds if and only if 3{3 = 513/”,513”

Proof: Denote the estimated fusion groups as G1,--- , G, , and the true fusion groups in

Tf3 Y

B4 as Gi,--- ,G%. . If f3=74,. Then, with a high probability,
1,3 1 f3 f3

~ 2
S (B ) - (3 )

j=1 s€G; ||161,3H

~ Bl 11815 —m,g

‘ 31,3
185l

2

f3 B’ 2 ﬂ
S (B ) - (S ) e

el AN | 2 1Bual
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where the second equality is due to the definition of the fusion operator, and the inequality
is due to Lemma 3.

Without loss of generality, we assume 74, = f3 + 1. By the assumption on A*, one of the
fusion groups in B7 3, say, G, is to be separated into two of the estimated fusion groups G,,

and G,,41. Then the difference can be decomposed into three terms,

~ 2
/61,3 * 2. * 2
= — 1| — ||l — 84
1813l ) 2
2 2
ﬁ13s /6133 *
S5 (B i) - (g X -
jm 5€G 18151 s€G Busll
B 2 5 2
1,3,s 1,3,s
Ly (B —m,g,s> ( 5 Pus —m,g,s>
Ss€Gm (HBLBH |Gm|sea H51,3H

2

2 ~
Z <,313s _1813s> _ 1 Z ﬁi,s,s _Bis,s >0,

sGrn \ B3l Gmial Gty 1Bl

where the last inequality is due to Lemma 3. Here the equality holds if and only if 3{3 =
513/”,513” The completes the proof of Lemma 8. O

S5 Additional simulations

We report in Table 3 the additional simulation results with block missing and m,, = 0.9.
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Table 3: Additional simulation example with block missing and m,, = 0.9. Five methods are
compared: STORE of Sun and Li (2017), MAGEE of Li et al. (2013), our method applied to the
complete data only (Complete), our method without the fusion constraint (No-fusion), and
our proposed method (POSTER).

(mn,me) | wy | fo method Error of B*  Error of 8; TPR FPR

(0.9,04) | 30 | 0.3 | STORE | 0.888 (0.044) 1.264 (0.067) 0.763 (0.017) 0.626 (0.037)
MAGEE | 1.420 (0.018) NA NA NA

Complete | 0.541 (0.065) 0.864 (0.115) 0.859 (0.023) 0.262 (0.040)

No-fusion | 0.145 (0.005) 0.136 (0.007) 1.000 (0.000) 0.120 (0.000)

POSTER | 0.078 (0.004) 0.079 (0.007) 1.000 (0.000) 0.025 (0.004)

0.7 | STORE | 0.860 (0.040) 1.290 (0.058) 0.782 (0.016) 0.574 (0.038)
MAGEE | 1.434 (0.004) NA NA NA

Complete | 0.577 (0.057) 0.956 (0.109) 0.885 (0.016) 0.311 (0.036)

No-fusion | 0.138 (0.005) 0.130 (0.010) 1.000 (0.000) 0.073 (0.001)

POSTER | 0.114 (0.005) 0.141 (0.030) 1.000 (0.000) 0.055 (0.002)

10 [ 0.3 | STORE | 0.702 (0.056) 1.115 (0.095) 0.825 (0.02) 0.499 (0.042)
MAGEE | 1.248 (0.002) NA NA NA

Complete | 0.308 (0.053) 0.614 (0.116) 0.901 (0.023) 0.170 (0.035)

No-fusion | 0.134 (0.005) 0.155 (0.029) 0.999 (0.001) 0.126 (0.004)

POSTER | 0.070 (0.004) 0.082 (0.008) 1.000 (0.000) 0.026 (0.004)

0.7 | STORE | 0.674 (0.068) 1.032 (0.105) 0.837 (0.022) 0.490 (0.051)
MAGEE | 1.265 (0.003) NA NA NA

Complete | 0.379 (0.055) 0.732 (0.119) 0.927 (0.014) 0.250 (0.038)

No-fusion | 0.126 (0.005) 0.150 (0.011) 1.000 (0.000) 0.096 (0.024)

POSTER | 0.105 (0.004) 0.139 (0.032) 1.000 (0.000) 0.054 (0.002)

(0.9,0.6) | 30 [ 0.3 STORE | 0.889 (0.030) 1.346 (0.037) 0.775 (0.013) 0.603 (0.028)
MAGEE | 1.570 (0.004) NA NA NA

Complete | 0.511 (0.064) 0.822 (0.116) 0.868 (0.023) 0.246 (0.040)

No-fusion | 0.194 (0.007) 0.189 (0.009) 1.000 (0.000) 0.120 (0.000)

POSTER | 0.112 (0.007) 0.126 (0.010) 1.000 (0.000) 0.022 (0.004)

0.7 | STORE | 0.864 (0.040) 1.292 (0.059) 0.785 (0.017) 0.589 (0.039)
MAGEE | 1.584 (0.005) NA NA NA

Complete | 0.539 (0.057) 0.872 (0.113) 0.900 (0.015) 0.294 (0.035)

No-fusion | 0.190 (0.007) 0.212 (0.011) 0.998 (0.001) 0.097 (0.021)

POSTER | 0.167 (0.008) 0.186 (0.015) 0.999 (0.001) 0.082 (0.020)

40 [0.3 | STORE | 0.685 (0.059) 1.112 (0.096) 0.842 (0.019) 0.515 (0.047)
MAGEE | 1.348 (0.003) NA NA NA

Complete | 0.310 (0.049) 0.700 (0.119) 0.903 (0.020) 0.213 (0.039)

No-fusion | 0.182 (0.008) 0.207 (0.019) 0.997 (0.001) 0.187 (0.034)

POSTER | 0.102 (0.007) 0.249 (0.071) 0.987 (0.007) 0.076 (0.031)

0.7 STORE 0.678 (0.064) 1.116 (0.095) 0.843 (0.019) 0.520 (0.051)
MAGEE | 1.364 (0.004) NA NA NA

Complete | 0.305 (0.039) 0.820 (0.118) 0.917 (0.015) 0.326 (0.047)

No-fusion | 0.163 (0.006) 0.399 (0.069) 0.993 (0.002) 0.174 (0.042)

POSTER | 0.147 (0.007) 0.242 (0.042) 0.995 (0.002) 0.141 (0.036)
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