
S1 Appendix: Details on CFI and CPD

A Perturbations

Formally, the multiplicative perturbation ψ and the fixed coordinate perturbation φ are de-

fined as follows.

• For all j ∈ {1, . . . , p}, x ∈ Sp−1 with xj 6= 1 and c ∈ [0,∞), define

ψj(x, c) := sc(x
1, · · · , xj−1, cxj , xj+1, · · · , xp) ∈ Sp−1,

where sc = 1/(
∑p
6̀=j x

` + cxj).

• For all j ∈ {1, . . . , p}, x ∈ Sp−1 with
∑p

` 6=j x
` > 0 and c ∈ [0, 1], define the intervened

composition by

φj(x, c) := (sx1, · · · , sxj−1, c, sxj+1, · · · , sxp) ∈ Sp−1,

where s = (1− c)/(
∑p

` 6=j x
`).

B Estimators

We propose to estimate CFI and CPD with the following two estimators.

• For i.i.d. observationsX1, . . . , Xn and a differentiable function f : Sp−1 → R, we estimate

the CFI for all j ∈ {1, . . . , p} as

Îjf =
1

n

n∑
i=1

d
dcf(ψ(Xi, c))

∣∣
c=1

.

• For i.i.d. observations X1, . . . , Xn and a function function f : Sp−1 → R, we estimate

the CPD for all j ∈ {1, . . . , p} and z ∈ [0, 1] as

Ŝj
f (z) =

1

n

n∑
i=1

f(φ(Xi, z))−
1

n

n∑
i=1

f(Xi).
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