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Lattice-dynamics calculations

Lattice-dynamics calculations were performed using pseudopotential plane-wave density-
functional theory (DFT), as implemented in the Vienna 4b 4nitio Simulation Package
(VASP) code,! in conjunction with the supercell finite-displacement approach implemented

in the Phonopy code.?

Vibrational modes of CO,

Calculations were performed on an isolated CO5 molecule placed at the centre of a large cu-
bic box, with an initial 15 A between periodic images, using the PBE exchange-correlation
functional® with the DFT-D3 dispersion correction (i.e. PBE-D3).4 The ion cores were mod-
elled using projector augmented-wave (PAW) pseudopotentials®® with the C and O 2s/2p
electrons in the valence region. The valence Kohn-Sham wavefunctions were represented in
a plane-wave basis with an 800 eV kinetic-energy cutoff and sampled at the I' point (i.e.
a single k-point). The atomic positions were optimised while keeping the cell shape and
volume fixed, and the phonon frequencies and eigenvectors at the Brillouin-zone centre (q =
') were computed using the finite-displacement routines in VASP with a displacement step
of 1072 A. To ensure accurate forces, the PAW projection was performed in reciprocal space
and an enhanced charge-density grid with 8 x as many points as the standard grids was used

to represent the augmentation charges.

Phonon dispersion and density of states of NaCl

Calculations were performed on the two-atom primitive cell of NaCl (spacegroup F'm3m)
using the PBEsol exchange-correlation functional.” The ion cores were modelled using PAW
pseudopotentials with the Na 3s and Cl 3s/3p electrons in the valence region. The valence
wavefunctions were described using a plane-wave basis with a 550 eV kinetic-energy cutoff

and a I'-centered Monkhorst-Pack k-point grid® with 8x8x8 subdivisions. The cell volume



was fully optimised to tolerances of 1078 eV on the electronic total energy and 1072 eV A
on the forces. The second-order interatomic force constants (IFCs) were determined in a 4
x 4 x 4 supercell of the primitive cell (128 atoms) using the default displacement step of
1072 A, and the k-point sampling reduced accordingly. The PAW projection was performed
in reciprocal space and an additional charge-density grid with 8x as many points as the
standard grids was used to represent the augmentation charges. The atom-projected phonon
density of states was obtained by interpolating the phonon frequenies and eigenvectors onto
a uniform I'-centered g-point mesh with 48 x48x48 subdivisions. The phonon dispersion
was obtained by interpolating the frequencies along strings of g-points passing through the
q = L, I and X high-symmetry wavevectors in the F'm3m Brillouin zone. Non-analytical
corrections to the phonon dispersion to account for the splitting of the longitudinal and
transverse modes close to g = I' were included using the approach of Gonze et al.,?'° with
the required high-frequency dielectric constant e> and Born charge tensors Z* determined

using the density-functional perturbation theory (DFPT) routines in VASP.!!

Phonon dispersion and density of states of crystalline NHj

Calculations were performed on the cubic crystaline phase of NHj (spacegroup P2;3) using
PBE-D3. The ion cores were modelled using PAW pesudopotentials with the H 1s and N
2s/2p electrons in the valence region. The valence electronic structure was modelled using
a plane-wave basis with an 800 eV cutoff and a I'-centered 2x2x2 k-point grid. The initial
structure was taken from the Materials Project database'? (mp-29145) and has four NH;
molecules (16 atoms) in the primitive cell. The atomic positions and unit-cell volume were
optimised to tolerances of 107® eV on the total energy and 102 eV A" on the forces. The
second-order TFCs were determined in a 4x4x4 supercell with 1,024 atoms using a 1072 A
displacement step, and the k-point sampling reduced accordingly. The PAW projection was
performed in reciprocal space and an enhanced charge-density grid with 8x as many points

as the standard grids was used to represent the augmentation charges. The phonon density



of states was evaluated on a 24 x 24 x 24 g-point grid, and the dispersion wa computed
along a path including the high-symmetry X, I') M and R wavevectors in the P23 Brillouin
zone. In order to classify the phonon modes, the modes at ¢ = I' were visualised using the

MolecularCrystalPhononAnimation code.!?

Spin-phonon coupling formalism

As noted in the main text, the phonon position operators

N h R R
Qui =\ g (0 +iL) 1)

are in general non-Hermitian which complicates the further derivation and practical imple-
mentation of the rate expressions, i.e. loss of the Hermitian property of each individual terms
in Equation 16 in the main text, and complex-valued atomic displacements. In particular,
qu operators of I and zone boundary ¢-points with ¢, g,, ¢. € {0,0.5} are Hermitian while
it is only at intermediate g-points denoted by the set g* where we choose to introduce a
re-grouping of spin-phonon coupling operator terms as shown in Equation 2. The original
normal mode operators are partitioned into Hermitian and anti-Hermitian parts and pairs of
terms representing conjugate g-points (using the relation QIU = Q_qj) are grouped together,

which restricts the summation over half of the Brillouin zone denoted by the set g™.
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In the last line we have introduced a new set of phonon creation operators
. 4qj+ad—_gqj ifqe q+’
by=1 . 3)
—u= if —qeq",

which are defined for g € ¢, and the Hermitean mode position operators Xgq; = bg; + bl

The spin-phonon couplings OHs /0Xgq; can be calculated in terms of the cartesian dis-



placements as
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if —q € g, where we have used W(—qj) = W2(qj)*.

if g € g+, and

The I' point and the g¢-points at the edge of the Brillouin zone need to be handled

separately. In that case, @qj is already Hermitean, and we define qu = %@qj =

T

qj + Qg4;, such that the spin-phonon coupling operator simply becomes

OHs h  OHg 1 OH, hi . .
= = —_— WO‘ . & 6
0Xg  \ 2wq; 0Qq, ﬂ%;@rgl \/ Nimog < (aj) exp (iq =) (6)

if ¢ ¢ q*. Note that for the practical implementation of Equation 6 we adjust the arbitrary

complex phase of the eigenvector W (gj) to obtain an overall real quantity for the displace-
ment amplitudes W2(qj)exp (iq - 7). In analogy with the re-definitions above, second
order coupling parameters 02 Hy / 0X4; 0X g can be expressed in the same basis of normal
mode operators qu.

Since the transformation defined in Equation (3) between the set of mode operators dq;



and l;qj is unitary, the canonical commutation relations are preserved, e.g. [l;kz, Z;Lj] = 0;;j0qk-
This allows us to easily calculate the bath correlation functions that we will use to write
down the quantum master equations for the reduced density matrix of the spin system in the
next section. In particular, the two-time bath correlation function at thermal equilibrium,

which determines the one-phonon (Orbach) rates, is given by

(Xas ()Xo () e = Oaqrdi | (g + e 00 4 gy a0 | = boqpdyyeqs(t = ¢), (7)
where fig; = 1/(e"ai/k8T — 1) is the Bose-Einstein occupation number. It can be shown that

the four-time equilibrium correlation functions entering the Raman-I and Raman-II rates

can be decomposed in terms of two-time correlations functions as

<qujo<t0)Xq1j1 (tl) Aq2j2 (t2)Xq3j3(t3>>eq - <X¢I0j0 (tO)Xq:sjs (t3>>eq<Xq1j1 (t1>Xq2jz <t2)>eq (8)

+ <qujo (tO)qujg (t2)>eq <Xq1j1 (tl)qujs (t3)>eq

+ <X110j0 (tO)Xqud (tl»eq <quj2 (tQ)qujs (t3) ->eq

This fact only relies on the operators qu being Hermitian linear combinations of cre-

ation/annihilation operators, and on the Gaussian property of thermal states.

Quantum Master Equations

In this section we apply the time-convolutionless (TCL) expansion!® of the generator of
the reduced dynamics to obtain 2"¢ and 4" order quantum master equations describing the
dynamics of a spin system coupled to a very large vibrational bath in thermal equilibrium.
We consider both linear and quadratic couplings to a harmonic environment, in order to

obtain expressions for the Orbach, Raman-I and Raman-II magnetic relaxation rates. The



system-bath coupling Hamiltonian is thus

N ~ N 1 ~ ~ o~
Hep =) Vi Xi+5) Wy XX, 9)

v

where VZ = <g—%>eq and VAVZ-]- = < aig}j)(eq are the first and second derivatives of the spin
Hamiltonian Hg with respect to modes i and j at the equilibrium geometry. For ease of
notation, we set A = 1 and we drop the ¢-point dependence of the modes, letting a single
mode index ¢ run over both phonon bands and ¢-points within the first Brillouin zone. We
also assume, without loss of generality, that every single term in the sums in Equation (9)
is Hermitian, based on the results shown in the previous section.

Up to 4" order in the system-bath coupling, the spin reduced density matrix p evolves

according to the quantum master equation

% = —i[Hs, p] + K2p + Kap. (10)
The 4" order term consists of two contributions Ky = K + K| describing the effect of the
linear spin-phonon coupling to 4" order (K1) and the 2°¢ order contribution of the quadratic
spin-phonon coupling (KC17).

The matrix element of the generator Ky .4 describes the influence of (Y| p|¢04) on the
time evolution of (1,|piy). If we are only interested in relaxation rates for spin popula-
tions, we can focus just on the terms Ky, which represents the transition rate between
two eigenstates of the system Hamiltonian Hg at energies E; and Ey. In general, population
dynamics is influenced by the presence of coherences, i.e. Kyfq # 0 for a # b. However,
one often invokes the secular approzimation'* (or rotating wave approzimation), which leads
to a decoupling of populations from coherences, provided the system has a non-degenerate
spectrum (in this context, "non-degenerate” implies w;; > 277!, which is easily satisfied

for magnetic molecules in small magnetic fields of a few Oe). If the spectrum is degenerate,



it can be shown that the only coherence-to-population terms Ky 4, surviving the secular
approximation are the ones involving coherences between degenerate states, i.e. F, = Ej.
The secular approximation amounts to neglecting oscillatory terms in the interaction pic-
ture representation of the generator I, based on the idea that energy gaps between system
eigenstates correspond to frequencies that are much faster than the relaxation dynamics,

and therefore average to zero on the long timescale of magnetic relaxation.

Orbach rates

To lowest order in the spin-phonon coupling, the rate of change of the spin reduced density
matrix is given by the 2°d order TCL expansion (TCL2) in the linear system-bath coupling,
which we call Kp. In the interaction picture, where j(t) = es!p(t)e~#st this is given by

dz—gft) = Kaplt) = = ;/0 dtie;(t — t1)[Vi(t), Vi(t1)p(t)] + hc. (11)

(h.c. means Hermitian conjugate) which is widely known as the Redfield Fquation. The
function ¢;(t — t1) represents the two-time bath correlation function calculated on a thermal

equilibrium state, i.e.
(Xi(0)X(t))eq = Oici(t — 1) = 655 | e (R + 1) + =, (12)

where w; is the mode frequency and n; = 1/(e*/*37 —1) is the occupation number at thermal
equilibrium.

We introduce the jump operators between system energy levels

Viw) = Y [be) (@l Vi [vha) (0l , (13)

Eq—Ep=w



which allow us to decompose the time evolution of system operators as

V;(t) _ eiHStViG_iﬁst _ Ze—iwtf/;(w)‘ (14)

w

This decomposition allows us to separate all the time-dependent factors in Equation (11)

and perform the time integral. Transforming back to the Schrodinger picture, we obtain

Kap(t) = — Z Z Rz‘(wl)[vz‘, ‘A/z‘(wl)P(t)] + h.e. (15)

7 w1
where the rate R;(w) is given by
t .
Ri(w;) = Re tlim dte e (t — 1), (16)
—oo Jg

Note that we have introduced two approximations. First, we have taken the upper limit of
integration to go to infinity, i.e. ¢ — oo. This corresponds to only focusing on the long-time
limit of the Markovian dynamics. Second, we are deliberately neglecting the imaginary part
of the rates. This is because we are only interested in the dissipative relaxation dynamics
induced by the real part, as opposed to the oscillatory dynamics described by the imaginary
part. The limit ¢ — oo gives rise to selection rules for transitions between spin states

depending on the phonon energies, based on the relation

lim sin(wt) = 0(w). (17)

t—o0 TTW

Substituting Equation (12) into the expression for R;(w;), and calculating the contribution

to (Yr| KCap [ths) stemming from (¢ p[1);), we obtain the Orbach relaxation rates

12
(Ka) prai =27 Y (Vi (s + 1)8(wip — wi) + Mad(wir +wi)] (18)
where we introduced the notation V% = (3),] v |tvp) and wy, = E, — E,. Extension to

10



modes with finite linewidth is straightforward, and simply amounts to integrating the rate
expression over a continuous distribution of mode energies described by a lineshape function

(see main text).

Raman-II rates

The Raman-II relaxation mechanism is captured by the TCL2 expansion in the quadratic
spin-phonon coupling in Equation (9). In this case, we need to account for the non-vanishing
expectation value of the quadratic spin-phonon coupling at equilibrium, i.e. <Xin>eq =
d;5¢i(0) # 0. We do so by adding and subtracting this expectation value to the bath operators
and incorporating it into a redefined system Hamiltonian Hs—l—% > Wi (X;X;)eq. We rewrite

the residual quadratic spin-phonon coupling as

e (XX - (XiX)e) = Yo Ve &, (19)
ij p

where the index g runs over all mode pairs (7, ) (including ¢ = j) and we have introduced
]A)M = I/T/Z-j /2 and PQM = X;X = (X,X i)eq- These definitions allow us to exploit the analogy with
the TCL2 expansion for the linear coupling carried out in the previous section. Replacing
V; = V, in Equation (15) and X; — X, in Equation (12), yields the Raman-IT rates.

The two-time correlation function for the operators X, can be readily obtained from

Equation (8), yielding
(X (T)Xit)eq = (Oiwbi + Sadje)ci(T)ci (7). (20)

Following the same steps outlined in the previous section for Orbach rates, we obtain the

11



Raman-II rates

(Ki)srii = WZ )Wﬁ

(8w — wi = wy) (A5 +1) (1 +1) (21)

—F(S(wlf — W +Wj) (ﬁl —+ 1) T_Lj
+ (5(wif + w; — w]') ﬁi (ﬁj + 1)

+ 0 (wip 4 wi + wj) Ny ﬁj].

Raman-I rates

Following Breuer and Petruccione,* we write the TCL4 generator of the system reduced

dynamics as

+ h.c. (22)

where the tilde indicates that we are in the interaction picture. Using the same spectral

decomposition of ‘A/;(t) introduced above, we write the Schrodinger picture representation of

12



the TCL4 generator as

wi,w2,ws 1

+ h.c. (23)
where we have defined

t t1 )
RS) (wl, Wa, (U‘g,) = Re thm dtl / dtg / dtgeil(wltl+w2t2+w3t3)61(w1+w2+w3)t01 (t — tg)Cj (tl - tg)
—>Jo 0 0
(24)
9 t t1 to ) )
Rz(]) (wl, Wa, (,g)3) = Re thm dtl / dtg / dtge_z(wltl+w2t2+w3t3)BZ(wl+w2+w3)th(t - tQ)Cj(tl - tS)
—>Jo 0 0
(25)
3 t t1 to ) )
jo)(wl, Wa, CU3) = Re lim / dtl / dtz / dtgeil(wltl+w2t2+w3t3)€Z(w1+w2+w3)tci (t — tg)Cj (tl - tQ)
t—00 0 0 0
(26)
4 t t1 to ) ]
Rl(j)(wl, Wa, (,U3) = Re lim dtl / dtg / (:175343_Z(w1tl+W2t2—s_wg'tS)€Z(w1—"_WZ—FWB)ISC;f< (t — t3)Cj (tl — tg)
0 0 0

t—o00

(27)
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As discussed above, we neglect the imaginary part of the rates and only consider the long-

time limit. In the limit ¢ — oo, all Rg-) can be expressed in terms of just two functions

J — Wy — Wy J — Wi

a(w%wj;whw%w?)) _ (WQ+LU3 w. wj) _ (W1+WQ+CU3 w) (28)
(w1 + Wj)(wg — Wz') (w1 + wj)(wl + wy —w; + wj)
. (5(&)3 —(,L)j)
(wg — wi)(wl + wy — w; + wj)
and

0 — Wi — W 4 — Wi

ﬁ(wiv w]? w1, w2, LU3) = (WQ ha s u w]) (wl s s ~ ) (29)

(w1 + w;) (w2 — wy) B (w1 + wj) (w1 + wo)
(5(&]3 — wi)
(w2 — wj) (w1 + w2)

14



as

RS)(wl,wz,wg) = 7| + a(tw;, twj; wi, wa, ws) (71; + 1)(7; + 1)
+ o(4w;, —w;;wi, wa,ws) (1 + 1)n;
+ o —ws, twj; w1, wa, ws) (M + 1)
+ o —w;, —wj; wi, wa, W3) N1
Rﬁ-)(wl,wz,ws) = |+ (=i, Fwjiwn, w2, ws) (R 4 1) (7 + 1)
+ o —wi, —wj; wi, wa, ws) (7; + 1)1
+ (4w, +wj;wi, wa, ws) (7 + 1)
+ a(dwi, —wj; Wi, Wa, w3) MM
Rg’)(wl,w%wg) = 7| 4+ B(+ws, +wj; wi, wa, ws) (7 +1)(n; +1)
+ B(Hwi, —wjwi, wa, w3) (M + 1)1y
+ B(—wi, +wj; wi, wa, ws) Mi(n; + 1)
+ B(—wi, —wj; wi, we, ws) NN,
Rl(;l)(wl,wg,wg) = 7| + B(—w;, +wj; wi, wa, w3) (71; + 1)(7; + 1)
+ B(—wi, —wj; w1, wa,ws3) (N + )7y
+ B(+wi, +wj; wr, we,ws) M;(7; + 1)

+ B(4w;, —wj; wi, wa, w3) MMt

(30)

(31)

(32)

We note that the first Dirac delta in Equations (28) and (29) corresponds to a two-phonon

selection rule, whereas the second and third terms represent selection rules involving only

one mode, and therefore describe effective single-phonon processes. Note that, whenever the

denominator of the two-phonon term vanishes, the effective single-phonon terms cancel out

the divergence.

15

We can now calculate the Raman-I rate for a transition between initial and final states v;



and s by taking the expectation value (¢ Kyp |ths) and collecting all terms proportional
to (] p [¢;). Upon expanding all the nested commutators in Equation (23), the TCL4 gen-
erator takes the form of a sum of terms where four different spin-phonon coupling operators
act on the spin density matrix, from the left, right, or any possible combination, i.e. terms
of the form VVVVp, VVVpV, VVpVV, VpVVV, and pVVVV, and with all possible per-
mutations of mode indices ¢ and j. Grouping together all terms with the same dependence

on the operators ‘A/;-, we obtain

(K1) ;74 = —2 Re ZZ{W“V“W’” Vil v (B, By, B, By) (34)

ij ab

+ VvV (B, By, B, By)
+ VIV (B By, By, By)
+VIvevev (B, By, B, By)

+vievevievt O g, By B, Eb)}

with
= R (W, Woas win) + B (Waps wois i) + RS (Wi Whar i) + R (wapy wigs i) (35)
TZ(JQ) = _Rz(;) (wb(u waf7 wib) - RE?) (wb(m Wib, (.Uaf) (36)
B = R (war, whas win) — B (wy = RO (s — R (o w; 37
;= 1y (Waf, Weas Wib i, (Whis Wab, Wif) i (Wris Wik, Wha) i (Whi, Wig, Wap) — (37)
Tz(;l) = _Rz(j) (wfbv Whi wia) - RZ(?) (wai7 wa7 wib) - RZ(?) (wfba Wia, wbi) (38>
(5)

= R (whiy i, Wia) + B (Whis Wias Wag) + B (Whis Wia, Wis). (39)

The first three lines in Equation (34) correspond to terms of the form VVVpV and VpV V'V,
while lines four and five correspond to VVpVV, while there is no contribution from terms of
the form pVVVV or VVVVp All five terms in Equation (34) can contribute to population

dynamics via the effective single-phonon transitions arising from Equations (28) and (29),

16



and thus can be seen as higher order corrections to the Orbach process. However, it can

be shown that only the last two lines contribute to genuine two-phonon Raman transitions.

Focussing only on these terms, we can finally write the Raman-I rate as

(K g1 =7 D [0 (s, +0y) 8wy = wi = wy) (7 +1) (0 + 1)

ij
+ nfi(+wi, —wj) 5(wif —w; + Ck)j) (7_11 + 1) T_lj
+ nfi(—wi, —|—wj) 5(wif + W; — wj) 7_11' (’Flj + 1)

+ ' (—wy, —w;) S(wip + w; + w;) 7y ﬁj}

with

nfi<wi? wj) =

a

. . 2
‘/;fa‘/;az ‘/jfa‘/im
E + .
Wai + W) We + W

References

(40)

(41)

(1) Kresse, G.; Hafner, J. Ab initio molecular dynamics for liquid metals. Phys. Rev. B

1993, /7, 558-561.

(2) Togo, A.; Tanaka, I. First principles phonon calculations in materials science. Scripta

Materialia 2015, 108, 1-5.

(3) Perdew, J. P.; Burke, K.; Ernzerhof, M. Generalized Gradient Approximation Made

Simple. Phys. Rev. Lett. 1996, 77, 3865—3868.

(4) Grimme, S.; Antony, J.; Ehrlich, S.; Krieg, H. A consistent and accurate ab initio

parametrization of density functional dispersion correction (DFT-D) for the 94 elements

H-Pu. J. Chem. Phys. 2010, 132, 154104.

(5) Blochl, P. E. Projector augmented-wave method. Phys. Rev. B 1994, 50, 17953-17979.

17



(6)

(7)

(10)

(11)

(12)

(13)

(14)

Kresse, G.; Joubert, D. From ultrasoft pseudopotentials to the projector augmented-

wave method. Phys. Rev. B 1999, 59, 1758-1775.

Perdew, J. P.; Ruzsinszky, A.; Csonka, G. I.; Vydrov, O. A.; Scuseria, G. E.; Con-
stantin, L. A.; Zhou, X.; Burke, K. Restoring the Density-Gradient Expansion for
Exchange in Solids and Surfaces. Phys. Rev. Lett. 2008, 100, 136406.

Monkhorst, H. J.; Pack, J. D. Special points for Brillouin-zone integrations. Phys. Rev.
B 1976, 13, 5188-5192.

Gonze, X.; Charlier, J.-C.; Allan, D.; Teter, M. Interatomic force constants from first

principles: The case of a-quartz. Phys. Rev. B 1994, 50, 13035-13038.

Gonze, X.; Lee, C. Dynamical matrices, Born effective charges, dielectric permittivity
tensors, and interatomic force constants from density-functional perturbation theory.

Phys. Rev. B 1997, 55, 10355-10368.

Gajdos, M.; Hummer, K.; Kresse, G.; Furthmiiller, J.; Bechstedt, F. Linear optical prop-

erties in the projector-augmented wave methodology. Phys. Rev. B 2006, 73, 045112.

Jain, A.; Ong, S. P.; Hautier, G.; Chen, W.; Richards, W. D.; Dacek, S.; Cholia, S.;
Gunter, D.; Skinner, D.; Ceder, G.; Persson, K. A. The Materials Project: A materials

genome approach to accelerating materials innovation. APL Materials 2013, 1, 011002.

Skelton, J. M. MolecularCrystalPhononAnimation. https://github.com/

JMSkelton/MolecularCrystalPhononAnimation.

Breuer, H.-P.; Petruccione, F.; Petruccione, The Theory of Open Quantum Systems;

Oxford University Press, 2002.

18



