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S1 Notation and regularity conditions

Let M,(7,8) = n'?E, [;° Vi(t)vA{Yi(t) — Vi(t) (vo(7) + 8)}dN;(t), where ¢, (v) =

7—1I(v < 0), and define D!(7,8) := I{Y;(t) — V;(t)"vo(7) < 0} = I{Y;(t) = V;(t) (v, (7)

+8) < 0}. Recall that R,ys 1(B) = {8 € R,ys_1: ||8]| < /(r + s)nLlognB}, for any
B > 0.

We impose the following regularity conditions for our technical derivations:
(C1) (Condition on the number of longitudinal observations) N;(¢) is independent of
V,(t) and m; = fooo dN;(t) is bounded by some finite constant My, i =1,...,n.

(C2) (Condition on the conditional density) Let f;,(-|v) denote the probability density
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function of Y;(t) — V;(t)"v,(7) given V;(t) = v. There exists some constants f, f>0,
such that f < infrcayy fi-(0[V) < sup,eayy fir(([V) < f. In addition, there exists a
constant C'y > 0, such that sup,ca ;[ fir(u|v) — fi(0[v)] < Cylul.

(C3) (Conditions on covariates) The covariates V;(t) are bounded in the sense of
IIVi(t)]|eo < Cy for some finite constant C'y .

(C4) (Condition on the true regression coefficients (7)) There exists a positive con-
stant L, such that ||v,(71) — Yo(72)|lee < L|T1 — 2|, for all 7,75 € A.

(C5) (Conditions on the identifiability of the true model) Let R,y := {6 = (6L,0.)" :

0, €R". 6, € RP, 25:1 5;” =0, 5;1) =0,l=s+1,...,p}. There exists some constants

Amin and Apax such that Ay [|d.]]* < 51E[f0°° Via()Via () dN;(#)]60 < Ammax||0al]?.

Moreover,

_ o BT IV8PaN o)
T serimior B[ Vi) 0PdN;(t)]

Condition (C1) is a mild condition, which assumes the number of longitudinal
observations is bounded and the observation times are independent of the covariate
process. Conditions (C2)—(C5) are common conditions in high dimensional quantile
regression (for example, Belloni and Chernozhukov, 2011} [Zheng et al., 2015)). Condi-
tion (C2) imposes mild conditions on the conditional density. Condition (C3) assumes
the boundedness of covariates in X;(t) and Z;(¢). Condition (C4) imposes the true
coefficient function are Lipschitz continuous. Condition (C5) implies that the eigenval-

ues of E[ [ Via(t)Via(t)TdN;(t)] are bounded from below and above by Apin and Apax,
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respectively. It is analogous to the sparse Riesz condition (Zhang and Huang, 2008))

S2 Technical lemmas and their proofs

In our theoretical studies, we utilize the following technical lemmas.
Lemma 1. Suppose conditions (C1)-(C5) hold. If u < qu)\min/(éle)\?n/aQX), then

. f EDZ 67 > )\min 2 8)
éeR,.JrlI,ll,H(s”:u [Di(8,7)] > fAminu”/

where [ and Cy are defined in condition (C2) and Amin, Amax, and q are defined in

condition (C5).

Lemma 2. Under conditions (C1)-(C5), for any n satisfying /1 + 8(24\/10gn + 200

\/logn + log L/2 > 8M0>\max;

sup |G, {D;(6,7)}]

TEASER +5—1,]|6]||<u

< MyCyvr+ su (24\/10gn +200+/logn + log L/2 — log u/2>

holds with probability at least 1 —16n=3, where Cy and L are defined in conditions (C3)

and (C4), respectively.

Lemma 3. Suppose conditions (C1)-(C5) hold. For any fized 19 and any constant

a > 8,

sup |G {D;(8,70)} < 12a Mo/ Amax (7 + $)u

0€R s—1,||0]|<u

holds with probability at least 1 — 8a™!.
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Lemma 4. Suppose conditions (C1)-(C4) hold. For any given & € R..s—1, ||&|| = 1,

if (r + s)*log*n = o(n), then

sup  [€'[Ma(7,8) — B{M(7,8)} — Mau(7,0) + E{M,(7,0)}]| = 0,(1).

0€R+s—1(B),TEA
Lemma 5. Suppose conditions (C1), (C2) and (C5) hold. For any given & € R, s 1,
1€l = 1, €"M,,(7,0) converges weakly to a mean zero Gaussian process with the covari-

ance function
E{hn7§77(v(t)7 Y)hnéﬂ" (V(t)v Y)} - E{hn,ﬁ,T(V(t)7 Y)}E{hn,ﬁﬂ" (V(t)7 Y)},

where hy g (V(1),Y) = [° EV( )Y (t) — V(t) v, (1) }dN ().

Lemma 6. Suppose conditions (C1)-(C5) hold, and n/((r + s)log? max{n,r +p}) —

0o. For some constant Cy > 0, we have

sup max n1/2

TEABER, 4o 1(B)I>TTS

0 [My(7,8) — E{My(7,8)} — M,(7,0) + E{M,(7,0)}]
< Con**(r 4 5)3/*log max{n, r + p}

with probability at least 1 — 16 exp(—(r + s) log max{n,r + p}/2), where n; is a (r + p)

dimensional vector whose jth component is 1, all other components are 0.

Lemma 7. Under condition (C2), if E[[;° |Yi(t) — Vi(t) "o (7o) [dN;(t)] eists for some

To € A, then we have

- {E[/OOO Yi(t) — Vi(t)T’Vo(TO)‘dNi(t)} B Moil}
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< info(r) < supo(r) < E| /O Yi(t) = Vilt) o (ro)|ANi(8)]| + Mof ™,
almost surely, where o(1) = E, ([~ p-{Yi(t) — Vi(t)™vo(7)}dN;(t)) and 7% = min{7r, 1—

TU}.

Lemma 8. Suppose conditions (C1)-(C4), and (C5+) hold. For some r +1 < k <

k = o(n/log(r +p)), some constant A > 2,

min
sup g D;(6,7) >=
6€RZ»H5HSU7 i=1
i<k, eA

nu® — AVknu (24\/10g max{n,r + p}

+ 200+/log max{n, r + p} +log L/2 — logu/2>,

with probability no less than 1 — 8exp(—(A? — 1)logmax{n,r + p}) — 8exp(—(A% —

3/2)log max{n,r + p} +log L —logu). Consequently,

sup  sup [|[Y5(7) — vo(7)|| < 3584A\/klog(max{r + p,n})/n/(f Amin)
SACS,|S|=k T€A

holds with probability at least 1 — 16 exp(—(A? — 2) log max{n,r + p}).

Lemma 9. Under the same conditions as in Theorem 3, for some constants C, and

A > 2, we have

, A A > _ N ]
SeOF,|151’l|£k,reAUS<T) G55 (1) > =8Ch(fAmin) " (k — r — s)n™ " log max{n,r + p}

with probability at least 1 —16 exp(—(A?—2)log max{n,r+p})—2exp(—3log max{n, r+

p})-
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Lemma 10. Under the same conditions as in Theorem 3, for some constant A > 2,

we have

P( inf  GIC(S) > GIC(SA)>

SEOF,|S|<k

>1 — 16 exp(—(A? — 2)logmax{n,r + p}) — 6/ max{n,r + p} — 16/n>.

Lemma 11. Under the same conditions as in Theorem 3, for some constant A > 2,

we have

P( inf  GIC(S) > GIC(SA))

SEUF,|S|<r

> 1 — 16exp(—(A? — 2)logmax{n,r + p}) — 16/n>.

We first state a fact, which will be often used in our proofs. Given any § € R, 1

and 1 <k <s,

Vi(t)d = Viu(t) 6. = Z 0 Xij (1) + Z a1 Zin(t)
I=1

Jj=1

_ Z 5, X () + Z Su(Za(t) — Zu()) + Z S Zan(t)

= Z 0xj Xij(t) + Z Su(Za(t) — Zip(t)) = VE(£) 8a .
=1 =1

Proofs of lemmas
Proof of Lemma . We note that if § € R, 1, § = (8.,0")". We claim that there
exists a 1 <1 <'s, such that ||§,\| > (1 —1/s)"?u. Suppose our claim does not hold,

ie., [0y < (1—1/8)2u,V1 <1 <s. Then 62 = u?—||§,||> > u?/s,V1 <1 < s, and
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consequently u? < 7 < ||84]]* < u?. Contradiction! Without loss of generality,

ley

we assume that ||§,0] > (1 —1/5)1?u.

It follows from Knight and Fu| (2000) that

pT(fr—y)—pT(x):y{I(I<0)—T}+/Oy{1(x<U)—I(£L’<0)}du

for any x # 0. Denote F, {-|V;(t)} as the cumulative conditional distribution function
of Y;(t) — Vi(t)"v,(7) given V(). The assumption that N;(t) is independent of V;(#)

and the fact E[I{Y;(t) — V;(t)'vo(7) < 0}|Vi(t)] = 7 together yield

00 Vi)'
E[Diyé,7)|=FE {/0 (/0 [ET{U|Vz(t>} - E,T{Olvi(t>}]du> sz‘@)} :

Hence,
E[Di(8,7)] > E / h / Vel [f:.{0|Vi(t)}u — Cpu®]du dNi(t)}
_ / / il o [ AOIV(0)yu — Cpu?)du dN(1) )
p{ [ VayenPanio } /2= B { [ IVa@Ten Panio )/

Lo [T vaoraabano} - S o] [T waorspavn)]
i

3/2 3/2
Amin § — 1u2 B Cf)\m/ax s—1\* ¥
2 s 3q s ’

v
[~

v

v

(S2.1)

where the first inequality follows from the mean value theorem and condition (C1),

the last two inequalities follow from condition (C5) and the claim we have verified at

the beginning of the proof. When u < 3¢ fAnin/(4CsA 22, it follows from (S2.1) that

E[D;(8,7)] > fAminu?/8. This completes the proof of Lemma . O
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Proof of Lemma . Define A(u) := Sup,ea ser,.. 1 |61<u |GniDi(6,7)}]. We first find

the upper bound for A(u). For any § € R,1s_1, ||d]| < u,

Var{D;(8,7)} < E[{D;(,7)}?]

= B[{ [ (o) = V0T (r) + )] = o330 = Vi) ) i)} |

< B[{ [7 (o0 - Vi (r) + 8] - o {3il0) - Vit (n)}) v (o)
x {/Ooo 12dNi(t)H
< MOE[ oo{Vi(t)Té}sz,;(t)} — M| / oo{Vm(t)Tda}QdNi(t)] < Modmaxt,

where the second inequality follows from Cauchy-Schwarz inequality and the last in-
equality follows from condition (C5). We use the symmetrization technique in em-
pirical process to find the upper bound for A(u). Suppose {e;}*, is a Rademacher
sequence that is independent of (Y;(t), V;(t)), where a Rademacher sequence refers to
i.i.d. random variables taking values of 41 with probability 1/2. Define A%(u) :=
SUD; e e Ry ts 18] <u |[Gn{€iDi(d,7)}| as the symmetrized version of A(u). According

to Lemma 2.3.7 in jvan der Vaart and Wellner| (1996), we have VM > 2Myv/Amaxt,

2P{A%(u) > M/4}
1 — 4AMoAmaxu?/M?’

P{A(u) > M} < (S2.2)

Let v_ = I(v < 0)|v]. As p.(v) = v{r — (v < 0)} = vT + v_, we have D;(d,7) =

—T fo (t)T8dN;(t) + W;(r, 8), where W;(r, §) fo ( fll V() v, (7) + 8} —
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{Yi(t) = Vi(t) v, (1)} ) dN;(¢). Define

Al(u) == sup
6€Rr+sflv“5”§u

Gul=, /0 OO{Vi(t)Té}le-(t)] |
and

AS(u) = sup |G, {e:Wi(T,0)}.

TGA,JGRT+5717”6“SU

Then we have A%(u) < A%(u) + AY(u).

We first evaluate A%(t). For any ¢ > 0,

Elexp{sAl(t)}] < E(exp [q\/r + st max

j<r+s

RE / “vywano}])

< Y B(ew [wiFsfe s [ vmano)]

i<r+s

IN

]
2(r + s)E(exp [g r+ San{Ei /OOO V;j(t)dNi(t)}

= 2(r+s)ﬁE<exp [g r—l—su{éi/ooovij(t)dNi(t) /\/ﬁD

i=1
< 2(r + s) exp{2¢* MECE (r + s)u?},
where the first two inequalities are elementary, the third inequality follows from the
fact that E(el?l) < E(e? + e %) = 2F(e?) for any symmetric random variable Z, the
first equality follows from the definition of G,, and the fact that {e; [~ Vi;(£)dN;(t),i =
1,--+,n} are independent, and the last inequality follows from the facts E(e"<) < eu’/?

and | [° Vi;(t)dN;(t)| < 2MoCly by conditions (C1) and (C2). Then, for any K; > 0,
P{AY(u) > K;} < m>1£1 e K pfesAY < m>1£1 e F12(r 4 5) exp{26* MICL(r + s)u*}
= SZ

< min2m(r + s) exp {2° Mg Cy/ (r + s)u® — K1 }

T >0
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< 2(r + 5) exp[— K7 /{8MGCY (r + s)u*}],

where the last inequality follows from choosing ¢ = K /{4MyCy (r + s)u?}. Let K; =

6 MoCy+/(r + s)lognt. Then
P {A(f(u) > 6MoCyvy/ (1 + s) log nu} < 2exp{—4logn +log(r +s)} <2n3. (S2.3)

Next, we evaluate AY(u). Let A,, = {71,72,...,Tm} be the enet of A, where
e =u/(y/r+ sL) and m = 1/e. Following similar arguments as (6) in Supplementary

Materials of [Zheng et al| (2015)), we have
Gn{eWi(T,0)} = GuleiWi{ T, ¥o(7) = Yo(7h) + 0} = GulesWil 7, ¥o(T) — Yo (7)}]-

According to condition (C3), if |7 — 7| < €, |70(7) — Yo(7)|| < L\/7 + se = u. The
foregoing two equations together imply
As(u) <2 sup |G {eiWil(mi, 26)}] =: A3(u).
ThEAm,SERr45—1,[|0]|<u
We note that [Wi(r,vi) — Wi(r, v2)| = | 7 ([Yi(t) = Vi) {vo(7) + vi}]_ — [Yi(t) —
Vi) {7o(7) + v2}]- ) dNi(t)| < | [ Vi) (vi = va)dNi(t)], for any vi,vs € Ry
Thus, W;(7,v) is a contraction (see page 117 of Ledoux and Talagrand (1991)). Then

E[egAg(U)] — E(exp [Qg sup |Gn{€iVVi(Tk,25)}|}>

TkEAm,(seRr+s—1:||6”§u

< E(iexp [2§ sup \Gn{EiWi(TkaQ‘s)}’])

0ER4s—1,||0]|<u

G {25 /0 V(1) 8.dN: (1) )

< mE(exp [4§ sup
SE€ERr+s—1,[16]|<u
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Gn{ai /OOO Vij(t)dNi(t)HD

< 2m(r + s) exp {128¢° MGCT (1 + s)u’}

IN

mE ( exp [89/7“ + su max

1<r+s

where the first inequality is elementary, the second inequality follows from Theorem
4.12 in Ledoux and Talagrand| (1991) with the convex function exp(-), and the last two

inequalities follow from the same arguments used for A{(u). Therefore, for any Ky > 0,
P{Au) > Ky} < P{AY(u) > Ky} < mine "2 B{esA0)}
<=0
< 2m(r + s) exp[— K3 /{512(r + s)u*}],

where the last equality holds at ¢ = K5/{256 MyCy (r + s)u?}. Since m = 1/e =

L\/r + s/u, then

KQ
P{AY K, < 2 — 2 1 1
W)= o s 2ew { 512MoCy (r + s)u? Flog(r+s) +log (

K3
512MoCy (r + s)u?

@)}

3
< 2exp{ +§log(r+s)+logL—logu}.

If Ky = 50MyCy/1 + suy/logn + log L/2 — log u/2, then

P {Ag(u) > 50MCyv/r + suy/logn +log L/2 — log u/2} <ot (S24)

Combining (S2.2)—(S2.4)) together, we have

P{A(u) > MyCy/r + su<24\/logn +200+/logn +log L/2 — logu/Z)} < 16n7°.

This completes the proof of Lemma 2] O
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Proof of Lemma[3. As compared with Lemma 2] we consider a fixed quantile 7 here.

Define A(u), A°(u), AJ(u), and AS(u) the same way as in Lemma [2| which take the
supreme only over § € R, ,_1,||0]| < u. Then
o0 2
BAWY] = nB{ s [ e [ Va@anio) )
0€R 1 5-1,||6]|<u _ 0

< B{ s HaaHZ-Hia /oon@)dNi“)H?}

0ER15-1,]|0]|<u

— weE[{ Zgz/ Vaa(t)aNi(t Z&/ Va(t)dNi(0)}]

- QE{ / Vi (8N (t / Vi (1) AN (t }}

where the first inequality follows from the Cauchy-Schwarz inequality, and the third

equality follows from that {e;}" | are mutually independent and independent of the vari-

ables {(V;(t), N;(t))}; and Ele;] = 0. As E [{fo (t)TdN;(t }{fooo Vm(t)dNi(t)}} is
the trace of E [{ [;* Via( (O Sy~ Via(t)'dN;(t)}] and the trace of a square matrix

equals the sum of the eigenvalues of the matrix, we have E[{A{(u)}?] < Mg pax(r+5)u?

by conditions (C1) and (C4). For any a > 8, P(AY(u) > aMyr/Amax(r + s)u) < a™?
by Markov inequality. Following similar arguments as in Lemma [2, E[{A3(u)}?] <

E[{AY(u)}?] < AMZ A pax(r+s)u?, and P{AY(u) > 2a Mo/ Amax (7 + s)u} < a™'. Hence

P{A(u) > 12aMo\/Amax (7 + s)u} < 8a~*

This completes the proof of Lemma [3] O
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Proof of Lemma[{]: Let

A= sup |€T[Mn(7-> 6) o E{MTL(Tv 6)} - Mn(Tv O) + E{Mn(77 0)}”
TEAOER 1 s-1(B)

= sup ‘Gn{Ul(€7577)}|’

TEN,0ER+5—1(B)

where U;(€,8,7) = €' Jo° Vi(t)DI(7,8)dN;(t). We then obtain that
Var[Ui(£, 8, 7)] < E[{Ui(€,8,7)}2] < / {EVAOY (D! (7.8)aN,(1)]
<ime] | m{&%(t)}?|vi<t>T6|dNi<t>}

<su{e{ [Tevioravo}) (o] [T vorsrane})

</ Mq { (B (5™ 1€V Pano] } }2/3 { {B [ Vi) 8 Pan;)] } }1/3

q q

<COpy/(r+ s)n—llogn,

where the first inequality follows from Cauchy-Schwarz inequality, the second inequality
follows from Law of iterated expectation and condition (C2), the third inequality follows
from Holder’s inequality, the last two inequalities follow from condition (C5), and Cg =

fMOB)\il/fxq_l. Then by Lemma 2.3.7 in van der Vaart and Wellner| (1996), we have

that for VM such that M? > 4Cp+/(r + s)n=llogn

P(A> M) < P(A° > M/4)

: S2.5
N 1 —4Cp+/(r + s)n~tlogn/M? (52:5)

where A° = SUDseR, ,,_1(B) SUPrea G, {e;U;(€,0,7)}. Let Ay = {7, 72,..., 7} be a
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e-net of A, where e = By/n~!logn/L and m = 1/e. Then

Ui(€,8,7) = 5/ V.i(t) D (7, 8)dN;(t)
_— / V(1) D! (7, o((7) — () )ANA(2)
: / V(1) D! (96 (7) — ¥o(72) + 8)dNi(1)

= €TRz‘(Tk> Yo(T) — Yo(71)) + ETRz‘(Tka Yo(T) = Yo(71) + ),

where R;(7,0) = [ V,(t)D}(r,8)dN;(t). Hence

A’ < sup |Gn{€i£TRi(Tk77O(T) — Yo(7k)) }|

TEA,|T—T|<€,TkEAM

+ sup |G {ei€ Ri(7i, Yo (1) — vo(Ti) + 8)}.

TEA,|T—Tk|<€,TkEAm,0ER+s_1(B)

By condition (C3), if |7 — 7| < €, [|[7o(T) — 7o (Ti)|| < L\/7 + se = By/(r + s)n~!logn.

Therefore,

A’ <2 sup |Go{ei€ Ri(7i, 6)}| == 2B°.

TkeAm,éeRr+s_1(2B)

Consider

Teni(B) = sup G, {ei& Ri(7k,0)}].

5€RT+S_1(QB)

Let {C(d;),l = 1,...,N} be cubes that cover the ball R, , 1(2B), where §, is the

center of the cube C(8;) with sides of length By/(r + s)n5logn so that the number

of cubes N = (4n?)"™*, |8, < 2B+/(r+s)n~tlogn. For § € C(8)), |6 — & <

B(r+s)n*5/2 logl/Qn = (p. Let Ty, 1(0) = n/2E, ¢, fo (1), {Yi(t) = Vi(t ) (o () +
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0)}dN;(t). Then
Tg,n,k(QB) < 112%3(\[ ’ETTn,k((sl) - STTnk( )’ + max sup \f Tnk( ) - €TTn,k<5l)’

2o, sup.
< max [€'7(81) — € T(0)] + max
028, | [T € VIO a0 - Vi Enolm) + 81 + Va0l Jani(0)
=B [T I VAO] v ) = Vit (ro(r) + 81} + [ ViGN (0)
=28, | [T VO] b 10 - Vi () + 811N 0]
B[ [T eV 0n (50 - Vil () + 631
+ B[ [ € VO 00 = Vil () + 1) + [ViaD)6,)

— Yo I = Vi (0(m) + 1} = [IVial) G} FAN(B)] =5 TV + 1V + 1V,

where the second equality follows from the monotone property of ;, and the triangle

inequality. For IVs,
Vo <276 B [ 1€V ||vm<t>udN@-<t>}
<2fem|( [ evievierem o) ([ Ivanrae) ]
<276,/ Ml + 5)Cv E / EVAOV (e
<2f\/MyCrCorn/n(r + 5) nr+s< /gTV ng()Dl/2

<2F v/ MoAmaxCa\/1(r + 5) = 2f v/ MoAmax B(r + 5)*/*n " logn,

where the first inequality follows from the property of ¥, (u) and conditional expecta-
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tion, the second inequality follows from the Cauchy-Schwartz inequality, and the third
inequality follows from conditions (C2) and (C3), the fourth inequality is trivial, and

the last inequality follows from condition (C5). Now, we consider IV;. Since
E'T5(8) — €' T (0) = n'/*E,e; / E'V,(t) D] (1., 8,)dN;(t),
0

then following the same arguments as in finding the upper bound of Var[U; (€, d,7)], we

have Var[¢'T}, 1(6;) — &€'T,,,(0)] < Cp+/(r + s)n~tlogn.

Noting that |e; [;~ € V;(t)D! (73, 8;)dN;(t)| is bounded by MoCy/r + s, we have

P (|€T4(8) = €T,4(0)| > 4CH*n™/4(r + 5"/ log )

< exp ( —8CEn~Y2(r + 5)3?nlog’n )

Cpny/(r+ s)ntlogn + ACH n=VA(r + s)34logn x MoCy\/(r + s)n/3

—8(r + 5)*?log*n
= 2exp 3 172
(r 4 s)Y/21log"? n + 4AMyCy C ' *n=1/4(r 4 5)5/4 logn/3

< 2exp(—4(r + s)logn),

where the first inequality follows from Bernstein’s inequality and the second inequal-
ity follows from the condition (r + s)®log*n = o(n) and 4MyCyCyCp"*n~Y4(r +
5)%*logn/3 < Cy(r + s)/?logn, when n is sufficiently large. Therefore, we have
PV, > 40}_3/271*1/4(7‘ + 5)%4logn)
= Pmaxicen [€{T0i(0)) — Tur(0)}] > 4CH 0~ 4(r + 5)¥* log n)
= N - P(|€{T () — T, x(0)}| > 40]19/2n_1/4(r + 5)3/*logn)

< 2Nexp[—4(r + s)logn| < 2exp [—4(r + s) logn + 3(r + s) logn] .
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As the upper bound of IV satisfies 2 fv/Mormax B(r+5)%2n"2logn = o(4CY *n=/4(r +

5)3/*logn). The results of IV, and IV3 together yield
P (IV1 +1Vs > 80,13/271*1/4(7# + 5)**log n) <2exp (—(r +s)logn).
We can use similar arguments for IV; and IV to find the bound for IV,, and then get
P(Tenx(2B) > 160;/271_1/4(7" +5)¥*logn) < dexp (—(r+ s)logn) .
Following the definition of B°,
P(B° > 16Cy*n 4 (r + 5)**1ogn)

SP(lrgkaéx Teni(B) > 166’;/271_1/4(7“ + 5)**logn)

L
<4dmexp (—(r + s)logn) < 4dexp (—(r + s)logn + log (Blo%gﬁn)) — 0.

Consequently,

2P (.Ao > 3203 n Y4 (r + 5)3/*log n)

4Cpy/(r+s)n—llogn
2
(1286’}13/2n*1/4(r+3)3/4 log n)

P (A= 128004 (r + )t logn ) <
1 —

<4P (215’0 > 320;/271_1/4(7“ + 5)3/*1og n) — 0.
Since n=4(r 4 5)3/*logn = o(1), we have
sup  [€'[Mo(7,8) — E{My(7,8)} — My(7,0) + E{M,(7,0)}]| = 0,(1).
TEN,0ER+5-1(B)

This completes the proof of Lemma [ O
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Proof of Lemma[5. Write

€M, (7,0) = n'/’E, { / T VLY — Vi) o) AN (D)
= Gu{hren(Vi(D), Yil1))).

We use Theorem 2.11.23 in [van der Vaart and Wellner| (1996]) to prove the desired
results. Consider the function class H, := {hne.(V(t),Y), 7 € A}, and its envelop
function H,(V(t)) = [~ [€V(£)|dN(¢).

We first check the three conditions of H,, and H, from (2.11.21) in van der Vaart
and Wellner| (1996)). It is easy to see that E[H?Z] < Mo max = O(1) and E[H2I{H, >
ny/n}] — 0, for any n > 0. For hy, ¢, — hngrn, since V,(¢)'v,(7) is the conditional 7th
quantile of Y;(t)|V;(t), then Vr > 1,1, 19 € A,

1 — 7o =P{Yi(t) = Vi(t) vo(m1) < 0} = P{Yi(t) = Vi(t) ,(72) < 0}

Vi) vo(m1)

_ / Frao {ulVi®) u > FVi(O {po(m) — o)},

Vi(t)Tvo(72)

where fy,{-|Vi(t)} is the conditional density of Y;(t) given V;(t). Thus
o = gl < [ EVO{ I =l + 110 = Vi ln) < 0}
— Y (1) = V(O %(72) < 0} baN (@),
and for any 7, — 0,

Sup E[(hjn’gﬂ—l - h”a&ﬂ?)z] < ]\40)\maux {2‘7—1 - '7'2|2 + 2—|T1 — 7—2| f_}

|71 —72|<nn i
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SMOAmax {277721 + Q%f} — 0.

Next we calculate the bracketing number of H,,, where the definition of bracketing

number can be found in Page 83 of van der Vaart and Wellner| (1996)). Define

Up g = /0 N EVILEV(t) > 0 r + fe — I{Y (t) = V(t) vy(71) + € < 0}]dN(t)
+ /Ooo EVI{EV(t) < 0}r — fe— I{Y(t) = V(1) yo(r1) — e < O}dN(t)
lngr = /0 b EVI{EV(t) > 0} — fe —I{Y(t) = V(t) vo(1) — € < 0}]dN(2)

+ /0 h EVI{EV(E) <0+ fe— I{Y(t) = V() vo(r1) + € < 0}dN(t).

If |7y — | < fe, we have I, ¢ -, < hpgr, < Ungr . Furthermore, for e <1,

tngr = ngnlls = El(tngrn — lngn)’]
<E [{ /OOO ﬁTV(t){Qie + ‘[{Y(t) — V() vy(r) —e< 0}
CHY () = V) y(n) + ¢ < 0}‘}dN(t)}1

§8MO/\maxi2€2 + 4-]\4()/\11f1axjFe S 8(.f+ iQ)MO)\maxe

Then the bracketing number N[](\/8(f—|—f)Mo)\maXe, Hn, P) = max{1,1/(fe)}, and
thus log Njj(€, Hy, P) < max{0,log{8(f + f*)MoAmax/(f€*)}}.
We can check that fon" log Nyj(e, "y, P)de — 0 for any 7,, | 0. Following Theorem

2.11.23 in van der Vaart and Wellner| (1996)), {G, h, ¢, 7 € A} is asymptotically tight
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and converges weakly to a mean zero process with covariance function

E{lner(V(0),Y)hngr(V(0),Y)} = E{hne-(V(2),Y)} E{her(V(1),Y)}.

This completes the proof of Lemma [5]

Proof of Lemma[fl. We use similar arguments as in the proof of Lemma [0 Let

-Aj = sup n;[Mn(Tv 5) - E{Mn(Ta 6)} - Mn(Ta 0) + E{Mn<7—7 O)}]
TEA0ER4s—1(B)

= o e /O V(D! (. 8)aN(D) .

TGA,(sERTJrS,l(B
’ 3/2 ~2 F\1/2
Let Cp = 2My""C5, fAmaxB. For any § € R, _1(B), we have
Var | / Vig(t)DI(r, 8)dNi(t)| < 2MoCE | / {D!(7,8)2ani(1)]
0 0

<2MoC2 fE[ / h |Vz-(t)T6|dNi(t)] < oMo fE{( /0 h |Vz~(t)T5|2dN,~(t)>l/ 2}

0

_ o0 1/2 _
<omicifE{ / Vi)'8PaNit) | < 22O PN B+ s Tlogn
0

=C%+/(r + s)n—'logn.
where the first and third inequalities follow from Cauchy-Schwarz inequality, the second

inequality follows from conditional expectation given V;(¢) along with condition (C2),

the last equality follows from condition (C5). Let

A) = sup ) ‘Gn [51’ /OOO Vi;i(t) DI (T, 5)dNi(t)] )

TEANOER 451

Applying Lemma 2.3.7 in van der Vaart and Wellner| (1996) yields that for YM such
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that M2 > 4C%\/(r + s)n~'logn

0
P(A> M) < 2PA 2 MM
1 —4C%\/(r + s)n~'logn/M?

(S2.6)

Let A,,, R;(7,8) be the same as defined in Lemma , we have

Aj <2 sup |GrleimRi(7, 6)]] == 2B

TkeAM756Rr+sfl(2B)

It is sufficient to consider

Tink(B):=  sup |Gulem;Ri(mi,0)]l.
5€Rr+571(23)

Let {C(d,),l = 1,...,N} be cubes that cover the ball R, s 1(2B), where ¢, is the

center of the cube C(d;) with sides of length B\/(r + s)logn/n® so that the number

of cubes N = (4n?)"*s, ||&;]] < 2B+/(r +s)logn/n. For § € C(d)), |6 — & <
B(r + s)n"%2log"? n = (,.
Let T .(0) = n 230 e [ Vi) {Yi(t) — Vi(t) (vo(me) + 8)}dN;(t). The

monotone property of v, implies that

T T T T
Tajne(B) < max [10;T(80) = 0Tk (0)] + 2 7, T01(8) — 13Tk (01)]

% —nh
< g I Tral0) = sl O)]+ g s

n\E, [ / T emIVA0)] o (Yi0) — Vit (o) + 61} + uvmuwcn}dww}
= 2B [ VO] i (050) = Vit o) + 80} + Vi) haNi (0]

=28, [ [T V0] 0 1500 = VAT (ol + 8N
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e B[S [ VO] vl = Vil ) + a0

< max supn WE Z/O ey Vi(t)] {1 {Yi(t) = Vi) {vo(m) + 81} + | Via(t)l|Ca}

1<ISN ;eA

= U {Yi(t) = Vi(t) {70(m) + 81} — [[Via(?) IICn}}dNi(t)}

:3V11 + VIQ + VIg

For VI3, we have VI3 < 4fMyCZ B(r + s)n~°/?logn from the proof of Lemma

For VI, note that

0, T (8:1) — 0T, k(0) = n 1/2251/ D] (7, 8;)dN;(t).

Then
P (VAT 1(81) = Tua(0)} > 4C3 0!/ (v + )/ log max{n, r + p}
1 1 1/2 3/21 2
<Dexp 6C5En%(r + s) /1/20g max{n,r + p}
2¢ 1 (r 4 5)12n1/2log! % n + 8CY Cy/*nt/A(r + 5)3/4log max{n,r + p}/3

8(r + s) log max{n,r + p}
<2exp | — 5 172
log ™2 max{n, r + p} + 8CyCy *n=Y4(r + 5)1/4/3

<2exp (—4(r + s)logmax{n,r + p}),

where the first inequality follows from Bernstein’s inequality, the second inequality is

2 max{n,r+p} = o(1)

trivial, and the third inequality follows from the facts that log
and n=Y4(r 4+ s)1/4 = o(1).

The rest arguments follow exactly as in the proof of Lemma [ and we can find some

constant Cy such that Lemma [6] holds. O



S2. TECHNICAL LEMMAS AND THEIR PROOFS

Proof of Lemma [7: By the definition of 7, we have 7*|u| < [p,(u)| = |u{r — I(u <

0)} < |u| when 7 € A. Tt then follows from the definition of o(7) that

rE, ( [ - vz-<t>%<r>|dfvi<t>) < o(r)
<e, ([0 - viorlan) ).

It follows from triangle inequality, conditional expectation of Y;(t) given V,(t), and

condition (C2) that

. ([0 - i)
<E, ([0 = Vi m@lani0) + B ([T IVieT(n - wlm)lan )

|7 — 70|

f

<e, ([ W - Vi@l ) + 2=,

and

. ([ W0 - Vi)

|7 — 70|

f

According to the law of large numbers, n=t 37" | [ |Vi(t) — V() v, (70)|dN:(t) —

26, ([T 1460 - Vil o) - T,

Bl |Yi(t) — Vi(t)™vo(70)|dN;(t)] almost surely. Combining the above results yields

< inf o(r) <supo(r) < B| / "IV — Vi o (r)dN(0)] + Mof !

TEA TEA
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almost surely. This completes the proof of Lemma [7] 0

Proof of Lemma @ Recall that R, = {8 = (6,,0])" : 0, € R, 104 = 0,180 <

X' Yz

¢ —r} with || - ||o. For any ¢ < k, § € Ry, write
N " Di(8,7) = nE [Di(8,7)] + VG, [Di((i, 7)] .
i=1

Using arguments as in the proof of Lemma [I], we have

Amin 2 _Amax + Amin
i u?* < inf E[Di<5,7'):| < sup nFE [Di(é,T)} <n / i u?
8 8ERy,[6]|=u, SRy, |6]|<u, 4
<k, TeA <k, rEA

when u < 3q'iAmin/(4CfA131{a2X). Let

Alu) = sup
SRy, |6]|<u,
<k, 7EA

Gy, [Di(é, T)] ‘

Using arguments as in the proof of Lemma 2, we can show that

P(A(u) > A\/Eu(24\/log(r + p) +200+/log(r + p) +log L/2 — log u/2>)
<8exp(—(A% — 1)logmax{n,r + p})

+ 8exp(—(A? — 3/2)logmax{n,r + p} + log L — logu),

for some constant A > 2. Hence, we have with probability at least 1 — 8 exp(—(A? —

1)logmax{n,r + p}) — 8exp(—(A? — 3/2) log max{n,r + p} + log L — logu),

- Amin
sup Z D;(d,7) Zi nu® — AVknu (24\/10g max{n,r + p}
g i
<k, 7€
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+ 200+/log max{n,r + p} + log L/2 — logu/2>.

In particular, choose u = 3584A+/klog(max{r +p,n})/n/(fAmin)-

n

sup ZDZ'((S,T) >0,
0€Ry,||6]|=u, i=1
(<k,7EA

with probability at least 1 — 16 exp(—(A? — 2) log max{n,r + p}). The above equation

and the convex property of p,(+) indicates that

sup  sup [|Ys(T) — vo(7)|| < 3584A+/klog(max{r + p,n})/n/(f Amn)-
SACS,|S|=k TEA

This completes the proof of Lemma [§] 0

Proof of Lemma[g Consider a model S € OF with |S| =k > 1. It follows from simple

algebra that

n{0s(7) — 055 (7)} = Di(¥s(1) = %0(7), 7) = Di(¥s5,(T) = Yo(7), 7) (52.7)

According to Lemma|g] with probability at least 1—16 exp(—(A2—2) log max{n, r+p}),

sup  sup ||4(7) = vo(7)|| < 3584A+/klog(max{n,r + p})/n/(f Amn)-
SACS,|S|=k TEA

Define

_ E{Jy fur(OIVi(t)) Vis() Vis(t) [dNi(t)} 0
0 0
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and

ol [E{fy" fer (OIVi(£)) Vis(t) Vis () dN; (£)}] 71 O
} 0 0

Following the lines as in the proof of Theorem A.2, with probability at least 1 —
16 exp(—(A? — 2) log(r + p)), we have

Di(s(1) = o(7),7)

n

= [T H{H sy M (7,0)] Hos [0 {Hyis) ™ Mo (r,0)]

=0 [ Hr s} Ma(7,0)] Mo (7,0) + 0,(v/k log max{n, v + p} /)

— _%Mn(r, 0)'H_§M,(7,0) + 0,(y/klog max{n,r + p}/n), (52.8)

and

Di(s5, (1) = %0(7), 7)

— —%Mn(T, 0) H-'M,(r,0) + op(\/k: log max{n,r + p}/n). (52.9)

Combining (52.7)—(52.9) together yields

A

n(G5(7) = 05,(7))

1
= —éMn(T, 0){H_ 4 — H'}M,(7,0) + op(v/klogmax{n,r +p}/n). (S2.10)
Let D = S\ Sa, we have

0 0 0

H.s{H {—HYH,s= |0 @ o],

0 0 0
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where
Q=£{ [ S OV OVl VinleTan()
~{ [ A0V Vi) Vis, (7 an )

<o [T hovio a0 25A<t>TdNi<t>}]l

< [ R OV)Visy (0Vin@TaN o)}

By simple linear algebra, we can show that the largest eigenvalue of () is less than

fAmax .

Now we consider n;H_ M, (7,0), where n; is defined in Lemma@ Conditional
on V(). we note that E[nlHz} [ Vi(0)e {Yi(t) — Vit y()}dNi(1)] = 0. Also

by condition (C5+),

sfo (0 {¥i(t) = Vi) o(r)}AN;(0) | < Ci for some

constant (. By Bernstein’s inequality,

P(valm)(Hys) M, (r,0)] > 4y/Cy/nlog max{n. 7 + p})

<9 1 16Cyn log max{n,r + p}
ex
P nC’b—|—4C’2\/nlogmax{n r+p}/3

> < 2exp (—4log max{n,r + p}).

Thus, P(|17§H;§Mn(7, 0)|oe > 4v/Chy/logmax{n,r + p}) < 2exp (—3log max{n,r + p})
and
M, (7,0){H_} — H-'}M,(7,0)
=M,(7,0) H, {H. s{H § — H;'YH, sH_ . M,(7,0)

nax(Q)(VE =1 = 54y/Cy/log max{n, r + p})*
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<16Cy(k — r — s) logmax{n,r + p} f Amax,

with probability 1 — 2 exp(—3logmax{n,r+p}). This, coupled with (S2.10|), yields the

desired results. Hence we complete the proof of Lemma [9] 0

Proof of Lemma[1(} For any S € OF, |S| < &,

P(SeOlng _.qIo(s) > GIC(SA)>

:P( inf | /A[log(&s(ﬂ) —log (&g, (1))]dr + (|S] = |5A|>¢”} ” O>

SEOF,|S|<k L
B . r Gs(T)
—p( it _/Alog (1+ A T))d7+ (151~ 1SaD6a] > 0)

o i o 305;173 : a(i%@( Jirs s1-15300] o)

By Lemma [9]

. ~ A > o -1
SeOF,\lSn|f§n,reA 05(7) — 05, (7) = =8Cy(fAmin) " (k — r — s)n” " logmax{n,r + p}

with probability at least 1—16 exp(—(A%—2) log max{n, r+p})—2 exp(—3log max{n, r+

p}). Following lines as in the proof of Lemmas [1| and , we can show that

sup |05, (1) — o(7)| < C5(r + s) logn/n
TEA

with probability at least 1 — 16/n3, where C3 > 0 is a constant. By Lemma

TEA

inf o(7) > 7° [E[/OOO Yi(t) — Vz’(t)T'Yo(TO”dNi(t)} - Moi_l}
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for some 79 € A, where 7* = min{7;,1 — 7¢/}. Since log(r + p)/n = 0(¢$,), combining

the above results together yields

inf [/Almin<10g2,l 05(7) — G54 (7) )dT+(|S| — |SA|)<Z5n]

SEOF,|S|<k 265,(1) —o(1) +0(7)
_ —4Cy(nfAmin) " (k — r — s) logmax{n, r + p}
min ( log 2, T = w7 )47
= /A < 55 ot s) 8 o [B{ [ |Yi(t) — Vi(t) o (o) [dNi(t)} — 7°]>

* Seolzg’}{ﬂgﬁ [(’S| h ‘SA’)¢n] >0

with probability 1—16 exp(—(A?—2)log max{n, r+p})—2exp(—3log max{n,r+p})—

16/n3. This completes the proof of Lemma [10] O

Proof of Lemma [11: Given an underfitted model S with |S| < &, there exists an

underfitted model St with |[ST| = &, such that S C ST, and Sp —S = Sa —S™. Thus,

inf  GIC(S) — GIC(Sa)

SEUF,|S|<k

— [/A [1og<frs<r>>—1og<6sﬁ<f>>JdT+|S|¢n—mm}

SEUF,|S|<k

> inf [/A [log(ds+(7)) —log(ds,(T))] dT} —|Sa — S|, (S2.11)

S+EUF,|S+|=r
where the last inequality follows from the fact that Bg(7) is suboptimal for model S*
but Bg (7) is optimal or model S*, and |S| — [Sa| > —|Sa — SH.
For j € Sa, we have [, |8 ;(7)|dT > &,, and there exists A;(§,/2) == {7 € A :

|Bo,;(T)| > &,/2}, such that fAj(gn/2) |Bo.; (T)|dT > &, /2. By condition (C3), we have

L8y 6n/D) (60/2+ LED60/2) 2 [ )l > /2

Aj(6n/2)
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where £(-) denote the Lebesgue measure. Thus, £(A;(&,/2)) &/ (2L)
for every j € Sa.

Since ST € UF, |Sa — S*| > 0, then let Ag+(£,/2) :==JA;(£./2),j € Sa — ST,
/A log(35+ (1)) — log(ds, ()] dr — |Sa — S*|
— [ onese (7)) ~ ogos, (7)) dr ~ 1Sa — 5" o
s+(fn/2)
+ / [log(ds+(7)) — log(ds, (7)) dT.
A\Ag (6n/2)

We first consider fA (e./2) 108(05+(T)) — 10g(05, (7)) dT — |Sa — S¥|dn. By Lemma ,
with probability at least 1—8exp (—(A4% — 1) logmax{n,r + p}) —8exp (—(A? — 3/2)x

log max{n,r + p} +log L — log(&,/2)),

|05+(7) — o(7)]

> m(T) fAmmf — Av/Kk/n n<12\/logmax{n r+p}
+ 100+/log max{n, r + p} +log L/2 — logfn/él)]
> Cym(1)&x,

for 7 € Ag+(&,/2), where m(7) = |S, — S™| and Cy is some constant. With probability
at least 1 —8exp (—(A? — 1) logmax{n,r + p}) — 8exp (—(A4% — 3/2) logmax{n,r + p}

+ lOgL - log(fn/Q))7

inf / llog(65+ (7)) — log(és, (7))] dr — |Sa — S*|én
(&n/2)

SteUF,|St|=r A
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. 1((3'5’4-(7')_O'(T))—(a'sA(T)—o'<7-)) o o
§ /S+(5n/2) o (logz’ 2 65, (1) —o(7) +0(7) )d [Sa = 57w

> 1 / Cym(7)&2 — Cs(r + s)n~ " logn .

=2 Jsgi e Calr + o) logn+ B I — Vil o(mo) AN} + Mo/
—|Sa = 57w

1 Sa — SHICAE2 Vg_ gn] s

TAB{fTIYi(t) = Vi) v (ro)[dNi()} + Mof T [V2L AL "

where the first two inequalities follow exactly as in Lemma [10] and the last inequality
follows from L£(A;(£./2)) > /& /(2L) /(4L) and C3(r + s)n"'logn = o(&2).
With similar arguments and the condition xkn~!log max{n,r + p} = o(£3), we can

show

wt | log(6s+ (7)) — log(ds, (7)) dr = o(€2).
A\Ag+(6n/2)

SteUF,|St|=k

Combining the above two results yields

in / log(6:5+(r)) — log(és, ()] dr — |Sa — 5% |
A

S*TeUF,|St|=k

> 1 1Sa — ST|Cue? [\/f_ sn] Sa — 5*16
T AB{[TIYi(t) = Vi) o (1) [dNi()} + Mof ' [V2L AL "
—0(£,%/*) > 0. (S2.12)

As log(&,) > log(n~tlog max{n,r +p})/2, with probability at least 1 — 16 exp(—(A% —

2)log max{n,r + p}) — 16/n>, we have

inf [/A [log(6s+ (7)) —log(ds, (7)) dr| — |Sa — St|¢, > 0.

S+eUF,|S+|=x

This and ((S2.11]) complete the proof of Lemma . ([l
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S3 Additional Theorems and Proofs

In this section, we provide the statements and proofs of Theorem A.1, Corollary A.1,
Theorem A.2 and Theorem A.3, which play a critical role in proving the results in

Theorems 1-2.

Theorem A.1. Under conditions (C1)~(C5), if r+s = o(n'/?), andsup ¢ jes, Aw;(1) =

O,(v/nlogn), then the oracle reqularized estimator satisfies

up [°(7) = 7o()| = O/ + ) og /).

Corollary A.1. Suppose conditions (C1)-(C5) hold. Given a fized 7o, if r+s = o(n'/?),

and maxjes, Aw;(10) = Op(y/n), then the oracle reqularized estimator satisfies

19°(70) = Yo(r0)ll = Op(/(r + 5) /7).

Theorem A.2. Under conditions (C1)-(C5), if sup,ca jes. \w;(7) = Op(v/nlogn)
and (r + s)*log’n = o(n) for any given € € R, and ||€|| = 1, then we have the

following results:

(a) If /n/{(r + s)logn}infi<j<srea |Boj(T)| — 0o, then
1/2¢T 20 A
n 78 He {3°(7) = 70(7)} + —2o(7)
converges weakly to a mean zero Gaussian process with covariance

E(Tv Tl) = E{hN,E,T (V(t)v Y)hn,E,T’ (V(t)’ Y)} - E{hn,E,T(V(t)v Y)}E{hn,ﬁﬁ’ (V(t)v Y)}7
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where hne - (V(t),Y) = fooo EVAY (1) = V() (1) YN (1), ¢y (u) = 7 — I(u < 0),

0 E[f5° fer {0[Vi(t)} Via(t) Via(t)'dN;(t)] 0O

0 0

w(7) = (0], (w(7) o sign(By(1)))", ngs)T, o denotes the Hadamard product, and w(t) =
(wl (T)v SR 7wp(7—))T;
(b) If sup,en P30 e M (1)} = 0,(1), then n' 2 H, {5°(7) — ~,(7)} con-

verges weakly to a mean zero Gaussian process with covariance X(1,7').

Theorem A.3. Suppose conditions (C1)-(C5) hold. Furthermore, we assume that

n/((r + s)?log® max{n,r 4+ p}) — oo and

sup
j>7‘+5,6€Rr+571 H(SHQ

Bl[TH{Vi(6)Vi(t) 8 }2dN;(1)] _, (log max{n, r —i—p})
(r + s)logn '

If supjeg, ren Aw;(17) = Op(v/nlogn), A/ (\/r + slogmax{n,r +p}) — oo, and

(infjsrisren w; (7)) I/n//(r + s) logmax{n,r + p} = O,(1), then we have

P(sup |¥°(T) —A(7)| = O) — 1.
TEA

Proofs of Theorem A.1, Corollary A.1, Theorem A.2 and Theorem A.3

Proof of Theorem A.1: For any v = (o', 8")" € Ryis_1, let

Qy;7) =Q(a, B;7) :=E, (/OOO pr{Yi(t) — Vz'(t)TW}dNi(t)>

and L(v;7) := Q(v;7) + A Y 5_, w;(7)|B;, where v in L(v;7) subjects to linear con-
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straint. For any = such that v € Ry s_1, |7 — 7o (7)|| < u, let 6 = — vy(7). Then,

L(v,7) - ZD (6,7 +>\Z% (1831 = 1503 (7))
:nE[Dl((S,T)] + \/ﬁGn[Dl((s,T)] + )\Z(JJJ(T)(‘ﬂjy — ’50](7')’) =: [1 + IQ + [3.

: : 3/2

According to Lemma , we have if u < 3¢ fAmin/(4Cf Amax),
inf I > nfhgnu?/8.
TEA,&ERlinT—l,Hd”:u t= ni “ /
By Lemma [ with probability at least 1 — 1612,
sup | Lo

TGA,&GRS_H«_l,”(sHSU

<MyCy\/T + su<24\/logn +200+/logn + log L/2 — log u/2> Vn.

For I3, since sup,¢a jes. Aw;(7) = Op(y/nlogn), then we obtain
I3 >>\Z% (18] = 1Boj (7))

_)\Zw] 1851 = 1Bos(r)1) + w7 | - Zﬁj

-5 i)

> — max Mw;(7) +ws(T }Z |8 — Boj (T

1<5<s—1

> — max Mwj(7) + ws(7)}Vs — lu = O,(v/n(r + s) log nu).

1<5<s—1

The results for I, I, and I5 together imply that with probability at least 1 — 16n73,

inf L(v,7) = L(7o(7), 7)

TEANERr45—1,/[7—70(T)[|=u
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)\min
> L 5 C3(r+ s)logn — O,((r + s)logn)C; > 0,

by choosing u = Ci+/(r + s)logn/n for some sufficiently large Cy. Since L(v,T)

is a convex function with respect to ~ in R, s_1, then 4°(7) must locate within

{v:7 € Ris—1, |7 — v (1)l < Ci/(r+s)logn/n}. This completes the proof of

Theorem A.1. O

Proof of Corollary A.1: We can follow the same lines as the proof of Theorem A.1. We

apply Lemma A.3 into /5 rather than using Lemma A.2. The condition max;es, Aw; (10) =

O,(y/n), coupled with Lemma 3| implies ||[9°(70) — ¥o(70)|| = Op(+/(r + s)/n). This

completes the proof of Corollary A.1. 0

Proof of Theorem A.2. We know from Theorem A.1 that for any € > 0, there exists a

constant B such that

P (14°(r) = 7o(r)ll < BV + ) logn/n) > 1 - e
Therefore, with probability at least 1 —e¢, minimizing the objective function L(y, 7) over

R, s_1 is equivalent to minimizing n="2{L(v,(7)+8,7) — L(v,(7),7)} over R, ,_1(B).

0= {L(yo(7) +8,7) = L(7o(7), 7)}

—G{D(6.1)} +n2E{D(6.} + 1N s (7) () + sl — 1)
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—e.( [ (M} AV = Vit () — Vil1)'5)
— U {¥ilt) = Vi(t) o)} ANi(1))
— 8'[M,(7,6) — E{M,(7,8)} — M,(7,0) + E{M,(7,0)}]
— 8'[M,(7,0) — E{M,(7,0)}]

+n2E{ Di(6,7) p 417NN wi(r) (1805(7) + Dyl = Bog(7)])
j=1
::Ill + IIQ + 113 + 114 + II5

For II;, note that

| i (03 [ V1) — Vit o) — V(1))
—ue{Yi(t) = Vi(t)'y o<r>}} AN(1)
= [ [ 00 = Vim0 < ile) = Vit () < Vile)8)
HY;(t) = Vil 7o) HAV()TS < Yilt) = Vi) v(7) < 0} ai(e).

It is easy to see that

/Ooom)—vjz;% o [, 13500) = V(0 o() = V.(078)

—r{Yi(t) = Vi) vy(7)}| (1)

is a bounded function. Following similar arguments as in the proof of Lemma [4 we

have

sup I | = o,(1). (93.1)

0€R, s 1(B),TEA
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For II,, it follows from Lemma [f] that,
sup IIIo| = 0,(1). (S3.2)
0€R+s—1(B),TEA
For II3, since E[M,(,0)] =0, then

II; = —&' M, (r,0). (S3.3)

For 11, following similar arguments as in the proof of Lemma [I| we can obtain that

1
sup 111, — —n'/26"H, 4|
EERT+571(B),T€A 2
= O{(T’ +s)n ?logn  sup |8, H} = 0,(1). (S3.4)

5€R7»+5,1(B)

For II5, we consider two cases:

a) If /n/{(r + s)logn}inf,ca j<s |Bo;j(T)| = oo, then

11, —n—l/%z(yj (1805 () + 03| = 1805 (7))

= _1/2/\ij (7)sgn{ Bo; (1) }0;4r = n~ YAz (7)'8. (S3.5)
Combining the above equations ([S3.1] - 53.5)) together, we have

n”P{L(yo(7) + 8,7) = L(7o(7), 7)}

= %n1/25TH75 — 3 "My, (7,0) + 1" Awo (1) 4 0,(1)

for any & € R,y 1(B). Let & denote the minimizer of n Y2{L(y,(r) + 8,7) —

L(vo(7),7)} over R,s_1(B), then

/2 (HTQ; . %W(T)) — M, (r,0). (53.6)
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For any given £ € R, 51, ||€]| = 1, Lemma |5 implies that

W€ [HA3(r)  7o(r)} + Seo(r)

converges weakly to a mean zero Gaussian process with covariance % (7, 7').

(b) If sup,ep ™ 2(3 e, Aw} (7)) = 0,(1), then

sup II5
(SGRT+S_1(B),T€A

= sup ‘n—l/zAij(T) (180(7) + 0 = [Bog (T)]) | = 0p(1), (S3.7)

6€R+s—1(B),TEA

where the last equality follows from the Cauchy-Schwartz inequality. Consequently, it

follows from (S3.1)—(S3.4)) and (S3.7)) that
1
n_l/z{L('yo(T) +0;7) — L(vo(7);7)} = in/zéTHTé — (STMn(T, 0) + 0,(1).

With similar arguments as in case (a), we can conclude that n'/2¢ H, {4°(7) — v,(7)}
converges weakly to a mean zero Gaussian process with covariance function X(7,7").

This completes the proof of Theorem A.2. O

Proof of Theorem A.3. By KKT conditions, 4°(7) satisfies that
S [ 2ot i) = Vi) H (N — o
i=1

sign (B;’) , if Bjo #0,

€[-1,1, iffy=0,

= \w;(7)u;, where u; =
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for some p and 1 < j < s. If there exist ji, jo € Sa such that A]’?l (1), AJQQ (1) # 0, then we
can find a;, and aj, such that aj,4a;, = Land > [~ (a;, Zi;, (t) + aj, Zij, () 0A{Yi(t)—

Vi()'4°(7)}dN;(t) = 0. As a result,

ol = | Z / (032 0) + 0,2 (1)) LY500) — VAN

—aj, Awj, (T)uj, — aj,Awi, (T)u,

= ‘ajl )\wjl (T)uj1 + aj2)‘wj2 (T)u]é’ = Op<n1/2 10g1/2 n): (838>

where the last equality follows from that sup;cg, ;en Mj(1) = O,(n'/?log'/? n).
To show 4°(7) is a global minimizer of L(~;7) over {7 :vy € R™P, 3% | ,.; = 0},

it is sufficient to have the following KKT condition

ap {32 [ V00000 = VT M O] + 0= )} <o

TEA

for j > r 4+ s. By Theorem A.1 that for any € > 0, there exists a constant B such that

P (I4°(7) = 7o) < BV/(r + s)logn/n) > 1.

Therefore, if we can show that

TEA

w3 [ VY0 Vit () — Vit 83N

j>r+s
5€Rr+5,1(3)

+0— wj(7) <0, (S3.9)

then with probability approaching to 1, 4°(7) is also the global minimizer of L(~;7)

over {y:vy € R™7, 370 v, =0}
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Let n; be a (r+p) dimensional vector whose jth component is 1, and all other com-

ponents are 0, then Y7 | [ Vij ()¢ {Yi(£)= V()" (vo(T) + 8)}dN;(t) = n/*n) M, (7, 8)
and
n'*niM,(r,8)
= n'Pnj[M,(7,8) — E{M,(,8)} — M,(,0) + E{M,(,0)}]
+n' P [E{M,(1,8)} — E{M,(7,0)}] + n'*n] M,(r,0)

= IV, + IV, + Vs, ($3.10)
For IV, by Lemma [6]

P sup ITV,| > Con'/*(r + 5)**log max{n,r + p}
TEA,&GRTJrS,l(B)

1
< 16exp (—5(7” + s) log max{n,r + p}) : (S3.11)

For IVQ, VvV c Rr+s_1(B),

n 2l [E{M,(7,8)} — E{M,(7,0)}]
= B ([ VO - Vit nlr) + ) < 0}
— I{Yi(t) = Vi(t) o(r) < O}]dNi(1))
< aB[ [ W Viteyslanico)
< anl/z( / (Vi (1) )Ta}szi(t)Dm

B 1 1/2
—  FnMM2B% ({ og max{n,r + p} (r + s)n~" logn} >

(r+s)logn
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( 1210g? max{n,r —|—p}> (S3.12)

where the first inequality follows from the conditional expectation given X;(t), Z;(t),
along with condition (C2), the second inequality follows from the Cauchy-Schwarz

inequality, and the second equality follows from the assumed condition. Hence

sup [IVy| =0 (n1/2 log!/? max{n,r + p}) .
TEN,0ER+5—1(B)

Next, we consider IV3. We note that

WM, (7, 0) Z/ ()7 — TTYi(t) — V() (7) < 0}}AN ().

It follows from Lemma 2.3.7 in van der Vaart and Wellner (1996]) that

P<n‘1/2 sup z;/ooo Vi (O)-AYi(t) - Vi<t>T70(T)}dNi(t)’ > M)
< 2P( Y2 SUPrcA |Zz 1f0 eV (1)y-A{Yi(t) — Vit )T'YO(T)}dNi(t)‘ > M/4)
- 1 — 16 MZCE / M?

for M? > 16M2C?, where {e;}", are independent and identically distributed ran-
dom variables taking values of +1 with probability 1/2, and they are independent of

(Yi(t), Xi(t), Z;(t)). On one hand,
p(T‘ i /0 h eiVij(t)le-(t)‘ > 2MoCy\/n log(r + p))
_P(’ i /OOO eiVij(t)dNi(t)‘ > 2MoCy/nlog(r + p))

1 4nM2C2 log( +p) ) < e (_14nM303 log(r +p)) <2
~

<2exp ( )
23 T Vi (DdN(8))? 2 nCY Mg r+p)
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where the first inequality is elementary, the second inequality follows from Hoeffding
inequality and the last inequality follows from condition (C2). On the other hand,
we would like to bound Y7 | [ &;Vi;(8)1 {Vi(t) — Vi(t) vo(7) < 0} dN;(t). Let 7 =
<7 << Ty, =Ty be a7-grid such that 7,4, — 7 = \/w, then
my < (10— 712)/(\/log(r + p)/n).

First, we bound Y7, [ & Vi ()1 {Y;(t) — Vi(t) () <0} dN;(t) forall 1 < k <
My. Given k, let Sy = [77;Vi;j(0)1 {Yi(t) — Vi(t) vo() < 0} dN;(t), then [Siu| <
MoCy and Var(S;) < MgC%, since [;°dN;(t) < My and |V;;(t)] < Cy by conditions

(C1) and (C2). By Bernstein’s inequality, we obtain that

> 4MOCV \/n log rnax{n, r+ p}>

i—1
1 —16MZCEnlog max{n,r + p}

<2exp| —z = 2exp(—4log(r +p)),
P ( QnMgC‘Q/ + 4]\/[020‘2/n1/2 10g1/2 max{n, r +p}/3> p( g( p))

when n is sufficiently large such that 16 M2C%+/nlog max{n,r + p}/3 < nMZC%. Con-

sequently,

P( sup ‘zn:Sik
i=1

1<k<mn,

> 4MoCy+/nlog max{n,r + p})
< 2m, exp(—4log max{n,r + p})
< 2exp(—4logmax{n,r + p} +logn/2 — loglog max{n,r + p}/2)

< 2exp(—3logmax{n,r + p}). (S3.13)

Then we consider Y7, [°&;Vi; ()T {Yi(t) — Vi(t) (1) < 0} dN;(t) for any 7, < 7 <
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Ti+1. It is easy to see that
| 2 /ooo eV (O {Yi(t) = Vi(t) o(7) < 0} dNi(#)
> /0°° V(O {Yilt) = Vil o(m0) < 0} dNi(t)|

= ; /OOO Vi (O] T{Vi() (1) < Yi(t) < Vi) vo() } dN(t)

IN

VG, </OOO [eVis (D11 {Vi(t) vo(m) < Yi(t) < Vi(t) vo(71) } sz'(t))

+"E[/om 2V Vi 0(n) < Yilt) < Vit o)} dNi(0)]

IA

Vit ([T IO VAT 3m) < ¥i) < Vil 30(ren)} 4
0
+nMoCy+/log(r + p)/n. (S3.14)
We note that Var ([; |e;:Vij(6)| T {Vi(t)"vo() < Yi(t) < Vi(t) vo(7is1) } dNi(2)) <
4AMECE+/log(r + p)/n, according to our choice of 7;,’s. By Bernstein’s inequality again,
PG, ([ W0 T (V0T 30(m) < ¥il) < Vit olrmen)} dNi(0))
0

> 4MyCyn'/* log®* max{n, r + p}>

< 9 16M2C2n' 2 1og®? max{n,r + p}
exp | —=
- Pl nMZC2 log?(r + p)n=12 + 4M2C2nt/* log®* max{n, r + p}/3
8log max{n,r + p}
= 2exp| — — 4
1+ 2n=Y*log/* max{n,r + p}/3
< 2exp (—4logmax{n,r + p}). (S3.15)

Therefore, it follows from (S3.13)), (S3.14)), (S3.15) that

(s S [Tan@r (v - Vi) < ohani)

TENBER 1 s_1(B),j>r+s i=1
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> 9MyCyn'/?log"? max{n,r + p}) < 4exp(—3logmax{n,r + p}). (53.16)

Let K = (Cy + 10)+/nlog max{n,r + p}, combining (S3.10)—(S3.12)) and (S3.16) and

the condition that n/((r + s)log® max{n,r + p}) — oo together yields

Pl s | > [ Va0 0 = Ve (r) + )}ani(0)] > K)

J>TH8 1N SER o1

TEAOER 151

<op( a3 [T V0060 - Vi ute) + )avn| > )

< 20 < 20
_p(r+p)2 “r+p

The condition (infjs,is-1-eaw;j(7))"'v/n//(r + s)logmax{n,r + p} = O,(1), cou-
pled with A/((r + s)logmax{n,r 4+ p}) — oo and ([S3.8)) implies that with probability
approaching 1, Aw;(7) > K + o. This proves (S3.9) and hence completes the proof of

Theorem A.3. U

S4 Proofs of Theorems 1-4 and Corollaries 1-2

In this section, we provide the proofs of Theorems 1-4 and Corollaries 1-2 based on
the lemmas and theorems in Section S2-S3.

We first introduce some notation. Given a random sample 71, ..., Z,, let E,(f) =
E{f(Z)} = n 'S0, F(Z) and Go(f) = Gu{f(Z)} = ' E,[f(Z) — B{F(Z)})
Recall that R, 1 := {6 € R"™P : ijl Opj = 0,6,y = 0,s <1 < p} ={0 =

(0L, 6): 6, € R", 5, € RP,Z;:I 025 = 0,0, = 0,5 <1 < p}. For any B > 0, define
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Reys 1(B) = {6 € Roys1: ||6]] < ((r +s—1)logn/n)/?B}. For any § € R, 1,

lot 81 = (81,817, Di(8.7) = f; p: [Yi(t) = Vi) {o(r) + 8} AN (1) — f; . [Yi(1)

Vi (1] AN:(1), and My (7, 8) = 0B, [ [ Vi(t) - [Vi(H) = Vi(t) {rvol(r) +83dNi(1)],

where ¢, (v) = 7—I(v < 0). Wealsodefine o () :=n"' 3" | [ p{Y;(£)=V;(t) v, () YANi(t).
To prove Theorems 1-2 and Corollary 1, we first establish the asymptotic properties

of the oracle regularized estimator, which is obtained by assuming that all relevant

covariates are known in advance. Provided Sn = {1,...,s}, the oracle regularized

estimator is given by 4°(7) = (32(7)",07)", where 4°(7) = (&°(7)", Bo(7)") is the

minimizer of

Z/p@f OaZMWMN—MZ% %HtZ%Z

In Theorem A.1, we show that 4°(7) is uniformly consistent in 7 € A with the con-

vergence rate \/(r + s)logn/n. In Theorem A.2, we establish some weak convergence
results for a linear combination of 4°(7). Specifically, we investigate the asymptotic
behavior of n'/2€"{4°(7) — ,(7)} with the constraint that > 7_, Bj(r) = 0. We show
in Theorem that the oracle regularized estimator equals the proposed regularized
estimator with probability tending to one.

Proof of Theorem 1. Theorem 1 follows immediately from Theorems [A.T] and [A.3]
O

Proof of Corollary 1. Corollary 1 follows immediately from Corollary and The-

orem [A.3] 0
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Proof of Theorem 2. The proof is completed by combining the results in Theorems
[A2 and [A.3] O
Proof of Theorem 3. The proof is completed by combining the results in Lemmas
10 and 11. 0

Proof of Corollary 2. By definition,

GIC(\) = /Alog Ga(T)dr + | S| dn > / Alog(ﬁgA(T))dT + |55 = GIC(S,).
TE

By Theorem 3, for those A’s which lead to underfitted or overfitted model selection, we

have

inf GIC(\) > inf GIC(Sy) > GIC(Sa), (S4.1)
S\EUF|JOF,|Sx|<k S\eUFJOF,|Sx|<r

with probability approaching 1.

Consider an ancillary tuning parameter sequence An = m log max{n, r+
p}, it is easy to verify sup,ca jes, Aw;(T) = Op(yv/nlogn) and A, /v/r + s log max{n, r+
p} — oo, then by Theorem , we have Pr (45 (1) = v(7) € Ryys-1(B)) — 1 and
Pr(S5, = Sa) — 1, where 45 (7) is the minimizer of (2.3) with the tuning parameter
An-

Consequently, with probability approaching 1,

QIC(A,) — GIC(S; ) = CIC(A,) — GIC(Sa) = /A log (35, (7)) — log(6s, ())dr

S\EUF|JOF,|S\|<k
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where the last equation follows from the proofs of Lemmas 10 and 11 in the Supple-
mentary Materials. By (S4.1)), (S4.2)), and the fact that A, is the minimizer of GIC())

together, with probability tending to 1,

inf GIC(A) > GIC(),) > GIC(\,).
S\eUF|JOF,|Sx|<k

Thus, Pr(S;\n = SA) — 1. This completes the proof of Corollary 2. O

Proof of Theorem ??7: The proof of part (a) can be completed by modifying the

arguments used in Theorems [A.1} [A.2| and [A.3]

By Theorems|A.2/and[A.3] we obtain that n'/2¢H, {§(1) — ~,(r)} = £ M, (r,0)+
0,(1). We decompose Z(t) into (Z!, (t)", ZL, ()", where ZL (t) is Z;a(t) — Zis(t)14
with the [th component removed and Z.(t) = Z;(t) — Z;1(t)1,—5. Define Vi(t) =
(VL ()T, VE(0)TVT, where V(1) = (Xu(t)T, 2L (1) and Vi (1) = ZL(1). By modifying

the same arguments used in Theorems and we can show that
n'PHL (3(7) = Yo (7))
=n~!/? Z/ Vi) -{Yi(t) = Vi(#) 7o (r) }ANi(t) + 0,(1),
i=1 70

where

—_ E(Jy" fur {OIVi(t)} Vi () Vi, (8) dNi(8)] O
0 0

Noting that for any given € € R, ; and ||&]| = 1,

nl/2€THr{’AY?(T) —Yo(7)} = nlmﬂzHlT(’AY\l(T) — Yov (7))
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— 2], Z /0“ V() {Yi(t) — Vi(t) 7o (7) AN (£) + 0,(1) = € M, (7, 0) + 0,(1)
= '€ H (1) = 7o(7)} + 0p(1),

where the third equality follows from the fact that for any € € R, 1 and 1 <[ < s,

E£Vi(t) = EIlVﬁ(t). This completes the proof of Theorem 4. O

S5 Additional Simulation Results

Tables present the simulation results for setup (I), (IT), (I1I) described in Section
4.

We consider additional setups which are the same as setup (II) and setup (VI)
except for different variance specifications for a; and ¢;(t), and are denoted by setup
(IT") and setup (VI’) respectively.

Setup (II'): Data are generated from a longitudinal linear model with independent

homogeneous €rrors,
Yi(t) = —Xi1 + Xig — t + Zi(t) b+ a; + €(t),

where b = (1,0.8,0.9,1,2, —1.5, —4.2,0,....0)7, a; ~ N(0,1/4), e;(t) ~ N(0,1/4) or
N(0,1) for t > 0, ¢(t) and €;(t') are independent for t > 0, ¢’ > 0 and ¢t # ¢/, and q;
and ¢;(t) are independent for ¢ > 0.

Setup (IV’): Data are generated from a longitudinal linear model with dependent het-
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erogeneous errors,
Y;(t) = —Xﬂ + Xig —t+ Zi(t)—rbl + (Xﬂ + Zi(t)Tbg)(ai + Gi(t)>,

whereb; = b = (1,0.8,0.9,1,2, —1.5,-4.2,0,...,0)", by = (0,0.1,0,0.1,0,0,—0.2,0,...,0)",
a; ~ N(0,1/4), €;(t) ~ N(0,1/4) or N(0,1) for t > 0, ¢(t) and ¢;(t') are independent
fort >0,¢ >0and t #t, and a; and ¢(t) are independent for ¢ > 0.

The simulation results for setups (II’) and (IV’) are summarized in Tables [S4] and
respectively. We have generally consistent findings regarding the proposed method
and the naive methods. That is, the proposed method still outperforms the SS(7) and
PS approaches. As expected, we observe more accurate variable selection (i.e. higher

PCF) when ¢;(t) has a smaller variance.

S6 Additional Table from the Real Data Example

Table [S6 presents basic summary statistics for gender, number of longitudinal records,

and calprotectin levels in the FIRST dataset
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Table S1: Simulation results under Setup (I) with independent homogeneous errors

AEE,, AEE,, AEE,, NCN NIN PUF PCF POF SUM
(%) (%) (%)

Proposed
AW, 2.535 1.144 0.773  6.920 0.043 73 8.7 4.0 0.000
AWg 2.611 1.178 0.797  6.830 0.017 14.7 84.0 1.3 0.000
SS(0.2)  2.723 1.235 0.838  6.190 0.037 47.3 49.3 3.3 0.000
SS(0.5)  2.015 0.918 0.624  6.600 0.007r 31.0 683 0.7 0.000
SS(0.8)  2.851 1.289 0.870  6.077 0.020 53.3 45.0 1.7 0.000
PS 2.538 1.147 0.773  6.947 0.357 4.3 64.0 31.7 0.000

ALasso (i)

AW, 2.666 1.158 0.777  6.923 1.020 6.7 1.3 92.0  0.000
AW3 2.742 1.190 0.798  6.817 0.993 15.7 1.3 83.0 0.000
ALasso (ii)

AW, 2.608 1.189 0.817  6.877 0.027 12.0 85.7 23 2144
AW, 2.658 1.208 0.828 6.773 0.017 20.0 783 1.7 —2.491
ALasso (iii)

AW, 2.879 1.294 0.881  6.877 0.027 12.0 85.7 2.3 0.000
AW, 3.051 1.371 0.939 6.770 0.017 20.0 783 1.7 0.000
ALasso (iv)

AW, 2.509 1.125 0.752  6.960 0.300 3.3 69.7 27.0  0.000
AW, 2.544 1.141 0.765 6.933 0313 53 65.7 29.0 0.000
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Table S2:  Simulation results under Setup (II) with dependent homogeneous errors
AEE,, AEE,, AEE,  NCN NIN PUF PCF POF SUM
(%) (%) (%)
Proposed
AW, 2.500 1.126 0.754  6.930 0.037 6.0 90.7 3.3 0.000
AW, 2.535 1.141 0.765  6.860 0.017 12.7 8.7 1.7 0.000
SS(0.2)  2.802 1.262 0.847  6.137 0.030 51.7 46.0 2.3 0.000
SS(0.5)  2.007  0.910 0.610  6.643 0.010 29.0 70.0 1.0 0.000
S5(0.8)  2.797 1.260 0.848  6.150 0.037 50.7 470 2.3 0.000
PS 2.489 1.123 0.753  6.950 0.337 4.7 69.0 26.3  0.000
ALasso (i)

AW, 2.644 1.143 0.756  6.910 1.020 8.3 0.3 91.3  0.000
AW, 2.694 1.165 0.773  6.837 1.003 143 0.0 85.7  0.000
ALasso (ii)

AW, 2.501 1.136 0.771  6.900 0.033 93 87.7 3.0 2304
AW3 2.553 1.160 0.790  6.817 0.010 15.7 833 1.0 —2.418
ALasso (iii)

AW, 2.729 1.223 0.821  6.897 0.033 9.3 87.7 3.0 0.000
AW3 2.902 1.302 0.885 6.813 0.010 15.7 833 1.0 0.000
ALasso (iv)

AW, 2.412 1.077 0.715  6.973 0373 2.0 66.0 32.0 0.000
AW, 2.468 1.104 0.735  6.950 0.363 4.0 63.0 33.0 0.000
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Table S3: Simulation results under Setup (III) with independent heterogeneous errors

AEE,, AEE,, AEE,, NCN NIN PUF PCF POF SUM
(%) (%) (%)

Proposed
AW, 2.314 1.047 0.704  6.910 0.047 83 873 43 0.000
AW, 2.373 1.074 0.723  6.840 0.013 14.3 84.7 1.0 0.000
SS(0.2)  2.992 1.341 0.889 5973 0.023 61.0 36.7 2.3 0.000
SS(0.5)  1.905 0.861 0.567  6.687 0.013 24.0 74.7 1.3 0.000
SS(0.8)  2.751 1.254 0.855  6.180 0.023 43.7 540 2.3 0.000
PS 2.349 1.060 0.713  6.960 0.273 4.0 73.0 23.0 0.000

ALasso (i)

AW, 2.489 1.080 0.709  6.910 1.023 8.3 2.0 89.7  0.000
AW3 2.538 1.102 0.725  6.847 0990 13.3 2.0 84.7 0.000
ALasso (ii)

AW, 2.401 1.095 0.741  6.890 0.040 103 8.7 4.0 —2.678
AW, 2.463 1.121 0.758  6.827 0.013 15.7 83.3 1.0 —2.693
ALasso (iii)

AW, 2.652 1.194 0.806  6.890 0.040 103 8.7 4.0 0.000
AW, 2.802 1.259 0.854  6.827 0.013 15.7 83.3 1.0 0.000
ALasso (iv)

AW, 2.316 1.038 0.686 6.960 0.380 3.3 62.0 34.7  0.000
AW, 2.409 1.080 0.718 6.940 0.283 4.7Y 69.0 26.3  0.000
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Table S4: Simulation results for under Setup (II’) with dependent homogeneous errors

AEE,, AEE,, AEE,  NCN NIN PUF PCF POF SUM

(%) (%) (%)

a; ~ N(0,1/4), e;(t) ~ N(0,1/4)
AW, 1.133 0.522 0.356 7.000 0.007 0.0 99.3 0.7 0.000
AW5; 1142 0526 0359  7.000 0.007 0.0 993 0.7  0.000
SS(0.2) 1130 0516 0352  6.933 0.003 60 937 03  0.000
SS(0.5)  0.919 0.415 0.276 6.983 0.007 1.7 97.7 0.7 0.000
SS(0.8) 1124 0518 0350  6.947 0.007 53 940 0.7  0.000
PS 1048 0479 0323 7.000 0.103 00 903 9.7  0.000
a; ~ N(0,1/4), e;(t) ~ N(0,1)
AW, 2376 1100 0759 6930 0217 7.0 757 17.3  0.000
AW3 2.435 1.131 0.784 6.903 0.163 9.3 77.0 13.7 0.000
SS(0.2) 2898  1.340 0922  6.050 0.030 660 333 0.7  0.000
SS(0.5) 2162 0.997  0.682 6560 0.030 37.3 610 17  0.000
SS(0.8) 2.872 1.326 0.910 6.060 0.037 63.3 34.0 2.7 0.000

PS 2.590 1.198 0.823  6.943 0.367 5.7 683 26.0 0.000




REFERENCES

Table S5:  Simulation results under Setup (IV’) with dependent heterogeneous errors

AEE,, AEE,, AEE, NCN NIN PUF PCF POF SUM

%) (%) (%)

a; ~ N(0,1/4), e;(t) ~ N(0,1/4)
AW, 0.804 0.364 0.241 7.000 0.003 0.0 99.7 0.3 0.000
AW5; 0806  0.365 0242 7.000 0003 0.0 997 0.3  0.000
SS(0.2) 0.878 0400 0268 6990 0.003 1.0 987 0.3  0.000
SS(0.5) 0.697 0.315 0.208 6.997 0.000 0.3 99.7 0.0 0.000
SS(0.8) 0.837 0379 0250 7.000 0.000 0.0 100.0 0.0  0.000
PS 0697 0316 0210 7.000 0057 00 953 47  0.000

ai ~ N(0,1/4), e;(t) ~ N(0,1)
AW, 2874 1296 0875 6853 0123 140 773 87  0.000
AW; 2.976 1.341 0.906 6.797 0.087 19.3 75.7 5.0 0.000
SS(0.2) 3.694 1.645  1.091 5457 0.010 79.7 203 0.0  0.000
SS(0.5) 2572 1165 0784 6317 0.007 49.7 497 0.7 0.000
SS(0.8) 3.440 1.561 1.059 5.707 0.010 68.0 31.7 0.3 0.000

PS 3.104 1.396 0.941 6.883 0.210 103 723 17.3 0.000
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Table S6: Summary statistics for microbiota composition data

Gender Boy Girl
n(%) 76 (56.3%) 59 (43.7%)
m 1 2 3 4

n(%) 26 (19.26%) 42 (31.11%) 50 (37.04%) 17 (12.59%)

Minimum Median Mean Maximum

Y (t) 16 64.5 111.2 939
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