Theorem S2. The efficient motif set selection problem is NP-hard.

Proof. To prove the efficient motif set selection problem is NP-hard, we can
prove a special case of the problem is NP-hard. When X is set to oo, the
minimization objective turns into simply minimizing the size of the efficient
motif set. When all motif counts o; are the same, the second requirement in
Theorem S1 (Additional file 1) will always be satisfied.

The decision version of simplified efficient motif set selection problem can
be formulated in the following way: given a k, can we find a subset ¥ C ¥ with
||3]] < k, such that the total replacing cost > °_; 0;%x;;%;; < A. The decision
version of the set cover problem can be formulated as the following: given a k,
a set of elements {eq, e, ...,e,} and a collection of p subsets {57, 52, ..., Sp} of
elements, whose union equals the universe, can we find a sub-collection of p sets
whose union equals the universe and the size of the sub-collection is less than
or equal to k.

To prove the optimization version of the problem is NP-hard, we can prove
the decision version of simplified efficient motif selection problem is NP-complete.
To prove the NP-completeness of the decision version, first, we show the problem
belongs to NP. _

Suppose we have a solution of variables {z;;}; j=1,... p, we can check if ||X]| <
k and the total cost D7, 0; % >-0_; dijzi; < A in polynomial time. Second, we
prove the problem is NP-complete by reducing the decision version of the special
set cover problem with equal size of elements and sets to it.

Let a set cover problem instance be a set of p elements {e1,eq, ...,e,} and a
collection of p sets of elements {51, S2, ..., Sp} whose union equals the universe
of elements. For any set cover problem instance, we can create an instance of
efficient motifs selection problem: define a set of p motifs as {my, ma,...,m,}
and associated counts o; = 1 for Vi = 1,...,p. Set A = 0.5 and §;; = L(e; & ;).

Suppose {x;; }i,j=1,..p is a solution of the constructed instance of the efficient
motifs selection problem. We can prove a sub-collection of sets which is defined
as {Sihesup, Sub = {j € {1,...,p}L(>"_, 255 > 1)} is a valid solution of the
set cover instance.

e Since ||| = 327 1(320_, @y; > 1) < k, thus ||Subl| < k.

e Since each motif m; must have a replacement, there exists some j such that
Tij = 1. Since Zle Z?:l 5@‘1‘@‘ < A =0.5and 6ij = ]l(ei g Sj), then
zij =1 = §;;5 =0 = ¢; € 5;. Additionally by the definition of Sub,
such S; € {Si}tesup. Therefore, for each e;, there exists S; € {Si}esub
such that e; € 5.

Next, suppose a sub-collection {S;}iesup, Sub C {1,...,p} is a solution of
the set cover problem instance. We define {z;;}; j=1,..., (variables indicating if
motif m; is replaced by m;) as follows:

o If j ¢ Sub, x;; = 0.
° IijS’ub and e; ¢Sj,x1‘j =0.



o If j € Sub, e; € Sj, and S is the only set in {S;}resup that covers e;, then
Tij = 1.

o If j € Sub, e; € S}, and there are more than one set in {S;}+csup that
covers e;, suppose S; . has the minimum index among these sets, set
Zijnim = 1; for any other S;/, set ;5 = 0.

We next prove the defined {z;;}; j=1.... p is a valid solution of the constructed
instance of the efficient motif selection problem.

o 1511 =35 W 2y > 1) < [|Subl| < k.

e For each e;, there must exist some j such that e; € §;. So there must

exist some j' (not necessarily j) such that x;;; = 1. And according to the
definition, there is only one j’ such that z;;; = 1.

e For every i, j, since Tij = 1=v¢; € Sj — (Sij =0, Zi?:l E?:l 6ija:ij =
0<A=05.

To sum up, we prove the decision version of simplified efficient motif selection
problem is NP-complete, thus the optimization version of the problem is NP-
hard. Therefore, efficient motif selection problem is NP-hard. O



