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1 Overview on overall strategy, difficulties, and approach

1.1 Strategy

To efficiently perform Brownian Dynamics (BD) simulations, we combine these key elements: our
chromatin mesoscale model, our chromatin BD algorithm developed earlier [1], and the CUDA
(Compute Unified Device Architecture) platform to run simulations on GPUs.

• Our mesoscale model for chromatin has evolved for 20 years [2, 3] to accurately reproduce
experimental results on chromatin folding. It contains coarse grained units for the nucleosome
cores [4], irregular linker DNA [5], histone tails [6], and linker histone (LH) [7]. Besides, it
can treat histone tail acetylation [8, 9] and several LH binding modes and variants [10]. This
makes it an excellent model to study chromatin at the nucleosome level.

• Our BD algorithm for chromatin was developed by Beard and Schlick [1] with Rotne-Prager
hydrodynamic tensor using the second-order integration.

• We develop the code with the CUDA application for computing on GPUs, significantly speeding
up calculations by massive parallelization.

1.2 Difficulties

The main difficulties encountered during the development were associated to the calculation of
the hydrodynamic interactions, presence of non-calculation latencies associated to GPU computing,
scientific correctness, and sampling issue.

• In the BD algorithm, we have a very large hydrodynamic interactions (HI) matrix that con-
sumes memory with space complexity O(n2) and computational time associated with its
Cholesky factorization with a time complexity of O(n3) for n particles.

• In the CUDA code, there are non-calculation latencies coming from using threads belonging
to different blocks in the GPU. This increases data sharing time, consuming most of the wall
time.

• The Brownian Dynamics strategy has been proposed over 40 years [11] and applied on many
models but mostly coarse grained models. Our mesoscale model was used in MC simulations,
but some artificial parameters cannot be used directly in BD (i.e., excluded volume).

• Similar to other simulation techniques, we faced the equilibrium sampling problem. As the
system size increases, the time to fold fibers increases considerably.
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1.3 Approach

• We assign many threads to calculate the large HI and force matrices and let each thread
handle one calculation, converting the complexity from O(n2) to O(1). For the Cholesky
decomposition, we use the well-developed library “cuSolver” that calculates the matrix column
by column in parallel and reduces the complexity from O(n3) to O(n).

• To reduce non-calculation latencies as much as possible, we reduce the data transfer between
GPU and CPU by completing most of the calculations in GPU, even those that were not
computing intensive in CPU.

• To improve the scientific correctness we run at least 5 independent replicas for every simulation
and compared with different experimental data with different perspectives and setups. Many
sets of parameters were tested and justified according to the comparison of the experimental
data when developing the BD code.

• The current solution for the sampling problem is to use Monte Carlo simulations to obtain
equilibrated and folded fibers and then use BD to study their dynamics.

2 Chromatin Mesoscale Model

2.1 Components and their Connection

The coarse-grained chromatin model consists of nucleosome cores [4], treated as disks; and linker
DNA [12], histone tails [13], and LHs [7, 10], treated as beads (Figure 1).

Figure 1: Chromatin mesoscale model. 50-nucleosome chromatin fiber with enlarged basic unit
(chromatosome) showing each element, and enlarged tri-nucleosome showing the connection between
nucleosomes by linker DNA. Linker DNA is shown as red beads, histone tails as green (H3), yellow
(H2A), red (H2B), and blue (H4) beads, LHs are shown as orange (globular head) and cyan (C-
terminal domain) beads, and nucleosome cores are shown with their distributed charge beads.

Our collective chromatin model can be regarded as springs connecting balls. In particular, linker
DNAs connect nucleosome cores, and histone tails and LHs are attached to the nucleosome cores.
Each bead can move freely during the simulation, except for the 300 charge beads in the nucleosome
cores, one fixed tail bead per histone tail, and the 6 LH globular head (GH) beads, which must move
together with the nucleosome core. Hence, the coarse-grained chromatin model has flexible linker
DNA, histone tails and LHs, and rigid nucleosome cores.
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Linker DNA – Nucleosome Core Connection The nucleosome core with 1.7 turns of DNA
wrapped around is modeled as a disk [14]. Each linker DNA bead connecting nucleosomes represents
roughly 9 base-pairs (detailed conversion in Equation 16). To simulate the wrapped DNA supercoil
as observed experimentally, the linker DNA is not connected to the center, but to the imaginary
points on the nucleosome core disk, as shown in Figure 2. Each nucleosome core disk has a radius of
r0 = 4.8 nm, and parameters w0 = 1.8 nm, θ0 = 108o determined by the geometry of the wrapped
DNA supercoil. We assign an Euler body-centered coordinate frame to each linker DNA bead and
each core disk. For the Euler frame {ai, bi, ci} of the core disks, the unit vectors ai and bi are
parallel to the plane of the flat surface of the disk, while ci is perpendicular to it. Thus, the location
of the two imaginary points can be represented by:

r−i = ri − r0(−sin(θ0)ai + cos(θ0)bi) + w0ci, (1)

r+i = ri − (r0bi + w0ci). (2)

The Euler frames on the linker DNA are updated during each step of the simulation so that the
unit vector ai is always pointing to the next bead (to the imaginary point on the nucleosome core
disk if the next “bead” is a nucleosome core disk).

Figure 2: Relative positions of linker DNA and nucleosome core. Red beads represent linker DNA,
the grey disk is the nucleosome core, and blue beads are imaginary points embedded on the nucleo-
some core to connect linker DNA. At left, we show the DNA supercoil and linker DNA entering and
leaving the nucleosome. At right, we show the assigned Euler vectors.

Histone Tails – Nucleosome Core Connection The histone tail geometry and parameters are
adopted from our previous work in [13], as shown in Figure 1. Each nucleosome core disk has 10
histone tails: two N-terminal domains of H2A (yellow beads), H2B (red beads), H3 (green beads),
and H4 (blue beads), and two C-terminal domains of H2A (yellow beads). Each tail is treated as a
spring with one bead fixed on the nucleosome core.

Linker Histone – Nucleosome Core Connection The LH geometry and parameters are
adopted from our earlier works in [7, 10]. The coarse-grained model contains 6 beads for the GH
and 22 beads for the C-terminal domain, as shown in Figure 1.

2.2 Euler Angle

Since we have defined Euler frames on the linker DNA and nucleosome cores, Euler Angles describing
the relative position between beads are also calculated, and are used to calculate bending and twisting
energies and force terms discussed in the following sections.

As discussed in Section 2.1, the Euler frames are updated during each step of the simulation so
that the unit vector ai always pointing to the next bead. Thus, β, shown in Figure 3, is calculated
as:

βi = arccos(ai · ai+1). (3)
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The other two Euler angles, α and γ, also shown in Figure 3, are defined as follows: p is the
vector perpendicular to ai and ai+1, α is the angle between bi and p, and γ is the angle between
p and bi+1:

αi = arccos

(
ai+1 · bi

sin(βi)

)
, (4)

γi = arccos

(
bi · bi+1 + ci · ci+1

1 + cos(βi)

)
− αi. (5)

For the nucleosome core, the linker DNA is connected to the two imaginary points on the disk.
Thus, the Euler frames assigned on these two points are used instead of these assigned to the center
of the core. An additional set of Euler angles {α+

i , β
+
i , γ+

i } is also calculated representing the Euler
transformation from {a+

i , b
+
i , c

+
i } to {aDNA

i , bDNA
i , cDNA

i }, as shown in Figure 2.

Figure 3: Schematic representation of Euler Angle related with Euler frames.

3 Energy

There are 5 types of energy terms calculated during a BD simulation that make up the effective
force. These are stretching, bending, twisting, electrostatic, and excluded volume energies. The
details of each energy term and the beads they applied to are given below.

3.1 Stretching

The stretching energy between two beads is based on Hooke’s law, and given by:

ESi =
h

2
(li − l0)

2, (6)

where h is the stretching constant, li is the distance between two beads, and l0 is the equilibrium
length.

The stretching energy is calculated for linker DNA and nucleosome core, histone tails, LHs, and
histone tails and nucleosome core.

Linker DNA – Nucleosome Core The stretching energy between linker DNA and nucleosome
cores, more specifically between a DNA bead and a reference point on the nucleosome core disk
(Figure 2), is the summation of stretching energy between each two adjacent beads.
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ES =
h

2

N−1∑
i=1

(li − l0)
2, (7)

where h = 100kBT
l02 , with kB the Boltzmann’s constant, T the temperature, and l0 = 3 nm.

Histone tails For the histone tails, each tail is treated as a spring, so the stretching energy is
the summation of all the stretching energies calculated by each tail on all the nucleosome cores as
follows:

EtS =

Nc∑
i=1

Nt∑
j=1

Nj−1∑
k=1

kjk
2

(lijk − ljk0)
2, (8)

where, Nc is the number of cores, Nt the number of tails per core, and Nj the number of beads per
tail (each tail has different number of beads, as shown in Figure 1). The parameters kjk and ljk0
are taken from our previous work in [13], and are shown in Table 1.

Table 1: Histone tail parameters for the stretching energy term

Bond kjk ljk0
Tail j-k (kcal/mol/Å) [Å]

N-ter H3 1-2 0.09 14.80
2-3 0.06 13.40
3-4 0.07 14.50
4-5 0.07 15.00
5-6 0.07 14.80
6-7 0.07 13.90
7-8 0.11 13.70

N-ter H4 1-2 0.10 13.20
2-3 0.10 13.90
3-4 0.06 13.70
4-5 0.20 14.40

N-ter H2A 1-2 0.08 13.40
2-3 0.09 14.50
3-4 0.03 11.00

C-ter H2A 1-2 0.07 14.10
2-3 0.07 12.60

N-ter H2B 1-2 0.08 13.50
2-3 0.10 12.70
3-4 0.08 15.20
4-5 0.08 14.20

Linker Histone For linker histones H1E, whose coarse grained model contains 6 beads for the
GH and 22 beads for the C-terminal domain (CTD), as shown in Figure 1, the stretching energy is
calculated as the summation of the stretching energy between all adjacent beads in the CTD and
the single bead in the GH connected to the CTD as follows:

ElhS =

Nlh∑
i=1

Ni∑
j=1

kj
2
(lij − lj0)

2, (9)

where Nlh is the number of nucleosome cores that have LH attached and Ni is the number of beads
used to calculate the stretching energy. The constant kj = 0.1 kcal/mol/Å and lj0 = 15 Å for the
CTD beads, and lj0 = 0 for the GH beads connected to the CTD.

3.2 Bending

The bending energy is also based on the Hooke’s law, which is given by:

EBi
=

g

2
(βi − β0)

2, (10)
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where g is the bending constant, βi the Euler angle described in Section 2.2, and β0 the equilibrium
angle.

The bending energy for linker DNA and nucleosome cores, histone tails, and LHs is calculated
as described below.

Linker DNA – Nucleosome Core The bending energy between the linker DNA and nucleosome
cores is calculated based on the Euler frames as follows:

EB =
g

2

N−1∑
i=1

β2
i +

g

2

∑
i∈IC

(β+
i )2, (11)

where g is the bending rigidity of the DNA with g = LP kBT
l0

, and LP = 50 nm is the persis-

tence length of the DNA. Again, β+ represents the Euler transformation from {a+
i , b

+
i , c

+
i } to

{aDNA
i , bDNA

i , cDNA
i } shown in Figure 2.

Histone Tails Similar to the stretching energy calculation, the bending energy for histone tails is
the summation of all the bending energies calculated by each tail on all the nucleosome cores.

EtB =

Nc∑
i=1

Nt∑
j=1

Nj−2∑
k=1

kβjk

2
(βijk − βjk0)

2, (12)

Parameters kβjk
and βjk0 are taken from our early work in [13], as in Table 2.

Table 2: Histone tails parameters for the bending energy term

Angle kβjk
βjk0

Tail i-j-k (kcal/mol/rad2) [o]
N-ter H3 1-2-3 1.10 115.90

2-3-4 1.00 116.70
3-4-5 1.70 117.30
4-5-6 1.20 123.00
5-6-7 1.20 111.80
6-7-8 1.50 114.90

N-ter H4 1-2-3 1.00 112.50
2-3-4 1.10 116.30
3-4-5 0.50 111.60

N-ter H2A 1-2-3 1.10 121.20
2-3-4 0.60 100.10

C-ter H2A 1-2-3 1.00 113.80
N-ter H2B 1-2-3 0.90 118.40

2-3-4 0.60 118.90
3-4-5 1.60 124.50

Linker Histone The bending energy is calculated as the summation of the bending energy between
all adjacent beads in the CTD and the single bead of the GH connected to the nucleosome:

ElhB =

Nlh∑
i=1

Ni−1∑
j=1

kβj

2
(βij − βj0)

2, (13)

where kβj
= 1 and βj0 = 110o. For positions of the 3 adjacent beads on linker histone defined as

ri−1, ri, and ri+1, the angle βi is defined as:

βi = arccos(
(ri − ri−1) · (ri+1 − ri)

||(ri − ri−1)||||(ri+1 − ri)||
). (14)
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3.3 Twisting

The twisting energy is only applied to linker DNA and nucleosome cores and is given by:

ET =
s

2l0

N−1∑
i=1

(αi + γi − ϕ0)
2, (15)

where s = 3.0×10−12 erg nm is the torsional rigidity constant of DNA as obtained from experiments
[15], α and γ are Euler angles, and ϕ0 is a twist deviation penalty term.

To justify the twisting due to DNA, ϕ0 is calculated as follows: considering the average rise
between B-DNA base pairs 3.4 Å, and average twist 34.95o; let the number of beads between two
nucleosomes be nb, then:

number of base pair =
(nb+ 1)× 3

rise

number of turns =
number of base pairs

10.3
DNA rotation = round(number of turns)

rotation per base pair =
DNA rotation× 360

number of base pairs

DNA twist = rotation per base pair − twist

whole linker twist = number of base pairs×DNA twist

ϕ0 =
whole linker twist

nb+ 1

(16)

3.4 Electrostatics

The electrostatic energy is calculated using the Debye-Hückel screened electrostatic potential, which
is given by:

UDH(qi, qj , ri,j) =
qiqj

4πε0εri,j
exp(−κri,j), (17)

where qi, qj are the charges on the two beads, ri,j the distance between the two beads, ε the dielectric
constant, and κ the inverse Debye length.

Electrostatic energies are calculated for all pairs not connected by virtual bonds. For the DNA
– nucleosome core interaction, we use a cut off distance of 25 nm, and for all the other type of
interactions, we use a cut off distance of 7 nm.

Linker DNA – Nucleosome Core The electrostatic energy between linker DNA and nucleosome
cores is calculated using the charge on the linker DNA beads and the 300 charge beads on the
nucleosome cores as follows:

EC =

N∑
j>i+1
i,j∈Il

UDH(qi, qj , ri,j) +

N∑
j>i+1
i∈Il
j∈Ic

Nc∑
k=1

UDH(qi, qjk, ri,jk) +

N∑
j>i

i,j∈Ic

Nc∑
k=1

Nc∑
l=1

UDH(qik, qjl, rik,jl). (18)

Here, Nc is the number of charge beads on the nucleosome cores. The first, second, and third
term correspond to the interaction between linker DNA beads, interaction between linker DNA
beads and nucleosome cores, and the interaction between nucleosome cores, respectively.

Histone Tails

Histone Tails – Histone Tails The electrostatic energy for tails is calculated between the
beads from different tails or the non-adjacent beads from the same tail as follows:

EtC =

Nt∑
i=1

j>i+2
i,j∈ta

UDH(qi, qj , ri,j) +

Nt∑
i=1
j=1

i,j∈ta,tb

UDH(qi, qj , ri,j) (19)
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Histone Tails – Linker DNA The electrostatic energy is calculated between all histone tail
beads and all linker DNA beads as follows:

EtlC =

N∑
i∈Il

Nt∑
j∈It

Nj∑
k=1

UDH(qi, qj , ri,j) (20)

Linker Histone

Linker Histone – Linker Histone The electrostatic energy is calculated between the beads
from different LHs as follows:

ElhC =

Nlh∑
i=1

Ni∑
j=1

Nlh∑
k ̸=i

Nk∑
l=1

UDH(qj , ql, rj,k) (21)

Linker Histone – Linker DNA The electrostatic energy is calculated between all LH beads
and all linker DNA beads as follows:

ElhlC =

N∑
i=1

Nlh∑
j=1

Nj∑
k=1

UDH(qi, qk, ri,j) (22)

Linker Histone – Nucleosome Core The electrostatic energy is calculated between all LH
beads and the charged beads on non-parental nucleosome cores as follows:

ElhcC =

Nlh∑
i=1
i∈Ica

Ni∑
j=1

Nc∑
k=1
k/∈Ica

UDH(qj , qk, ri,j) (23)

Linker Histone – Histone Tail The electrostatic energy is calculated between all LH beads
and all histone-tail beads as follows:

ElhtC =

Nt∑
i=1

Ni∑
j=1

Nlh∑
k=1

Nk∑
l=1

UDH(qj , ql, ri,j) (24)

3.5 Excluded Volume

The excluded volume energy is calculated using the Lennard-Jones potential given by:

ULJ(σ, kev, ri,j) = kev

[( σ

ri,j

)12

−
( σ

ri,j

)6]
, (25)

where kev is the excluded volume interaction energy parameter, and σ is the effective diameter of
the two interacting beads.

We use a cutoff distance of 4 nm to calculate excluded volume energies between linker DNA -
linker DNA, linker DNA - nucleosome cores, histone tails - histone tails, histone tails - linker DNA,
linker histone - linker histone, linker histone - linker DNA, linker histone - nucleosome cores, and
linker histone - histone tails.

Linker DNA – Nucleosome Core There are two types of excluded volume interactions, the
interaction between linker DNA and nucleosome cores, and the interaction between different nucle-
osome cores. The excluded volume is given by:

EV =

N∑
j>i+1
i∈Il
j∈Ic

Nc∑
k=1

ULJ(σlc, kev, ri,jk) +

N∑
j>i

i,j∈Ic

Nc∑
k=1

Nc∑
l=1

ULJ(σcc, kev, rik,jl) (26)

Here, kev = 0.001kBT , σlc = 2.4 nm, and σcc = 1.2 nm.
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Histone Tails

Histone Tails – Histone Tails The excluded volume energy for tails is calculated between
the beads from different tails or the non-adjacent beads from the same tail as follows:

EtV =

Nt∑
i=1

j>i+2
i,j∈ta

ULJ(σ, kev, ri,j) +

Nt∑
i=1
j=1

i,j∈ta,tb

ULJ(σ, kev, ri,j) (27)

Histone Tails – Linker DNA The excluded volume energy is calculated between all histone
tails beads and all linker DNA beads as follows:

EtlV =

N∑
i∈Il

Nt∑
j∈It

Nj∑
k=1

ULJ(σ, kev, ri,k) (28)

Linker Histone

Linker Histone – Linker Histone The excluded volume energy is calculated between the
beads from different LHs and non-adjacent beads on the same LH as follows:

ElhV =

Nlh∑
i=1

Ni∑
j=1

Nlh∑
k ̸=i

Nk∑
l=1

ULJ(σ, kev, rj,l) +

Nlh∑
i=1

Ni−2∑
j=1

Ni∑
k=i+2

ULJ(σ, kev, rj,k) (29)

Linker Histone – Linker DNA The excluded volume energy is calculated between all LH
beads and all linker DNA beads as follows:

ElhlV =

N∑
i=1

Nlh∑
j=1

Nj∑
k=1

ULJ(σ, kev, ri,k) (30)

Linker Histone – Nucleosome Core The excluded volume energy is calculated between the
beads on the LH and the charge beads on the non-attached nucleosome cores as follows:

ElhcV =

Nlh∑
i=1
i∈Ica

Ni∑
j=1

Nc∑
k=1
k/∈Ica

ULJ(σ, kev, ri,k) (31)

Linker Histone – Histone Tail The excluded volume energy is calculated between all LH
beads and all histone tails beads as follows:

ElhtV =

Nt∑
i=1

Ni∑
j=1

Nlh∑
k=1

Nk∑
l=1

ULJ(σ, kev, rj,l) (32)
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Table 3: Linker histone parameters for the electrostatic and excluded volume energy terms

charge kevhh
kevhc

kevhl
kevht

Global Head
1 -3.29 1.4360 1.7134 2.2180 1.6180
2 4.22 1.4720 1.7368 2.2360 1.6360
3 8.48 1.4460 1.7199 2.2230 1.6230
4 0.28 1.5380 1.7797 2.2690 1.6690
5 2.08 1.6180 1.8317 2.3090 1.7090
6 3.27 1.5280 1.7732 2.2640 1.6640

C-term
1 3.36 1.8000 1.8000 2.7000 1.8000
2 0.00 1.8000 1.8000 2.7000 1.8000
3 5.04 1.8000 1.8000 2.7000 1.8000
4 1.68 1.8000 1.8000 2.7000 1.8000
5 3.36 1.8000 1.8000 2.7000 1.8000
6 3.36 1.8000 1.8000 2.7000 1.8000
7 3.36 1.8000 1.8000 2.7000 1.8000
8 1.68 1.8000 1.8000 2.7000 1.8000
9 5.04 1.8000 1.8000 2.7000 1.8000
10 3.36 1.8000 1.8000 2.7000 1.8000
11 3.36 1.8000 1.8000 2.7000 1.8000
12 1.68 1.8000 1.8000 2.7000 1.8000
13 3.36 1.8000 1.8000 2.7000 1.8000
14 5.04 1.8000 1.8000 2.7000 1.8000
15 5.04 1.8000 1.8000 2.7000 1.8000
16 1.68 1.8000 1.8000 2.7000 1.8000
17 3.36 1.8000 1.8000 2.7000 1.8000
18 3.36 1.8000 1.8000 2.7000 1.8000
19 3.36 1.8000 1.8000 2.7000 1.8000
20 3.36 1.8000 1.8000 2.7000 1.8000
21 5.04 1.8000 1.8000 2.7000 1.8000
22 5.04 1.8000 1.8000 2.7000 1.8000

4 Force and Torque

4.1 Force

The force F on the system is defined as the negative gradient with respect to the position vector
collection:

F = −∇rE, (33)

where E is the sum of all the interaction energies, and each component of the force Fi = −∇riE.
Following are the details on how each force term is calculated.

Stretching For each bond i, the magnitude of stretching force is calculated by the derivative of
Equation 6:

FSi = h(li − l0). (34)

Let Ba and Bb be the two DNA beads connected by bond i, and the direction pointing from Ba

to Bb be r⃗ab, then the forces applied to the DNA beads are FBa = FSi

r⃗ab

|r⃗ab| and FBb
= −FSi

r⃗ab

|r⃗ab|
(Figure 4).

Bending For each β, the magnitude of bending force is calculated by the derivative of Equation 10:

FBi
= g(βi − β0) (35)
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Similar to the stretching force, after calculating FBi , we calculate the projection along each pair
of DNA beads, and then the force applied on each bead. Instead of two beads involved in stretching,
there are three beads involved in bending (Figure 4).

Twisting The twisting force, which describes the change in the torsions (αi−2+γi−2), (αi−1+γi−1),
and (αi + γi) created by a change in the position of the ith particle, is defined similarly as we did
before [1]:

FT =
s

l0
(χi + ξi − χi−1 − ξi−1), (36)

where the vectors χi and ξi are given by:

χi =
(αi + γi)

li
tan

βi

2
(cosαic⃗i − sinαi⃗bi) (37)

ξi =
(αi−1 + γi−1)

li
tan

βi−1

2
(cos γi−1c⃗i + sin γi−1⃗bi) (38)

Electrostatics For each pair of beads i, j, the electrostatic force is calculated by the derivative of
Equation 17:

FC = −qiqj(κri,j + 1)

4πε0εr2i,j
exp(−κri,j) (39)

Similar to the stretching force, we calculate the projections and apply the force to the two beads
affected (Figure 4).

Exclude Volume For each pair of beads i, j, the exclude volume force is calculated by the deriva-
tive of Equation 25:

FV = kev

[6σ6

r7i,j
− 12σ12

r13i,j

]
(40)

Similar to the stretching force, we calculate the projections and apply the force to the two beads
affected (Figure 4).

4.2 Force Projection

As mentioned above, the forces are projected onto two or three beads. Below, we give the details of
force projection:

Force projection onto two beads As shown in Figure 4a, the force vector is calculated as:

Fi = F
rij
|rij |

Fj = F
rji
|rji|

(41)

Force projection onto three beads As shown in Figure 4b, the force vector is calculated as:

Fi =
F

|ri,i+1|
ri+1,i × (ri+1,i × ri+1,i+2)

|ri+1,i × (ri+1,i × ri+1,i+2)|

Fi+2 =
F

|ri+1,i+2|
ri+2,i+1 × (ri+1,i × ri+1,i+2)

|ri+2,i+1 × (ri+1,i × ri+1,i+2)|
Fi+1 = −Fi − Fi+2

(42)
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Figure 4: Force projection after calculating the magnitude of the forces. a). Force projection onto
two beads, which is used in the case of stretching, electrostatics, and excluded volume forces. b)
Force projection onto three beads, which is used in the case of bending force.

4.3 Torque

There are two types of torques applied during the simulation: torques due to the forces and me-
chanical torques due to the twisting potential in Equation 15.

Torque due to force The torques due to the forces are calculated by the equation:

τ = r× F, (43)

where r is the positional vector away from the center, and F is the force vector calculated above.
Note that linker DNA, histone tails, and linker histones are represented only by beads so that there
is no torque due to forces applied on them. For nucleosome cores, the torques are generated by
the two imaginary points when calculating stretching, bending, and twisting forces, and by the 300
charge beads when calculating electrostatics and excluded volume forces.

Mechanical torque The mechanical torques for linker DNA are due to the twisting potential and
are only applied in the longitudinal direction a, given by:

τi = − s

l0
(αi + γi − αi−1 − γi−1), (44)

Besides the torque acting in direction a, there are also torques in directions b and c acting on
nucleosome cores. Thus, the total torque for nucleosome cores can be written as:

τi = τFi + τBi + τTi , (45)

where τFi is the torque due to forces, τBi the torque due to bending potential, and τTi the torque
due to twisting potential.

4.4 Testing

We have tested the correctness of the derivatives by checking the ratio of the Taylor expansion
described below:
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A Taylor series expansion for a multivariate function E at xk + p, where p is the displacement
vector:

E(xk + p) ≈ E(xk) + gT
k p+

1

2
pTHkp. (46)

where xk is the current approximation to the solution vector x∗, and gk and Hk are the gradient
and Hessian evaluated at xk respectively.

For p = εY, with Y is a random perturbation vector and ε is a scalar, we have:

E(xk + εY) = E(xk) + εgT
kY+

ε2

2
YTHkY+O(ε3). (47)

If only the gradient is tested, we have:

E(xk + εY) = E(xk) + εgT
kY+O(ε2). (48)

When we divide ε by 2, we have:

E
(
xk +

ε

2
Y
)
= E(xk) +

ε

2
gT
kY+O

((ε
2

)2)
. (49)

Then, the ratio tested is O(ε2)/O(( ε2 )
2) = 4.

We divide ε by 2 at every step and test if indeed our truncation errors decrease with the expected
rate (i.e., for a correct gradient, if the error corresponding to ε is E1, then the error for ε/2 should
be E1/4).

The following table shows that with decreasing ε, the ratio becomes closer to 4, supporting that
the analytical solutions for the forces are correct.

Table 4: Ratio with decreasing ε

Ratio ε
21499.5 0.5
4.20064 0.25
4.10839 0.125
4.05615 0.0625
4.02855 0.03125
4.0144 0.015625
4.00723 0.0078125
4.00362 0.00390625
4.00181 0.00195312
4.00091 0.000976562
4.00045 0.000488281
4.00023 0.000244141
4.0001 0.00012207
4.00002 6.10352× 10−5

4.00001 3.05176× 10−5

5 Hydrodynamic Interactions

5.1 Translational hydrodynamics

In Brownian dynamics, the movements of the particles of the chromatin system are coupled to one
another through the action of the viscous medium. The hydrodynamic friction tensor, H, is then
introduced to approximate this viscous coupling. The diffusion tensor D is proportional to H in
Brownian dynamics algorithm with D = kBTH.

For an N-bead system, D is a 3N × 3N matrix:

D =


D11 D12 . . . D1N

D21 D22 . . . D2N

...
...

...
DN1 DN2 . . . DNN

 , (50)
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where each Dij is a 3× 3 matrix for the interaction between beadi and beadj .
There are two types of diffusion tensors introduced in [11], the Oseen and Rotne-Prager tensors.

Our approach uses the Rotne-Prager tensor because in the BD simulation the diffusion tensor needs
to be a positive definite matrix to apply the Cholesky decomposition. The Oseen tensor becomes
non-positive definite when the separation between the particles is small. The Rotne-Prager tensor
is given by:

Dij =

{ kBT
6πηai

I, for i = j

kBT
8πηri,j

[(
I+

ri,jri,j
r2i,j

)
+

(a2
i+a2

j )

r2i,j

(
1
3I−

ri,jri,j
r2i,j

)]
, for i ̸= j

}
, (51)

where η is the solvent viscosity and a is the sphere radius of the particles.
The above formula is for the two non-overlapping particles, i, j. For overlapping particles, we

use:

Dij =
kBT

6πηaeff

[(
1− 9

32

ri,j
aeff

)
I+

3

32

ri,jri,j
aeffri,j

]
. (52)

Here aeff =
√

a2i + a2j , which has been proven for ai = aj [16], and has been proposed for ai ̸=
aj [13, 17].

All the particles (including nucleosome cores) are treated as spheres for hydrodynamic interac-
tions purposes. The choice of radius for linker DNA, nucleosome cores, histone tails and LHs are
1.5 nm, 5.0 nm, 0.6 nm, and 0.5 nm, respectively. The radius of the core (acore) is based on the
diffusion coefficient D measured in [18], and use the relation of D = kBT/6πηacore. This radius
choice of the core bead is nearly equal to the volume of a disk of radius 6 nm and width 5nm. The
radius for other beads (DNA, tails, LHs) are based on our touching-bead model, and the values are

calculated by ax =
length of stringx

2× number of beads
, (x = DNA, tail, LH).

5.2 Rotational hydrodynamics

Since we only calculate torque for the linker DNA and nucleosome cores, the rotational friction is
only applied to these beads. The rotational frictional coefficients adopted from [1] can be expressed
as:

ξai = ξbi = ξci = 8πηa3core (53)

for nucleosome cores, and

ξai
= 8πηa3DNA (54)

for linker DNA, since DNA beads only rotate about the ai axis.

6 Brownian Dynamics Algorithm

A commonly used Brownian Dynamics algorithm was first proposed in 1978 [11] based on the
Langevin equation, then improved in 1989 [19] with second-order algorithm based on the Runge-
Kutta method to overcome the issue of inefficient procedure and unstable numerical behaviour intro-
duced by the first-order approximation when the time step is small. In 2001, Beard and Schlick [1]
further modified the second-order BD algorithm and this is adopted in this paper.

6.1 First-order estimate

6.1.1 translation

The first-order translational update (at nth step) is given by:

rn+1,∗ = rn +
∆t

kBT
D(rn)Fn +Rn (55)

where r is the position vector, ∆t is the time step, kB is the Boltzmann’s constant, T is the absolute
temperature, D is the diffusion tensor, F is the force, and R is the stochastic random force, which
is a Gaussian distributed random vector with zero mean and covariance of:
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〈
Rn(∆t)(Rm(∆t))T

〉
= 2Dn∆tδnm (56)

6.1.2 rotation

The first-order rotational update (at nth step) is given by:

∆Ωn,∗
ai

=
∆t

ξai

(τnai
+ ωn

ai
)

∆Ωn,∗
bi

=
∆t

ξbi
(τnbi + ωn

bi
)

∆Ωn,∗
ci =

∆t

ξci
(τnci + ωn

ci)

(57)

where {∆Ωn,∗
ai

,∆Ωn,∗
bi

,∆Ωn,∗
ci } is the finite rotation of the ith particle about its local coordinate

system {ani ,b
n
i , c

n
i }, τ is the torque, ξai,bi,ci is the rotational friction coefficient, and ωi is the

stochastic terms, with zero mean Gaussian distributions and variance of:〈
ωn
ai
(∆t)ωm

ai
(∆t)

〉
= 2kBTξai

δnm〈
ωn
bi
(∆t)ωm

bi
(∆t)

〉
= 2kBTξbiδnm〈

ωn
ci(∆t)ωm

ci (∆t)
〉
= 2kBTξciδnm

(58)

where δnm is the Kroneker delta.
By applying the rotation matrix ∆Ωn,∗

i calculated above to the Euler frames {an
i , b

n
i , c

n
i } at nth

step, we can obtain the first-order estimate of the Euler frames {an+1,∗
i , bn+1,∗

i , cn+1,∗
i }. With the

rotation only applying to nucleosome cores and the ai axes of the linker DNAs.

6.2 Second-order estimate

With first-order estimate of the translation and rotation at time (n+ 1)∆t (∆rn,∗ and ∆Ωn,∗
i ), we

calculate the forces Fn+1,∗ and torques τn+1,∗
i at the end of n + 1 time step based on rn+1,∗ and

{an+1,∗
i , bn+1,∗

i , cn+1,∗
i }, then use them to construct an explicit second-order update.

6.2.1 translation

The second-order translational update (at nth step) is given by:

rn+1 = rn +
∆t

2kBT
D(rn)(Fn + Fn+1,∗) +Rn (59)

6.2.2 rotation

The second-order rotational update (at nth step) is given by:

∆Ωn
ai

=
∆t

ξai

((τnai
+ τn+1,∗

ai
)/2 + ωn

ai
)

∆Ωn
bi
=

∆t

ξbi
((τnbi + τn+1,∗

bi
)/2 + ωn

bi
)

∆Ωn
ci =

∆t

ξci
((τnci + τn+1,∗

ci )/2 + ωn
ci)

(60)

6.3 Cholesky decomposition

The Cholesky approach is used to compute R to satisfy the proprieties of Eq. (56). The Cholesky
decomposition of the diffusion tensor D is determined by D = LLT , where L is a lower triangular
matrix and each element in L is given by:

lij =

 (Dii −
∑i−1

k=1 l
2
ik)

1
2 , if i = j

(Dij −
∑j−1

k=1 likljk)/sjj , if i > j
0, if i < j

 , (61)
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7 Summary of parameters used in the simulations

We adopt parameters mainly from previous works in Schlick’s lab [1, 13] and unified the units. Below
is a summary of the parameters used in our program.

Table 5: Parameters used in the BD simulation

Parameter Description Value
T Temperature 293.15 K
∆t time step 10−12 s
kB Boltzmann constant 1.380649× 10−5 (nm2 · kg)/(s2 ·K)
η viscosity of the surrounding fluid 1.137076× 10−12 kg/(nm · s)

acore hydrodynamic radius of the core 5.0 nm
aDNA hydrodynamic radius of DNA 1.2 nm
ξcore rotational frictional coefficient of the core 8πηd3core
ξDNA rotational frictional coefficient of DNA 8πηa3DNA

l0 Equilibrium segment length 3.0 nm
r0 Radius of wound DNA supercoil 4.8 nm
2ω0 Width of wound DNA supercoil 3.6 nm
h DNA Stretching constant 100kBT/l

2
0

g DNA Bending constant 50kBT/l0 (without Mg) or 30kBT/l0 (with Mg)
C DNA Twisting constant 72.429kBT/l0
ke Electrostatics parameter 0.4151kBT
kex Excluded volume parameter 0.001kBT

σDNA−DNA DNA-DNA excluded volume distance 3.6 nm
σDNA−Core DNA-Core excluded volume distance 2.4 nm
σCore−Core Core-Core excluded volume distance 1.2 nm
σTail−Tail Tail-Tail excluded volume distance 1.8 nm
σTail−DNA Tail-DNA excluded volume distance 2.7 nm
σTail−Core Tail-Core excluded volume distance 1.8 nm
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