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𝑉 =

(𝑎1 − 𝑎0)𝑒(𝑏𝑞𝑚−𝑎0)𝑇

(𝑏𝑞𝑚 − 𝑎0)(𝑎1 − 𝑏𝑞𝑚)
 

 

 

 
𝑋 =

(𝑎1 − 𝑎0)𝑒(𝑏𝑞𝑚+𝑛−𝑎0)𝑇

(𝑏𝑞𝑚+𝑛 − 𝑎0)(𝑎1 − 𝑏𝑞𝑚+𝑛)
 

 

 

 𝑌 = 𝑉 − 𝑋  
 

Let us introduce the function: 

 
𝐹(𝑥) =

𝑒𝑏𝑇𝑞𝑥

(𝑞𝑥 − 𝑔0)(𝑔1 − 𝑞𝑥)
 (1) 

 

Here 𝑔𝑖 = 𝑎𝑖/𝑏. Notice that 𝑔0 < 1 < 𝑔1. We have 

 𝑉 = 𝐹(𝑚) (𝑔1 − 𝑔0) 𝑒−𝑎0𝑇  
 

𝑋 = 𝐹(𝑚 + 𝑛) (𝑔1 − 𝑔0) 𝑒−𝑎0𝑇 
 

 

 𝑌 = [𝐹(𝑚) − 𝐹(𝑚 + 𝑛)](𝑔1 − 𝑔0) 𝑒−𝑎0𝑇  
 

Approximating 𝑞𝑥 = (1 − 𝑢)𝑥 ≈ 1 − 𝑢𝑥 we get 

 
𝐹(𝑥) =  

𝑒𝑏𝑇(1−𝑢𝑥)

(1 − 𝑢𝑥 − 𝑔0)(𝑔1 − 1 + 𝑢𝑥)
 (2) 

 

Let 𝑓0 = 1 − 𝑔0 > 0 and 𝑓1 = 𝑔1 − 1 > 0. We get 

 
𝐹(𝑥) =   

𝑒𝑏𝑇(1−𝑢𝑥)

(𝑓0 − 𝑢𝑥)(𝑓1 + 𝑢𝑥)
 (3) 

For 𝑢𝑥 ≪ 1 we get 

 
𝐹(𝑥) =   

𝑒−𝑏𝑇𝑢𝑥𝑒𝑏𝑇

𝑓0𝑓1 + 𝑢𝑥(𝑓0 − 𝑓1)
 (4) 

 

Let ℎ = 𝑏𝑇 and 𝑘 = (𝑓0 − 𝑓1)/(𝑓0𝑓1).  

 
𝐹(𝑥) =

𝑒−ℎ𝑢𝑥

1 + 𝑘𝑢𝑥

𝑒ℎ

𝑓0𝑓1
 (5) 

 

 

 



The derivative of 𝐹(𝑚) − 𝐹(𝑚 + 1) with respect to 𝑢 is [𝐺(𝑚 + 1) − 𝐺(𝑚)]𝑒ℎ/(𝑓0𝑓1) where 

 
𝐺(𝑥) =  

𝑥(ℎ + 𝑘 + ℎ𝑘𝑥𝑢)𝑒−ℎ𝑥𝑢

(1 + 𝑘𝑥𝑢)2
 

 

 

The optimum of 𝑢 is found by solving 𝐺(𝑚) = 𝐺(𝑚 + 1) for 𝑢. We have 

  𝑚(ℎ + 𝑘 + ℎ𝑘𝑚𝑢)𝑒−ℎ𝑚𝑢

(1 + 𝑘𝑚𝑢)2
=

(𝑚 + 1)(ℎ + 𝑘 + ℎ𝑘(𝑚 + 1)𝑢)𝑒−ℎ(𝑚+1)𝑢

(1 + 𝑘(𝑚 + 1)𝑢)2
 

 

 

Canceling 𝑒−ℎ𝑚𝑢 we get 

 𝑚(ℎ + 𝑘 + ℎ𝑘𝑚𝑢)

(1 + 𝑘𝑚𝑢)2
=

(𝑚 + 1)(ℎ + 𝑘 + ℎ𝑘(𝑚 + 1)𝑢)𝑒−ℎ𝑢

(1 + 𝑘(𝑚 + 1)𝑢)2
 

 

 

Approximating 𝑒−ℎ𝑢 ≈ 1 − ℎ𝑢 we get 

 𝑚(ℎ + 𝑘 + ℎ𝑘𝑚𝑢)

(1 + 𝑘𝑚𝑢)2
=

(𝑚 + 1)(ℎ + 𝑘 + ℎ𝑘(𝑚 + 1)𝑢)(1 − ℎ𝑢)

(1 + 𝑘(𝑚 + 1)𝑢)2
 

 

   
Rearranging we get 

 
(

1 + 𝑘𝑚𝑢 + 𝑘𝑢

1 + 𝑘𝑚𝑢
)

2

= (1 +
1

𝑚
) (1 − ℎ𝑢)

ℎ + 𝑘 + ℎ𝑘𝑚𝑢 + ℎ𝑘𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
 

 

Which is 

 
(1 +

𝑘𝑢

1 + 𝑘𝑚𝑢
)

2

= (1 +
1

𝑚
) (1 − ℎ𝑢)

ℎ + 𝑘 + ℎ𝑘𝑚𝑢 + ℎ𝑘𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
 

 

 

Assuming (1 +
𝑘𝑢

1+𝑘𝑚𝑢
)

2
≈ 1 +

2𝑘𝑢

1+𝑘𝑚𝑢
 we get 

 
1 +

2𝑘𝑢

1 + 𝑘𝑚𝑢
= (1 +

1

𝑚
) (1 − ℎ𝑢)(1 +

ℎ𝑘𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
) 

 

   
Multiplying on the RHS and neglecting higher terms we get 

 2𝑘𝑢

1 + 𝑘𝑚𝑢
=

1

𝑚
− ℎ𝑢 +

ℎ𝑘𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
 

 

Multiplying with 𝑚 we get 

 2𝑘𝑚𝑢

1 + 𝑘𝑚𝑢
= 1 − ℎ𝑚𝑢 +

ℎ𝑘𝑚𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
 

 

Rearranging we get 

 
ℎ𝑚𝑢 +

2𝑘𝑚𝑢

1 + 𝑘𝑚𝑢
−

ℎ𝑘𝑚𝑢

ℎ + 𝑘 + ℎ𝑘𝑚𝑢
= 1 

 

 



 

Let 𝑥 = 𝑚𝑢 

 
ℎ𝑥 +

2𝑘𝑥

1 + 𝑘𝑥
−

ℎ𝑘𝑥

ℎ + 𝑘 + ℎ𝑘𝑥
= 1 

 

 

 Which is equivalent to 

 ℎ + 𝑘 + 𝑥(ℎ2 + 𝑘2) + 𝑥2ℎ𝑘(2ℎ + 𝑘) + 𝑥3ℎ2𝑘2 = 0  
 


