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1. DERIVATION OF THE SAMPLE COVARIANCE MATRIX FOR THE TWO-STEP APPROACH

Based on the Frisch-Waugh-Lovell theorem (Frisch and Waugh, 1933; Lovell, 1963, 2008), the
estimate for batch effect (g, in the regression model Y, = X, 81, + X282y + €4, €5 ~ N(0, orl), is

the same as the ng in the following regression model:
PYy = PXofay + €4, €64 ~ N(0,071) (1.1)

where P =T — X, (X7 X,)"'XT. We will also have 5, = (XJ PX2)~' XJ PY,.
Model (1.1) the first step of the two-step batch adjustment. In the second step of the two-step

batch adjustment, the batch adjusted data f/g is obtained as:

Y, =Y, — Xofoy = (I — Xo(XT PX2) ' XT P)Y, = (I — Hyy)Y, (1.2)
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where Hqs is:

His = Xo(XJ PXo) ' X5 P = Xo(X;5 (I — X1 (X{X0) ' XT)X0) ' XT (I — X1 (X{ X0) 71 XY)
(1.3)
Therefore, the batch adjusted data has covariance matrix 03([ — Hi2)(I — Hy2)T.
It is noteworthy that X; should also include the all-ones vector 1 when there is an reference
batch. That is Hia = Xo( X7 (I — Xo(XT X)) XT) Xo) 1 XT (I — Xo(XT Xo) 1 XT) where X =

[1, X4].

2. THE RELATIONSHIP BETWEEN BIOLOGICAL EFFECT ESTIMATES AND BATCH DESIGN

In this section, we will show the relationship between biological effect estimates and batch design.
Without loss of generality, the regression model (for each gene) is formulated as Y = o+ X181 +
XofB +€,6 ~ N(0,0%T), where « is the background gene expression. X; represents the biological
groups (assume there are two biological groups) and X represents the batch design. Furthermore,
we define the matrix X = [Xo, X7] and the matrix V' = [1, X]. We also define sample variance

Gx and covariances 0., as follows:

Gup = %Z(x —z)? (2.4)

Our goal is to derive the least square estimate 31 and its variance based on the sample
variance-covariance matrix of X. It’s known that the least square estimate has the matrix form

(VIV)~1VTY. Specifically, VTV is the following block matrix:

n nXT
viv=1{ (2.6)
nX XTX

where X = [X%XJT.
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The inverse of VTV then becomes:
n=l 4 n_lXTS;(ﬁ(X —n‘lXTS;(ﬁ(
(VIv)t = - X (2.7)
—n_l,S'XXX n_l,S'XX
Furthermore, the covariance matrix Sxx is the following block matrix:
S22 Sz
Sxx = (2.8)

S12 o011

where Sas is the covariance matrix of Xa, So; is the covariance matrix between X5 and X; (b
rows and 1 column; b is the number of batch indicators), and Sis is just the transpose of So;.

The inverse of Sx x is:
L 52_21 + 52_21521(611 - 51252_21521)7151252_21 *52_21521(611 - 51252_21521)71
Sxx = i » L a ) B : (2.9)
—(611 — S12555 S21) 1512555 (611 — S12555 S21)~
Plugging in the above expression of S;{}X into the block matrix in (2.7) will give the complete form

of (VI'V)~! whose elements are all sample means or sample variances/covariances. To isolate

$1, only the last row of (VTV)~! is needed:

(VTV)(_Z;:_Q)l = nil[(a'll - 51252_21521)7151252_21)52 — X1(5’11 — 51252_21521)71] (2.10)
[(VTV)(_b}I,_Q)27 ceey (VTV)(_I;}I,_Q)(bJ'_l)] = 7n71(&11 - 51252_21521)7151252_21 (2.11)
(VIV) a2y =7 (611 — S12855' Sa1) ™! (2.12)

Bl is straightforward given the following expression of V7Y

ny
VTY = | nSay + nY Xs (2.13)
né1y +nXiY
The expression of Bl is then:
5 61y — S12S55 Say

B = — 22 2.14
' 011 — 5125221521 ( )

and its variance is:

Var(py) =

3|

(611 — 51252721521)71 (2.15)

where 62 is the estimated residual variance in regression.
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3. THE RELATIONSHIP BETWEEN Hjis AND Sio

Without loss of generality, we assume there is a reference batch and thus Hys = Xo(XZ (I —
Xo(XTX0) 1 XI) X)L XT (I — Xo(XTE Xo) 71 XT) where X = [1, X;]. Following the regression

framework in the previous section, we can derive the expression of (X{ X)) 1 XTI Xy. First, we

have:
n~t T X6 e X6t
(Xg Xo) ™" = _ (3.16)
—n 71X 67 n~tort
and:
’I’LXQ
XX, = - (3.17)
TlSlg + 7‘LX1X2
where Xs = [X21, Xoo,. .. 7X2b}, a 1 by b vector whose elements are means of the batch indicators
in Xg.

Taken together, we have the expression of (X Xo) ' X{I X, as follows:
T LoT Xg — )_(1&1’11512
(Xo Xo)™ Xg Xo = (3.18)

A1
oS
11 P12 2xb

3.1  Special case: balanced designs

For a balanced group-batch design, the elements in Sy are all 0, which means:

XTI X)) XT X, = 2 3.19
(Xg Xo) "X Xo = (3.19)
0 2Xb

Based on (3.19), we can derive the expression of (I — Xo(X{ Xo) 1 XT) X, as follows:

Xop1 — Xo1 Xojo—Xoo -+ Xoyp— Xop
Xoo1 — Xo1 Xooo — Xoo - Xoop — Xop

(I = Xo(Xg Xo) ' Xg) X5 = . _ . (3.20)
Xop1 — Xo1 Xopo — Xoo -+ Xopp — Xop

nxb

It is clear that (3.20) is just the centered version of X5 (denoted as X§), and so we can express
H12 as:

His = X5(X3 X5)7H(X5)" (3.21)
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With Hjs in the form of (3.21), the correlation between two samples from two different batches in
the matrix M is i where n,. is the sample size of the reference batch. If a reference batch is not
used, as is the case with most applications of ComBat, the correlations are not as straightforward,
but can be derived using a similar procedure, and lead to the same conclusion (covariance only
depends on the batch design).

To summarize, when the group-batch design is balanced, His is solely a function of the batch
design X5 and has nothing to do with the group design X;. Therefore, removing batch effects
in the first step won’t result in the endogeneity issue for the second step. When the group-batch
design is unbalanced, Hi5 depends on both the batch design X5 and the group design X;. The
relationship between Hyy and S1o (and thus X;) can be derived by plugging the expression (3.18)
into the expression of His, which will not be detailed here. Most importantly, when the group-
batch design is unbalanced, the covariance vector Sis will not be 0 and thus His will depend on

X, and the strength of such dependence is characterized by Sis.

4. ADDITIONAL ANALYSIS OF THE EXAMPLE 4

We ran a simulation based on the example 4: progressors versus non-progressors in tuberculosis
and compared the performances of ComBat, ComBat+Cor, SVA and RUV. The results are

presented in Table 1 and Figure 1.
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Table 1. The false positive rates (FPR) and the true positive rates (TPR) of the methods in
comparison for the simulation based on the example 4: progressors versus non-progressors in

tuberculosis.
Approach FPR TPR
T-test 17.5%  96.6%
Benchmark 5.0%  96.8%
One-step 4.4%  96.5%
ComBat 1.9%  96.8%
ComBat+Cor (¢ =0.1%) 1.1%  96.4%
SVA 10.9% 86.5%
RUV 16.5%  96.5%
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Fig. 1. Distributions of the p-values for the methods in comparison for the simulation based on the
example 4: progressors versus non-progressors in tuberculosis.



