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1 Brief overview of causal mediation analysis
The literature on causal mediation analysis is vast (VanderWeele, 2015). Thus, only the pieces relevant for the
current software are reviewed here. This section discusses the decompositions of total treatment effect, controlled
effect, natural effect, and identification assumptions.

1.1 Decomposition of total effect
Let Y be the outcome variable of interest, A be the treatment variable of interest, M be the mediator variable of
interest, and C be a vector of the covariates that need to be adjusted. The treatment contrast of interest is a vs
a∗, where a∗ is the baseline/reference level. The potential outcome Ya,m is the value of Y for an individual when,
possibly contrary to the fact, if the treatment level is a and mediator level is m.

On the difference scale, the total effect (TE), the causal effect of moving the treatment level from the reference level
a∗ to the level of interest a, is defined as follows at the covariate level C = c:

TE = E[Ya|C = c] − E[Ya∗ |C = c]

The conditional direct effect (CDE(m)), the effect of moving the treatment level from the reference level a∗ to the
level of interest a while fixing the mediator at m is the following at the covariate level C = c:

CDE(m) = E[Ya,m|C = c] − E[Ya∗,m|C = c]

TE can be decomposed into direct effect and indirect effect in two different ways (Robins & Greenland, 1992),
although the sum of pure natural direct effect (PNDE) and total natural indirect effect (TNIE) is the more usual
way of decomposition (Pearl, 2001). Note that the treatment value indexing the mediator M is fixed at a∗ in the
PNDE, whereas the treatment value indexing the outcome Y is fixed at a in the TNIE.

PNDE = E[Ya,Ma∗
:::

|C = c] − E[Ya∗,Ma∗
:::

|C = c]

TNIE = E[Ya,Ma |C = c] − E[Ya,Ma∗ |C = c]

For a general link function g (e.g., the logit function), these expressions on the difference scale generalize to(Valeri
& VanderWeele, 2013; VanderWeele, 2015; Lange, Vansteelandt, & Bekaert, 2012):

TE = g(E[Ya|C = c]) − g(E[Ya∗ |C = c])
CDE(m) = g(E[Ya,m|C = c]) − g(E[Ya∗,m|C = c])

PNDE = g(E[Ya,Ma∗
:::

|C = c]) − g(E[Ya∗,Ma∗
:::

|C = c])

TNIE = g(E[Ya,Ma
|C = c]) − g(E[Ya,Ma∗ |C = c])

The other decomposition of TE is the sum of pure natural indirect effect (PNIE) and total natural direct effect
(TNDE) (Robins & Greenland, 1992). Note that the treatment value indexing the mediator M is fixed at a in the
TNDE, whereas the treatment value indexing the outcome Y is fixed at a∗ in the PNIE.

TNDE = g(E[Ya,Ma
::

|C = c]) − g(E[Ya∗,Ma
::

|C = c])

PNIE = g(E[Ya∗
:

,Ma
|C = c]) − g(E[Ya∗

:
,Ma∗ |C = c])

More intuitively, the subtle difference between two decompositions is in the cross-world counterfactual state (the
subscripts in the definition of natural direct and indirect effects). In natural direct effects, the treatment levels
moves from a∗ to a, and the mediator level is fixed. In PNDE, the mediator level is fixed to the natural level that

1
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it would be if treatment level is the reference level (a∗), while in TNDE, the mediator level is fixed to the natural
level that it would be if treatment level is the level of interest (a∗). In natural indirect effects, the treatment level
is fixed, and the mediator level changes. In TNIE, the treatment level is fixed to the level of interest (a), while in
PNIE, the treatment level is fixed to the reference level (a∗).

In either case, the effect that has the component of Ya∗ = Ya∗,Ma∗ is the pure effect (PNDE and PNIE) and the
effect that has the component of Ya = Ya,Ma is the total natural effect (TNDE and TNIE). See (VanderWeele, 2013,
2014) for the meaning of these two decompositions in terms of causal interaction.

1.2 Identification of natural effects
Several conditional exchangeabilities must be assumed for identification of effects in the causal mediation framework.
See (VanderWeele, 2015) (p463) for details.

A1. Ya,m ⊥⊥ A|C
A2. Ya,m ⊥⊥ M | {A, C}
A3. Ma ⊥⊥ A|C

A4. Ya,m ⊥⊥ Ma∗ |C

Particularly, the cross-world A4 means that there is no M − Y confounder that is affected by A.

The controlled direct effect (CDE) can be identified with only A1 and A2. The identification of natural effects
(PNDE, TNIE, TNDE, PNIE) require all four assumptions.

Given these four assumptions, the mean counterfactual with different treatment values indexing the outcome Y and
the mediator M can be identified as follows. For similicity, we assume M is categorical. For a continuous M ,

∑
is

replaced with
∫

, and P(M = m) is replaced with dF (M).

E[Ya,Ma∗ | C = c] = E [E(Ya,Ma∗ | Ma∗ , C = c) | C = c] (Law of iterative expectation)

=
∑
m

E[Ya,Ma∗ | Ma∗ = m, C = c]P(Ma∗ = m | C = c)

=
∑
m

E[Ya,m | Ma∗ = m, C = c]P(Ma∗ = m | C = c) (Ma∗ = m)

=
∑
m

E[Ya,m | C = c]P(Ma∗ = m | C = c) (A4. Ya,m ⊥⊥ Ma∗ | C)

=
∑
m

E[Ya,m | C = c]P(Ma∗ = m | A = a∗, C = c) (A3. Ma ⊥⊥ A | C)

=
∑
m

E[Ya,m | C = c]P(M = m | A = a∗, C = c) (Consistency for M)

=
∑
m

E[Ya,m | A = a, C = c]P(M = m | A = a∗, C = c) (A1. Ya,m ⊥⊥ A | C)

=
∑
m

E[Ya,m | A = a, M = m, C = c]P(M = m | A = a∗, C = c) (A3. Ya,m ⊥⊥ M | {A, C})

=
∑
m

E[Y | A = a, M = m, C = c]P(M = m | A = a∗, C = c) (Consistency for Y )

= E [E(Y | A = a, M, C = c) | A = a∗, C = c]

The resulting short-hand identification formula for the counterfactual expectation is the following:

E[Ya,Ma∗ | c] = E [E(Y | a, M, c) | a∗, c]

Similarly, we obtain expressions for the other three potential outcomes:

E[Ya,Ma | C = c] = E [E(Y | a, M, c) | a, c]

2
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E[Ya∗,Ma∗ | C = c] = E [E(Y | a∗, M, c) | a∗, c]

E[Ya,Ma∗ | C = c] = E [E(Y | a, M, c) | a∗, c]

3
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2 Effect measure modification (EMM)-extended regression-based
causal mediation analysis method

2.1 Mediator and outcome model specifications
Two models are involved in the identification of natural effects: the outcome model E[Y |A = a, M = m, C = c] and
the mediator model P(M |A = a, C = c). The identification formulas do not specify any particular model structure
(non-parametric). In the method described in (VanderWeele, 2015; Valeri & VanderWeele, 2013, 2015), a simple
parametric model is proposed for each.

The mediator model with a link function gM is parametrized as follows:

gM (E[M |A = a, C = c]) = β0 + β1a + βT
2 c + βT

3 ac.

Note that the mediator model can only be either linear or logistic, regardless of the prevalence of the mediator
(VanderWeele, 2015).
The outcome model with a link function gY is parametrized as follows:

gY (E[Y |A = a, M = m, C = c]) = θ0 + θ1a + θ2m + θ3am + θT
4 c + θT

5 ac + θT
6 mc.

Since c is a vector, β2, β3, θ4, θ5, θ6 are vectors as well.

Under these parametric modeling assumptions, each effect of interest can be written as a function of the parameters
(coefficients) of the the mediator model (β, σ2) and the outcome model (θ).

Note: the non-linear gY can accommodate logistic, log-linear, Poisson, negative binomial, accelerated failure time
(AFT), and Cox proportional hazards models. It is just that the scale of effect estimates varies by the link function.
The following table shows the scale of the effect estimates under each type of outcome model (Valeri & VanderWeele,
2013, 2015).

Table 1: Outcome model and corresponding effect scale
Outcome model Scale
Logistic (binary) Odds ratio

Log-linear (binary) Risk ratio
Poisson, negative binomial Rate ratio

Accelerated failure time Mean survival ratio
Cox’s proportional hazards Hazard ratio

2.2 Proportion mediated
Proportion mediated (PM) is defined as follows.
For linear outcome model:

PM = TNIE

PNDE + TNIE

For non-linear outcome model:

PM = exp(PNDE) · [exp(TNIE) − 1]
exp(PNDE) · exp(TNIE) − 1

Please note that when PNDE and TNIE are in opposite directions, PM may be outside the range of [0, 1] and is
therefore not interpretable.

2.3 Standard errors via multivariate delta method
We can obtain the standard error of each effect estimate using the variance-covariance matrix for the coefficients
and multivariate delta method (Ver Hoef, 2012).

4
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Let the scalar quantity of interest be Q, a function of parameter vector (βT , θT )T . Then, its gradient (vector of
partial derivatives) with respect to the parameter vector (βT , θT )T is the following.

∇Q = ∂Q

∂(βT , θT )T
=



∂Q
∂β0

∂Q
∂β1

∂Q
∂β2

∂Q
∂β3

∂Q
∂θ0

∂Q
∂θ1

∂Q
∂θ2

∂Q
∂θ3

∂Q
∂θ4

∂Q
∂θ5

∂Q
∂θ6


In the case of a linear mediator model and a non-linear outcome model, there is an additional element ∂Q

∂σ2 at the
bottom of the gradient vector.

By the large sample approximation using the multivariate delta method, the variance of the quantity of interest
evaluated at the MLEs (β̂

T
, θ̂

T
)T is the following.

V ar
[
Q
{

(β̂
T

, θ̂
T

)T
}]

︸ ︷︷ ︸
scalar

≈
[
∇Q

(
(β̂

T
, θ̂

T
)T
)]T

︸ ︷︷ ︸
row vector

V ar((β̂
T

, θ̂
T

)T )︸ ︷︷ ︸
matrix

[
∇Q

(
(β̂

T
, θ̂

T
)T
)]

︸ ︷︷ ︸
column vector

This expression is abbreviated as ΓΣΓ′ in (VanderWeele, 2015; Valeri & VanderWeele, 2013, 2015). In these
references, the treatment contrast (a − a∗) is factored out from ∇Q

(
(β̂

T
, θ̂

T
)T
)

when possible. In the following,
we define Γ as a column vector to be consistent with the implementation of regmedint, thus, the corresponding
expression appears as ΓT ΣΓ.

ΓP NDE , ΓT NIE , ΓT NDE , ΓP NIE can be calculated by straightforward partial derivatives with respect to (βT , θT )T .
ΓT E and ΓP M can be calculated by ∂T E

∂(βT ,θT )T and ∂P M
∂(βT ,θT )T , where

∂TE

∂(βT , θT )T
= ∂(PNDE + TNIE)

∂(βT , θT )T
= ∂PNDE

∂(βT , θT )T
+ ∂TNIE

∂(βT , θT )T

∂PM

∂(βT , θT )T
= ∂PM

∂PNDE

∂PNDE

∂(βT , θT )T
+ ∂PM

∂TNIE

∂TNIE

∂(βT , θT )T

Σ =
[
Σβ 0
0 Σθ

]

More calculation details are given in Section 3.

5
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3 Estimation formulas for four model types
In this section, we give formulas for CDE(m), PNDE, TNIE, TNDE, PNIE, TE, PM. Proofs and derivations are
included.

Please note that to be succinct in presenting the formulas, in this whole section, we only consider the case where
there is only one covariate in the covariate vector C. Therefore β2

T , β3
T , θ4

T , θ5
T and θ6

T are all scalars, so we
omit the transpose symbols.

3.1 Linear mediator model, linear outcome model
3.1.1 Point estimate

E[M | a, c] = β0 + β1a + β2c + β3ac

E[Y | a, m, c] = θ0 + θ1a + θ2m + θ3am + θ4c + θ5ac + θ6mc

CDE(m) = (θ1 + θ3m + θ5c)(a − a∗) (1)

PNDE = E[Ya,Ma∗ − Ya∗,Ma∗ | c]
= E [E(Y | a, M, c) − E(Y | a∗, M, c) | a∗, c]
= E [E(Y | a, M, c) | a∗, c] − E [E(Y | a∗, M, c) | a∗, c]
= E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a∗, c]
− E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a∗, c]
= θ1(a − a∗) + θ3 · E(M | a∗, c)(a − a∗) + θ5c(a − a∗)
= (a − a∗)[θ1 + θ3(β0 + β1a∗ + β2c + β3a∗c) + θ5c] (2)

TNDE = E[Ya,Ma − Ya∗,Ma | c]
= E [E(Y | a, M, c) − E(Y | a∗, M, c) | a, c]
= E [E(Y | a, M, c) | a, c] − E [E(Y | a∗, M, c) | a, c]
= E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a, c]
− E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a, c]
= θ1(a − a∗) + θ3 · E(M | a, c)(a − a∗) + θ5c(a − a∗)
= (a − a∗)[θ1 + θ3(β0 + β1a + β2c + β3ac) + θ5c] (3)

TNIE = E[Ya,Ma − Ya,Ma∗ | c]
= E [E(Y | a, M, c) | a, c] − E [E(Y | a, M, c) | a∗, c]
= E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a, c]
− E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a∗, c]
= (θ0 + θ1a + θ4c + θ5ac) + E [(θ2M + θ3aM + θ6Mc) | a, c]
− (θ0 + θ1a + θ4c + θ5ac) − E [(θ2M + θ3aM + θ6Mc) | a∗, c]
= (θ2 + θ3a + θ6c) · [E(M | a, c) − E(M | a∗, c)]
= (θ2 + θ3a + θ6c)[(β0 + β1a + β2c + β3ac) − (β0 + β1a∗ + β2c + β3a∗c)]
= (θ2 + θ3a + θ6c)(β1 + β3c)(a − a∗) (4)

PNIE = E[Ya∗,Ma − Ya∗,Ma∗ | c]

6
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= E [E(Y | a∗, M, c) | a, c] − E [(Y | a∗, M, c) | a∗, c]
= E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a, c]
− E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a∗, c]
= (θ0 + θ1a∗ + θ4c + θ5a∗c) + E [(θ2M + θ3a∗M + θ6Mc) | a, c]
− (θ0 + θ1a∗ + θ4c + θ5a∗c) − E [(θ2M + θ3a∗M + θ6Mc) | a∗, c]
= (θ2 + θ3a∗ + θ6c) · [E(M | a, c) − E(M | a∗, c)]
= (θ2 + θ3a∗ + θ6c)[(β0 + β1a + β2c + β3ac) − (β0 + β1a∗ + β2c + β3a∗c)]
= (θ2 + θ3a∗ + θ6c)(β1 + β3c)(a − a∗) (5)

3.1.2 Standard error

(a − a∗)ΓCDE(m) = ∂CDE(m)
∂(βT , θT )T

= (a − a∗)



0
0
0
0
0
1
0
m
0
c
0


(6)

(a − a∗)ΓP NDE = ∂PNDE

∂(βT , θT )T
= (a − a∗)



θ3
θ3a∗

θ3c
θ3a∗c

0
1
0

β0 + β1a∗ + β2c + β3a∗c
0
c
0


(7)

(a − a∗)ΓT NDE = ∂TNDE

∂(βT , θT )T
= (a − a∗)



θ3
θ3a
θ3c
θ3ac

0
1
0

β0 + β1a + β2c + β3ac
0
c
0


(8)

7
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(a − a∗)ΓT NIE = ∂TNIE

∂(βT , θT )T
= (a − a∗)



0
θ2 + θ3a + θ6c

0
c(θ2 + θ3a + θ6c)

0
0

β1 + β3c
a(β1 + β3c)

0
0

c(β1 + β3c)


(9)

(a − a∗)ΓP NIE = ∂PNIE

∂(βT , θT )T
= (a − a∗)



0
θ2 + θ3a∗ + θ6c

0
c(θ2 + θ3a∗ + θ6c)

0
0

β1 + β3c
a∗(β1 + β3c)

0
0

c(β1 + β3c)


(10)

(a − a∗)ΓT E = ∂TE

∂(βT , θT , σ2)T

= ∂(PNDE + TNIE)
∂(βT , θT , σ2)T

= (a − a∗)(ΓP NDE + ΓT NIE)

(a − a∗)ΓP M = ∂PM

∂(βT , θT , σ2)T

= ∂PM

∂PNDE

∂PNDE

∂(βT , θT , σ2)T
+ ∂PM

∂TNIE

∂TNIE

∂(βT , θT , σ2)T

= ∂PM

∂PNDE
(a − a∗)ΓP NDE + ∂PM

∂TNIE
(a − a∗)ΓT NIE

= − exp(PNDE) {exp(TNIE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 (a − a∗)ΓP NDE

+ exp(PNDE) exp(TNIE) {exp(PNDE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 (a − a∗)ΓT NIE

Σ =
[
Σβ 0
0 Σθ

]

Hence,

SE(ĈDE(m)) =
√

ΓT
CDE(m) Σ ΓCDE(m) |a − a∗|

SE(P̂NDE) =
√

ΓT
P NDE Σ ΓP NDE |a − a∗|

SE(T̂NIE) =
√

ΓT
T NIE Σ ΓT NIE |a − a∗|

8
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SE(T̂NDE) =
√

ΓT
T NDE Σ ΓT NDE |a − a∗|

SE(P̂NIE) =
√

ΓT
P NIE Σ ΓP NIE |a − a∗|

SE(T̂E) =
√

ΓT
T E Σ ΓT E |a − a∗|

SE(P̂M) =
√

ΓT
P M Σ ΓP M |a − a∗|

9
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3.2 Logistic mediator model, linear outcome model
3.2.1 Point estimate

logit P[M = 1 | a, c] = β0 + β1a + β2c + β3ac

⇒ P[M = 1 | a, c] = exp(β0 + β1a + β2c + β3ac)
1 + exp(β0 + β1a + β2c + β3ac)

E[Y | a, m, c] = θ0 + θ1a + θ2m + θ4c + θ3am + θ5ac + θ6mc

CDE(m) = (θ1 + θ3m + θ5c)(a − a∗) (11)

PNDE = E[Ya,Ma∗ − Ya∗,Ma∗ | c]
= E [E(Y | a, M, c) − E(Y | a∗, M, c) | a∗, c]
= E [θ1(a − a∗) + θ3M(a − a∗) + θ5c(a − a∗) | a∗, c]
= θ1(a − a∗) + θ3 · E(M | a∗, c)(a − a∗) + θ5c(a − a∗)

= (a − a∗)
[
θ1 + θ3

exp(β0 + β1a∗ + β2c + β3a∗c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c) + θ5c

]
= (a − a∗) [θ1 + θ3 · expit(β0 + β1a∗ + β2c + β3a∗c) + θ5c] (12)

TNDE = E[Ya,Ma − Ya∗,Ma | c]
= E [E(Y | a, M, c) − E(Y | a∗, M, c) | a, c]
= E[θ1(a − a∗) + θ3M(a − a∗) + θ5c(a − a∗) | a, c]
= θ1(a − a∗) + θ3 · E(M | a, c)(a − a∗) + θ5c(a − a∗)

= (a − a∗)
[
θ1 + θ3

exp(β0 + β1a + β2c + β3ac)
1 + exp(β0 + β1a + β2c + β3ac) + θ5c

]
= (a − a∗) [θ1 + θ3 · expit(β0 + β1a + β2c + β3ac) + θ5c] (13)

TNIE = E[Ya,Ma − Ya,Ma∗ | c]
= E [E(Y | a, M, c) | a, c] − E [E(Y | a, M, c) | a∗, c]
= E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a, c]
− E [(θ0 + θ1a + θ2M + θ3aM + θ4c + θ5ac + θ6Mc) | a∗, c]
= (θ2 + θ3a + θ6c) · E(M | a, c) − E(M | a∗, c)]

= (θ2 + θ3a + θ6c)
[

exp(β0 + β1a + β2c + β3ac)
1 + exp(β0 + β1a + β2c + β3ac) − exp(β0 + β1a∗ + β2c + β3a∗c)

1 + exp(β0 + β1a∗ + β2c + β3a∗c)

]
= (θ2 + θ3a + θ6c) [expit(β0 + β1a + β2c + β3ac) − expit(β0 + β1a∗ + β2c + β3a∗c)] (14)

PNIE = E[Ya∗,Ma − Ya∗,Ma∗ | c]
= E [E(Y | a∗, M, c) | a, c] − E [(Y | a∗, M, c) | a∗, c]
= E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a, c]
− E [(θ0 + θ1a∗ + θ2M + θ3a∗M + θ4c + θ5a∗c + θ6Mc) | a∗, c]
= (θ2 + θ3a∗ + θ6c) · [E(M | a, c) − E(M | a∗, c)]

= (θ2 + θ3a∗ + θ6c)
[

exp(β0 + β1a + β2c + β3ac)
1 + exp(β0 + β1a + β2c + β3ac) − exp(β0 + β1a∗ + β2c + β3a∗c)

1 + exp(β0 + β1a∗ + β2c + β3a∗c)

]
= (θ2 + θ3a∗ + θ6c) [expit(β0 + β1a + β2c + β3ac) − expit(β0 + β1a∗ + β2c + β3a∗c)] (15)

10
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3.2.2 Standard error

(a − a∗)ΓCDE(m) = ∂CDE(m)
∂(βT , θT )T

= (a − a∗)



0
0
0
0
0
1
0
m
0
c
0


(16)

(a − a∗)ΓP NDE = ∂PNDE

∂(βT , θT )T

= (a − a∗)



θ3 · expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
a∗ · θ3 · expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
c · θ3 · expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}

a∗ · c · θ3 · expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
0
1
0

expit [a∗(β1 + β3c) + β0 + β2c]
0
c
0


(17)

(a − a∗)ΓT NDE = ∂TNDE

∂(βT , θT )T

= (a − a∗)



θ3 · expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}
a · θ3 · expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}
c · θ3 · expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}

a · c · θ3 · expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}
0
1
0

expit [a(β1 + β3c) + β0 + β2c]
0
c
0


(18)

11
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ΓT NIE = ∂TNIE

∂(βT , θT )T

=



(θ2 + θ3a + θ6c) ·
(

expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

(θ2 + θ3a + θ6c) ·
(

a · {expit [a(β1 + β3c) + β0 + β2c]} · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−a∗ · {expit [a∗(β1 + β3c) + β0 + β2c]} · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

c · (θ2 + θ3a + θ6c) ·
(

expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

c · (θ2 + θ3a + θ6c) ·
(

a · {expit [a(β1 + β3c) + β0 + β2c]} · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−a∗ · {expit [a∗(β1 + β3c) + β0 + β2c]} · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

0
0

expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]
a ·
(

expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]
)

0
0

c ·
(

expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]
)



(19)

ΓP NIE = ∂PNIE

∂(βT , θT )T

=



(θ2 + θ3a∗ + θ6c) ·
(

expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

(θ2 + θ3a∗ + θ6c) ·
(

a · {expit [a(β1 + β3c) + β0 + β2c]} · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−a∗ · {expit [a∗(β1 + β3c) + β0 + β2c]} · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

c · (θ2 + θ3a∗ + θ6c) ·
(

expit [a(β1 + β3c) + β0 + β2c] · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−expit [a∗(β1 + β3c) + β0 + β2c] · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

c · (θ2 + θ3a∗ + θ6c) ·
(

a · {expit [a(β1 + β3c) + β0 + β2c]} · {1 − expit[a(β1 + β3c) + β0 + β2c]}

−a∗ · {expit [a∗(β1 + β3c) + β0 + β2c]} · {1 − expit[a∗(β1 + β3c) + β0 + β2c]}
)

0
0

expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]
a∗ ·

(
expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]

)
0
0

c ·
(

expit[a(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + β0 + β2c]
)



(20)

ΓT E = ∂TE

∂(βT , θT )T

12
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= ∂(PNDE + TNIE)
∂(βT , θT )T

= (a − a∗)ΓP NDE + ΓT NIE

ΓP M = ∂PM

∂(βT , θT )T

= ∂PM

∂PNDE

∂PNDE

∂(βT , θT )T
+ ∂PM

∂TNIE

∂TNIE

∂(βT , θT )T

= ∂PM

∂PNDE
(a − a∗)ΓP NDE + ∂PM

∂TNIE
ΓT NIE

= −TNIE

(PNDE + TNIE)2 (a − a∗)ΓP NDE + PNDE

(PNDE + TNIE)2 ΓT NIE

= −TNIE (a − a∗)ΓP NDE + PNDE ΓT NIE

(PNDE + TNIE)2

Σ =
[
Σβ 0
0 Σθ

]

Hence,

SE(ĈDE(m)) =
√

ΓT
CDE(m) Σ ΓCDE(m) |a − a∗|

SE(P̂NDE) =
√

ΓT
P NDE Σ ΓP NDE |a − a∗|

SE(T̂NIE) =
√

ΓT
T NIE Σ ΓT NIE

SE(T̂NDE) =
√

ΓT
T NDE Σ ΓT NDE |a − a∗|

SE(P̂NIE) =
√

ΓT
P NIE Σ ΓP NIE

SE(T̂E) =
√

ΓT
T E Σ ΓT E

SE(P̂M) =
√

ΓT
P M Σ ΓP M

13
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3.3 Linear mediator model, non-linear outcome model
3.3.1 Point estimate

E[M | a, c] = β0 + β1a + β2c + β3ac

logit P[Y = 1 | a, m, c] = θ0 + θ1a + θ2m + θ4c + θ3am + θ5ac + θ6mc

For demonstration, we assume the outcome is a logistic model. For demonstration, we assume the outcome is a
logistic model. For other types of outcome model, the effect will be on the log of the corresponding scale in Table
1.

ORCDE(m) = (θ1 + θ3m + θ5c)(a − a∗) (21)

ORP NDE = exp
{

log
P(Ya,Ma∗ = 1 | c)/[1 − P(Ya,Ma∗ = 1 | c)]

P(Ya∗,Ma∗ = 1 | c)/[1 − P(Ya∗,Ma∗ = 1 | c)]

}
= exp

{
logit P(Ya,Ma∗ = 1 | c) − logit P(Ya∗,Ma∗ = 1 | c)

}
If Y is rare, ≈ exp

{
log P(Ya,Ma∗ = 1 | c) − log P(Ya∗,Ma∗ = 1 | c)

}
= exp

{
log

P(Ya,Ma∗ = 1 | c)
P(Ya∗,Ma∗ =| c)

}

E(Ya,Ma∗ | c) = E [E(Y | a, M, c) | a∗, c]
≈ E[exp(θ0 + θ1a + θ2M + θ4c + θ3aM + θ5ac + θ6Mc) | a∗]
≈ exp(θ0 + θ1a + θ4c + θ5ac) · E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c}

E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c} can be calculated using moment generating function (MGF).
Since

M ∼ N(µ, σ2),

E(etM ) = MGFM (t) = etµ+ 1
2 σ2t2

where

σ2 is the variance of error in the linear mediator model,
µ = E(M | a∗, c) = β0 + β1a∗ + β2c + β3a∗c,

t = θ2 + θ3a + θ6c

Plugging in and we have

E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c} = exp
[
(θ2 + θ3a + θ6c)(β0 + β1a∗ + β2c + β3a∗c) + 1

2σ2(θ2 + θ3a + θ6c)2
]

Hence,

E(Ya,Ma∗ | c) = exp
[
(θ0 + θ1a + θ4c + θ5ac) + (θ2 + θ3a + θ6c)(β0 + β1a∗ + β2c + β3a∗c) + 1

2σ2(θ2 + θ3a + θ6c)2
]

∴ log E(Ya,Ma∗ | c) = θ0 + θ1a + θ4c + θ5ac + (θ2 + θ3a + θ6c)(β0 + β1a∗ + β2c + β3a∗c) + 1
2σ2(θ2 + θ3a + θ6c)2

Similarly,

E(Ya∗,Ma∗ | c) = exp
[
(θ0 + θ1a∗ + θ4c + θ5a∗c) + (θ2 + θ3a∗ + θ6c)(β0 + β1a∗ + β2c + β3a∗c) + 1

2σ2(θ2 + θ3a∗ + θ6c)2
]

14
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∴ log E(Ya∗,Ma∗ | c) = θ0 + θ1a∗ + θ4c + θ5a∗c + (θ2 + θ3a∗ + θ6c)(β0 + β1a∗ + β2c + β3a∗c) + 1
2σ2(θ2 + θ3a∗ + θ6c)2

Hence,

ORP NDE ≈ exp
(

[a − a∗] · [θ1 + θ5c + θ3 (β0 + β1a∗ + β2c + β3a∗c)

+1
2σ2θ3(2θ2 + θ3a + θ3a∗ + 2θ6c)]

) (22)

ORT NIE = exp
{

log P(Ya,Ma = 1 | c)/[1 − P(Ya,Ma = 1 | c)]
P(Ya,Ma∗ = 1 | c)/[1 − P(Ya,Ma∗ = 1 | c)]

}
= exp

{
logit P(Ya,Ma = 1 | c) − logit P(Ya,Ma∗ = 1 | c)

}
If Y is rare, ≈ exp

{
log P(Ya,Ma = 1 | c)

P(Ya,Ma∗ = 1 | c)

}
(23)

Using the same approach (MGF),

ORT NIE ≈ exp {(θ2 + θ3a + θ6c)(β1 + β3c)(a − a∗)}

For ORT NDE and ORP NIE , notice that the first exponential term in ORP NDE and ORT NIE are just the expo-
nentiated PNDE and TNIE in 2.1, we can easily write ORT NDE and ORP NIE .

ORT NDE ≈ exp
(

[a − a∗] · [θ1 + θ5c + θ3 (β0 + β1a + β2c + β3ac) (24)

+ 1
2σ2θ3(2θ2 + θ3a + θ3a∗ + 2θ6c)]

)
ORP NIE = exp {(θ2 + θ3a∗ + θ6c)(β1 + β3c)(a − a∗)} (25)

3.3.2 Standard error
Reminder: The formulas are on log odds ratio scale.

For the convenience of programming, the parameter vector in the following variance formulas is (βT , θT , σ2), al-
though NIE does not have σ2.

(a − a∗)ΓCDE(m) = ∂ log(ORCDE(m))
∂(βT , θT , σ2)T

= (a − a∗)



0
0
0
0
0
1
0
m
0
c
0
0



(26)

(a − a∗)ΓP NDE = ∂ log(ORP NDE)
∂(βT , θT , σ2)T

15
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= (a − a∗)



θ3
θ3a∗

θ3c
θ3a∗c

0
1

θ3σ2

a∗(β1 + β3c) + β0 + β2c + σ2[(θ2 + θ6c) + θ3(a∗ + a)]
0
c

θ3cσ2
1
2 θ3 · [2(θ2 + θ6c) + θ3(a∗ + a)]



(27)

(a − a∗)ΓT NDE = ∂ log(ORT NDE)
∂(βT , θT , σ2)T

= (a − a∗)



θ3
θ3a
θ3c
θ3ac

0
1

θ3σ2

a(β1 + β3c) + β0 + β2c + σ2[(θ2 + θ6c) + θ3(a∗ + a)]
0
c

θ3cσ2
1
2 θ3 · [2(θ2 + θ6c) + θ3(a∗ + a)]



(28)

(a − a∗)ΓT NIE = ∂ log(ORT NIE)
∂(βT , θT , σ2)T

= (a − a∗)



0
θ2 + θ3a + θ6c

0
c(θ2 + θ3a + θ6c)

0
0

β1 + β3c
a(β1 + β3c)

0
0

c(β1 + β3c)
0



(29)

(a − a∗)ΓP NIE = ∂ log(ORP NIE)
∂(βT , θT , σ2)T

= (a − a∗)



0
θ2 + θ3a∗ + θ6c

0
c(θ2 + θ3a∗ + θ6c)

0
0

β1 + β3c
a∗(β1 + β3c)

0
0

c(β1 + β3c)
0



(30)

16
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(a − a∗)ΓT E = ∂TE

∂(βT , θT , σ2)T

= ∂(PNDE + TNIE)
∂(βT , θT , σ2)T

= (a − a∗)(ΓP NDE + ΓT NIE)

(a − a∗)ΓP M = ∂PM

∂(βT , θT , σ2)T

= ∂PM

∂PNDE

∂PNDE

∂(βT , θT , σ2)T
+ ∂PM

∂TNIE

∂TNIE

∂(βT , θT , σ2)T

= ∂PM

∂PNDE
(a − a∗)ΓP NDE + ∂PM

∂TNIE
(a − a∗)ΓT NIE

= − exp(PNDE) {exp(TNIE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 (a − a∗)ΓP NDE

+ exp(PNDE) exp(TNIE) {exp(PNDE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 (a − a∗)ΓT NIE

Σ =

Σβ 0 0
0 Σθ 0
0 0 Σσ2


Σσ2 = 2(σ2)2

n − p
, where p = length(β)

Hence,

SE(ĈDE(m)) =
√

ΓT
CDE(m) Σ ΓCDE(m) |a − a∗|

SE(P̂NDE) =
√

ΓT
P NDE Σ ΓP NDE |a − a∗|

SE(T̂NIE) =
√

ΓT
T NIE Σ ΓT NIE |a − a∗|

SE(T̂NDE) =
√

ΓT
T NDE Σ ΓT NDE |a − a∗|

SE(P̂NIE) =
√

ΓT
P NIE Σ ΓP NIE |a − a∗|

SE(T̂E) =
√

ΓT
T E Σ ΓT E |a − a∗|

SE(P̂M) =
√

ΓT
P M Σ ΓP M |a − a∗|

17
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3.4 Logistic mediator model, non-linear outcome model
3.4.1 Point estimate

logit E[M | a, c] = β0 + β1a + β2c + β3ac

⇒ P[M = 1 | a, c] = exp(β0 + β1a + β2c + β3ac)
1 + exp(β0 + β1a + β2c + β3ac)

logit P[Y = 1 | a, m, c] = θ0 + θ1a + θ2m + θ4c + θ3am + θ5ac + θ6mc

For demonstration, we assume the outcome is a logistic model. For other types of outcome model, the effect will
be on the log of the corresponding scale in Table 1.

ORCDE(m) = (θ1 + θ3m + θ5c)(a − a∗) (31)

If Y is rare, ORP NDE ≈ exp
{

log
P(Ya,Ma∗ = 1 | c)
P(Ya∗,Ma∗ = 1 | c)

}

E(Ya,Ma∗ | c) = E [E(Y | a, M, c) | a∗, c]
≈ E[exp(θ0 + θ1a + θ2M + θ4c + θ3aM + θ5ac + θ6Mc) | a∗, c]
= exp(θ0 + θ1a + θ4c + θ5ac) · E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c}

E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c} can be calculated using MGF.
Since

M ∼ Ber(p),
E(etM ) = MGFM (t) = 1 − p + pet

where

p = E(M | a∗, c) = exp(β0 + β1a∗ + β2c + β3a∗c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c) ,

t = θ2 + θ3a + θ6c

Plugging in and we have

E {exp[(θ2 + θ3a + θ6c)M ] | a∗, c} = 1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c)

Hence,

E(Ya,Ma∗ | c) = E [E(Y | a, M, c) | a∗, c]

= exp(θ0 + θ1a + θ4c + θ5ac) · 1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c)

Similarly,

E(Ya∗,Ma∗ | c) = E [E(Y | a∗, M, c) | a∗, c]

= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · 1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a∗ + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c)

Hence,

ORP NDE ≈ exp[(θ1 + θ5c)(a − a∗)] 1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a∗ + θ6c) (32)

18
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For ORT NIE ,

If Y is rare, ORT NIE ≈ exp
{

log P(Ya,Ma = 1 | c)
P(Ya,Ma∗ = 1 | c)

}

ORT NIE ≈ 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a + θ6c) · 1 + exp(β0 + β1a∗ + β2c + β3a∗c)

1 + exp(β0 + β1a + β2c + β3ac) (33)

For ORT NDE ,

If Y is rare, ORT NDE ≈ exp
{

log P(Ya,Ma = 1 | c)
P(Ya∗,Ma = 1 | c)

}

E(Ya,Ma | c) = E [E(Y | a, M, c) | a, c]
= exp(θ0 + θ1a + θ4c + θ5ac) · E {exp[(θ2 + θ3a + θ6c)M ] | a, c}

= exp(θ0 + θ1a + θ4c + θ5ac) · 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a + β2c + β3ac)

Similarly,

E(Ya∗,Ma | c) = E [E(Y | a∗, M, c) | a, c]

= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a∗ + θ6c)
1 + exp(β0 + β1a + β2c + β3ac)

Hence,

ORT NDE ≈ exp[(θ1 + θ5c)(a − a∗)] · 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a + θ6c)
1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a∗ + θ6c) (34)

For ORP NIE ,

If Y is rare, ORP NIE ≈ exp
{

log P(Ya∗,Ma = 1 | c)
P(Ya∗,Ma∗ = 1 | c)

}

E(Ya∗,Ma∗ | c) = E [E(Y | a∗, M, c) | a∗, c]
= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · E {exp[(θ2 + θ3a∗ + θ6c)M ] | a∗, c}

= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · 1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a∗ + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c)

E(Ya∗,Ma | c) = E [E(Y | a∗, M, c) | a, c]
= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · E {exp[(θ2 + θ3a∗ + θ6c)M ] | a, c}

= exp(θ0 + θ1a∗ + θ4c + θ5a∗c) · 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a∗ + θ6c)
1 + exp(β0 + β1a + β2c + β3ac)

Therefore,

ORP NIE ≈ 1 + exp(β0 + β1a + β2c + β3ac + θ2 + θ3a∗ + θ6c)
1 + exp(β0 + β1a∗ + β2c + β3a∗c + θ2 + θ3a∗ + θ6c) · 1 + exp(β0 + β1a∗ + β2c + β3a∗c)

1 + exp(β0 + β1a + β2c + β3ac) (35)

3.4.2 Standard error
Reminder: The formulas are on log odds ratio scale.
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(a − a∗)ΓCDE(m) = ∂ log(ORCDE(m))
∂(βT , θT )T

= (a − a∗)



0
0
0
0
0
1
0
m
0
c
0


(36)

ΓP NDE = ∂ log(ORP NDE)
∂(βT , θT )T

=



expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a∗ ·
(

expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

c ·
(

expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

a∗c ·
(

expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

0
a − a∗

expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a · expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−a∗ · expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

0
c(a − a∗)

c ·
(

expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)



(37)
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ΓT NDE = ∂ log(ORT NDE)
∂(βT , θT )T

=



expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a ·
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

c ·
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

ac ·
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

0
a − a∗

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a · expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−a∗ · expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

0
c(a − a∗)

c ·
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)



(38)
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ΓT NIE = ∂ log(ORT NIE)
∂(βT , θT )T

=



expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

a∗ ·
(

expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
)

+a ·
(

− expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
)

c ·
(

expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
)

c ·

(
a∗ ·

(
expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

)
+a ·

(
− expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

))

0
0

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
−expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

a ·
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
)

0
0

c
(

expit[a(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + aθ3 + β0 + c(β2 + θ6) + θ2]
)



(39)
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ΓP NIE = ∂ log(ORP NIE)
∂(βT , θT )T

=



expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
−expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a∗ ·
(

expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

+a ·
(

− expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

c ·
(

expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

−expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

c ·

(
a∗ ·

(
expit[a∗(β1 + β3c) + β0 + β2c] − expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

)
+a ·

(
− expit[a(β1 + β3c) + β0 + β2c] + expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

))

0
0

expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

a∗ ·
(

expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)

0
0

c ·
(

expit[a(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]

−expit[a∗(β1 + β3c) + a∗θ3 + β0 + c(β2 + θ6) + θ2]
)



(40)

ΓT E = ∂TE

∂(βT , θT )T

= ∂(PNDE + TNIE)
∂(βT , θT )T

= ΓP NDE + ΓT NIE

ΓP M = ∂PM

∂(βT , θT )T

= ∂PM

∂PNDE

∂PNDE

∂(βT , θT )T
+ ∂PM

∂TNIE

∂TNIE

∂(βT , θT )T

= ∂PM

∂PNDE
ΓP NDE + ∂PM

∂TNIE
ΓT NIE

= − exp(PNDE) {exp(TNIE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 ΓP NDE

+ exp(PNDE) exp(TNIE) {exp(PNDE) − 1}
{exp(PNDE) exp(TNIE) − 1}2 ΓT NIE
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Σ =
[
Σβ 0
0 Σθ

]

Hence,

SE(ĈDE(m)) =
√

ΓT
CDE(m) Σ ΓCDE(m)

SE(P̂NDE) =
√

ΓT
P NDE Σ ΓP NDE

SE(T̂NIE) =
√

ΓT
T NIE Σ ΓT NIE

SE(T̂NDE) =
√

ΓT
T NDE Σ ΓT NDE

SE(P̂NIE) =
√

ΓT
P NIE Σ ΓP NIE

SE(T̂E) =
√

ΓT
T E Σ ΓT E

SE(P̂M) =
√

ΓT
P M Σ ΓP M
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4 Visual demonstration
In this section, we use a simulated dataset and demonstrate how NDE and NIE depend on covariate levels. The codes
of generating the simulated dataset and fitting the models can be found at: https://github.com/einsley1993/
emm-ext-med.
Data Generating Process
We randomly generate data for A, M, C and Y. For simplicity, we assume there is only one continuous covariate:

C ∼ N(0, 22).

We also assume exposure is binary:
A ∼ Ber (expit(C + C2)).

M and Y can be either continuous or binary, and are generated as the following:

Mcont = 0.2 + 0.4A + 0.5C + β3AC + ϵ, where ϵ ∼ N(0, 0.52),

Mbin ∼ Ber
(

expit(0.2 + 0.4A + 0.5C + β3AC)
)

,

Y cont = 0.5 + 0.3A + 0.2M + θ3AM + 0.1C + θ5AC + θ6MC + ϵ, where ϵ N(0, 0.52),

Y bin ∼ Ber
(

expit(−5 + 0.3A + 0.2M + θ3AM + 0.1C + θ5AC + θ6MC)
)

, Models 1, 2 and 4,

Y bin ∼ Ber
(

expit(−10 + 0.3A + 0.2M + θ3AM + 0.1C + θ5AC + θ6MC)
)

, Model 3.

We fit the following mediator and outcome models, depending on the types of Y and M in the DGP. Note that the
prevalence of Y bin in the DGP all < 10%, so we fit the logistic outcome model.

Model Mediator model Outcome model
1 linear linear
2 logistic linear
3 linear logistic
4 logistic logistic

We are mainly interested in how different levels of C modify NDE and NIE. For plotting, we loop over the range
of C = [-2, 2], with a step size = 0.01. We are also interested in how the magnitudes of the coefficients of A×M,
A×C, M×C modify NDE and NIE, so we vary coefficients β3, θ3, θ5, θ6 as well.

Scenario Product Terms θ3 β3 θ5 θ6
1 A×M in mediator 0, 0.5, 0.8 0 0 0
2 A×C in mediator; A×M in outcome 0.5 0.1, 0.4, 0.7 0 0
3 A×C in mediator; A×M and A×C in outcome 0.5 0.2 0.2, 0.5, 0.8 0
4 A×C in mediator; A×M and A×C and M×C in outcome 0.5 0.2 0.3 0.3, 0.6, 0.9

In Sections 4.1 - 4.4, we show how NDE, NIE and TE change as the level of covariate C changes. For each scenario
and each model, the three plots on the left are generated from correct model specifications. The three plots on the
right are generated from misspecified models, where in Scenario 1, we omit A × M in outcome model. In Scenarios
2-4, we only keep A × M in outcome model, but omit A × C and M × C.
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4.1 Scenario 1: only A × M in outcome model
When only A × M interaction is present, we vary θ3(the coefficient of A × M in outcome model). The 3 columns on
the left show the correctly specified model, whereas the 3 columns on the right show the misspecified model, where
A × M interaction is omitted.

Scenario 1: Linear mediator model, linear outcome model
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Scenario 1: Logistic mediator model, linear outcome model
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Scenario 1: Linear mediator model, logistic outcome model
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Misspecified model

Scenario 1: Logistic mediator model, logistic outcome model
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Effects NDE NIE TE

Misspecified models: in Scenario 1, we omit A × M in outcome model. In Scenarios 2-4, we only keep A × M in outcome model,
but omit A × C and M × C.
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Note that the plots generated from misspecified models oversimplify the patterns in NDE, NIE and TE. For instance,
across all four rows, when θ3 takes either 0.5 or 0.8, the true NDE is not constant (either linear or non-linear, against
x-axis), while the biased NDE is.

27



Y Li, et al. Supplement for EMM-extended regression-based causal mediation analysis

4.2 Scenario 2: A × M in outcome model and A × C in mediator model
When only A × M interaction and A × C term in mediator model are present, we fix θ3 to 0.5 and vary β3(the
coefficient of A × C in mediator model). The 3 columns on the left shows the correctly specified model, whereas
the 3 columns on the right show the misspecified model, where A × C term is omitted.

Scenario 2: Linear mediator model, linear outcome model
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Scenario 2: Logistic mediator model, linear outcome model
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Misspecified model

Scenario 2: Linear mediator model, logistic outcome model
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Misspecified model

Scenario 2: Logistic mediator model, logistic outcome model
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Misspecified models: in Scenario 1, we omit A × M in outcome model. In Scenarios 2-4, we only keep A × M in outcome model,
but omit A × C and M × C.
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Note that the plots generated from misspecified models oversimplify the patterns in NDE, NIE and TE. For instance,
in all four rows, the true NIE changes more dramatically as covariate level changes than the biased NIE.
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4.3 Scenario 3: A × M in outcome model, and A × C in both mediator and outcome
models

When only A×M interaction, A×C terms in both mediator and outcome models are present, we fix θ3 to 0.5, β3 to
0.2, and vary θ5(the coefficient of A × C in outcome model). The 3 columns on the left show the correctly specified
model, whereas the 3 columns on the right show the misspecified model, where both A × C terms are omitted.

Scenario 3: Linear mediator model, linear outcome model
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Scenario 3: Logistic mediator model, linear outcome model
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Scenario 3: Linear mediator model, logistic outcome model
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Scenario 3: Logistic mediator model, logistic outcome model
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Misspecified models: in Scenario 1, we omit A × M in outcome model. In Scenarios 2-4, we only keep A × M in outcome model,
but omit A × C and M × C.
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Note that the plots generated from misspecified models oversimplify the patterns in NDE, NIE and TE. For instance,
in the first and third rows, the true NIE is not constant when covariate level changes, while the biased NIE is.
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4.4 Scenario 4: A × M in outcome model, A × C terms in both mediator model and
outcome models, and M × C in outcome model

When A × M interaction and all three EMM terms are present, we fix θ3 to 0.5, β3 to 0.2, and θ5 to 0.3, and
vary θ6(the coefficient of M × C in outcome model). The 3 columns on the left show the correctly specified model,
whereas the 3 columns on the right show the misspecified model, where all EMM terms are omitted.

Scenario 4: Linear mediator model, linear outcome model
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Scenario 4: Logistic mediator model, linear outcome model
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Scenario 4: Linear mediator model, logistic outcome model
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Scenario 4: Logistic mediator model, logistic outcome model
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Misspecified models: in Scenario 1, we omit A × M in outcome model. In Scenarios 2-4, we only keep A × M in outcome model,
but omit A × C and M × C.
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Note that the plots generated from misspecified models oversimplify the patterns in NDE, NIE and TE. Note that
the plots generated from misspecified models oversimplify the patterns in NDE, NIE and TE. For instance, in all
four rows, the true NIE changes more dramatically as covariate level changes than the biased NIE does. In addition
to the pattern, omitting EMM can also result in the opposite direction of the relationship between NDE or NIE
and covariate. For the plots in the first row, in the bottom left corner, when covariate level is less than -1, true
NDE and TE are negative, while the biased NDE and TE are positive.
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5 Empirical data example and R package tutorial
In this section, we use an empirical dataset and demonstrate how to use our R package regmedint to conduct
causal mediation analysis. The R code and the output file can be found at https://github.com/einsley1993/
emm-ext-med-cantos.

We use the data from a post-hoc mediation analysis from Canakinumab Anti-Inflammatory Thrombosis Outcome
Study (CANTOS) trial (Vallurupalli et al., 2020). The dataset consists of 8,302 subjects. We examine the effect
of cholesterol level on the risk of heart disease. The binary exposure is canakinumab use (all doses combined vs.
placebo), the continuous mediator is the change in log hsCRP from baseline to the 3rd month, and the outcome
is time to incident anemia. Hence, we fit a linear mediator model, and an accelerated failure time outcome
model (assuming Weibull distribution). The estimated effects will be on mean survival ratio. We adjusted for the
same baseline covariates as the published paper (age, sex, log hsCRP, heart failure status, diabetes status, and
hypertension status)(Vallurupalli et al., 2020).

The main function in regmedint package is regmedint(). Before fitting regmedint(), all variables that will be
used in analysis (the exposure, mediator, outcome, and confounders) should be coded as numeric, which is already
the case in our example. We then specify the statements in regmedint() function:

Figure 1: Fit regmedint() when no EMM terms are included

The above Figure 1 is the fit of regmedint() when no EMM term is included. The name of the dataset,
“anemia3”, is specified in the argument data. The names of the outcome, exposure and mediator (“canakinumab”,
“anemiayrs”, “diff_logCRP”, respectively) are specified in the arguments yvar, avar, and mvar. The names of the
covariates are specified in cvar, which can take one or more variable names. We also need to specify the reference
level and new level of the exposure that we want to compare using the arguments a0 and a1, respectively. If the
exposure is binary, as in our example, then we would simply specify a1 = 1 (i.e., exposed) and a0 = 0 (unexposed).
If the exposure is continuous, the two levels specified define the size of the contrast in the exposure that is of inter-
est. For instance, we can choose the 1st quartile as the reference level (a0) and the 3rd quartile as the new level (a1).

The estimated TE, NDE and NIE can sometimes differ for individuals with different levels of the covariates. Hence,
we must specify what levels of covariates we want to condition on, using the argument c_cond. A reasonable
default choice is to use the sample mean levels of the continuous covariates. For example, if we are interested in
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the population whose age and baseline log(hsCRP) are both at the mean levels in the study population, we could
use the sample mean in the argument c_cond. For binary covariates (“female”, “chf”, “htn”, and “dm”) in cvar,
if we chose to obtain mediation estimates for male population with no heart failure and no diabetes, but have
hypertension, we set both “female”, “chf”, “dm” to 0, and “htn” to 1. Note that the values in c_cond should
correspond to the order that variables are listed in cvar. The binary and continuous covariate levels are specified
in one vector c_cond0 in the argument c_cond before fitting regmedint(), as shown in Figure 2. We must also
specify what level of mediator we are interested in. This is used to estimate conditional direct effect (CDE(m)),
but not the NDE or NIE. Again, we use the sample mean here.

Figure 2: Covariate levels conditioned on when no EMM terms are included

The statements mreg and yreg allow us to specify the type of mediator and outcome regression models. The
types of mediator models supported are “linear” and “logistic”. The types of outcome models supported are
“linear”, “logistic”, “loglinear”, “poisson”, “negbin” (negative-binomial), “survCox” (Cox proportional hazards),
‘survAFT_exp” (accelerated failure time model using an exponential distribution), and “survAFT_weibull”
(accelerated failure time model using a Weibull distribution). For survival outcomes, i.e., if yreg = “survCox”,
“survAFT_exp” or “survAFT_weibull”, yvar will be the time variable. To include an exposure-mediator
interaction term in the outcome model, the statement interaction should be set to TRUE, and otherwise should
be set to FALSE. Since it is known that including the exposure-mediator interaction captures the possibility that
direction or strength of mediation differs by levels of the exposure (VanderWeele, 2015), we would suggest setting
interaction = TRUE by default. Please also note that including such an interaction term makes the outcome
model more flexible and thus imposes fewer assumptions. On the contrary, not including the interaction term
requires strong evidence that there is no interaction for all individuals in the study population.

The statement na_omit controls whether any missing data, should be removed prior to analysis. This argument
is set to FALSE by default, so if there is missing data, the function will return an error message indicating that
missing data are not allowed. This is designed to encourage users to check if there is missingness in the main
variables of interest. If we instead specify na_omit = TRUE, the function will print a message indicating the
number of missing values in the dataset, and a complete-case analysis will then be performed. In our example,
there are no missing values. Other arguments are available, but are not applicable to our example. The argument
eventvar is required for time-to-event outcomes. If the event indicator variable in the dataset is called “event”,
users need to specify eventvar = “event”. The argument casecontrol defaults to FALSE. if the study is a
case-control study, it should be set to TRUE.

The modeling and estimation approach discussed so far are applicable to non case-control studies. For case-control
studies, special modifications are needed by leaving the outcome model as is but fitting the mediator model only
among controls. This requires the outcome to be rare in the population from which the controls are sampled. An
alternative way (not implemented in regmedint) is to run a weighted mediator regression (different weights for
cases and controls). Details of these two modification approaches are discussed in the literature (VanderWeele, 2015).

To see the output of regmedint(), we call summary(), like in lm() and glm() functions. The standard outputs of
fitted mediator and outcome models will be printed out first, followed by the mediation analysis results.

The results are shown in the output PDF file at https://github.com/einsley1993/emm-ext-med-cantos/blob/
main/EMM_CANTOS.pdf, cde is the controlled direct effect, CDE(m), estimated for the specified mediator value.
pnde and tnie are the NDE and NIE. tnde and pnie represent an alternative decomposition of total effect, which
is not used as frequently as pnde and tnie; details on the subtleties between the two effect decompositions can
be found in (Robins & Greenland, 1992; VanderWeele, 2015). te is the total effect, and pm is the proportion
mediated. If TNDE and PNIE are in opposite directions, PM will be outside the range of [0, 1] and therefore not
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interpretable (VanderWeele, 2015).

The analysis above allows for exposure-mediator interaction, as we recommend doing by default. If we instead
wished to assume there is no such interaction, we could set the argument interaction = FALSE.

Now suppose age, baseline log(hsCRP) and diabetes are effect measure modifiers, we can specify the new arguments
emm_ac_mreg, emm_ac_yreg, emm_mc_yreg. For the purpose of demonstration, we assume baseline
log(hsCRP) modifies the exposure’s effect in mediator model, and age and diabetes modify the mediator’s
effect in outcome model. Therefore, emm_ac_mreg is set to c(“base_logCRP”), emm_mc_yreg is set
to c(“age”, “dm”). As mentioned earlier in this section, c_cond specifies the levels of covariates we want
to condition on. Suppose we compare two subgroups. Group 1 is the “lower anemia risk” group, containing
those who are younger (within 1st quartile of age), having lower baseline log hsCRP (within 1st quartile of
baseline log hsCRP), and having no diabetes. Group 2 is the “higher anemia risk” group, containing those who are
older (within 3rd quartile of age), having higher log hsCRP (within 3rd quartile of log hsCRP), and having diabetes.

In Figure 3, we specify the covariate levels for both groups.

Figure 3: Fit regmedint() when EMM by age is included in both mediator and outcome models

Now we fit regmedint() to examine the mediation effects in those two subgroups. In Figure 4, we set c_cond =
c_cond_low_all as we want to condition on “lower anemia risk” group. By calling summary(), we obtain the
mediation results in Figure 5.

Figure 4: Fit regmedint() when EMM terms are included, subgroup = lower anemia risk
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Figure 5: Mediation analyses results for lower anemia risk group

For “higher anemia risk” group, this time we do not need to refit regmedint() and re-specify c_cond, but just
need to call summary() and directly set c_cond = c_cond_high_all (Figure 6). The results are shown in
(Figure 7).

Figure 6: Fit regmedint() when EMM terms are included, subgroup = higher anemia risk

Figure 7: Mediation analyses results for higher anemia risk group

Note that summary() gives individual model fits for mediator and outcome models before printing the mediation
results. We omit individual model fits in this Supplement material, but readers can find the full outputs at
https://github.com/einsley1993/emm-ext-med-cantos/blob/main/EMM_CANTOS.pdf.
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