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Instrumented DID
S1. Review of standard IV and DID

S1.1 Rewview: standard IV

The standard IV method (except for the calendar time IV) does not have a time component
and is most commonly applied to cross-sectional studies (Hernan and Robins, 2020). This
is probably why many studies using the standard IV such as Neuman et al. (2014) simply
ignore the longitudinal structure that is intrinsic in the dataset. To better understand the
assumptions and make connections to the instrumented DID method proposed in Section
2, we embed the standard IV method into our potential outcomes framework with the time
component made explicit.

Identification of the ATE [, using Z as a standard IV assumes that the following conditions

hold with probability 1:

AssuMPTION S1 (Standard IV): (a) (Relevance) E(D | Z =1,X)# E(D | Z=0,X);
(b) (Independence & exclusion restriction) Z L (T, Dt(z), Yt(d),t =0,1,2=0,1,d=0,1) | X

(c) (No unmeasured common effect modifier) Cov(Dt(l) —Dﬁo), Yt(l) —Yt(o)|X) =0fort=0,1.

Assumptions S1(a)-(b) formalize the three core IV assumptions discussed in Section 1.
Assumption S1(a) says that Z is related to D. Assumption S1(b) says that Z is as good as
random and has no direct effect on the outcome. In particular, Z L T is required to guarantee
that (D%Z ), YT(d), z=0,1,d =0,1), the customarily defined potential exposures and outcomes
when ignoring the longitudinal structure, are independent of Z. We refer interested readers
to Richardson and Robins (2014) and Wang and Tchetgen Tchetgen (2018) for discussions on
different statements of IV assumptions. Compared with the instrumented DID assumptions
in Assumption 2, Assumption S1(a) is distinct from Assumption 2(a), Assumption S1(b) is
stronger than Assumption 2(b), and Assumption S1(c) is the same as Assumption 2(c).

Under Assumption 1 and Assumption S1, we show in Section S3.1 that the conditional
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Wald ratio identifies a weighted average of the time-specific CATE

EY|Z=1,X)-EY |Z=0,X)
ED|Z=1,X)-ED|Z=0,X)
CwX)EY YV X)) w(X)EYY -V | X)
B w (X)) + wo(X) wy (X)) + wo(X) ’

where w,(X) = P(T =t | X)E(Dil) — DY | X),t = 0,1. This result indicates that if the
treatment effect is expected to vary over time and the target estimand is the conditional or

unconditional ATE, one should adjust for time indicator as an additional confounder.

S1.2 Rewview: DID

The basic DID framework considers a population observed in a pre-exposure period ¢t = 0
and a post-exposure period ¢t = 1. All individuals are unexposed at ¢ = 0. Some individuals
become exposed at ¢ = 1. The parameter of interest is the average treatment effect for the
treated in the post-exposure period E (Yl(l) — Yl(o) | D; = 1), or the conditional counterpart
By -v" | Di=1.X).

The method of DID relies on a crucial parallel trends assumption £ (YI(O) — YO(O) | X, Dy =
1)=F (Yl(o) —YO(O) | X, Dy = 0), which states that conditional on the covariates, the exposed
and unexposed individuals would have exhibited parallel trends in the potential outcomes
in the absence of treatment (Abadie, 2005). In other words, there is no unmeasured time-
varying difference between the exposed and unexposed individuals. With this assumption,

the effect of the treatment on the treated conditional on X is identified from

EYY —Y9 | D =1,X)=E(Y, Y, | D, =1,X) - E(Y, — Yy | D; =0, X).
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S2. Additional Results for Instrumented DID

S2.1 Instrumented DID when treatment effect may change over time

Consider the case without observed covariates. If Assumption 1 and Assumption 2(a)-(c)

hold, then

1 0
- 1 1

B Y =y ). (S2)
op op

When the treatment effect may vary over time, dy /dp still has a nice interpretation under
some special scenarios: (i) when either F (D(()l) - D(()O) )or E (D%l) — Dgo)) is zero, then dy /dp
is the average treatment effect at the time point ¢ in which E(DEI) — DS))) # 0; (ii) when
E(Dél) - D(()O)) and E(Dgl) — D% are both non-zero and of opposite sign, then E(D(()l) -
D(()O))/(SD € (—1,0) and dy /dp is a weighted average of E(Yl(l) - Yl(o)) and E(Yo(l) - YO(O))
with non-negative weights. Otherwise, although 0y /dp is still a weighted average of the
treatment effects at the two time points, the weights can be negative and dy /dp no longer
has a clear causal interpretation. For instance, if E(Yl(l) - YI(O)) > E(Yo(l) — YO(D)) and
E(DY — DY > E(DY — D) > 0, then 6y /6p > E(YVY — V\?) > BV — vV ?), ie

dy /0p is larger than any time-specific average treatment effect.

S2.2 One-sample and two-sample Wald estimators

Let % denote convergence in distribution. Theorem S1 establishes the asymptotic property

for the one-sample instrumented DID Wald estimator Ewald.

THEOREM S1: Under Assumptions 1 and 2, and assume the second moments are finite,

as n — 0o, the Wald estimator Bwald in (2) is consistent and asymptotically normal, i.e.,

6513/ (Bunia — ) wv( D Pt ﬁoD'T‘tZ‘Z)) (3)

T=t27=z)
t=0,1 2=0,1

For statistical inference, we can use a consistent plug-in variance estimator

Var Y — ﬁwalleT_t Z = Z)
tOlz 0,1 T_tZ_Z)

: (54)
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where dp is defined in (2), P(T = t,Z = z) = Py li7—t 7z, Var(Y — ByaaD|T = t, Z = 2) is
the sample variance of Y; — BwaldDi within the stratum with 7T, = ¢, Z; = z.
The next theorem establishes the asymptotic property for the two-sample instrumented

DID Wald estimator B\TSwald-

THEOREM S2: Suppose that Assumptions 1 and 2 hold for both (T,,Z,, D,,Y,) and
(Ty, Zy, Dy, Ys), and E(Yy|To, Zy) = E(Y| Ty, Zb), E(Do|Ty, Za) = E(Dy|Ty, Zy). Also assume
that lim,,, », 0o min(ng, np)/ne = o = 0 for ¢ € {a,b}, and the second moments are finite.
Asmin(ng, ny) — 00, the two-sample Wald estimator B\TSwald 18 consistent and asymptotically

normal, i.e.,

|0 pp| v/ min(ng, nb)(BTSwald — Bo) LN

Var Y T. =1t,7Z, = ) o Var(Dy|Ty, = t, Z), = 2)
( Z Z T, =t 2, ) + 55 (Tb—bt,Zb—z) ) (S5)

t=0,1 2=0,1

For statistical inference, a consistent plug-in variance estimator for Srsyaa is

ST S [Varlvalt, )} + Bl Var (s, 2)}] (S6)

(5Db) t=0,1 2=0,1

where Jiy,(t, z) and 1ipy(t, z) are as defined in (2) but evaluated respectively at the outcome
dataset and the exposure dataset, \//a\r{ﬁy@(t,z)} and @'{ﬁpb(t, z)} are their consistent
variance estimators. In fact, B\TsWald and its variance estimator can be calculated provided

that these summary statistics are available.

S2.3 Sensitivity analysis

We develop sensitivity analysis methods to evaluate how sensitive the conclusion is to
violations of Assumption 2(d) for both the one-sample and two-sample designs when there
are no observed covariates. There is a large and growing literature on sensitivity analysis,
e.g., Rosenbaum (1987); Imbens (2003); VanderWeele and Ding (2017) and Fogarty (2020).

Consider first the one-sample design. When Assumption 2(d) does not hold, i.e., £ (Yl(l) -
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(0)) + F (Yo(l) — YO(O) ). We use two sensitivity parameters v,y to quantify deviate from
Assumption 2(d): T := E(Y;" = v = BE(vY = v € [v1,v0], where 7, < 0 < vy. When
YL = Yu, it is the same as the case under Assumption 2(d). Next, we construct a confidence
interval for g* = F (Yo(l) — YO(O)) when I' € [y, yy]; similar approach can be developed for

1 0
E(Yl( ) _ Yl( )>.

From (S2), we know that * = dy /op —I'{up(1,1) — up(1,0)}/dp, whose sample analogue

is defined as B\SA(F) = SY/SD —I{up(1,1) — up(1, O)}/ES\D. Similar to the proof of Theorem

S1, the asymptotic distribution of BSA(F) is

16n]v/n(Bsa(T) — %) 4N (0’ Var(Y — (p*+tI')D|T' =t,Z = z)) |

=0, 2=0,1 P(T=t2=2z)
Denote a consistent variance estimator of Bsa (I') as Via (I'), let C1(T') = Bsa () —1.96Vs ()42
and Cy(T) = Bsa(T') + 1.96Vsa(T)/2, then [CL(T), Cyy(I')] is an asymptotic 95% confidence
interval for 5* at any given value of I'. By applying the union method (Zhao et al., 2019), we
have that [infpem ~0) C(D), $uPrepy, 0 CU(F)] is an asymptotic confidence interval with at
least 95% coverage for any I" € [y, v].

The sensitivity analysis for the two-sample setting is analogous. Define B\S ars(l) = Sva / Spp—

D{iipp(1, 1) —ips(1, O)}/ng. Similar to the proof of Theorem S2, the asymptotic distribution

Of B\SA,TS (P) 1S

16,05 /i (124, 725) (Bsa 18 (T) — 87) 5

Var Y |T =t,7Z,=2) Gy Var(Dy|T, = t, Zy = 2)
*+tl .
(0 tzm ZZM =1, 2. = 2) +ou(FT i) P(Ty=t,2, = z)

The construction of the confidence interval follows from the same steps as the one-sample

design.
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S2.4 Bounded, efficient and multiply robust estimation

In this section, motivated from Wang and Tchetgen Tchetgen (2018), we propose bounded
versions of the semiparametric estimators that are guaranteed to fall within the parameter
space with a binary outcome.

Note that for a binary Y, the nuisance parameters in My, My, M3 are no longer variation
independent. For example, because 6(x)dp(x) + by (x) + myr(x) + myz(x) = py (1,1, x) €
[0, 1], the values taken by the other nuisance parameters will restrict the values that é(x) can
take. To make sure that the nuisance parameters are variation independent of each other,
our choice of the nuisance parameters is

m(t, z,%;7), 6(z; @), 0p(x; 0),

(S7)
OPpi(x;€;), OPpa(x; &,), OPp3(x; €3), OPy1(x; 91), OPyo(x; ¥2), OPys(x; 95),

where for C' € {Y, D} (recall the definition uc(t,2, X) = E(C | T =t,Z = 2, X)),

/'LC(()? 1, w)MC(Oa 0, fB)

OPci(x) = {1 = pc(0,1,2) H{1 — puc(0,0,2)}
B uc(l,l,w)ﬂc(1707w>
OPca(x) = {1 = pc(l,1,2)H1 — pue(1,0,2)}
op () ALt po(L 1) — pie(L,0.2)H1 4+ po(0,1,2) — ie(0,0,2))
c3(x)

a {1 - UC(L L, :13) + /LC(L 0, a:)}{l - NC(Oa L, 33) + MC(Oa 0, CU)}

Proposition S1 shows that our models provide a variation-independent parameterization of
the likelihood (P(Y =1 | 1,2, X =x),P(D =1 |T,Z,X = x)). Also because P(T, Z |
X = x) is variation-independent of (P(Y =1 |T,Z, X =x),P(D=1|T,Z,X = x)), the

parameter space of (v, a, 0,&,,&,, &5, 91,92, 93) is unconstrained.

ProposiTIiON S1: For binary D,Y and for any «, the mapping
(0(x),0p(x), OPpi(x), OPpa(x), OPps(x), OPy1(x), OPy2(x), OPy3(x))
— (/’LD(ta =2 iB), /*LY(t7 2 CC),t = Oa 17 z= 07 1)

is a diffeomorphism between the interiors of their domains, which are (—1,1) x (—=2,2) x

(0,00)¢ and (0, 1)® respectively.
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Proof. We proceed with the proof in the following four steps:

(i) dy(x) = dp(x)d(x) € (—2,2);
(ii) The mapping (dp(x), OPpi(x), OPpa(x), OPps(x)) — (up(t,z,x),t = 0,1,z =0,1) is a
diffeomorphism from (—2,2) x (0,00)? to (0,1)%
(iii) The mapping (dy (x), OPy1(x), OPyo(x), OPys(x)) — (uy(t,z,x),t = 0,1,z = 0,1) is a
diffeomorphism from (—2,2) x (0,00)? to (0,1)%

(iv) P(Y =1| T, Z, X) is variation independent of P(D =1|T, Z, X).

In the following, we show the second step. The third step can be shown in the same way. Note
first that following a similar argument as in Richardson et al. (2017), (dp(x), OPps(x)) —
(up(0,1,2) — pup(0,0,2), up(1,1,2) — up(1,0,x)) is a diffecomorphism from (—2,2) x (0, o)
to (—1,1)2% Moreover, from Richardson et al. (2017), we have that (OPp; (), up(0,1,x) —
up(0,0,x)) = (up(0,1,x), up(0,0,x)) is a diffeomorphism from (0,00) x (—=1,1) to (0, 1),
and (OPpo(x), up(1,1,2)—pup(1,0,x)) = (up(1,1, @), up(1,0,x)) is a diffecomorphism from
(0,00) x (=1,1) to (0,1)% The result then follows from noting that P(D =1 | Z,T =0, X)

is variation independent of P(D =1 | 2,7 =1, X).

With the new set of nuisance parameters, we define AR (x) = (OP¢y(x), OPco(x), OPcs(x)),
for C € {Y, D}. Parallel to the development in Section 3.2, consider three sets of model

assumptions:

M, : models for §(x), 0p(x), A (), AL (x) are correct.
My : models for 7(t, z,x),0p(x) are correct.

M3 : models for 7(t, z,x),d(x) are correct.

In what follows, we first present estimators of 1), under each of the three models. Im-
portantly, we consider a working model f(v;) that falls within the parameter space of

EYW YO |V =v).
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We first discuss regression-based estimation of 1), under model M;. For binary Y, we
impose a model d(x; &) which guarantees that é(x; @) € [—1, 1], e.g.,

exp(2a’z) — 1
exp(2alz) + 1

§(x; ) = tanh(a’x) =

(S8)

as in Wang and Tchetgen Tchetgen (2018). For implementation, we first obtain the maximum

likelihood estimators (5, El, EQ, 53) from solving the score function
]P)’VLS(D | Za T7X;07€1a£27€3) = O

corresponding to the likelihood of D conditional on Z,T, X, then we obtain the maximum

likelihood estimators (e, 51, 52, 1/53) from solving the score function
P.S(Y | Z,T,X: 0,0, 01,05, 93) =0

corresponding to the likelihood of Y conditional on Z, 7T, X. The bounded regression-based

estimator of %) is the solution to

Pog(Vi9){0(X;a) — B(Viep)} = 0.

Under M, the inverse probability weighting estimator is the same as that introduced in
the main text, with the only difference of using a bounded working model f(wv;1)).

Under M3, the estimator based on g-estimation is also the same as that introduced in
the main text, with the only difference of using a bounded working model f(v;4)) and a
bounded model for §(x) as in (S8).

A bounded, efficient and multiply robust estimator can also be obtained from speci-
fying nuisance models listed in (S7). As shown in Proposition S1, these models imply
bp(x), mpz(x), mpr(x), by (x), myz(x), myr(z). Hence, a multiply robust estimator of 1
can be obtained in the same way introduced in main text, with OP py (), OP pa(x), OP p3(),

OPy (), OPya(x), OPy3(x) in place of bp(x), mpz(x), mpr(x), by (x), my z(x), myr(x).
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S3. Technical Proofs
S3.1 Proof of (S1)
Note that from the property of conditional independence (Dawid, 1979, Lemma 4.3), As-
sumption 1(c) and Assumption S1(b) imply that 7" L {Dt(z), Yt(d),t =0,1,2=0,1,d=0,1} |
X. Thus, the denominator in the Wald ratio in (S1) equals

EDY | Zz=1,X]-EDY | Z=0,X]

= ETD\Y +(1-17)DV | Z=1,X] - E[TD” + (1 —T)D | Z = 0, X]

= E(T | X)E[D{" | X]+ E(1-T | X)E[Dy" | X]

— E(T'| X)E[D{"” | X] - E(L =T | X)E[Dy” | X]

= B(T| X)E[D{" - DY | X]+ E(1 =T | X)E[Dy” — D" | X]

= B[T(DY) = DI") | X] + E[(1 - T)(D” - Dy) | X].
Similarly, the numerator in the Wald ratio in (S1) equals
EY\P|Z =1,X]| - E[Y}”|Z =0, X]
= E[DYYY + (1 - DYz =1, X] - EDYYY + (1 — DY |7z = 0, X]
= B[0PV + (1= DY | X] = DYV + (1 - DY)yy” | X]
= B((Dy) - DY)Y7! — (Dy) - D)Yr" | X]
= B0y = D) (¥ = ¥7") | X]
= B[T(D)” = DY =) | X] + B[ = T)(D" = D) (5" = 35”) | X]
= E[T(DY = DY) | XIEY =i | X+ Bl = T)(D5” = Dy”) | XIE[GY = Y0 | X,

This completes the proof.

S3.2 Proof of Proposition 1

Proof. First, note that for z = 0, 1,

NY(1727X) T :uY<07 ZvX)
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E(Y|X,T=1,Z=2)—EY|X,T=0,7=2)
(2) (2)
—EYP X, T=1,2=2)-EV" )| X, T=0,7 =2)

(2) (2)
P _yPo 1 x 7 = )

= B(Y{
— B + (1 - DYWL - DEYY - (1 - DX, Z = 2)
= B(DP Y =) - D (v = V) + v - v{V|1X, Z = 2)
= B0 (Y =31”) = D7 (0" = i) 1X) + B - ¥ 1X)
where the second line is from Assumption 1(a), the third line is from Assumption 1(c), the
last line is from Assumption 2(b). Thus,
ov(X) = B(D = DY) = V) X) = B(D5” = D) (g = Y3 X)
= B(D" = DY IX) B = Y{V1X) = B(DYY = D |X)B(ygY =Y X)
= BE(Dy" = D" — D + Dy | X)o(X)
= 0p(X)Fo(X),
where the second line is from Assumption 2(c), the third line is from Assumption 2(d), the

last line again uses Assumption 1(a)-(b).

S3.3 Derivation of oy (X)/dp(X) under the monotonicity assumption
From the proof of Proposition 1 and under the monotonicity assumption stated in the main
article, we have
ov(X) = B(D" = D7)V = V)| X) = B(Dg" = Dg”) (" = ¥y)| X)
= 5(y{" -y | iV - DI =1, X)P(D{" - DY =1|X)
- By =Yy | oy’ - DY = 4X)P(Dy” - Dy’ = 1X)

= e -y DM - DO =1) {P(DE” - D =1|X) - P(D{" — DY = 1|X>} ,



Instrumented DID
where the last line is from the assumption that E(Yl(l) — Yl(o) | D%l) — D§°) =1)= E(Yo(l) -
O DSV — DO = 1). In addition, 6,(X) = P(DY — D\ = 1|x)— P(D{" — DI” = 1X).

This completes the proof.

S3.4 Proof of Theorem S1

From the definition of 3 ,

\/ﬁ(g_ BO) — \/ﬁ((sYA_ 605D) )

D
Let F ={T;,Z;;i=1,...,n} and
T, =1,Z;=1) (T, =1,Z;=0)
Ki = v/a(Y; — foDi)4 = - =
\/ﬁ( %o >{Zz’=1[(Ti:1>Zi:1) Zi:1I(Ti:LZi:0)
__IT=0Z=1)  IT=0%=0)
ST T =0.Z=1) S 1T =020

Then, we can write

\/H(B\Y - 503\D> = Z K;.
i=1

First, note that K;, i = 1,...,n are independent conditional on F, and E (>} | K;|F) =

V1(dy — Bodp) = 0, and

Var(Ki|F) =nY Y Var(Y — BD|T =, 7 = z){z Il(T(: d f Z: i)z)}Q

We prove that > | K; is asymptotically normal by verifying Lindeberg’s condition. Let

& Var(Y — BD|T—tZ—z)
I ) S
=1 t=0 2=0

we have that

Var(Y —BoD|T=t',Z=2") Var(Y—BoD|T=t',Z=2")
max; Var(K|F) o (L= Zi=2)) < oy et (L= Zi=2)]?
o2 g Z Z Var(Y —poD|T=t,Z=z) ~ "y " Var(Y—BoD|T=t',Z=2')
’ 2=0 £~z=0 Z" I(T;=t,Z;=2) S I(Ti=t,Z;=2")
1
= max = o(1).

tz! Z?:l ](T‘Z = t/, ZZ = 2/)

Hence, for any € > 0,

> e { =B (- paei ) > o) | 7}

Vaer-]-' KZ—EKZ]:2
_y- Var(| >E{< (K.\F)

Var (5 F) I (|K; — E(K;|F)| > eo) | .7-"}

i=1
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< max F (Ki — E(Ki‘}_))QI |Ki — E(Ki|F)| - €0 | F
R W e B NV el BRRVA e V]

= 0(1>7
where the last equality is from dominated convergence theorem and the facts that {K; —
E(K;|F)}/\/ Var(K;|F) has expectation zero and variance 1 conditional on F, and
max; Var(K;|F)/o* = o(1). Therefore, Lindeberg’s condition holds. Applying Linderberg

Central Limit Theorem, we have that conditional on F,

Vi (8y — Bodp)

g

| F % N(0,1).

By a dominated convergence argument, we have that the above equation also holds uncon-
ditionally. Then, by weak law of large numbers and Slutsky’s theorem, it is easy to show

that

L Var(Y — ByD|T =t,7 =
sy P(Tﬁozl,zzz) 2ot

and

S — o) GQZmeY'@pw_tz_@)

t=0 z=0 - t’ Z= Z)
Finally, we can similarly show that \/5(6 p — 0p) is asymptotically normal, which implies

that dp 2 p. Again using Slutsky’s theorem, we have proved (S3).

S3.5 Proof of Theorem 1

In this section, we use subscripts to explicitly index quantities that depend on the distribution
P, we use a zero subscript to denote a quantity evaluated at the true distribution P = F,
we use a € subscript to denote a quantity evaluated at the parametric submodel P = P.. We
will show that ¢(O;%p,np) is proportional to the efficient influence function by showing

that it is the canonical gradient of the pathwise derivative of ¥ p, i.e,

9%,

| = G By {905 me)solO)) (59

e=0
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where ¥, = ¥p, 5.(0) = 0logdP.(0)/0e denotes the parameter submodel score, Cj is
defined later in (S10).

By definition, we have
¥p = agmin [ w(o){Gr(v) - Bvi ) dP(v)
and thus

/ 1(0: %) {Br(v) — Blv; ) }dP(v) = 0,

9B(vyp)
oy

/ 0039 {Be(v) — B(v; ) }dP.(w) = 0,

where ¢(v; ) = w(v) . Evaluating the above at P = P, gives

Differentiating the above with respect to € using the chain rule and evaluating at the truth

e =0 give

€=

/ %ﬂ]w S IRCORECENEIIE
_ 9B(v; 9) O,

. 0B (v)
+/q(v,1/’o) {T . o0 ’w:% o ezo}dPo(v)

+ /Q('US Yo) {Bo(v) — B(v;ahy)} so(v)dPy(v) = 0.

Rearranging the above equation, we have

P,
Oe |._

dPy(v) (S10)

dq(v; 1) , RN/ CIR)
| [ o \Mwm—ﬂw,wo)} o(wi ) oit) \MO

N J/
-~

—Cy

(o) = A} 50<v>} dPy(v) = 0,

awe . . a/Be(’U>
86 EZO_/Q(U7¢O>{ ae

Next, we will derive 22:) le=0. Note that

Oe
0B(v)
de |

N et

Co

(o) = B} 50<v>} APy(w).

€=

e=0
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8 5Y€(X)

= e ) spux) XV =)
8(5Y€(X)’ 0 (X) -5 (X)a(SDe(X)’ 3 5 (X)
de_ 1e=0700 Yo 9c _ le=0 Y0

- + X|V)| dPy(X|V = v),

/ [ [0po(X)]? 5D0(X)80( V) o(X]| v)

and

Doy (X)

Oe 0

= EO[YSO(Y’T7 ZJX)|T = 1,Z = 17X] - EO[YSO(Y|T7 27X)|T = O,Z = 17X]

- EO[YSO(Y|T7 Z,X)|T =1,Z= OaX] + EO[YSO(Y’Ta Z,X)‘T =0,7Z = OaX]

. TZ (1-T)Z
- HPO(T —1,Z=1|X) P(T=0,Z=1X)
T(1- Z) 1-T)(1 - 2)

- Yso(Y|T, Z, X)|X
R(T=1,Z =0|X) PO(T:(),Z:()\X)} so(YIT, 2, )‘ ]

= E, {(227“;;)(227;5 1)Y30(Y|T, Z, X)|X} :

where mo(t, z, X) = Py(T =t,Z = z|X). Similarly, we can also derive that

0dpe(X)
Oe

_ [(22 —1)(2T - 1)

Dso(D|T, Z, X)| X | .
Wo(T,Z,X) 80( | y Ly )| :|

Combining the above derivations, we have

o O,

0 e 0
= [ ot L5 ar(w)+ [ atoit) {5) = Ao )} (w1 (o)

Iy (X) —00po(X) = dyo(X pe(X) =0
:/Q(’U;d’o)[ S ([5D>O<X;/]2( )b
dyo(X)

dpo(X)

+ so(X|V) | dPy(X |V = v)dPy(v)

+ / 4(v:0) {o(w) — B(v;4b0)} s0(v)dPo(w). (s11)

We now turn to Ey {¢(O; ¥ p,np)se(0)}. First, note that ¢(O; 1, n) can be rewritten as

(2Z —1)(2T — 1)
(T, 7, X)op(X)

(054 m) = g(V: ) (6<X> BV +

[Y - E(Y |T,2,X)-6(X){D— E(D|T, Z,X)}]).
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Also note that so(O) is the parametric submodel score can be decomposed as
s0(0) = so(Y, D|T, Z, X ) + so(T, Z| X ) + s0(X|V) + s0(V).
Then, with the scaling factor, the efficient influence function is Cj Yo(O; 4 p,mp), where
©(O; ¢ p,np) is defined in Theorem 1. Therefore,

Eo{p(O;4,m0)50(0) }

= 5 {atvinp) [ 225 50w oIV + 01

(2Z - 1)(2T - 1)
=B oV

Y — Ey(Y|T, Z, X)] so(Y|T, Z, X)}

— E, { (Vi) ((T Z ;g?m_(l))gzzgi [D — Ey(DI|T, Z, X)]so(D|T, Z,X)}
= 5 {aviwg) P XV |+ B oV (V) - BV o)) ulV)}
+ E, { vV )W( Tz ;é)aD <;())YSO(Y|T, Z,X)}
(2Z = 1)(2T —1) dyo(X)
— E, {q(v,wo) T 7 X500 (%) 5D0(X)D30(D]T, Z,X)}
~a %]

where the derivations follow from Ey(s¢(01]|032)|O03) = 0 for any (O1,03) C O and iterated

expectation. Hence, C Yo(O; 4 p,mp) is the efficient influence function.

S3.6 Proof of multiple robustness

From the definition of 4, in (3), it is true that

Eq(Viaho) {Bo(V) = B(Vi¢pg)}] = (512)
Under My, 8(X) = do(X), by (X) = byo(X),bp(X) = bpo(X), My z(X) = my zo(X), Myr(X) =
my1o(X), Mpz(X) = mpzo(X), Mpr(X) = mpro(X). Then,
E[p(O; %, 7))

= Eq(V:9,) {6(X) — B(V;9,)}]

L 2Z-1ET-1)
E q(Vﬂ/’O)ﬁ(T, Z,X)op(X)

(Y — byO(X) — mYZO(X)Z — mYT(](X)T)
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12T - 1)
(T, 2,X)5p(X)

B {qw; v 2 50(X)(D — bpo(X) — mpze(X) 7 — mDTo<X>T>]

. | INCOACi)
= Ela(Viw0) (03) = AV )]+ £ [alVishy) o i ()m(X)172
@z - 1er -1
_ { Vi X)(SD(X)(SDO(X)&O(X)TZ]

= E[q(Viho) {Bo(V) = B(Viypy)}] =

Under My, 7(T, Z, X) = 7o(T, Z, X)) and 0p(X) = 6po(X). Then,

E[QP(O; '(/)07ﬁ)]
E [a(V9p) {3(X) = B(V:30) }]
+ 8 [u(v «,bo);fé oV = B (X) ~ 2 X)Z — (X7

£ g, %)fé TR D = Bo(X) = Mpa(X)Z ~ o (X))

E [9(V;9) {0(X) = B(V;9) }] + E [a(V52hg){d0(X) — 6(X)}]
E[q(Vitp) {Bo(V) = B(Vi9po)}] =

where the third equality uses the facts that E(Y|T, Z, X)) = byo(X)+my z0(X ) Z+my1o( X )T+
3o(X)dpo(X)TZ, E(D|T,Z, X) = bpo(X) + mpzo(X)Z + mpro(X)T + 0po(X)TZ, and
E{(2Z-1)2T-1)/no(T, Z, X)|T, X} = E{(2Z—-1)(2T—1)/mo(T, Z, X )| Z, X } = 0. Hence,
the efficient influence function ¢(O; 1, n) has expectation zero at 1 = 1, under M.

Under My, 7(T, Z, X) = mo(T, Z, X), 6(X) = 6o(X). Then,

E[@(O;'@bovﬁ)]

= BV ) 1(X) — BVipo)] + B [q( Vi) 20— L

7o(T, Z, X)dp(X)

00(X)dpo(X)TZ
(27 —1)(2T — 1)
7o(T, Z, X)dp(X)

= Eqg(V;9){00(V) = B(V;1)} =0

— Eq(V; 1)

50<X>5D0<X>TZ}

Hence, the efficient influence function ¢(O; 1), n) has expectation zero at ¥ = 1, under Ms.
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S3.7 Proof of Theorem 2

In what follows, we will use P{f(O)} = [ f(O)dP to denote expectation treating the
function f as fixed; thus P{f(O)} is random when f is random, and is different from the
fixed quantity E{f(O)} which averages over randomness in both f and O.

Since ':b is a Z-estimator, using Theorem 5.31 of van der Vaart (2000), we have that under

Assumption 3,

n

Vit = pg) = =Myl o /nP{p(059p0, 1)} — Myl an ™23 [0(Oi: 96, ) — E{0(O; 9, 1)}

=1

+op(1+ Vnl[P{p(O: 45, m}H),

Using standard central limit theorem, the second term is asymptotically normal, and is
O,(1). Hence, the consistency and rate of convergence of @ depends on the property of the
first term. We analyze /nP{¢(O;,, 1)} in the following.

For ease of exposition, we will simplify the notations to ¢, uy, up,dy,dp, ™ and keep the
involved random variables implicit. Also let /A\y = /E;y +myzZ +myrT, A D= /b\D +mpyZ +

T?LDTT, Ayo = byo -+ mYZ(]Z -+ ?TLYTOT, and ADO = bDO —+ mDZ()Z -+ mDTgT. Note that

P{o(O;%g, M)}

PR A ng "D tivo — Ry — 3(p0 - KD)}}:|

— P -5} + P % CEZ VT D) iy~ Ry Blaamo KD>}}

— P{g(G— b))} + P % (22 - 1)%(2T ~ Dt Ayo+ 276000 — Ry — 3(Apo + ZT6p0 — T\D)}}

= PlaG— ) + P[ LI (0 = Ry) = oo o) + 27050~ )]
B P[éD (27 — 17)T£2T — 1){(/\)/0 Ay) 5 (Apo — }

- 214 )i~ 22|+ [ IL(QT (v - B) = Bam - B}

q (2Z - 1)(2T —1) N
Sy {E - {(Avo—Ay) — 6(App — }
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:f{ZTﬂg—éw{ﬁ_f0+59f5M?

ToT (SD%

“{(Ayvo—Ry) = 5(Apo — Ap)}

+P[ (27 — 1)(2T — 1)°

op T

= O,,(||3— 3oll2 (17 = molla + 100 — dnoll2) + IIF — molla (| Ay — Avolla + [Ap — AD0||2))

= Op(Hg— Soll2 ([ = 7olla + 190 = Smola) + I = molla (|1 Ay = Al + [ Ap - AD0H2))

where the first equality is from (S12) and iterated expectation, the fourth equality is from
E{2Z -1)2T — 1)/m | T, X} = E{(2Z — 1)(2T — 1)/m | Z,X} = 0, the second to
the last equality is from the Cauchy-Schwartz inequality that P(XY) < || X|2]|Y |2, the
boundedness of ¢(V;,), 1 /ED, 1/mg, and 1/7 (from the trend relevance assumption, the
positivity assumption, and the Donsker condition), and the fact that (27 —1)%(2T — 1) = 1,

and the triangle inequality, and the last equality is again from the triangle inequality.

S3.8 Proof of Theorem S2

In this section, denote ny,;, = min{n,, n,}. From the definition of B\TS, we have

4/ Nmin (B\Ya 505Db)

S0

VNomin (Brs — fo) =
From the two-sample design, gy@ is independent of ZS\Db. Then, similar to the proof of Theorem

2, we can show that

~ d L Var(Y, | T, =t, Z, = 2)
Va(Ova = Sya) %N<0=ZZ — 7= )

t=0 2=0

1 1

V(Opy — Opy) L N (o,

In consequence,

V4 nmin{(gYa_BOng) - (5YCL - BOéDb } i>

- WMWT tZ—) ,Var(Dy | Ty = t, Z, = 2)
( §:§: T, =t,7Z, = z) +afy P(T,=t,7Z, = 2) ‘

t=0 z=0

Theorem S2 follows from dy, — Bodpy = dya — Bodpa = O, SDb = 0pp + 0p(1) and Slutsky’s

theorem.
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S4. Application

R codes for constructing the dataset and reproducing the results are in smoking-lung.R
included in the supplementary materials. In the following, we provide additional details

on the application.

S4.1 Data

The 1970 NHIS data (personsz.rds) were drawn using the R lodown package

at http://asdfree.com. The CDC mortality data were obtained from the CDC compressed
mortality file. The mortality data are also included in the supplementary materials as
Compressed Mortality, 1975.txt, Compressed Mortality, 1985.txt, Compressed Mortality, 1995.txt,
Compressed Mortality, 2005.txt.

Standard errors for the cigarette smoking prevalence are obtained from the survey package
in R to account for the NHIS complex sample design, following the variance estimation proce-
dure available at https://www.cdc.gov/nchs/data/nhis/6372var.pdf and also included
in the supplementary materials as 6372var.pdf. Standard errors for the lung cancer mortality
rates are calculated following https://wonder.cdc.gov/wonder/help/cmf . html#Standard-Errors,
using the formula \/p/_n, where p is the crude mortality rate, n is the sample size for the
population. In Table S1, we include the sample size for each birth cohort in each dataset.
According to Theorem S2 and Equation (S2), these obtained standard errors suffice for

constructing the consistent variance estimator for frs.

[Table 1 about here.]

S4.2 Use of gender as a surrogate for encouragement

It is known that a standard IV does not need to have a causal effect on the exposure (Hernan

and Robins, 2006). It is also the case for the IV for DID; the IV for DID Z does not need to
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have a causal effect on the exposure; it suffices that the IV for DID is associated with the
trend in exposure.

Let D; be the potential exposure that would be observed at time ¢ if Z takes the value
that naturally occurs. Using Z as a surrogate, we can still establish the identification result

in Proposition 1 under Assumptions S2 - S3 stated as follows.

ASSUMPTION S2: (a) (Consistency) D = Dy and Y = YT(D).
(b) (Positivity) 0 < P(T'=1t,7Z = z|X) < 1 for t = 0,1, z = 0, 1 with probability 1.

¢) (Random sampling) T L (D, Y, t =0,1,d =0,1) | Z, X.
t

AssumpPTION S3 (Instrumented DID):  With probability 1,

(a) (Trend relevance) dp # 0.

(b) (Independence & exclusion restriction) Z L (Yl(o) — YO(O), VAREED AN} 1) X.

(¢) (No unmeasured common effect modifier) E(D,(Y,") — ¥,?)|X,Z = 1) — E(D,(\;'") —
YNX,Z2=0)=(E(D|X,Z=1)— E(D|X,Z=0)EY," =Y ) for t =0,1.

(d) (Stable treatment effect over time) E(Yl(l) — Y1(0)|X) = E(Yo(l) — YO(O)|X).

Note that Assumption S3(c) is implied by Assumption 2. To better understand Assumption
S3(c), similar to Wang and Tchetgen Tchetgen (2018), assume in this paragraph only the
existence of an unmeasured confounder U; such that (Dy, Z) L (Y;(l) - Y,;(O)) | Uy, X and
Z 1 U] X. Then, the same as the discussion of Theorem 2(c) in the main article, Assumption
S3(c) holds if either (i) there is no additive U;-Z interaction in E(Dy|Z, Uy, X): E(Dy|Z =
LU, X)—E(D{Z =0,U,X) = E(Di|Z =1,X) — E(D¢|Z = 0,X); or (ii) there is no

additive Us-d interaction in E(YD|U, X): E(YW —YO|U, X) = E(Y® - Y0 |X).

S4.3 Sensitivity analysis

As mentioned in the main article, there is still concern about violating the stable treatment

effect over time assumption (Assumption 2(d)), possibly because the cigarette design and
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composition have undergone changes that promote deeper inhalation of smoke (Thun et al.,
2013; Warren et al., 2014). In this section, we apply the sensitivity analysis developed in
Section S2.3.

Because the concern is that the effect of smoking on lung cancer increases over time, we
consider v, = 0 and vy = 0.3%, i.e., we consider every value of I" € [0,0.3%]. The constructed
confidence intervals for each two consecutive birth cohorts are in Figure S1, which indicates
that any I" € [0,0.3%] cannot explain away the treatment effect. In fact, any positive I'
cannot explain away the treatment effect. This means that the study conclusion is robust to

possible violation of Assumption 2(d).

[Figure 1 about here.|
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Figure S1: Confidence intervals for 5* when I' € [0,0.3%]. The confidence intervals do not
cover zero, which means that the observed treatment effect cannot be explained away by

I e [0,0.3%).
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Table S1: Sample sizes for 1970 NHIS datasets and 1975, 1985, 1995, 2005 CDC WONDER
compressed mortality datasets by birth cohort and gender

Birth Cohorts  1911-1920 1921-1930 1931-1940 1941-1950

NHIS
Men 4,830 5,620 5,343 6,942
Women 6,043 7,024 6,672 8,567

CDC WONDER

Men 9,416,000 10,383,963 10,158,673 14,773,087
Women 10,629,000 11,751,158 11,161,349 15,868,410




