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Quantum process tomography of measurement operators

An arbitrary quantum operator in a two-dimensional Hilbert space can be characterized by a
process matrix x in the relation of O(p) = X}, _ XmnEmpE], where p is an input state,
and O(p) is the output state. As the basis operations, we choose Ey, = {I,0,,0,,0,}. Us-
ing quantum process tomography (with the maximum likelihood estimation method (47)), we
reconstruct the process matrix x for each experimentally implemented operation.

Fig. S1 and S2 show the quantum process tomography results of weak measurement and
reversal measurement, respectively. Fig. S3 shows the result of weak and reversal measure-
ments when used together. We compare an experimentally implemented operation with a target
quantum operator by calculating fidelity and purity, which are placed at the bottom of each

figure.

Properties of the quantum state after weak measurement or
after weak and reversal measurements

Fig. S4 shows the properties of the quantum state after weak measurement, and Fig. S5 shows

the properties of the quantum state after weak and reversal measurements.

Improving reversibility by applying multiple reversal measure-
ments

We discuss a method to enhance the reversibility by applying additional reversal measurements

in the cases of unsuccessful recovery. Without loss of generality, we can start by considering

the recovery of the weak measurement iji M 5y for +1 outcome, where k = A, B, and p,(:)
Py Sk

and s}, represent the measurement strength and direction, respectively. The successful recovery

by a single application of the reversal measurement (as described in the main text) leads to



the overall operation of R s }Mik& Wy = \/r,(cl) I, where I is the identity operation
Py, +8k Py Sk

indicating the successful recovery, and T,(cl) is the associated recovery probability. On the other

hand, the unsuccessful recove 1ves rise to the overall operation of R( %)
e P 15 O 5

This unsuccessful case can be further recovered by applying an additional reversal measure-
A (k) k) (ke 2) 7 .

ment Ri\{pﬂ&} resulting in R* i (2)78%}3( o sk}Mil?{p“) \/T,(,C ) f by choosing a proper
strength of p,(f). By generalizing this method, we obtain the overall operation of the successful
recovery after applying n reversal measurements:

n—1
(k) (k) or(k) [y (n)
B s (z:l—[l R—I{pg)ﬁk}) M+|{p ERO "k I (S1)
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where the proper choice of p,(f) and the recovery probability r,(cn) are given by

pl(cn) = 1- 2 1
1 )2
1+ (1—19:)
n 1
r;(c b= PR seh (27 + Pk (S2)
2 1-— Pk
with p, = p,(cl). For the weak measurement M & 5 for —1 outcome, the same result

of 7",({") is obtained. Then, the total reversibility R(/N) of a photon pair by multiple reversal

measurements applied up to /V times for each of Alice and Bob is

N N
Z 7"1(4" Z 2rfgm

=1

o 1 1+ pg _ N—1 1+ py
= kl;[Bpk{coth<2 ln(l—m)) coth<2 1n<1_pk>>}. (S3)

The reversibility by a single reversal measurement is R(1) = (1 — p4)(1 — p%)/4 (agreeing

with the main text), and the maximum reversibility is R(c0) = (1 — pa)(1 — pp), obtained by
the infinite number of reversal measurements.
In Fig. S6A, we compare the maximum reversibility R(oc) and the reversibility by a single

reversal measurement /2(1). Note that approaching the maximum reversibility R(co) does not



in fact require a large number of reversal measurements. For example, Fig. S6B demonstrates
that only two reversal measurements are already good for the Bell nonlocality test, and similarly,

five reversal measurements for the steering test.
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Fig. S1: Quantum process tomography of weak measurements. Alice’s weak measurement

for (A) + output (Mﬁ{)p, 5}) and (B) — output (Miﬁgpy 5}). Bob’s weak measurement for (C) +

output (Mi?{)p’ 2}) and (D) — output (MEJ‘B{)p’ 2})~ Measurement strengths are p = 0 (left), p = 0.58
(middle), and p = 1 (right).
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Fig. S2: Quantum process tomography of reversal measurements. Alice’s reversal measure-
ment (Rﬁ%pj 5}), (B) Bob’s reversal measurement (RSF]T{)E 5}). Measurement strengths are p = 0
(left), p = 0.58 (middle), and p = 0.98 (right). Note that p =1 has no reversal measurement
since it corresponds to a projective measurement.
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Fig. S3: Quantum process tomography of weak and reversal measurements. The results

for (A) Alice’s side (R(A)

+I{p.Z}
strengths are p = 0 (left), p = 0.58 (middle), and p = 0.98 (right).

(B)

4) and (B) Bob’s side (R}, A M)}

+[{p,2

12 q}). Measurement
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Fig. S4: Properties of quantum states after weak measurement. Average properties of quan-
tum states after weak measurement are plotted for each measurement direction 74 and 7 " (aver-
age fidelity F, »,), average entanglement of formation £, »,, and average purity P, 7))-
The average is mathematically defined as Qr, 7y = 3, —41 S1pet1 Pla, 15|74, 75) Q [pm)-
The measurement directions are (A) 7’4 = Z, 75 =T, B)Ta =, T8 =y (C) T4 = 2,7 = 2,
D) 7s = 2,7 = 5(Z7+1), ) Ta = 2,7 = (7~ ), F)7a = 7,7 = 75(Z+7), and
(G)ra =2, 7 = %(2’ — @). Dots and lines are the experimental data and the theory graphs
by the ideal condition, respectively. Error bars, which are smaller than the dot size, denote one
standard deviation.
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Fig. S5: Properties of quantum states after weak and reversal measurements. For weak

measurements M/ | {)p a) and M! | {)pr p We apply the corresponding reversal measurements

R(fll%p 7,y and R H {p P respectively. The properties of each resulting state is plotted (F: fi-
delity, £: entanglement of formation, P: purity). The measurement directions are (A) 7y = 7,
g =T, (B)Ts =¥, Th :y,(C)rA—z g =2, D)7y = 2, TB = \/2(z+m) E)Try = 2,
g = \/2(* 7), B) 74 = 2,75 = J, L (74 7),and (G) 7y = T, g = 52(5— 7). Dots and
lines are the experimental data and the theory graphs by the 1deal condition, respectively. Error
bars denote one standard deviation.
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Fig. S6: Improving reversibility by multiple reversal measurements. (A) The blue line
represents the reversibility by the infinite number of reversal measurements, R(co) = (1 — p)?,
and the black line represents the reversibility by a single reversal measurement, R(1) = (1 —
p?)?/4. We use the same measurement strength ps = pp = p. (B) Reversibility as a function
of the number N of reversal measurements employed, R(/N). Only few applications of reversal
measurements (dot) already give reversibility that approaches the maximum reversibility (dotted
line). The reversibility is calculated for the minimum measurement strength required for the
steering test (p4 = pp = 3~'/2, Blue) and for the minimum strength required for the Bell
nonlocality test (p4 = pp = 2~ /%, Red).
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