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I. CURRENT RESPONSE TO A UNIFORM ELECTRIC FIELD
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We give an overview of the calculation of the steady-state current in a uniform static electric field. We start from
the semiclassical equations of motion and the Boltzmann transport equation in the band-projected theory. We then
proceed to evaluate this expression by expanding the band dispersion and the Berry curvature in coordination shells.

A. Semiclassical electron dynamics

The semiclassical equations of motion for an electron in a two-dimensional (2D) crystal, occupying an energy band

with dispersion e, subjected to a uniform and static electric field E are given by [1, 2]

B e = Vienke — ik X Q.

hk = —eF,



with n the band index and Q,r = Q,52 the Berry curvature, defined as
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where u,(r) are cell-periodic Bloch functions in periodic gauge, un k+a(r) = e "G U, (r) with G a reciprocal
lattice vector, and (U |tmk)cell = Onm. Here we have assumed that terms originating from interband transitions such
as the field correction to the Berry curvature [3] can be neglected. In the following, we omit the band index n since

we consider a single band.
The current density is given by

d’k .
J=—e ) fkrk = JBloch + Jgeoma (4)
Bz (27)
with e > 0 the elementary charge and [4]

e d’k

JBloch = _ﬁ/ 2n)? — [k Viek, (5)
e? / d’k

Joeom = (2 X E) — fk k> 6
pon =X B) G [ o ()

where fj is the out-of-equilibrium distribution function, obtained from the Boltzmann equation. Note that unlike
in the main text, we do not add the factor of 2 for spin in the Supplementary Information. In the relaxation-time
approximation, the Boltzmann equation is given by

of ;. of . of _ [-f°
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where 7 is the momentum-relaxation time and fp = f%(eg) is the Fermi function,
&) = e 0
ele—m)/ksT 4 1’

with p the chemical potential and T' the temperature. We are interested in the steady-state response of a uniform
electric field, such that the first and third term on the left-hand side of Eq. (7) vanish. Hence, we obtain

er af
o= 5Bl = h (9)
which is formally solved by
Ofy 0% f
fk—fk+— k (—) EE; T (10)
" Ok; h Ok,
For a translational-invariant system, fp can be expanded as a Fourier series,
. V. w
fO — fO ezk-R, fO — / d2k fO6 zk~R, (11)
k ; R R (271')2 B7 k
where R are lattice vectors and V, the area of the unit cell. This yields
f?{ eik-R
= —_—m 12
T Zl—ieTE-R/h (12)

R

Plugging this result for the distribution function back into the expression for the currents, we obtain

e iR flepn 2k . ,
JBloch(E):—* fR R / ( 6zk~(R+R), (13)

hR’Rll—ieTE-R/h 7 (21)?
ZRfR{:? R
14
Vh 1—ierE - R/h (14)
E 1
Teeom(B) = th ].—’LGTE R/h (15)



B. Symmetry properties of the current

We now discuss the constraints put on the currents by symmetry. We start with time-reversal (7)) symmetry. In the
presence of T, the band dispersion ¢, is an even function of momentum, while the Berry curvature €2 is odd. Hence
in real space, we have eg = e_g and f% = fCg, while Qr = —Q_g. We thus see that in a time-reversal-invariant
system, eg and f% are real while Qg is imaginary. This then implies

JBloch (E) L —JBloch (—E), (16)
Jgeom(E) l Jgeom(_E)- (17)

Hence, when T is preserved, the geometric (Bloch) current gives that part of the current that is even (odd) in the
electric field.
If the system conserves a crystalline symmetry S, the current obeys

J(SE) £ SJ(E). (18)

For example, we see that when Ca, [(z,y) — (—z, —y)] is conserved, the total current is odd in the electric field. In
combination with time-reversal symmetry, this implies that the geometric current vanishes, consistent with the fact
that the Berry curvature vanishes in that case. Likewise, under a mirror symmetry M, (z — —zx),

Jx(EmEy) = _Jx(_E:mEy)v (19)
Jy(EzaEy) = JFJy(*EmyEy)v (20)

such that J, vanishes for F, = 0. Hence a transverse response is forbidden whenever the electric field lies along a
mirror axis. In general, the longitudinal and transverse components of the current transform as

J(E)=E-J(E)=SE-J(SE) = J|(SE) (21)
JL(E)=(E x 2)- J(E) = det(S8)J.(SE), (22)

where E = EE and J = JHE + J E x 2. Here we used Eq. (18). Hence, the longitudinal component transforms as a
scalar field, while the transverse component transforms as a pseudoscalar field. Note that out-of-plane rotations, such
as Caz, act as improper rotations when restricted to the zy plane with detS = —1.

C. Weak-field expansion

Here we obtain a series expansion in powers of the electric field for the longitudinal and transverse components
from symmetry considerations. To this end, we first define the even and odd currents,

J(E)+ J(—E)

JE(E) = 5

(23)
In the presence of a rotation symmetry about the principal axis C,,, (n = 2,3,4,6) of the 2D crystal, we see that the
even component is present only for n = 3.

In order to implement the symmetry, we need and object that transforms properly under the symmetry. For the
rotation symmetry, we consider the object J, +iJ, = Je¥ with ¥ = (cos6,sin6). Hence this object transforms as an
L, =1 object under C,,,. We first consider the odd component and focus on C3, symmetry. Up to fifth order in the
electric field as, we can write

I +id§7) = a(B?) (B, +iE,) + b(E, — iE,)° + O(E"), (24)
where both sides transform as an L, = 1 object. Here we used that L, is only conserved mod 3 for a system with Cs,
symmetry. Incidentally, for a system with Cg,, there are no extra terms and we obtain the same expression for the

odd current. Here we defined the functions

a=ap+a E* + ay B, b = by, (25)



TABLE S1. Expansions of the currents that are even (J*)) and odd (J(7)) in the electric field, up to leading order in the
anisotropy, in the presence of C,. symmetry (n = 2,3,4,6). There are additional constraints on the functions a(E?) and b if T
or other crystalline symmetries are conserved.

T gt T g
Ca- only 0 a (B +iEy) +b(E; —iEy)
Cs. a(E?) (By —iEy)* + b (Es +iBy)* | a(E?) (Ey 4 iE,) + b (E, —iE,)°
Ca- 0 a(E?) (B, +iBy) + b (E, —iEy)®
Co- 0 a(E?) (By +iEy) + b (E, —iE,)°
My or Cay ia,ib € R a,beR

My or Cop a,beR a,beR

T a=—b"E? a€R

with ag, a1, ag, and by c-numbers. We note that ag = o, + icy where o1, (og) is the linear longitudinal (Hall)
conductivity. For a system with 7 symmetry, a is real because of Onsager reciprocity. Moreover, a mirror or in-
plane rotation axis in the y direction, imply that the functions a and b are real. Projecting in the directions parallel
E = (cosf,sinf) and perpendicular 2 x E = (—sinf, cosf) the electric field, yields

‘]I(\i) — iJJ(_f) ~ aF + bE°e™ 7, (26)

which, without taking into account any symmetry other than Cs,, gives
JI(\i) =~ Re(ao) E + Re(a1) E® + [Re(az) + |bo| cos(60 — arg by)] £, (27)
—J{7) = Tm(ao) E + Im(a1) B* + [Im(az) — [bo| sin(66 — arg bo)] E°. (28)

Note that the projected even (odd) current is actually odd (even) in the electric field. We thus find that the anisotropy
in the odd current only emerges at fifth order in the electric field. When the system has a mirror axis (M, : © — —x)
or a rotation symmetry (Ca,) about the y axis, this reduces to

J\(I_) ~ aoE + a1 E® + [ay + by cos(60)] E°, (29)

J) ~ by EP sin(66), (30)

where all coefficients are real. One can perform the same analysis for a system with Cs, or C4, symmetry. For the
former, we find

Ji7 =g = aB + bBe™ + O(E?), (31)
and for the latter,
Ji7 =i = aB 4+ bES e~ + O(E?). (32)
Here we expanded up to the lowest order that shows anisotropy.
Similarly, we expand the even part of current up to fourth order in the electric field. Since the even part of the
current vanishes in the presence of C, symmetry, we only need to consider C3, symmetry:

I 1D = a(B?) (B, —iE,) +b(E, +iE,)" + O(ES), (33)
with a = ap + a1 E? and b = by. The longitudinal and transverse components become
T =gV ~ B2 4 by B, (34)
In the semiclassical theory, the presence of T symmetry requires that Jﬁﬂ vanishes since the geometric current is
purely transversal. This implies that ap = 0 and a; = —bf. Moreover, a mirror axis along the y direction further
constrains a and b to be purely imaginary. Hence a; = by = —ic such that
J(j) ~ 2cE* cos(30). (35)

An overview of the weak-field expansions of the even and odd current is given in Table S1.



II. EXPANSION IN COORDINATION SHELLS

In this section, we calculate the current with the semiclassical theory for a single isolated Chern trivial band. This
band is part of a larger band manifold but is well-separated from other bands. We further assume that time-reversal
(T) symmetry, Cs, rotation symmetry, and M, (z — —z) mirror symmetry are preserved, but that Co. or spatial
inversion symmetry is broken. Hence, a finite Berry curvature is allowed even though the Chern number vanishes.

We write the dispersion € and the Berry curvature (g in terms of an expansion in the coordination shells of the
triangular lattice:

3 3
€k =€+ €1 Z cos(k - LV + &, Z cos(k - L)+, (36)
n=1 n=1
3 3
Q=0 Y sin(k- L)+ Q3 Y sin(k-LP) + -, (37)
n=1 n=1

where we set g = 0 from now on. The first coordination shell is given by a regular hexagon whose vertices lie at a
distance L from the origin, where L is the lattice constant. Here we choose

ARIESY (38)
Ly = Ly, (39)
Ly = — (L1 + Ly), (40)

where Ly = L (1/2,/3/2) and L, = L(—1,0) are primitive lattice vectors. Here we define the lattice vectors such
that Cs,, i.e., LSf_i)rl = C3ZL£f) for j =1,2,3,.... The second shell is given by a regular hexagon that is rotated by 7 /6
with respect to the first shell and scaled by a factor of v/3, as shown in Fig. 2(a) of the main text. The third shell is
given by the first shell scaled by a factor of 2. The corresponding lattice vectors can be chosen as

LYY =Ly — Ly,

LY = L, +2L,, 42

LYY = — (2L, + L), 43

(41)
(42)
(43)
L =ar,, (44)
(45)
(46)

L =2L,, 45
LY = —2(Ly + Ly). 46

The fourth and fifth shells are degenerate, i.e., they both lie at a distance v/7 L from the origin. These shells are given
by two regular hexagons that are rotated by an angle 7/6 £ arctan (\/§ / 5) with respect to the first shell, respectively.

A. Symmetry constraints

Time-reversal symmetry requires an even band dispersion €, = £_g, while the Berry curvature is required to be
odd, Qx = —Q_g. Under a crystalline symmetry S, the band dispersion transforms as a scalar, while the Berry
curvature transforms as a pseudoscalar:

Ek = ESk, Qp = det(S)QSk. (47)

Hence, the Berry curvature acquires a sign under M, symmetry. This constrains the coefficients €; and €; in the
expansion in coordination shells, given in Eq. (37). For instance, the second shell in Qj does not transform properly
under M., instead it transforms properly under M,. Hence we set 3 = 0 in Eq. (37). This can be understood
from the shell structure shown in Fig. 2(a) of the main text. For the 2nd shell, there are two lattice vectors that
are related by both C3, and M, symmetry, such that the corresponding term of the Berry curvature will be even
under M, . The 3rd shell, however, is merely a rescaled version of the 1st shell and 23 can be therefore be finite.
Similarly, only antisymmetric superpositions of the fourth and fifth shells are allowed, i.e., 4 = —Q5. Conversely, the
band dispersion requires a symmetric superposition of the 4th and 5th shells to conserve M, symmetry, i.e., g4 = €5.



FIG. S1. Energy bands with C3, and 7 symmetry. (a) First-shell approximation, i.e., only £ is finite such that M, is conserved.
(b) Including higher shells that explicitly break M, symmetry, e4/e1 = —e5/e1 = 0.2.

Hence, we need to expand up to the 4th and 5th shells to break M, in the band dispersion, while we only need to
expand up to the 2nd shell to break M, in the Berry curvature. Similar relations hold for higher-order shells.

We show the energy band in the first-shell approximation in Fig. S1(a) and including the 4th and 5th shell with
opposite coefficients such that M, is broken in Fig. S1(b). The Berry curvature for the first shell and up to the
second shell are shown in Fig. S2(a) and (b), respectively.

B. First-shell approximation

We start by calculating the currents for the first shell, i.e., we set €; = €101 and Q; = ©;0;1. In this case, the
Bloch current can be written as

e afy Z iy - it _eaf) &~ LP(erE Ln)/h)
Veh 2 1—ierE-LY/h 1+ierE-LV /R Veh “= 1+ (erE - L'V /n)2’

JBloch =

where f{ is the Fourier component of the Fermi function for R = :I:L(l) (n =1,2,3) which are all real and equal due
to T and Cs,, respectively. Next, we introduce the dimensionless quantity

wpT = eTEL/h, (49)

with wp the Bloch frequency and where E = |E|. If we parameterize the electric field by an angle 6 such that
E = E(cosf,sinf), the component parallel to the field becomes

eLey fY 3 wBT(E . LS)/L)2

J” EE'JBl h = — ~ (50)
Bloch oc V.h =14 (wpT)2(E - L%”/L)Q
eLelf1 wpT cos? O,
= 1
Z 1+ (wpT)?cos?b,,’ (51)
where we defined the angles 6,, through
E- LY = Lcosb,, (52)
with 6y =0 —7/3, 03 =0 + 7, and 03 = 6 + /3. This yields
36L€1f I I 8 + 6¢2 + (* cos?(36)
Jl (B)y=-2ML R 0 F 0) = . 53
Bloch( > Vh Bloch(wBT7 )’ Bloch(C7 ) C 16 + 24C2 + 94-4 + CG COSQ(?)Q) ( )

Note that the filling of the band, as well as the effect of temperature, only enters via the overall factor f7, which is
plotted in Fig. S3. The function Fgloch for fixed field strength as a function of € is called a rose curve. It is shown in
Fig. 2(b) of the main text. Because F]gloch(c, ) has no zeroes for finite ¢, the rose only has a single petal. We further

find that max F]!loch ~ 0.3 where the critical field is determined by a fifth-order polynomial in ¢2. For § = mm/3
(m € 7Z) its real roots are ¢? = 2 while for § = 7/6 + mm/3 we find (> = 4/3. This is shown in Fig. S4(a). If we



FIG. S2. Berry curvature for C3. and 7 symmetry, but broken Cs. or inversion symmetry. (a) First-shell approximation. Only
Q4 contributes and M, is conserved. (b) Including the second shell breaks M, symmetry, Q2/Q1 = 0.2.
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FIG. S3. Fourier components of the Fermi function for e; = £14;,1 and kgT/e; = 0.01 as a function of the filling v.

define the direction perpendicular to the electric field as E x 2 = (sin 6, — cos 8), we find (E x 2) - LYY = Lsin6, such
that

. eLe f wBTsm0 cos b, 3eLeq fO
J]é_loch(E) (E ) JBloch = L1 Z 1+ OJBT C0529 == V;i ! FBJ’_loch(wBTa 9)7 (54)
with
¢® sin(36) cos(36
FBloch(Cv ) ( ) ( ) (55)

16 + 24¢2 + 9¢* + (6 cos2(30)

A polar plot of |Fgi,,(¢,0)| is shown in Fig. 2(c) of the main text for different values of ¢. The transverse Bloch rose
has twelve petals, since Fgj,, vanishes for @ = mm/6 (m € Z). Three of these angles correspond to the three mirror
axes where the transverse response vanishes. The other three angles are a consequence of 7 in combination with
mirror symmetry. Consider, for example, the case E; = 0 (other axes are obtained by Cs.). In this case, time-reversal
symmetry dictates that the Bloch current is odd in E, while mirror symmetry requires that the transverse component
is even in E,, and therefore Jg ., vanishes for E, = 0. Summarized, we see that in the presence of time-reversal
symmetry, the transverse Bloch current vanishes when the electric field is either parallel or perpendicular to a mirror
axis. The extremal angles (tips of the petals) of Fj, (¢, ) are shown as a function of ¢ in Fig. S4(b).

For the geometric current, we have E. Jseom = 0 and in the first-shell approximation,

~ 62E Qlf 1 i
(B x 2) - Jgeom = ——r — 2 (56)
geo Voho 2 Z 1—ierE- LY/ 1+ierE- LY /n

e2E Q4 f0 Z 2rE - LYk

Jgeom (E)

- (57)
Veh 2 =14 (erE - LY /0)?
el O f7 (wpT)?cosb,  3eLQyf}

=~ ——F eom ,0 5 58
Ver L2 Z 1+ (wpT)2cos20, Vor L2 °® (wsT,0) (58)
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FIG. S4. (a) Critical field where F}!loch(<7 ) attains a maximum as a function of the field direction. (b) Critical angles where
the absolute value of the transverse roses Flé‘loch(g 0) and Fgeom (¢, 0) reaches a maximum as a function of the field strength.
Notice that the maxima both converge to § = w/6 for ¢ > 1, for which the transverse roses vanish by M, or Cz, symmetry.

with

¢* (44 ¢?) cos(36)
16 + 24¢2 + 9¢* + (% cos?(30)’

Fgeom(¢,0) = (59)
whose absolute value is shown in Fig. 2(d) of the main text. The geometric rose has six petals, since mirror symmetry
precludes a transverse response when the electric field lies along a mirror axis. We find that minima of |Fyeom (¢, 6)]
always occur at § = mn/3 and extrema occur for

¢3
such that the right-hand side has to be smaller or equal to one which yields ¢ > 3.355 approximately. For ¢ > 1,
the maxima converge to 8 = w/6 + mn/3. However, exactly at these angles, which correspond to mirror axes, the

geometric current vanishes. The extremal angles of Fgeom((, ) are shown in Fig. S4(b) as a function of (.
a. Weak-field limit The weak-field (¢ < 1) expansions are given by

2\ 2
sin(60) = 0, cos?(30) = (4+3§ ) , (60)

¢ 3¢3 10+ cos(66)

F]!loch(C’ 9) =~ 5 - ? + 39 C5a (61)
Fiioa(¢,0) = S0 5 (62)
Froom(¢, ) = <39 (4 (63)

4

consistent with the symmetry analysis. The transverse Bloch current only appears at fifth order because the linear
and cubic terms are forbidden by Cs,. Indeed, for any in-plane vector R, the longitudinal and transverse components
of the Bloch current contain the sums

3
S (B -CLR)? = 2|RP, (64)
2
n=1
3
S((B % ) - CLR)(E - CLR) =0, (65)

such that the linear term in the transverse Bloch current is forbidden. Otherwise it would result in a symmetric part
of the transverse linear conductivity. Similarly, for the cubic terms

> 9
Z E C3z = §|R|47 (66)

3
> I(Ex2)-C.R|(E-C;.R)* =0, (67)

n=1



TABLE S2. Angles and scaling factors of the coordination shells of the triangular lattice, which are regular hexagons with
radius L; rotated by an angle 6; relative to the first shell, shown here up to the seventh shell.

Shell 1 2 3 4 5 6 7
L;/L 1 /3 2 VT VT 3 2V3
0; 0 w/6 0 m/6+arctan(v/3/5) =/6—arctan(v3/5) 0 /6

while all high-order terms are generally nonzero and depend on E. We also note that the lowest-order geometric
current is quartic in the field. The quadratic term, correspodning to the Berry curvature dipole, which is allowed by
time-reversal symmetry, is proportional to

E-) RfZQ g, (68)
R

where

S RO _r=> Rfe gQ c.r=C'> RfZQ g, (69)
R R R

such that the vector sum vanishes. The cubic term involving the Berry curvature quadrupole, is forbidden by time-
reversal symmetry. This is true for all odd powers:

ExE)Y (E-R™ 3 rxY (~E-R)™ f o0 L - (E-R)™ f4Q_r. (70)
R R R
b. Strong-field limit The strong-field (¢ > 1) expansions are given by

1
F]!loch@’ 0) ~ ¢’ (71)
0
FEJB_Ioch(Ca 0) = tanég )7 (72)
1
Fgeom((a 0) = Ma (73)

where the last two lines hold only for § # 7/6 + mn/3. Precisely at these angles, the transverse currents vanish
because of mirror symmetry, which is conserved if we only include the first shell.

C. General case including all shells

To obtain the general expression including contributions from all shells, we first note that all higher-order shells are
obtained from the first shell by a rotation and a scaling. Hence, the results obtained for the first shell can be used to
find the contribution of any shell. For example, the result for the second shell is obtained by sending

L— V3L, (74)
¢+ V3¢, (75)
9H9+%, (76)

in the first-shell expressions for Jgjoch and Jgeom. In this way, we find

3eL — &5 /7L,

‘]ll?‘doch(E) = - V.h L F]gloch (wBTLj/L’ 0+ 9]) ) (77)
vy
3eL ~— & [VL;
Jé_loch(E) = 7Vh 2 Zl 4 F]?J)_loch (wBTLj/L30+0j)’ (78)
<t
3eL «— 1) L
Jgeom(E) = = > i/ = Fyoom (wpTL;/L,0 +6;), (79)

TV &

L? I,
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FIG. S5. Differential conductance roses for the first shell.

with wp = eFL/h and where the sums run over shells. Here ¢; and €2; are the coefficients in the shell expansion of
the band dispersion and the Berry curvature, respectively, and ij are the corresponding Fourier components of the
Fermi function. An overview of the angles and the scaling factors up to the seventh shell is shown in Table S2.

D. Differential conductance

We define the differential conductances as

dJll?‘,loch _ e’r (E- R)’fpe-R (80)
dE Veh? 4= (1 —ierE - R/h)*
dJé_loch — e’r Z [(E X 2) i R](E ) R)f??,E*R (81)
dE Veh? 4 (1—ietE-R/R)?
ngeom _ e? Z fIO{Q—R (82)
dE Veh <= (1 —ieTE - R/h)*’
and thus
dJL o 3e27L2 < & f0L; dF). . (CL;/L,6+6,)
och (py — _ J Bloch J ’ J
dE (B) V.h? Z L d¢ ) ’ (83)
=wpT
dJéloch ( ) — 3627[’2 Eij()Lj dFBlloch (CL]'/La 6+ 9]’) (84)
dE V.h? - L d¢ C—wpT ’
dJgeom (E) = 3212~ ] L dFgeom (CL;/L,60+6)) (85)
dE Voh &~ L2 L; d¢ -
j J (=wpT

We show the differential conductance roses for the first shell in Fig. S5.

E. Summing contributions from two valleys

Finally, we consider two decoupled energy bands that are isolated from other bands with band dispersion €}, and
Berry curvature {2}, and that are related by time-reversal symmetry. Here, v = £1 is the valley index. Time-reversal
symmetry implies a relation between the energy bands and the Berry curvature of the two valleys:

€r =¢_p, Qp=-Q7}. (86)
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Similarly in real space,
eh=c%= ("), (87)
L= =— (7). (88)

Let us consider the specific case where the symmetries of a single valley are given by the magnetic point group
3m’ = (C3,, M,T). As before, we expand the energy bands in terms of the coordination shells:

3

e =¢co+e1 Zcos(k~L£})+1/¢)+--~ , (89)
n=1
3
O =vQ+ 0 Y sin(k- LY +vg) + - . (90)
n=1

where ¢ and £ are phases that are allowed because 7 is broken within a single valley. Using the relations between the
real-space Fourier components of different valleys, the total current can be written solely in terms of quantities at a
single valley,

% — iRRe (fgctg)

_ 1
JBloch Vch — 1—ierE - R/h ) (9 )
) 2% — im (R Q)
Toeom = CX B3 2 e B RIR #2)
In the first-shell approximation, we find
6eLeq|fP] cos(x — . .
Totoen(B) = ~ LML) [prl (w5, 0) + (B x 2) Feoen(57.0)] (93)
. 6eL Q1|9 cos(y —
Taeon(B) = (B x 2) SL SN o (), (94)

where f0%, = [f0leX¥X for R =L\ (n=1,2,3).

ITI. PERIODICALLY-BUCKLED GRAPHENE
A. Strain profile from height modulation

Given a height modulation of the monolayer graphene, induced by a buckling transition, we want to obtain the
corresponding strain tensor. The strain tensor w;; (4, = x,y) is defined [5] by considering the change in length between

two points with initial (infinitesimal and in-plane) separation dr; after a deformation: [(dr; + du;)? + dh?] — dr? =
2u;jdridr;. Up to lowest order in the displacements, the strain tensor is given by

uig(r) = 5 0y + s+ (Dih) (D51)] (95)

with 9; = 0/0r; and where u;(r) and h(r) are the in-plane and out-of-plane displacements, respectively.
If the displacements are periodic, we can write them as a Fourier series:

ui(r) =D uig e, (96)
g

h(r)=) hge™, (97)
g

where G is a reciprocal lattice vector of the periodic modulation (not of the monolayer graphene) and w;o = ho = 0.
For later convenience, we also define

Fig(r) = [BiR(r)] [9;h(r)] = Y fijg e, (98)
g
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where
fijg == hghg_g'G; (G; — G}) . (99)
g/

The strain tensor becomes

—_

ui;(r =9 Z i (Giujg + Gjuig) + fljg} g, (100)
g

A fixed height profile h(r) will give rise to in-plane displacements as the graphene lattice relaxes. The in-plane
displacements can be found by minimizing the elastic energy density [6, 7]:

1 A
Eolas = 7 /dzr [2 (Unw + Uyy)” + 1 (u2, +ul, + 2u )} (101)
1 o A
=7 d“r 5 + u ( us, + uyy) + AUggUyy + 2/,Lu1y , (102)

where A and p are the Lamé parameters for graphene. Plugging in the Fourier expansions, we obtain

é/dzr ug; = Z /d2 <zgluzg + fllg) (Zgluzg + Juig ) Ug+g")-r (103)

g g’
= Z iGiuig + —— f”g ’ (104)
g
v T Upg Uy = Z iGrtuzg + = | | —1Gyuyg + 5 (105)
g
1 . fxmg . * ;yg
=5 Z iGrtpg + 5 —iGyuyg + 5 +c.c.|, (106)
g
1 1 ) ) - o *
v /d2r uiy =7 Z (iGotiyg + 1Gytag + fayg) (—iGatyg — iGyusg + fayg) - (107)
g

Hence, the elastic energy density becomes

A Jrz zT
Eelas = <2 + ,UJ) Z <ngu;cg + 2g> < iGpuy, Uyg + 29) (108)

g
#(5+0) X (0s+ 122 (-igui + 122 (109)
g
A . fng . * ;yg
+ 5 Z 1Grugg + 5 —iGyu,g + 5 + c.c. (110)
g
+ g Z (igwuyg +iGyuzg + fwg) (_igwu;:g - igyu;g + f;yg) . (111)
g

By extremizing the elastic energy with respect to ujg we obtain equations for the Fourier components u;g in terms
of fijg (and thus h;g). We find

af = —iG, [(; + M) (Z’gg;uwg + fmg> + é (igyuyg + fyyg):| - igy% (igwuyg + iGyuzg + f:vyg)’ (112)

Oulg 2 2
ag A TrxTr . . .
2 = —iGy [( + ,U> (igyuyg + fyyg) - (1gzuzg + ! g)] - ngﬁ (iGauyg +iGyUzg + fryg) - (113)
duyg 2 2 2 2
Setting the above two equations equal to zero, yields solutions
_ ¢ g 2 2 G oG 2y 2
U0 = Gy gy glt e (G2 A 20 + G BN+ 4] + (75,9: — 23,6,) [GA - Gy 0 +2w] ) (114)

Uyg = m {ffygy (G2 (A +2u) + G2 (BA+4p)] + (12,6, - 2fwgyg1) [GoN—G2(A+2u)]}. (115)
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1. Pseudomagnetic field

Shear strain breaks the microscopic Cs, symmetry and couples to the low-energy Dirac electrons of graphene through
a pseudo vector potential v A(r) with v = +1 the valley index and [8-12]

A V303 (um - uyy> ’ (116)

2ea _2uwy

where e > 0 is the elementary charge, a =~ 0.246 nm is the lattice constant of graphene, and 8 ~ 1 is the electron
Griineisen parameter for graphene. By using the results given above, we find that

o o O+ (G2-G62)(G3f8, —26.6,19, +G29)

— = 117
e = Vi O+ 2 [0 | )
g0 _ 2OF 1) GGy (G215, —26:0,15, + Gy %) 18)
& O+ 2 6] |
such that
h3 A 218 —2G.G, 19, + G212, (G2 — G2\ .,
Alr) = V3IB A+ p Z Gilyy GuGy fzy + 9y gz — 9, RIR (119)
Likewise, the pseudomagnetic field B(r) = B(r)Z becomes
33 A iGy (G, — 3G2) (G215, — 29:G, 5, + Go 12:)
B(r) = 0z Ay — 0y A, = V3RS A+ 1 > v (9 ) (913, vlay ¥ Gyl )e’g'r. (120)
2ea A+ 24 5 |G|+
Notice that G = 0 does not contribute (i.e., there is no net flux) since the nominator scales as |G|°.
2. Triangular height profile
We now consider a height profile that conserves C3, symmetry in the first-star approximation,
2 T
h(r) = ho nz::lcos (gn T+ 1 + (;S) , (121)

where ¢ is a parameter that controls the shape of the height profile. Note that while ¢ cannot be absorbed in
a coordinate shift, Eq. (121)‘ is invariant under ¢ — ¢ + 27/3 up to an overall translation. The finite Fourier
components are hig, = hoe™®+7/4 /2 (n =1,2,3) and where

4 (0 dm (/32
o) o ()
with G3 = —G; — G5 and L the lattice constant of the height modulation. These are the three shortest nonzero

reciprocal lattice vectors that are related by Cs, symmetry. We calculate all the Fourier components of f;;(r) with
Mathematica. We then find that

iGy (G2 — 3G2) (G2fS, — 2G.Gy £2, + G2£5,)
gl (123)
(€7 (0.6, + 6g.6, + 06.g,) + €*'? (6g.-g, + 06.—g, + 0g.-g.)] »

~ 3G°hd
-8
with G = 47/4/3L and therefore

3
W3 A+ STOR2
B(T) BOEZICOS(QW r ¢)v BO 6&)\+2H I3

(124)

We find that the pseudomagnetic field is invariant under ¢ — ¢ + 7/3 up to an overall translation, which changes
the sign of the height profile. Hence we can restrict ourselves to ¢ € (—m/6,7/6]. The pseudomagnetic field has Cg,
symmetry for the special case ¢ = 7/12.
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8. Rectangular height profile

Let us also consider a height profile that conserves C4, symmetry in the first-star approximation,
2
h(r) =ho Y _cos(Gn 7). (125)
n=1

In this case, a phase factor can always be absorbed in a coordinate shift since there are only two reciprocal lattice
vectors. The finite Fourier components are now given by hig, = ho/2 (n = 1,2) where

2r (1 2w (0

We calculate all the Fourier components of f;;(r) with Mathematica and find

iGy (G2 —3G2) (G2fS, — 2G.G, 1S, + G2£2,)
gl* (127)

61
= 4i [(5g,g2+g1 + 5g,g2*g1) - (69,*92*91 + 5g77g2+gl):| )

with G = 27/L and

BB A+ p 2V3m3hE

B(r) = By (sin[(G2 + G1) - 7] +sin[(G2 — G1) - 7]), By = carton I8 (128)

Under Cs,, the pseudomagnetic field picks up an extra sign because the valleys are interchanged. Hence the pseu-
domagnetic field for a height profile with C4, symmetry always has Cs, symmetry, as expected. In this case, band
crossings between backfolded bands are protected locally in momentum space by Cs,7 symmetry.

B. Continuum model

When the height profile varies slowly compared to the graphene lattice constant, i.e., L > a, we can use the
valley-projected continuum theory [7, 13],

H, = /d2r i (r) {ﬁv [fiv + %e A(T)} (vog,0y) + V(T)Uo} Yo (r), (129)

where o, and o, are Pauli matrices, o is the 2 x 2 identity matrix, &V = (1@ A, ﬁy B)! are field operators satisfying
{E(r), o (7))} = 6,63 (r — 7'), and we take hv =~ 575.2 meVnm [14]. The pseudo vector potential and scalar
potential are given in terms of their Fourier series,

; h(r) 4
_ iG- _ — iG-
A(r)_%:Age V) =Ve => Vge'9. (130)
The Hamiltonian can be diagonalized by Fourier transformation,
. 1 _
1/’u(7°) = = ez(kig)q‘éu,k—ga (131)
R

where the sum over k is restricted to the first superlattice Brillouin zone (SBZ) and {é, k—g,¢vk'—g'} = Ok,k0g,g'-
Note that every wave vector has a unique decomposition as k — G. The Hamiltonian becomes

A 1 d .
=5 28 [ Erd e (k=04 A o) £V 4O g, (132
k,k' GG’
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Next, we note that

1 o )
V/d2r ik =G ilh-G)r _ 55 (133)
1 : !’ ’ .
2 / Pr =i =907 A(p) ik=-90r _ 5 A o (134)
]. * ’ ’ .
v / Pr e =9 Y(p) k=T — 50V g, (135)
For example, for the triangular height profile, we have
3
1 . i _
Ag =5 > A, (ie*6g g, —ie*'%g _g,) + Ag, (136)
n=1
Vo o= ( ,
Vg = ?0 Z (61(¢+ﬂ/4)5g,gn + 6_1(¢+”/4)5g,7gn) , (137)
n=1

where Ag corresponds to higher harmonics that can be gauged away (i.e., they do not contribute to the curl of the
pseudo vector potential) and

_ Bo (1 . By —1/2 B
A1 = ? (O) , Ag/g - ? (i\/§/2> 3 Vo == —eEZho, (138)

with G = 47/v/3L and E, the electric field perpendicular to the nominal graphene plane. For computational conve-
nience, it can be preferable to use the gauge

3 .
R sin (G,, — 2¢)
A(r) = —iB _— 139
()= ity > S (13
which preserves the symmetries of the system up to a gradient term. The Hamiltonian becomes
A ) ve R
H=3 >, g {hU {(k ~9)dgg + 4 Ag—g'} (vog,0y) + Vg—g'} - (140)

kE 6.g’

which can be diagonalized numerically by taking a finite number of G vectors. The number of reciprocal lattice vectors
is then increased until the results are converged. The output of this calculation yields the energy bands €7, with
eigenvectors 057 k_g Where n is the band index. Leaving out the valley index, the Bloch wave function becomes

- 1 _a
Uo(r) = €% Tunn(r),  tn(r) = T zg: Crp-ge 97, (141)
where wu,s are the cell-periodic functions, obeying the periodic gauge condition: wu, gig(r) = € 9T u,k(r) and

normalization (U, |tmk)cell = Onm. For the calculation of the Berry curvature, we need to evaluate overlaps between
the cell-periodic functions at neighboring k points,

1 * i(G—G')r
<unk|unk/>cell = 5 Z (Cn,k—g) Cn’,k’fg’/ d27‘6 (9-9) (142)
ch cell
G.g’
= Z (Crk—g)" Cn i —g- (143)
g

If we measure momentum and energy in units of kg = 47 /3L and huvky, respectively, the continuum model can be
written in terms of two dimensionless parameters,

L Vo
ZO ’ h’UlﬂO ’

where lg = \/h/eBy x hg is an effective magnetic length. In the following, we take the experimental values of Ref. [15]
(L =14 nm and By = 120 T) which gives L/ly ~ 6 and hvkg ~ 172 meV, and regard V, and ¢ as tunable parameters.

(144)

Because this model has a chiral symmetry under simultaneous reversal of the scalar potential, o, H,[V]o, = —H,[-V],
we only need to consider the valence bands. This model symmetry implies
Ene V] = =% V], nel =V =9, [V, (145)

with n a nonzero integer such that n > 0 (n < 0) corresponds to conduction (valence) bands.
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C. Berry curvature and valley Chern number

We numerically calculate the Berry curvature and valley Chern numbers. To this end, we first con81der a square
plaquette of area ¢2 centered at k with corners: ky = k + $(—1,—1), ko = k + 3(—1,1), k3 = k + $(1,1), and
ky=k+ g(l, —1). For a given band, we then consider the gauge-invariant product

4
(ke |tthey ) (W [ty ) (i [ttne, ) (i ey ) = Tttt ), (146)
m=1

where ks = k1. One can show that

4 4
Qp = ;ig% 572 argnH1<ukm\ukm+1>v Trgr = — giﬂ% 572 1n mli[1<ukm|ukm+l> , (147)
where
g}j = Re ((O;ur|0juk)) + (uk|0suk) (uk|0juk), (148)

is the Fubiny-Study quantum metric. For convenience, we use a Bravais grid (ki, ko) with k = k1G1 + k2G2 where

. 1
Fio =1 ((81uk|62uk> — (82uk|81uk>) , C= o kzk Fis. (149)

D. Phase diagrams

We focus on the highest valence band, taking into account both valleys. We numerically calculated the phase
diagram in the (Vy, ¢) plane for the smallest energy gap to the two neighboring bands e4.,. We also calculated the
bandwidth eyidqen, as well as the ratios €gap/ewidath and €§a /€width- These diagrams are shown in Fig. S6. Notice that
these diagrams are invariant under (Vo, ¢) — (—=Vo, ¢ +7/3). On the phase diagram showing the energy gap, we have
indicated the valley Chern numbers of the highest valence band and the lowest conduction band. The energy bands
along high-symmetry lines of the SBZ for the parameters corresponding to the circle, disk, and cross in the phase
diagrams, are shown in Fig. S7. In the main text, we were mainly interested in showing that the ratio 5§ap /Ewidth
can be made large enough such that electric breakdown is absent even in the strong-field limit, i.e., the regime

0.66 ps 10 nm E__ €rap  10mm
T L kV /cm EwidthmeV L

(150)
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FIG. S6. (a) Phase diagram of PBG in the (Vo, ¢) plane. The density plot gives the smallest energy gap £gap of the highest
valence band to other bands and the valley Chern numbers of the highest valence and lowest conduction band for valley K
is shown as (Cn=—1,Cn=+1). (b) Bandwidth ewidatn of the highest valence band. (c) Ratio £gap/ewidsn for the highest valence

band. (d) Ratio €Z.p,/ewiatn for the highest valence band.

(a) 22 ~e2mev X (b) 22 ~120mev O (C) %zm o

i N ——

100\//__/ '\/ ] \// ]

L [l ] T

\QS_)/ or 1 /\\V\_ [ ]
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-501 c=11 < / ] . —

— — ]
100 \ \ 4 ] /\\/\
r K,MK_ T [ K,MK_ T r KyMK_ T

FIG. S7. Energy bands of PBG for L/ly = 6 and hvko ~ 172 meV along high-symmetry lines of the SBZ as indicated in (a).
The light/dark bands correspond to valley K /K_ and the red band is the highest valence band. (a) Vo/hvko = 0.095 and

3¢/m = —0.06. (b) Vo/hvko = 0.52 and 3¢/m = 0.075. (c) Vo/hvko = 0.17 and 3¢/m = —0.25.
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AB stacking BA stacking
as a

Al

BI,

FIG. S8. Different stacking configurations of Bernal bilayer graphene and the first BZ of graphene with the two valleys
K. = (+47/3a,0) and the rotated zone corners of the two bilayers K1 and K2. On the left, we indicate the intralayer
nearest-neighbor hopping —to, and the skew interlayer hoppings ¢3 (intersublattice) and ¢4 (intrasublattice) with dashed lines.

IV. TWISTED DOUBLE BILAYER GRAPHENE

We give an overview of the continuum model for twisted double bilayer graphene, following Ref. [16]. Before we
proceed, we give a short review of the continuum theory of Bernal bilayer graphene.

A. Bernal bilayer graphene

We consider a Bernal-stacked bilayer graphene. The sublattices on the first layer are denoted as A; and By,
and those on the second layer as Ay and By. We define AB-stacked (BA-stacked) bilayer graphene as the stacking
configuration where the atoms of A; (B;1) and Bs (A7) eclipse one another. This is illustrated in Fig. S8.

Following [17], we use a lattice model for Bernal bilayer graphene that takes into account intralayer nearest-neighbor
hopping with amplitude —tg, interlayer hopping between eclipsing atoms t1, as well as skew interlayer hopping t3
(intersublattice) and ¢4 (intrasublattice), and a sublattice staggering potential §. The latter is due to the different
environment of the eclipsing atoms. The point group of Bernal bilayer graphene is D3y = <C32,C2y,I> where 7 is
spatial inversion [(r,z) — (—7,—z)]. Applying an interlayer bias potential breaks inversion symmetry and reduces
the point group to D3 = (Cs.,Cay).

The corresponding Bloch Hamiltonian of AB Bernal bilayer graphene is given by

Ui +d —tof(k)* taf(k) t

o= (158 I ) ).
t taf (k)" —tof(k) Uz+9d
and thus
where
flk) =14 ka4 gthaz, (153)

and a5 = a(£1/2, V/3/2) with a =~ 0.246 nm, see Fig. S8. The sign difference between the intralayer and interlayer
hoppings comes from the relative sign of the overlap of p, orbitals within and between the layers. We take the following
values for the hopping constants ¢y = 2.7 eV (below we use an effective t), t1 = 0.4 eV, t5 = 0.32 eV, ¢4 = 0.044 €V,
and 6 = 0.05 eV [16]. Defining the two valleys as Ky = (+47/3a,0), we find

flk+Ky)~ —?a(ik’z +iky), (154)

up to first order in |k|. Hence, if we place the origin of the momentum at K,

4] hw (Vg — iky)

N 0 hw (vkg — iky)
hov(R) 2 1 (w4 iy 0 ’

/ ~
hou(B) 2 Vg (v, + i) 5 )

(155)
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where v = +1 corresponds to valley K., respectively, and hv = \/gtoa/ 2. In our TDBG calculations, we follow Refs.
[18] and [16] and take a smaller value of v ~ 525.308 meV nm, corresponding to an effective o of 2.1354 eV, due to
longer-range intersublattice hopping within a single graphene layer in their model. We also have

| —hvs (Vky —iky) —hvs (vk, +ik,y)

gv (k) = t ~ g (vky — k)| (156)

with hws = /3tza/2 and hvy = V/3tsa/2.

B. Twisted double bilayer graphene

We now consider twisted double bilayer graphene (TDBG). Notice that in the absence (presence) of an interlayer
bias, the point group of Bernal TDBG is given by D3 (C5) [16]. Rotating the Bernal bilayer graphene by an angle ¢
is equivalent to sending

flk) > 14 ek fiDar 4 gk RWaz — f(R(—9)k), (157)

in the lattice model, with R(1}) the 2 x 2 rotation matrix. Hence the rotated Dirac points are located at R(9) K. We
construct TDBG by first stacking two Bernal bilayers directly on top of each other, and then rotating the first bilayer
by +%/2 and the second bilayer by —¢/2. Only the second and third graphene layers are coupled by the interlayer
moiré potential

T,(r) = Tyo + T €90 + T,pev92T, (158)
where Gy /o = (47/V/3L)(£1/2,/3/2) are moiré reciprocal lattice vectors, and
2 2
T, = woog + w1 |:COS (?) o, + vsin (?) O'y:| , (159)

with wg = 79.7 meV and w; = 97.5 meV the AA and AB interlayer moiré amplitudes [16, 19].
For AB-AB stacked TDBG, we have

FIABAB / dr g (r) HAP AB (<) 3, (r), (160)

with '(/}V = (1/11/,,41, ¢V,B17 wu,AQa ¢V,B27 wu,ASa ¢V,B37 wu,A4a Z/}D,B4)t and

hov (k1) + Uy g} (k1) TO 0
AB-AB[ . gu(k1)  ho, (k1) + Uz T}(r) 0 1
H2 (V) 0 T,(r)  ho(k) +Us  ghtks) | (161)
0 0 9v(k2) ho (k2) + Us

where k12 = R(F9/2) (—iV — vqy/2) with q1/2 = kg(V/3/2,+1/2) and ky = 47 /3L with L = a/2sin(/2) the moiré
lattice constant. Here we have placed the origin of momentum in the center of the moiré Brillouin zone (MBZ). We
further take Uy = U/2, Uy = U/6, U3 = —U/6, and Uy = —U/2, such that U is the bias between the topmost and
bottommost layer. Similarly, we have for AB-BA stacked TDBG,

FABBA = / A2 ) (r) HABBA(259) b, (), (162)
with
hoo (k1) + Uy gl(k1) 0 0
AB-BA, o _ gv (k1) o (k1) + U T} (r) 0
HpP PR (V) = 0 YT H (k) £ Us  gu(ke) (163)
0 0 gh(k2)  hou(k2) + Uy

. 1 , )
y(r) = —= Z Z el(k_g)‘rcu,k,g, (164)
kE G
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where the sum over k only runs over the MBZ and G is a reciprocal lattice vector of the moiré. Note that every wave
vector has a unique decomposition as k — G. We have

%/d% i =GN ik=O)r _ 5 5o (165)
% /d2r e UK =GN T (1) iR=G) T Ore Ty g—g's (166)

with
T,6 = Twodg.o + Th10g.ug, + Tuadg g, (167)

C. Phase diagrams

For TDBG we focus on the lowest conduction band. We find that the highest valence band lacks a global energy
gap to the remote bands for most of the parameter regime that we considered. We numerically calculated the phase
diagram in the (¢, U) plane for the smallest energy gap to the two neighboring bands ega,. We also calculated the
bandwidth eyiqen, as well as the ratios egap/Ewiatn and 5§;ap /Ewidth- These diagrams are shown in Fig. S9 for AB-AB
TDBG and in Fig. S11 for AB-BA TDBG, for the lowest conduction band. On the phase diagram showing the
energy gap, we have indicated the valley Chern number of the lowest conduction band. The energy bands along
high-symmetry lines of the SBZ for the parameters corresponding to the cross in the phase diagrams are shown in
Fig. 510 for AB-AB TDBG and in Fig. S12 for AB-BA TDBG.
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FIG. S9. (a) Phase diagram of AB-AB TDBG in the (U,9) plane. The density plot gives the smallest energy gap egap of
the lowest conduction band to other bands and the valley Chern number for valley K.. (b) Bandwidth eyigth of the lowest
conduction band. (c) Ratio €gap/cwiatn for the lowest conduction band. (d) Ratio Egap /Ewidsn for the lowest conduction band.
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FIG. S10. Energy bands of AB-AB TDBG for ¥ = 1.44° and U = 56.5 meV, i.e., the cross in Fig. S9 along high-symmetry
lines of the SBZ as indicated. Light/dark bands correspond to valley K /K_ and the red band is the lowest conduction band.
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FIG. S11. (a) Phase diagram of AB-BA TDBG in the (U,9) plane. The density plot gives the smallest energy gap egap of
the lowest conduction band to other bands and the valley Chern number for valley K.. (b) Bandwidth eyigth of the lowest
conduction band. (c) Ratio €gap/ewiatn for the lowest conduction band. (d) Ratio Egap /Ewidsn for the lowest conduction band.
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FIG. S12. Energy bands of AB-BA TDBG for ¢4 = 1.64° and U = 92.5 meV, i.e., the cross in Fig. S11, along high-symmetry
lines of the SBZ as indicated. Light/dark bands correspond to valley K /K_ and the red band is the lowest conduction band.
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