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Figure S1 BMH-21 and CX-5461 treatment reduce pre-rRNA expression levels in a
dose-dependent manner.

a. Quantification of pre-rRNA expression levels by RT-gPCR in BMH-21-untreated and
-treated conditions. Data are represented as mean x SD (n =3). b. Quantification of
pre-rRNA expression levels by RT-gPCR in CX-5461-untreated and -treated conditions.
Data are represented as mean £ SD (n =3).
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Figure S2 FCs and DFCs in the BMH-21 and CX-5461-untreated and -treated cells.
(a and b) Immunofluorescence of UBF (FC) and FBL (DFC) in HeLa cells with or without
BMH-21 (a) or CX-5461 (b) treatments. Scale bar, 10 um.



o
©
]

Longest axis of FC (um)
1

0.254

0.125

CX-5461
(uM)

o

0.25

0.5

Sheos o

ul{ﬁ#ﬁHﬂM‘m e

UBF (FC)

Area of FC (um?)

0.01

NPM1 (GC)

0 0.25 05
CX-5461 (uM)

| | |
0 0.25 05
CX-5461 (uM)

T
1

0.5 1.0
pre-rBRNA levels

0.64

Area of FC (um?)
o
N
L

o
N
1

0

——r—r—
0.5
pre-rBNA levels

1.0



Figure S3 Mild Pol | inhibition by CX-5461 increases the size of FCs.

a. Immunofluorescence of UBF (FC) and NPM1 (GC) in HelLa cells with or without CX-
5461 treatments. In the cells treated with 2 uM CX-5461, the cells with large granules
(upper) or nucleolar caps (lower) were observed. Scale bar, 10 um. (b and c)
Quantification of longest axis (b) and area (c) of the FCs in cells under indicated
conditions. Each scatter dot plot shows the mean (black line). Dots indicate all points of
quantified data (n = 500). Mean longest axes of the FCs is shown below: 0 uM: 0.5196
um, 0.25 uM: 0.6367 um, 0.5 uM: 0.7192 um, 1 uM: 1.059 um. Mean areas of the FCs
are shown below: 0 uM: 0.1155 um?, 0. 25 uM: 0.2171 um?, 0.5 uM: 0.3058 um?, 1 uM:
0.6544 um?2. Statistical analyses using Kruskal-Wallis test with Dunn’s multiple
comparison test were performed and the results are shown as follows. (b) 0 uM vs 0.25
uM: P <0.0001, 0 uM vs 0.5 uM: P < 0.0001, 0 uM vs 1 uM: P < 0.0001, 0.25 uM vs 0.5
uM: P =0.0211, 0.25 uM vs 1 uM: P < 0.0001, 0.5 uM vs 1 uM: P < 0.0001. (c) O uM vs
0.25 uM: P < 0.0001, 0 uM vs 0.5 uM: P < 0.0001, O uM vs 1 uM: P < 0.0001, 0.25 uM
vs 0.5 uM: P = 0.0012, 0.25 uM vs 1 uM: P < 0.0001, 0.5 uM vs 1 uM: P < 0.0001. (d
and e) Graphs showing the mean longest axis (d) and area (e) of the FCs with SEM vs
pre-rRNA expression levels. The pre-rRNA expression level in untreated cells is defined
as 1.
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Figure S4 Quantification of the FCs in the nucleoli

(a and b) Screenshots of detections of FCs and GCs by NIS Elements Advanced
Research software (NIKON) are shown. Green circles indicate UBF foci, and red circles
indicate nucleoli labeled by NPM1 antibodies. UBF foci detected in the nucleoli (lower
right) were quantified. Data for quantification of BMH-21-untreated (a) and -treated
(0.125 mM) (b) cells are shown.



Supplementary Table 1: List of symbols

Symbol Meaning Estimate | Suppl. Ref.
Tin Radius of FC ~ 100 nm | !
Tex Radius of FC/DFC ~ 200 nm | !
Vi Sum of FC volume in a nucleolus —

Tpr Mean processing time —

Oin Nascent pre-rRNA surface density —

N, Number of units in pre-rRNA terminal region 33 !
b Length of pre-rRNA unit 4 nm 2
Fy Free energy per DFC layer —

Jela Elastic free energy density -

Snix Mixing free energy density —

fint Interaction free energy density —

Jond Binding free energy density —

F Free energy of a nucleolus —

Yin FC/DFC interfacial energy per area —

Vex FC/GC interfacial energy per area —

Yor Interfacial energy per RBP 0.3 mJ/m? | 34
Qpy RBP occupany of RNA unit —

Opr Freely diffusing RBP volume fraction —

Or Nascent pre-rRNA volume fraction —

€ RBP-pre-rRNA binding energy < —10

X Magnitude of RBP-RBP interaction > 10
ppr/(kgT) | RBP chemical potential —-10 >
Nps Pol T occupancy at TSS —

Eonp Pol I binding rate to T'SS 0.02st |6
kot Pol I unbinding rate from TSS 0.1 s ! 6
P Pol T concentration in FC —

Npe Number of Pol I with pre-rRNA terminal region —

Npo Number of Pol I without pre-rRNA terminal region —

o Mean Pol I elongation time (after cleavage) -

N, Copy number of active TDNA units 300 !
Npol Total number of Pol I in a nucleolus 7500 1
r Distance from FC center —

Al Lateral surface pressure —



Supplementary Table 2: The values of the parameters used to estimate the diffu-
sion length \4. The diffusion constant of a RNA unit is estimated as Ds ~ (kgT)/(4meyb) ~
8 x 107! m?/s and the time to synthesize a RNA unit is estimated as 7, = b/v, ~ 0.12 s by
using the values listed in this table. We estimated b from the persistence length of single-
stranded DNA.

Parameter Meaning Values Ref.
b Length of RNA unit [4nm~12b | 2
Nw Water viscosity 1 mPa-s
Ve Elongation rate 6 kb/min | 78
T Absolute temperature 300 K




Supplementary Note 1; Minimum of free energy

Free energy

The free energy of the system has the form

F 3
= I [Fd + 47T7’12n%n + 47T7’§X%X} ) (S1)

m

Fy is the free energy of a DFC layer and is a functional of the occupancy a;, of the fibrillarin-
binding region (FBR) of nascent pre-rRNA, the volume fraction ¢, of fibrillarin (FBL)
RNA-binding proteins (RBPs), and the volume fraction ¢, of the nascent pre-rRNA units
(see below). 7, is the interfacial tensions at the FC-DFC interface and .y is the interfacial
tension at the DFC-GC interface. 7, is the distance between the center of FC and the
FC-DFC interface. r. is the distance between the center of FC and the DFC-GC interface.

The free energy of a DFC layer is written in the form

Tex Aqr2dy
Fy— / T ($2)

in

where fq4 is the free energy density in the DFC layer and r is the radical coordinate from the
center of the FC. b is the length of a pre-rRNA unit. The free energy density f4 is composed

of 4 contributions

fd = fela + fmix + fint + fbnd - Mp(¢p + ap¢r) + Hexb3a (SS)

where fq, is the elastic free energy density of nascent RNA transcripts, fumix is the free
energy density due to the mixing entropy of RBPs and solvent molecules, fi is the free
energy density due to the interactions between RBPs, and fi,q is the free energy density
due to the binding of RBPs to nascent RNA transcripts. p, is the chemical potential of

RBPs and Il is the external pressure. The external radius r., and the volume fraction ¢,



of nascent pre-rRNA have the relationship
/ dr 4nr® ¢, = 47r? o N, (S4)

The elastic free energy density has the form

fela o § 6402 (7”)
ksT 2 ¢,

(S5)

where o(r) = oy,r2 /r* for the spherical geometry and o(r) = oy, for the planer geome-
try. kg is the Boltzmann constant and 7' is the absolute temperature. The derivation of
Supplementary Equation (S5) is shown in Supplementary Note 5.

The free energy due to the mixing entropy of RBPs and solvent molecules has the form

f mix

T Pplog gy + (1 — ¢p — (14 ap) @) log(1 — ¢ — (1 + ap)r). (S6)
B

The free energy due to the interactions between RBPs has the form

f int
kgT

= —x(¢p + O‘p¢r)2> (S7)

where y is the interaction parameter that accounts for the attractive interaction between
RBPs. For simplicity, we assumed that RBPs that are bound to nascent RNA transcripts
are equivalent to RBPs that are freely diffusing in the DFC layer. The solvent molecules
(water) have affinity to nascent RNA units rather than RPBs. We thus assume that solvent
molecules and nascent pre-rRNA units are equal in terms of the interaction.

The free energy due to the binding of RBPs to nascent RNA transcripts has the form

fbnd
kT

= ¢ aploga, + (1 —ap)log(l — ap) + eay), (S8)

where —ekgT is the energy increase due to the binding of RBPs to nascent RNA transcripts.



For simplicity, we assumed that each nascent RNA unit has one binding site of RBPs.

Local equilibrium

With the variations ay, (1) = ap(r) 4+ 6oy (1), ¢p(r) = @p(r) + 0¢p(r), and ¢, (1) — ¢ (1) +

d¢.(r), the free energy changes as

oF . 3 fex 47rr? 0 fq 0 fq 0 fa
A o RS e LR o )]

0 F
+5Tex? (V_> . (S9)

Because the free energy density fy does not include spatial derivatives of a,(r), ¢,(r), and
¢.(r), the functional derivatives of fq with respect to apo(7), ¢pa(r), and ¢.(r) can be
replaced to the partial derivatives of fq with respect to oy, ¢, and ¢,. The variation 07y of

the external radius results from the variation d¢,(r) with the condition of eq. S4:

b3 1 Tex  Aqrp?
5rex - a 47TT§X ¢r (rex) /',:in dr b3 6¢r (T) ' (Slo)

At the minimum of the free energy (the local equilibrium), 6F = 0 for any functions of

0001 (1), OBpor(7), and 0y (r):

% _ 0 (S11)
P

(%1 _ 9 (S12)
P

ofa

with

(S14)



By using Supplementary Equations (S3) — (S8), Supplementary equation (S12) is rewrit-

ten in the form

kMpT = log¢, —log(l —¢p — (1 + ap)or) — 2x(Pp + apdy). (S15)
B

Supplementary Equation (S15) suggests that the chemical potential of RBPs is uniform in
the DFC layer. By using Supplementary Equations (S3) - (S8), Supplementary Equation

(S11) is rewritten in the form

log o, — log(1 — o) + € — 1 —log ¢, = 0, (516)

We eliminated g, in Supplementary Equation (S11) by using Supplementary Equation (S15)
to derive the form of Supplementary Equation (S16). By using Supplementary Equations

(S3) - (S8), Supplementary Equation (S13) is rewritten in the form

. 3 (02(r)b?)?
L SR (g tos(1 - 0y — (1 au)on) — (1-+ ) — 260y (6, + )
+aplog oy, + (1 — o) log(1l — ) + €y — k;u—pTap. (S17)
B
Supplementary Equation (S13) is integrated with respect to ¢, as
fd - Nr¢r = _Hb37 (SlS)

where —IIb% is the integral constant. By eliminating y, from Supplementary Equation (S18)
by using Supplementary Equation (S13), Supplementary Equation (S18) is rewritten in the

form

I = ¢? (;; (g) . (S19)

The integral constant thus turns out to be the osmotic pressure. By using Supplementary



Equations (S3) - (S8), Supplementary Equation (S19) is rewritten in the form

1163

op = (s —log(l— ¢, = (1+0ay)r)

2 3(o(r)b?)?

S
PR (520)

—x(¢p + apér)
with
(S21)

We eliminated f;, in Supplementary Equation (S19) by using Supplementary Equation (S15)
to derive the form of Supplementary Equation (S20). So far, we derived the fact that the
osmotic pressure is uniform in the DFC layer. The value of the osmotic pressure is determined

by taking the limit 7 — re; to Supplementary Equation (S18) as

= 1L, + 20 (S22)

ex

Supplementary Note 2: Relaxation dynamics

In our theory, we take into account the non-equilibrium nature of the system via nascent
pre-tTRNAs produced at the surfaces of FCs by Pol I transcription. One may also think
that the continuous addition of RNA units to nascent pre-rRNAs makes the conformations
of their terminal regions different from those at the equilibrium. In a simple estimate, the
local equilibrium approximation that uses the equilibrium chain conformations is effective
in the length scales smaller than the diffusion length \q (= /D7y, where Dy is the diffusion
constant of a pre-TRNA unit and 7; is the elongation time to produce a pre-rRNA unit. The
diffusion length A4 is estimated as ~ 3 um (see Supplementary Table 2) and is larger than
the typical thickness, ~ 200 nm, of the DFC layer: the local equilibrium approximation is

effective to treat the conformation of the pre-rRNAs in the DFC layer. The occupancy a,,



the volume fractions ¢, and ¢, of RBPs and nascent pre-rRNA, and the radius rj, thus turn

over towards the minimum of the free energy, eq. (2) in the main article.

Supplementary Note 3: Asymptotic solutions for planer
geometry

The volume fractions ¢, and ¢, in the layer of nascent pre-rRNAs for the planer geometry
are derived by using Supplementary Equations (S15), (S16), and (S20) for o(r) — oy,. We

here derive the asymptotic forms of ¢, and ¢, for each regime.

Good and poor solvent regimes

For cases in which the interaction parameters y is relatively small, the volume fraction ¢,
of the FBRs of nascent pre-rRNAs and the volume fraction ¢, of RBPs are relatively small,
¢r < 1and ¢, < 1, see Fig. 3 in the main article. With this approximation, Supplementary

Equation (S15) has an approximate form

Hp
=1 2
T 0g by (S23)

Supplementary Equation (S23) is derived by expanding Supplementary Equation (S15) in a
power series of ¢, and ¢, and neglecting higher order terms with respect to these volume
fractions. By using Supplementary Equation (S23), the volume fraction of RBPs is derived

in the form



By substituting Supplementary Equation (S24) into Supplementary Equation (S16), the

occupancy of the FBRs of nascent pre-rRNAs is derived in the form

oo (/)

Qpy = 1+ ¢poe—(€_1)/(kBT) . <825>
For ¢, < 1 and ¢, < 1, Supplementary Equation (520) has an approximate form
I, b° 3(oinb®)? 2 o 1 3.3
with
(1 + Oépo)2
g= P S27
X 202, (527)

Supplementary Equation (S26) is derived by expanding Supplementary Equation (S20) in
a power series of ¢, and ¢, and neglecting higher order terms of these volume fractions.
We assumed that ¢, is very small and neglected even the terms linear to ¢,. We also
used the boundary condition II = Il for the planer geometry, see Supplementary Equation
(S22) for rex — 00. The osmotic pressure has three contributions: the contribution from the
entropic elasticity of the RNP complexes (the first term of Suppplementary Equation (S26)),
the contribution from the two-body interaction between the units of RNP complexes (the
second term of Supplementary Equation (526)), and the contribution from the three-body
interactions between these units (the third term of Supplementary Equation (S26)). The
two-body interaction between the units of RNA complexes is repulsive for y < x5 (the good
solvent regime) and is attractive for xy > x5 (the poor solvent regime). In the good solvent
regime, x < s, the first and second terms of Supplementary Equation (S26) dominate the

third term of this equation and the volume fraction of the FBRs of nascent pre-rRNA thus

10



has the form

o = (M) - (S28)

O‘?;o(Xs - X
if there are not applied pressure to the DFC layer. In the poor solvent regime, x > x5, the
second and third terms of Supplementary Equation (S26) dominates the third term of this
equation and the volume fraction of the FBRs of nascent pre-rRNA has the form

30'/}2)0()( - Xs)

(1 + Oépo)s <S29)

¢r0

Eqgs. S28 and S29 correspond to the volume fraction of polymer units for the good and poor

solvent conditions, as predicted by the Alexander model, respectively.

Melt regime

The volume fraction ¢, of the FBRs of nascent pre-rRNAs increases with increasing the
interaction parameter y and, eventually, the RNP complexes occupy most volume of the
DFC layer, ¢, = 1/(1+ ayy) (the melt regime), see Fig. 3 in the main article. For simplicity,
we here derive the asymptotic forms of the volume fractions ¢, and ¢, for the case of o, = 1

(which is the case of € < —1). We derive the solution for

6 = T 20m (530)

Qpr = 1_6apm <S31)

with d¢m < 1, dapm < 1, and ¢, < 1. With this approximation, eq. 520 is rewritten in

the form

103
kgT

= 1 —log(1 ~26,) — 1 ~ 6(owh’)" ($32)

11



Supplementary Equation (S32) is derived by substituting Supplementary Equations (S30)
and (S31), by expanding it in a power series of d¢ym, dpm, and ¢,. We assumed that ¢, is
very small and neglected even the terms linear to ¢,. We also used the boundary condition
IT = Tl for the planer geometry, see Supplementary Equation (S22) for ro, — oco. The

volume fraction ¢, of the FBRs of nascent pre-rRNAs is derived as

Prm = (1—e*1*iX*Hexb3/(’“BT)) , (S33)

N | —

by using Supplementary Equation (S32). To derive Supplementary Equation (S33), we

further neglected the fourth term of Supplementary Equation (S32), which is usually smaller

than the other terms of Supplementary Equation (S32), see Table 1 in the main article.
With the approximation, Supplementary Equations (S30) and (S30), Supplementary

Equation (S15) is rewritten in the form

1
- = log Gp — X — log(1 — 2¢um). (S34)
kgT
The volume fraction of RBPs thus has the form
Gom = ottn/ (kBT)=1+5x (S35)
The volume fraction of solvent molecules has the form

bs =1 — ppm — 20, = €V (1 — e/ UmT)Hx) (S36)

The fact that ¢s > 0 implies that the approximate forms, Supplementary Equations (S33)
and (534), are effective for x + p,/(kgT) < 0.

12



DFC regime

For cases in which the interaction parameter is larger than the negative of the chemical
potential of RBPs, x > —u,/(kgT"), most space of the DFC layer is occupied by RBPs (DFC
regime), see Fig. 3 in the main article. In this regime, we derive the volume fractions in the

form

¢p =1 —0¢pd (S37)

(938)

for 6¢pq < 1 and ¢, < 1. With this approximation, the occupancy of the FBRs of nascent

pre-tTRNAs has an asymptotic form

e_(E_l)

- (S39)

Oépd

Supplementary Equation (S39) is derived by substituting Supplementary Equation (S37)
into Supplemeentary Equation (516), expanding it in a power series of d¢,q, and neglecting
higher order terms of these parameters.

In the DFC regime, Supplementary Equations (S15) and (S20) has an approximate form

= —log(86, — (14 apa)ér) — 2 (840)
B

I, b3 3(oinb?)?

I T —log(d¢p — (1 + apa)er) — X — % (S41)

where they are derived by substituting Supplementary Equation (S37) into Supplementary
Equations (S15) and (520), expanding them in a power series of d¢pq and ¢, and neglecting
the higher order terms of these parameters. We also used the boundary condition II = Il for
the planer geometry, see Supplementary Equation (S22) for ro, — co. Eliminating the term

log(d¢p — (14 apa)¢r) in Supplementary Equation (S41) with Supplementary Equation (S40),

13



the relationship between the volume fraction ¢, and the external pressure Il is derived in
the form

Hexb3 o Hp S(Uiﬂb2)2

T X + T PR (542)

The volume fraction of the FBRs of nascent pre-rRNAs thus has the form

- 3(O'inb2)2
P G ) (T o)

Supplementary Note 4: Asymptotic form of spherical
geometry

The local volume fractions of the FBRs of nascent pre-rRNA ¢,(r) and RBPs ¢,(r) are
derived by using Supplementary Equations (S15), (S16), (S17), and (522) for the spherical
geometry. We derive the volume fractions, the free energy F' of the system, and the radius
rin of FCs for a, = 1 and x > —p,/(kgT’). The approximation, «, ~ 1, is effective for
€ —1—pu,/(kgT) < —1, where RBPs are bound to the FBRs of pre-rRNA even in a dilute
solution. In this case, the layer composed of the FBRs of nascent pre-rRNAs can be a

uniform DFC layer, a uniform melt layer, and a double layer of DFC and melt regions.

DFC layer

In the DFC regime, most volume of the layer composed of the FBRs of nascent pre-rRNAs
is occupied by RBPs. We thus derive the solution of Supplementary Equations (S13), (S15),
(S16), and (S22) in the form of

Pp(r) =1 = 0¢(r), (544)

14



where 0¢, < 1 and ¢, < 1. In this case, Supplementary Equation (S15) has an approximate

form

p = — los(00y(r) — 26:(r)) — 2x. (345)

Supplementary Equation (S45) is derived by substituting Supplementary Equation (S44),
expanding it in a power series of d¢,(r) and ¢,, and neglecting the higher order terms with
respect to d¢,(r) and ¢,. By using the same expansion and approximation, Supplementary

Equation (S17) is rewritten in the form

fhy 3 (Uinb2)2 Ti4n Hp
= —_———— 1 — — — —
knT 2 020 2 08(0¢p = 26:) =2 = 2x+ € — 5o
3 (Uinb2)2 ri4n Hp
= —5 ¢2(T) T—4+kBT—|—2X+€—2. (846)

The last form of Supplementary Equation (S46) is derived by eliminating log(d¢, — 2¢;)
by using Supplementary Equation (S45). By solving Supplementary Equation (S46) with

respect to ¢.(r), the volume fraction ¢.(r) of the FBRs of nascent pre-rRNAs is derived as

(1) = 3 owbl’ i (547)
S V2 /A f(keT) 1

where we introduced a parameter

Apy Hp Hr
L Ny S48
kT kgl X T € kT (548)

to simplify the expression of Supplementary Equation (S47).

The osmotic pressure has an approximate form

I 3(01nb?)? 1

= ] —9 _ oy 207 ) Tin

kBT Og(dqbp(r) ¢r(r)) X ¢r<rex) Té‘x
Hp S(O-iﬂbZ)z 7ni4n

ksT — ou(r) (849)

15



where it is derived by substituting Supplementary Equation (S44) into Supplementary Equa-
tion (S20), expanding it in a power series of d¢,(r) and ¢,(r), and neglecting the higher order
terms with respect to d¢,(r) and ¢,(r). The last form of Supplementary Equation (549) is
derived by eliminating log(d¢,(r) — 2¢.(r)) by using Supplementary Equation (S46). By
using Supplementary Equation (S22), the volume fraction ¢ex (= ¢;(7ex)) of the FBRs of
nascent pre-rRNAs at r = rq, is derived as

3(omb?)? ri

—in S50
X + (:“p — Hex)/(k8T) — 27pbg/7"ex Ta ( )

¢rex =

By using the boundary condition, Supplementary Equation (S50), the local volume fraction

¢, (r) of the FBRs of nascent pre-rRNA has the form

2

Bi(1) = Frex=- (s51)

The chemical potential p, has the form

L Lo 1 1 pp — Hex 270\ 72,
= P 49 S, Y - - —ex $52
k’BT kBT + X te 6 (O'inb2)2 (X + kBT Tex ( )

Supplementary Equations (S50), (S51), and (S52) are effective for cases in which the layer
of the FBRs of nascent pre-rRNAs is a double layer of the DFC and melt phases if the DFC
layer interfaces with GC at r = 7.

The external radius re, is derived by using the relationship

r2 [ N;b pp — 11 27, b
in ex 1 _ T p ex p 853
r2 (rin ) 3(oinb?)rin (X + kgT Tex ) ’ (853)

where it is derived by substituting Supplementary Equation (S51) (and Supplementary Equa-

tion (S50)) into Supplementary Equation (S4). Indeed, Supplementary Equation (S53) is a

quadratic equation and the ratio 7 /7, can be derived analytically.

16



The free energy density of the layer of the FBRs of nascent pre-rRNAs has an approximate
form

Jao_ 3lowb)

kgt 2 ¢ (r) rt

1

2

% _Hex rgx Hp — Hex
<X + —pk;BT — 2vpb3/rex) ol (x + —pk:BT ) : (554)

(Oinbz)Q ri4n _ ( + Mp — Hex)

Supplementary Equation (S54) is derived by substituting Supplementary Equations (S44),
expanding it in a power series of d¢, and ¢,, and neglecting the higher order terms of d¢, and
¢r. We also used Supplementary Equation (S51) to derive the last form of Supplementary

Equation (S54). By using Supplementary Equation (S54), the free energy of the system is

derived as
Fb? 1 iy — 11 Tex ) Fex ) pb* r
- = Z X =) 3 == 2 p 1 e
3ViksT 6 (X+ kT ) (m) (ﬁn> AT kpT'rin ( * m)
Hp
2 L S| S55
—i—C(e—i— X+ ) (555)

where we used

O'inb3

T'in

(=N (S56)

¢ is proportional to the transcription rate. The free energy, Supplementary Equation (S55),
depends on the size of FCs via the ratio re./r, and oy, (x 7i,), see also Supplementary
Equation (S53).

For 7,0% /rin < X + (ptp — Hex)/(ksT), the first term of Supplementary Equation (S55)
dominates the second term of this equation. In this case, the first derivative of the free

energy with respect to the raio 7. /in is zero at the minimum of the free energy,

0 Jals 1 fp — Tex \ Tex [ Tex
=3 -5 T — _— 2 et
(rex/Tin) <3mGBT) 2 (X+ kT ) - <nn ) 0, (S57)

17



This leads to

Tex _ o, (S58)

Tin

By substituting Supplementary Equation (S58) into Supplementary Equation (S53), the

radius of FCs is derived as

T; Oinb? 2 fp — 11 12 1
in — n - = ex — /2
po =Tl 2 (er ) e, (559)

implying that the radius of FCs is proportional to the inverse of the square root of the

transcription rate.

Melt layer

For cases in which the FBRs of pre-rRNAs form a uniform melt layer, the volume fraction ¢,

of the FBRs of pre-rRNAs is =~ 1/2. We therefore derive the volume fractions in the forms

Or = %(1 - 5¢r)a (860)

where ¢, < 1 and d¢, < 1. We substitute Supplementary Equation (S60) into Supplemen-
tary Equations (S15), (S20), (S17), expanding these equations in a power series of ¢, and

0¢,, and neglecting the higher order terms with respect to ¢, and d¢,

i = logg, — log(8x — 09,) — X (s61)
B

e 22 B 5 _ Hp

T 6(o(r)b*)” — 2log(dgp, — 0¢pp) —2 — x + € T (562)
L log(d I b?)? S63
T = los(00r = &) — 1= ox = 6lo(n)b)” (563)
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The osmotic pressure II is derived by eliminating log(d¢, — ¢,) in Supplementary Equation

(S63) by using Supplementary Equation (S62). This leads to the form

Iy? L e+ pip 1
S (s S b)2. 4
o = g (M) + e s (S64)

By substituting Supplementary Equation (S62) into Supplementary Equation (S4), the

ratio rey/rin is derived as

o (1460, (563

Tin

where ( is given by Supplementary Equation (S56). The ratio re/ri, thus does not depend

on the radius of FCs. The free energy has an approximate form

v 1/1 7. r3 T 1 b? r2
- _Z|Zz ex _ (o) (1 - =2 Z_'p 1+-%S
3V kgl 6 (2X+ kBT) (ﬁ; > +3(omb) ( rex> kT ( T 6)

where it is derived by using ¢, ~ 1/2 and ¢, ~ 1 — 2¢, < 1 to Supplementary Equation
(S1). The derivative of the free energy with respect to o,b? is zero at the minimum of the

free energy,

0 Fv’ 2 T 1 3pb%¢ 1 r2
= ; 1—=) -2 14 e ) —q.
Ooub?) (3mGBT) Olomt’) ( rex> 2 NokpT (03,0%)2 ( T ) 0-(567)

The radius of FCs thus has the form

1/3 1/3
Tin _ 7Pb2 / <~72/3 1+ Tgx/r?n / (SGS)
N.b 12N, kT 1 — rin/Tex ’

see Supplementary Equation (S65) for the dependence of re/ri, on (. For ¢ < 1, eq. S68

has an approximate form

1/3
Tin ~ fypbz -1
Nb (12NrkBT) ¢ (569)
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Double layer of DFC and melt

In some cases, the layer occupied by the FBRs of nascent pre-rRNAs is composed of a double
layer of a melt phase and a DFC phase. The chemical potentials, 1, and j,, and the osmotic
pressure II is continuous at the interface between the two layers. The osmotic pressure in-
creases with increasing the radial coordinate r in the DFC layer, see Supplementary Equation
(549), while the osmotic pressure is almost constant in the melt layer, see Supplementary
Equation (S64) (where the third term of eq. S64 is smaller than the other terms in this
equation and is neglected). This implies that the DFC layer is at the interface with the GC
and the melt layer at the interface with the FC. The osmotic pressure in the DFC layer has

the form

I1? Lp pp — exd®  279eb® Y\ 72
= = — — - = S70
kT X ksT <X * kT kgTre ) 127 (870)

where it is derived by substituting Supplementary Equation (S51) into Supplementary Equa-

tion (S49). The osmotic pressure in the melt layer has the form

I3 1 fp — | R 27exh? 2 Hp 5
_— = —— - 2 v — 1] S71
kT 12(omb?)? <X Tl kel b e T L BT
where it is derived by substituting the chemical potential
Hr 3 (‘711152)2 rh Hp
= —= 1 2 — 2. S72
kT 2 2 kgl X (572)

in Supplementary Equation (S64) and neglected the third term of Supplementary Equation
(S64). Supplementary Equation (S72) is derived by substituting Supplementary Equation
(S51) into Supplementary Equation (S46) and is effective for cases in which the DFC layer
interfaces with the GC (because Supplementary Equation (S64) is imposed at r = rey). The

radical coordinate r; at the interface between the DFC and melt layer is derived by equating
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Supplementary Equations (S70) and (S71),

poTlesb? 20t ) 72,
r? (X + ST kplre: ) T2,
o : (S73)

2 Mexb®  27exh3 ) i,

T 1 1 HUp—
m _ = [ S— —
L=gx+ 12(0mb2)2 (X + ST kT rox

The volume fraction ¢, of the units of nascent pre-rRNAs is given by eq. S51 in the DFC

layer (r; <7 < re) and is &~ 1/2 in the melt layer (ry, <r <),

% (rin <7 <7y
(1) = , (S74)
¢rex 1;92)( (Ti <r< Tex)

A relationship

3(0iub?)? 2 (Tex T 1/
o (e n) (1) m

Hp _ 2'Yexb /’«2 r. T 6 h
X+ =707 %epTrox mn m in

is derived by substituting Supplementary Equation (S74) into Supplementary Equation (S4).
By using Supplementary Equations (S73) and (S75), one can derive the ratio r;/ry, and 7ex/7Tin
as a function of gy,b* (o< 71,). The free energy of the system is derived as
Fp? 1 R r2 T r3 B3 (1 rer b 1 7’2
—:_X—i_ﬂ— 3 3 +21+7p _+ _'_713
3kgTV,, 6 kgT T r2 Tin kpTryy \ 2 r2 kpTri, 2 r2
1 1 :up 2Hexb3 7”-3
S e _ g
6 ( Xl Tt )\

12 2 .
3(omb?)’ (e +oy + 2) <T—X - ﬁ) . (S76)
s

tp—TIlex b3  27yexh’ kT 2 7 s
X+ T *nTTex B mooom

Supplementary Note 5: Elastic free energy of nascent

RNA transcripts

In the main article, we use an extension of the theory of polymer brush to treat nascent

pre-tTRNA transcripts. The Alexander approximation assumes that the volume fraction of
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nascent pre-rRNA units is uniform for nascent pre-TRNA transcripts on a planer surface.%!°

With this approximation, the free energy per unit area of nascent pre-rRNA transcripts on

a planer surface has the form

Fora 3 0h? N,
bru 7 + UUNrJT.

kgT 2 N,b2

(S77)

This free energy is a function of the height h of the nascent pre-rRNA transcripts. The
first term of Supplementary Equation (S77) is the elastic free energy of nascent pre-rRNA
transcripts and the second term of Supplementary Equation (S77) is the free energy due to
the interactions between nascent pre-rRNA units. kg is the Boltzmann constant and 7T is
the absolute temperature. N, is the number of units in a nascent pre-rRNA transcript and
b is the length of each unit. o is the surface density of nascent pre-rRNA transcripts. v
is the excluded volume that represents the magnitude of the interactions between nascent
pre-tTRNA transcripts and has a relationship v = b*(2 — ) with the interaction parameter y
introduced in eq. (16) in the main article (the difference from the usual relationship 6%(1 —
2x)/2 is due to the volume of RBPs bound to nascent pre-rRNA transcripts. Supplementary

Equation (S77) is rewritten in the form

Forw  3V*¢N, v
2 + —o N, ¢, S78
kg1 2 @2 b30 ¢ (S78)

by using the form of the volume fraction of nascent pre-rRNA units

3
6 = % ($79)

Minimizing Supplementary Equation (S77) with respect to h leads to

h = Nb (%) v (S80)
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The volume fraction of nascent pre-rRNA units is derived as

1/3
¢ = (30267) (S81)

()

by substituting Supplementary Equation (S80) into Supplementary Equation (S79) or by
minimizing Supplementary Equation (S78) with respect to ¢,.

Supplementary Equation (S77) is rewritten in the following form

fio oM [1€ ) s

BT g (28

With this expression, we divide nascent pre-TRNA transcripts into blobs of size ¢ (= 0~1/2),
which the average distance between grafting points (to which nascent pre-rRNA transcripts
are end-grafted) at the surface. g is the number of nascent pre-rRNA units in each blob.
The first term in the square bracket in Supplementary Equation (S82) is the elastic free
energy of the subchain in a blob and the second term in the square bracket is the free energy
due to the interactions between nascent pre-rRNA units in the blob. The prefactor N,/g is
the number of blobs in each nascent pre-rRNA transcript. Supplementary Equation (S82)
returns to Supplementary Equation (S78) by using the form of the local volume fraction of

nascent pre-rRNA units
Or = —. (S83)

Now we extend the above formalism to nascent pre-rRNA transcripts on a spherical

surface, see Fig. 1B in the main article. The size of each blob is

r
g B 0—1/2rin

(S84)

due to the fact that the spherical surface at the distance r from the center of this surface is
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occupied by 4772 o transcripts,

4rr? = (4mrd o) €2 (S85)

The number of blobs in the spherical shell of thickness dr at the distance r from the center

is dmrr2dr /€3, Supplementary Equation (S82) is extended to

Fim e drr2dy [3 €2
bru / r r[ 13 g}’ (536)

knT £

where it is along with the spirit of the Daoud-Cotton theory.!' Supplementary Equation

(S86) is rewritten in the form

Fo /Te" Amr2dr [3 bto?ri 1

in v 2
o LR S87
kT B2 g B d)r} (S87)

~1/2 The first term in the square bracket

by using Supplementary Equation (S83) and R = o
of Supplementary Equation (S87) is the elastic free energy of the chain subsection in a blob
of nascent pre-rRNA transcripts and the second term in the square bracket of Supplementary
Equation (S87) is the free energy due to the interactions between nascent pre-rRNA units in

the blob. We thus used the first term of Supplementary Equation (S87) for the elastic free

energy, see eq. (14) in the main article.

Supplementary Discussion

Contribution of DNA to FC size

Not only the terminal regions of nascent pre-rRNAs, but also rDNAs are localized at the
surfaces of FCs. One may think that rDNAs also contribute to the suppression of the growth

of FCs. The rDNA is bound to the surface of FCs and thus bent to the curvature of the
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surface. With these contributions, the free energy has the form

3%n Vi l L
_ g 4 kT DN/;
Tin 27"

in

F

— kBTEDNA (888)

This free energy is composed of the surface free energy due to the surface tension 7;, between
FC and DFC (the first term), the elastic free energy due to the bending of rDNA (the second
term), and is the free energy due to the binding of rDNA to the surface of FCs (the third
term). kpTepna is the free energy due to the binding of rDNA, Ipna (= 50 nm) is the
persistence length of DNA, and Lpna is the total length of rtDNA bound at the surface
of FCs. Supplementary Equation (S88) is derived by using the fact that the sum of the
volume Vi, of FCs is constant. Both the surface free energy and the bending free energy
of rtDNA decreases with increasing the radius 7y, of FCs (see the first and second terms in
Supplementary Equation (S88)), while the binding free energy is constant (see the third term
in Supplementary Equation (S88)), implying that rDNA itself does not have a function to
suppress the fusion of FCs. If we assume that the radius of FCs is 7, ~ 100 nm, the first
term is estimated as 9 x 107 J (by using v, ~ 1 x 107% N/m), while the second term is
estimated as 6 x 1072°J (by using the fact that there are typically 10 FCs per nucleolus! and
the persistence length of DNA is Ipya &~ 50 nm in the physiological salt concentration!?),
see also Table 2. This estimate implies that the first term of Supplementary Equation (S88)
dominates the second term of Supplementary Equation (S88) for the FC radius ry, treated
in our theory, r, < 100 nm and experiments. The above estimate does not take into account
the fact that a stretch of DNA can be associated with multiple FCs. It is well-known
in the colloid science that the polymers bridging between liquid droplets rather drive the
coalescence of these droplets due to their entropic elasticity.!® The above estimate suggests
that TDNA is not likely to play a significant role in the size control of FCs, but a separate

study is necessary to fully pursue it.
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Relationship with conventional picture of ribosome biogenesis

The key assumption of our theory is that the terminal regions of nascent pre-rRNAs span
between the top to the bottom of the DFC layer. This is motivated by a recent experiment
that the upstream half of ETSs are localized at the DFC layer and the downstream half is
localized at the FC.1* The stretching of the terminal regions results from the multivalent
interactions between FBLs and thus our theory should be tested in the condition of high
FBL volume fraction. In the conventional picture, the DFC layer is composed of 5" ETSs
that are already cleaved and folded by RNA processing. Such diffusive molecules tend to
make the interaction between condensates attractive (the depletion interaction),* however,
the non-equilibrium nature of the transcription may change the situation. We envisage a
future theoretical study to predict the stable size of FCs with the conventional picture to

check if the latter agrees with existing experiments, including ours.

Rheology of DFC layer

In our model, we focused on FBLs because these RBPs contribute most significantly to the
localization of the terminal regions of pre-rRNAs to the DFC layer.'* FRAP experiments on
the condensates of FBLs reconstituted in vitro suggest that these condensates are thixotropic
(and probably also be viscoelastic) and become gels in a long timescale.® Indeed, recent
experiments showed that long non-coding RNA SLERT facilitates the transition of the RNA
helicase DDX21 to the closed conformation and ensures the fluidity of proteins in the DFC
layer.'® This mechanism ensures the validity of our assumption that unbound FBLs can

diffuse freely in the DFC layer, although we did not take into account these factors explicitly.
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