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1 Methods

Problem Statement

We consider a fractional-order dynamical network driven by a control input and additive noise. It is described

as follows:
A%x[k + 1] = Ax[k| + Bulk], (1)

where k € N is the time step, n is the number of nodes in the network, z[k] € R™ denotes the state, A € R™**"
is the coupling matrix that describes the spatial relationship between different states, u[k] € R™ is the input
vector, B € R™*™ is the coupling matrix that describes the spatial relationship between the inputs and
the states, a € R" are the fractional-order exponents encoding the memory associated with the different
state variables, and A% is the Griinwald-Letnikov discretization of the fractional derivative (Chpt.2,[I]).
Fractional-order dynamical networks possess long-term memory. For each i-th state (1 < ¢ < n), the
fractional-order operator acting on x; leads to the following expression:

k
Ak = (e, )alk — j, (2)
j=0
F—ai)
T(—a)T(j+1)’
We aim to determine the minimum number of state nodes and their placement that need to be driven to
ensure the structural controllability of the fractional-order dynamical network. A fractional-order dynamical
network is said to be controllable if there exists a sequence of inputs such that any initial state of the system
can be steered to any desired state in a finite number of time steps. Therefore, assuming that the system is
being actuated during T time steps, we can describe the system by the matrix tuple (a, A, B, T).

where ¢¥(a;,j) = with T'(-) denoting the Gamma function [2].

Controllability associated with the system described in can be characterized as follows.

Definition 1. (Controllability in T time steps) The fractional-order dynamical network described by (a, A, B, T')

is said to be controllable in T time steps if and only if there exists a sequence of inputs ulk] (0 <k <T —1)
such that any initial state x[0] € R™ can be steered to any desired state (Xgesirea|T] € R™) in T time steps.o

Next we provide the following result on the controllability of the linear discrete-time fractional-order
dynamical network.
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Theorem 1. (Controllability of fractional-order dynamical network (Theorem /4, [3])) The linear discrete-
time fractional-order dynamical network is controllable if and only if there exists a finite time K such that
rank(W,(0, K)) = N, the dimension of the state, where W.(0, K) = G' Zf:_ol G;BBTG]GY" and

I k=0
Gk = k—1 (3)
>j—0 AjGr-1-j, k=1,

where I, is the identity matrix of size n. o
Furthermore, an input sequence [uT[K —1],uT[K —2],...uT [OHT that transfers x[0] # 0 to x[K] = 0 is
given by
ulK —1]
ulK — 2]
= —[GoBG1B...Gxg_1 BTG W (0, K)x[0]. (4)
u[0]

Due to the uncertainty in the system’s parameters, we adopt a structural systems approach that relies solely

on the system’s parameters. Consider the class of possible tuples with a predefined structure ([a], [4], [B], T),
with [a] = {« € R"}, where a structural matrix is defined as [M] = {M € R™>™2 : M, ; = 0if M; ; =
0}, and M € {0,% € R}™*™2 ig a structural matrix with fixed zeros and arbitrary scalar parameters.

Specifically, in the context of this paper, we seek to assess the structural controllability defined as follows:

Definition 2. (Structural Controllability): The fractional-order dynamical network with structural pat-
tern (@, A, B,T) is said to be structurally controllable in T time steps if and only if there exists a tuple

(A", B, T) € (|a],[A], [B],T) that is controllable in T time steps. o
Remark 1. If a system is structurally controllable, then almost all (o', A", B",T) € (|a],[A],[B],T) are
controllable in T time steps, by invoking similar density arguments to those in [J). o

From the above discussion, it readily follows that structural controllability will depend on the system’s
structure and actuation capabilities being deployed. We consider the following assumption:

A1: All state variables can be directly controlled by dedicated actuators (i.e., there is a one-to-one mapping
between an actuator and a state variable). Thus, the input matrix I € R"*" where J = {1,...,n} is the
set of all state variables, is a diagonal matrix such that any diagonal entry is non-zero (i.e., I/ (i,4) # 0 where
i ={1,...,n}) if and only if the associated actuator (i.e., u;) is connected to the associated state variable
(i.e., ;). Hence, the minimum set of state variables that need to be connected to dedicated actuators to
ensure structural controllability is denoted by J* C J.

Formally, we seek the solution J* to the following problem: given (&, A) and a time horizon T time steps
min | T
TC{L,em}
st. (@, A,17,7) (P1)

is structurally controllable in T' time steps.

Structural Controllability of Fractional-Order Dynamical Networks

We will start by first providing the graph-theoretical necessary and sufficient conditions to ensure structural
controllability in 7" time steps of fractional-order dynamical networks. With these conditions, we will solve
P, and provide a characterization of all the minimum combinations of state variables that satisfy these
conditions.

Let us start by recalling that the fractional-order dynamical network in can be written as follows [5]:

k+1
[k +1] = Az[k] = Y D(a, j)a[k + 1 — j] + Bulk], (5)

Jj=1
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where

/(/)(ah ]) 0 0
X 0 ¢(042,j) 0
D(a7j) -
0 0
0 0 Y(an, j)
In fact, it admits a compact representation given by
k
alk + 1] = Ajzlk — j] + Bulk], (6)
j=0

where Ag = A— D(e,1) and A; = —D(a, j + 1), for j > 1. Thus, the fractional-order dynamical network
can be re-written in a closed-form as follows:

k—1
x[k] = Grx[0] + Z Gr—1-;Bulj], (7)
j=0
with
I, k=
Gp = (k= 8
T S 4Gk, k>, ®)

Hereafter, the following remark will play a key role.

Remark 2. The matriz Gy, in corresponds to the transition matriz ®(k,0) of the fractional-order dy-
namical network. In particular, Gy is a combination of the powers of Ay and diagonal matrices that depend
on the fractional-order exponents. For example,

2
Gs =Y A;jGy_j = AgGy+ A1G1 + AxGy
7=0
= A3 — AoD(a,2) — D(a,2)Ag — D(a,3). o

To provide necessary and sufficient graph-theoretical conditions, we need to introduce the following ter-
minology. A directed graph (digraph) is described by G = (V, ), where V denotes the set of vertices (or
nodes) and & the (directed) edges between the vertices in the graph. A walk is any sequence of edges where
the last vertex in one edge is the beginning of the next edge. Notice that a walk may include the repetition
of vertices. As such, a path is a walk where vertices are not repeated. If the beginning and ending vertex
of a path is the same, then we obtain a cycle. Additionally, a sub-digraph Gs = (V', ") is described as any
subcollection of vertices V' C V and the edges between them (i.e., & C &). If a subgraph has the property
that there exists a path between any two pairs of vertices in the subgraph, then it is a strongly connected
digraph. The maximal strongly connected subgraph forms a strongly connected component (SCC), and any
digraph can be uniquely decomposed into SCCs that can be seen as nodes in a directed acyclic digraph. A
source SCC' is an SCC that does not possess incoming edges to its vertices from other SCCs.

Now, we introduce the following notion of structural equivalence, which will play a key role in the derivation
of our main results.

Definition 3. (Structural Equivalence) Let M and N be two n x n structural matrices. A structural matriz
M dominates N if N;j = %, then M; ; = x for all i,j € {1,...,n}, which we denote as M > N. Also, if
M > N and N > M, then we say that M is structurally equivalent to N. o

We define a Markov network as a linear time-invariant system given as follows

xz[k + 1] = Az[k],
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where A € R™ ™ may or may not possess self-loops on all the nodes.

We notice that for A;, if j = 0, then we obtain a system dependent on Ay = A — D(c, 1); however, the
linear time-invariant system is only dependent on A, where A may or may not possess self-loops on all the
nodes. When A does not possess self-loops, then we can obtain an advantage in terms of minimal amount
of control resources needed for controlling networks possessing fractional-order dynamics. Now, we provide
the first main result of our paper.

Theorem 2. (Structural equivalence of fractional-order dynamical networks to linear time-invariant dynam-
ical networks) The structural fractional-order dynamical network (&, A) described by its transition matriz G,
mn and 1s structurally equivalent to the structural linear time-invariant dynamical network described
by system matriz Ao, where Ag = A— D(a,1). o

Proof. First recall Remark and notice that if we consider Gy, in , then we obtain a combination of the
powers of Ay and diagonal matrices that depend on the fractional-order exponents. In fact, some of the
powers of Ag might be multiplied on the left or right by these diagonal matrices, which does not change the
structural pattern of the outcome (i.e., DAL or A5 D is structurally equivalent to Af, where D is a diagonal
matrix). Therefore, G} structurally equivalent to fl’g. For a linear time-invariant system having system
matrix Ag, the state transition is described by z[k] = Akz[0] + Zf;
state transition relationship with the state transition relationship in @ and because GJ, in structurally
equivalent to A’g , then the structural fractional-order dynamical network described by G}, is structurally
equivalent to the structural linear time-invariant network described by system matrix Aj. O

SA'S_j‘lBu[j]. By comparing this

Next, we show that the structural matrix Ay has non-zero diagonal generically.

Theorem 3. (Generic non-zero diagonal) The structural matriz Ay has non-zero diagonal generically.

Proof. We have by definition that Ag = A — D(«,1). A non-zero diagonal entry may appear in Ay if there
exists an ¢ € {1,...,n} such that o; = 0 and if the corresponding diagonal entry of A is zero (i.e., a;; = 0).
Another instance occurs if there exists an ¢ € {1,...,n} such that a;; # 0, but a given combination of
parameters due to a; # 0 results in a perfect cancellation of the diagonal entry. These two cases occur with
probability zero (whenever they are uniformly sampled on R or C) by invoking density arguments. Hence,
the matrix Ay has non-zero diagonal entries generically. O

From Theorems [2|and [3] given the structural characterization, we can associate fractional-order dynamical
networks, characterized by (a, A, B), with a system digraph G = G(Ag, B) = (V, &), where V = X UU where
X ={z1,...,x,} and U = {uy,...,u,} are the state and input vertices, respectively. Furthermore, we have
that € = Ex 2+ UEx u, where Ex x = {(zj,2;) : Ao(i, ) # 0} and Ex iy = {(zj,u;) : B(i,j) # 0} are the state
and input edges, respectively. Similarly, we can define the state digraph G(Ay) = (X,Ex x), characterized
by («, A).

Remark 3. We remark that due to the structural equivalence notion introduced in this paper we observe that
the fractional-order exponents play an important role in capturing the memory of the state variables, which
is structurally equivalent to nodal dynamics in a linear time-invariant system. Ultimately, by Theorems[3
and[3, considering fractional-order dynamics leads to a system digraph with self-loops almost always. o

Subsequently, by invoking Theorem [2| we provide the graphical conditions that ensure structural control-
lability of fractional-order dynamical networks.

Theorem 4. (Structural controllability for fractional-order dynamical networks) Given a structural fractional-
order dynamical network (&, A, B,T = n), we say that this network is structurally controllable in T' = n time
steps if and only if at least one state variable in each of the source SCCs of G(Ay) is connected to an incoming

input in the system digraph G(Ag, B). o
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Proof. From Theorems [2| and [3| it follows that we only need to guarantee that the linear time-invariant
network described by (Ag, B) is structurally controllable. Therefore, to attain structural controllability of
(Ao, B), we need to guarantee two conditions on G(Ag, B) [6]: (i) all state variables belong to a disjoint
union of cycles, and (ii) G(Ap, B) has at least one state variable in each of the source SCCs of G(A) that is
connected to an incoming input. Notice that the first condition is fulfilled since all the states have self-loops
generically — see Remark [3] Subsequently, it suffices to guarantee structural controllability of the fractional-
order dynamical network if and only if G(Ag, B) has at least one state variable in each of the source SCCs
of G(Ap) that is connected to an incoming input. O

Minimal Dedicated Actuation to Ensure Structural Controllability of
Fractional-Order Dynamical Networks

With the result in Theorem [4] we readily obtain the following corollary required for ensuring the feasibility
of Pl-

Corollary 1. A fractional-order dynamical network (&, A1, T = n) is structurally controllable if and only

s in

if J contains the index of at least one state variable in each of the source SCCs in G(Ay). o

Proof. The result follows from invoking Theorng[ Therefore, by guaranteeing that at least one state per
source SCC is actuated, we guarantee that G(Ag,[7) is accessible and hence, structurally controllable. [

Consequently, we obtain the solution to P;.

Theorem 5. (Solution to Py) Consider a fractional-order dynamical networks (a, A,IJ, T = n). The
solution to Py is as follows:

T =i, ... 4},

where {i1,...,4;} denotes the set of indices corresponding to the | states xi,,...,x; that each belong to a
different source SCC in G(Ap). o

Proof. First, notice that Corollary [I] establishes the feasibility of the solution to P;. Therefore, to achieve
the minimum feasible set, we select one state variable from each of the different source SCCs in G(Ap) to be

actuated. The minimal number of variables is equal to the number of source SCCs, and hence, the result
follows. 0

Theorem 6. Any network modeled as a fractional-order system as in requires less than or equal to the
number of driven nodes than that of the same network possessing linear time-invariant dynamics.

Proof. Based on the results in Theorem [5|and the results in [7], linear time-invariant networks have one more
additional condition to verify structural controllability than the sole condition required for fractional-order
networks. Therefore, a network possessing linear time-invariant dynamics must have the same or more total
number of driven nodes than the equivalent topological network possessing fractional-order dynamics. [

Finally, we provide the computational-time complexity for solving P;.

Theorem 7. The computational-time complexity of the solution to Py is given as O(n?).

Proof. Based on Theorem [5] the solution to P; depends on finding the source strongly connected com-
ponents. Tarjan’s algorithm finds all the strongly connected components in a directed network with a
computational-time complexity of O(|V| + |€]) [8], where V is the number of vertices and £ is the num-
ber of edges in the network. Hence, by performing another pass of depth-first search, which also has a
computational-time complexity of O(|V| + |€|), then the strongly connected components that do not have
an incoming edge can be identified, which are the source strongly connected components. We notice that
E CV x V. Hence, O(|V| + [€]) = O(]V]?) = O(n?), and the result follows. O
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Minimal Dedicated Actuation to Ensure Structural Controllability of
Fractional-Order Dynamical Networks in a Given Number of Time Steps 7' < n

Next, we will we provide the solution to find the minimum combination of state variables that ensure the
structural controllability of fractional-order dynamical networks with a given number of time steps T' < n,
which is written as follows

min |T]
JCA{1,...,n} (Pg)

st. (@, A,17,T < n) is structurally controllable.

)yt

In the next result, we provide a solution to Ps.

Theorem 8. (Structural controllability for fractional-order dynamical networks with a given horizon T' < n)
A fractional-order dynamical network (a, A, B,T < n), is structurally controllable for a given horizon T < n
if and only if the following two conditions are satisfied:

1. there is at least one state variable in each source SCC in G(Ay) connected to an input, and

2. the length of the longest shortest path from the starting node of any source SCC in G(Ay, B) is less
than or equal to T'.

Proof. The first condition follows directly from Theorem [4 The second condition ensures that the system is
controllable in T' < n time steps since the network can only communicate information as fast as the longest
shortest path from the input to the last node in the network. O

While Theorem |8 does provide an exact solution to Ps, this solution is NP-hard. We prove this claim in
the next result.

Theorem 9. Problem Py is NP-hard.

Proof. We need to show that there exists a polynomial reduction from a problem known to be NP-hard to our
problem. The known NP-hard problem that we consider is the graph partitioning problem [9], which aims to
determine the minimum decomposition of G = (V, £) into p connected directed subgraphs G; = (V;, &;), with
i€ {1,...,p} such that [V;| < T, V;NV; =0 for i # j and J/_, V; = V. If we partition the network G(4y)
into p subgraphs such that each subgraph has |V;| < T, then we can ensure that the longest shortest path
from the starting node of any source SCC in each subgraph is less than or equal to T' because each subgraph
has at most T nodes, which satisfies condition 2 in Theorem [§] Furthermore, the source SCCs can be found
in polynomial time [I0], which satisfies condition 1 of Theorem [8} Together, this method provides a solution
to P5. Hence, our problem is at least as difficult as the graph partitioning problem, which is known to be
NP-hard, so P, is NP-hard. O

Since P5 cannot be solved exactly, we propose an approximated solution to Ps, which is employed in our
simulations and shown in Algorithm [I} Briefly, Algorithm [1| takes a fractional-order dynamical network and
a given number of time steps 7' < n and finds the minimum set of state variables J to ensure structural
controllability. First, the algorithm computes the digraph from the fractional-order dynamical network.
Next, the software package METIS [9] is used to partition the graph into [%] subgraphs of roughly equal
size T'. Finally, all of the source SCCs are found in each subgraph, and a single node from each source SCC

is added to the set J.

Next, we provide an lower-bound on the optimal solution to Ps.
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Algorithm 1: Find the minimum set of state variables J to ensure structural controllability of
fractional-order dynamical networks for a given time horizon 7' < n

Input: Fractional-Order Dynamical Network (&, A,T) and network size n

Output: The set of state variables denoted by J C {1,...,n}

Initialization: Compute G(Ap) from the fractional-order dynamical network (&, A, T') and network size n

Step 1: Using METIS [9], partition the digraph G(Ao) into [%W partitions denoted by G; = (V;, &;), where
each partition is roughly equal sized, i.e. |[V;| < T.

Step 2: Find all the source SCCs S; ; in each partition G;, where j is the index of all the source SCCs in
subgraph G;

Step 3: Add one state from each source SCC S;,; to the set J.

Theorem 10. The minimum number of driven nodes d required to solve Po for a given time horizon T is

given by the following inequality:
n

d> {ﬂ 9)

Proof. When partitioning the graph into subgraphs, we ensure each subgraph has |V;| < T. Therefore, there
are a maximum of [7%| subgraphs. Each subgraph can have a minimum of only one source SCC, so the

lower-bound on the number of driven nodes is equal to the number of subgraphs, i.e., [Z]. O

Finally, we present the computational-time complexity of Algorithm

Theorem 11. The computational-time complexity of Algorithm is given as O(n?log(n)).

Proof. The complexity of this sequential algorithm is determined by the step that has the maximum
computational-time complexity. The initialization step has a complexity of O(n?) since we construct the
network from its adjacency matrix Ag. Step 1 has a computational time-complexity of O(n?log(n)) [11].
Step 2 has a computational-time complexity of O(n?) [8]. Step 3 has a computational-time complexity of
O(n) since we select a single node out of all the nodes in a source SCC, which could be possibly n nodes.
Hence, Step 1 has the largest computational-time complexity, so this dictates the overall complexity of the
algorithm, and the result follows. O

2 Extra Experiments

We investigate the relationship between the average degree and the average difference in the required number
of driven nodes for the three random networks. The results are shown in Figure [} With the exception of
the Watt-Strogatz networks, which have the same degree for each of the generated networks, the average
difference in the required number of driven nodes stays relatively similar as the average degree of the network
increases.

We examine the rat brain network since this gave the highest difference in required number of driven
nodes. In particular, we examine the degree distribution and clustering coefficient distribution for the rat
brain network to gain insight as to why this network gives such a significant improvement in the required
number of driven nodes when considering the fractional-order dynamical network model — see Figure
(b) and (c). We notice that the rat brain network has wide range of degrees and a fairly high clustering
coefficient. We conjecture that these properties play a role in achieving a high difference in driven nodes.

Using the progressive ChungLu method developed in [12], we generate 100 networks that are on average
similar in degree distribution to the rat brain network. From the results in Figure [2| (a), we see that the
mean and standard deviation of the difference in driven nodes for the generated networks drastically differ
the results for the original rat brain network. As a way to understand why we see this drastic difference in
results, we performed the Spearman Rank Test (Chapter 8.5, [I3]), which tests whether any two real-valued
vectors of equal length are independent. In particular, the null hypothesis states that the two vectors are
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Figure 1: For networks of sizes 250, 500, and 1000 nodes, respectively, Figures (a), (b), and (¢) show
the average difference in the required number of driven nodes (nr) for networks of varying average degree
distributions versus the time-to-control (%) for 100 realizations of Erdés—Rényi networks. For networks of
sizes 250, 500, and 1000 nodes, respectively, Figures (d), (e), and (f) show the average difference in the
required number of driven nodes (nr) for networks of varying average degree distributions versus the time-
to-control (%) for 100 realizations of Barabédsi—Albert networks. For networks of sizes 250, 500, and 1000
nodes, respectively, Figures (g), (h), and (i) show the average degree of networks versus the required number
of driven nodes (nr) across the time-to-control (%) for 100 realizations of Watts-Strogatz networks. In the
case of the Watts-Strogatz networks, we notice that the average degree is the same for all of the networks.

indeed independent. Hence, if the p-value is large, then the null hypothesis is accepted, whereas if the
p-value is small, then the null hypothesis is rejected. For each of the 100 generated networks, we compare
the distribution of the in-degree, out-degree, and total degree for the generated network with those for the
rat brain network.
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Figure 2: (a) shows the mean and standard deviation of the difference in driven nodes versus time-to-control
for 100 networks generated from the rat brain network following the progressive Chung Lu method [12]. (b)
shows the degree distribution for the original rat brain network. (c) shows the clustering coefficient for the
original rat brain network.

First, we provide the results of the Spearman Rank Test when considering the in-degree distribution. With
99% confidence, only 55% of the generated networks have vertex in-degree distributions that are independent
of the vertex in-degree distribution for the rat brain network. With 95% confidence, 80% of the generated
networks have vertex in-degree distributions that are independent of the vertex in-degree distribution for the
rat brain network. With 90% confidence, 87% of the generated networks have vertex in-degree distributions
that are independent of the vertex in-degree distribution for the rat brain network. Therefore, we can say
with high confidence that most of the generated networks have in-degree distributions that are independent
from the in-degree distribution of the rat brain network. This may provide an explanation as to why the
difference in the number of driven nodes needed for the generated networks differs drastically from difference
in the required number of driven nodes for the rat brain network.

Next, we provide the results of the Spearman Rank Test when considering the out-degree distribution.
With 99% confidence, only 26% of the generated networks have vertex out-degree distributions that are
independent of the vertex out-degree distribution for the rat brain network. With 95% confidence, 52% of
the generated networks have vertex out-degree distributions that are independent of the vertex out-degree
distribution for the rat brain network. With 90% confidence, 63% of the generated networks have vertex
out-degree distributions that are independent of the vertex out-degree distribution for the rat brain network.
Surprisingly, we can say with high confidence that very few of the generated networks have out-degree
distributions that are independent from the out-degree distribution of the rat brain network.

Finally, we provide the results of the Spearman Rank Test when considering the total degree distribution.
With 99% confidence, 70% of the generated networks have total degree distributions that are independent of
the total degree distribution for the rat brain network. With 95% confidence, 94% of the generated networks
have total degree distributions that are independent of the total degree distribution for the rat brain network.
With 90% confidence, 94% of the generated networks have total degree distributions that are independent
of the total degree distribution for the rat brain network. Therefore, we can say with high confidence that
more than 70% of the generated networks have total degree distributions that are independent from the total
degree distribution of the rat brain network. This provides evidence to support that the difference in the
number of driven nodes needed for the generated networks would differ drastically from the difference in the
required number of driven nodes for the rat brain network.
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