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Supplementary Notes 

Two different reports on the magnetic ordering wave vector of Co1/3TaS2: qm = (1/2, 0, 0) and 
(1/3, 1/3, 0). As described in the main text, a previous neutron diffraction study1 reported an ordering 
wave vector qm = ±(1/3, 1/3, 0)  in Co1/3TaS2. However, as clearly shown in Fig. 2, the magnetic 
Bragg peaks of our Co1/3TaS2 samples appear at the M points (qm = (1/2, 0, 0) and symmetry related 
vectors) of the Brillouin zone instead of the K points qm = ±(1/3, 1/3, 0). A natural explanation would 
be that the sample used in Ref.1 May exhibit substantial variations from the one utilized in our work 
with regard to sample quality and the presence of Co disorder”. In this note, we offer a thorough 
analysis, leading to the conclusion that our observation of qm = (1/2, 0, 0) and the occurrence of 
spontaneous Hall conductivity can be attributed to the nearly ideal stoichiometry of Co1/3TaS2, 
suggesting that these phenomena are intrinsic to the material. 

It is reasonable to consider that varying cobalt compositions could be the primary source of the 
divergent results. Through an exhaustive investigation of composition dependence, we confirmed that 
the key bulk properties presented in our manuscript – ordering wave vector qm = (1/2, 0, 0), two 
successive phase transitions, large spontaneous Hall conductivity, and weak ferromagnetic moment – 
remain intact for CoxTaS2

 with 0.299(4) < x < 0.325(4). In other words, they can be found in the sample 
with Co compositions around the stoichiometric limit x = 1/3, but also remain qualitatively the same 
across a wide Co vacancy concentration of 2.5% ~ 10 %. This indicates that the observed properties 
are intrinsic phenomena rather than a consequence of Co vacancy effects. Some of these results are 
already demonstrated in our previous study2 which reported a large spontaneous Hall conductivity in 
Co1/3TaS2 for the first time (see its Supplementary Materials of that work). Also, as seen in Fig. 2f of 
Ref. 2, Co1/3TaS2 with slightly different Co compositions show nearly the same magnitude of 
anomalous Hall conductivity (σxy(H = 0)) independently of the longitudinal conductivity (σxx), 
indicating its intrinsic origin and small correlation with Co composition.  

Meanwhile, the estimated Co composition of Ref. 1 ’s sample can be found in Ref. 3: x ~ 0.29. 
While the accuracy of this value remains uncertain, it is important to note that it falls outside the range 
we explored (0.299(4) < x < 0.325(4)). Furthermore, this composition deviates significantly from the 
ideal stoichiometry of x = 1/3. Therefore, it may be necessary to explore a broader range of cobalt 
compositions, particularly those more distant from x = 1/3, in order to detect qm = (1/3, 1/3, 0). 

 

Except for the composition x = 0.29, there is no further published information about the structural 
characterization of Ref. 1 ’s sample, such as X-ray or neutron (nuclear) diffraction profile. Hence, we 
were unable to conduct a more extensive comparison beyond composition. Instead, we provide a 
detailed account of our assessment protocol for Co disorder in our samples, including the selection of 
the least disordered sample. This additional information complements the methodology already 
outlined in the Methods section. 

Given the inherent uncertainties associated with vacancy analysis and the possibility of 
disorder in the XRD/Raman profiles, we have determined that evaluating sample quality through 
magnetometry measurements of the transition temperature (TN2) offers greater sensitivity and accuracy. 
This observation stems from our discovery that TN2 progressively decreases with a reduction in x, and 
it would exhibit variations when factors such as Co disorder, aside from vacancies, are introduced. 
Unless the departure from ideal stoichiometry is substantial, TN2 has been consistently measured at 



3 

 

26.5 K, marking the highest value we have encountered across approximately 40 batches of single-
crystal Co1/3TaS2 synthesis in our extensive experience. All measurements detailed in this manuscript 
were exclusively conducted using powder and single-crystal Co1/3TaS2 samples, all of which exhibited 
a TN2 of 26.5 K. It is worth noting, however, that samples with slightly lower TN2 values display 
qualitatively similar bulk properties. 

 

Magnetic orderings compatible with neutron diffraction and transport data on Co1/3TaS2. In this 
section, we explain how the combined transport (non-zero 𝜎𝜎𝑥𝑥𝑥𝑥(H = 0)) and neutron diffraction data 
lead us to conclude that the low-temperature phase below TN2 = 26.5 K is a non-coplanar triple-Q 
ordering, or “tetrahedral ordering” in real space (note that the tetrahedron spanned by the spins of four 
magnetic sublattices does not need to be equilateral; see the next Note). These arguments only hold 
when the magnetic ordering wave vectors correspond to the M points (half of reciprocal lattice vectors) 
of the first Brillouin zone: 𝐪𝐪m1  = (1/2, 0, 0), 𝐪𝐪m2  = (-1/2, 1/2, 0), and 𝐪𝐪m3  = (0, -1/2, 0) in reciprocal 
lattice units. 

As already described in the main text, a single-Q ordering contradicts the measured non-zero 
𝜎𝜎𝑥𝑥𝑥𝑥(H = 0) and non-zero Mz(H = 0) due to its invariance under time reversal symmetry combined with 
lattice translation (≡ τ1𝑎𝑎𝑇𝑇, see Fig. 2g or 2h). A double-Q ordering generally does not possess this 
symmetry. However, it still possesses other residual symmetries that preclude a finite 𝜎𝜎𝑥𝑥𝑥𝑥(H = 0)4. 
Therefore, triple-Q ordering is the only scenario compatible with non-zero 𝜎𝜎𝑥𝑥𝑥𝑥(H = 0) and non-zero 
Mz(H = 0). The triple-Q ordering  can be further divided into three different cases: collinear, co-planar 
(but non-collinear), and non-coplanar. Each possibility can be distinguished by analyzing the neutron 
diffraction data.  

The most general magnetic ordering that has diffraction peaks at the M-points 𝐪𝐪m1  = (1/2, 0, 0), 
𝐪𝐪m2  = (-1/2, 1/2, 0), and 𝐪𝐪m3  = (0, -1/2, 0) is  

 

𝐌𝐌(𝐫𝐫𝑖𝑖) = ∑ 𝚫𝚫𝜈𝜈 cos(𝐪𝐪m𝜈𝜈 ∙ 𝐫𝐫𝑖𝑖)3
𝜈𝜈=1 .                                                         (1) 

 

where i is a site index. The vector Fourier components 𝚫𝚫𝜈𝜈  can be restricted by the refinement of 
neutron diffraction data. When using the group representation analysis based on the P6322 space group 
and 𝐪𝐪m𝜈𝜈 , 𝚫𝚫𝜈𝜈 directly corresponds to the basis vectors of possible irreducible representations. Hereafter, 
𝐕𝐕𝑗𝑗𝑗𝑗𝜈𝜈  denotes the kth basis vector of the Γ𝑗𝑗 irreducible representation with respect to 𝐪𝐪m𝜈𝜈 . Note that 𝐕𝐕𝑖𝑖𝑖𝑖𝜈𝜈  
with the same i and j but different 𝜈𝜈 (= 1, 2, 3) are related by the three-fold rotation with respect to the 
c-axis (C3z). Supplementary Table 3 shows the basis vectors 𝐕𝐕𝑗𝑗𝑗𝑗1  as an example, and some of them with 
𝚫𝚫2 = 𝚫𝚫3 = 0 (i.e., single-Q) are illustrated in Supplementary Figs. 7a–c. 

For Co1/3TaS2, the basis vectors different from  𝐕𝐕22𝜈𝜈  (𝛤𝛤2 irreducible representation) and 𝐕𝐕41𝜈𝜈  (𝛤𝛤4 
irreducible representation) in Supplementary Table 3 can be excluded because they lead to a strong 
disagreement with our diffraction data in Fig. 2. For example, they yield a high intensity at [0.5, 0.5, 
1] (r.l.u.) or its symmetry-equivalent positions, while our data shows zero intensity at [0.5, 0.5, 1] and 
its symmetry-equivalent positions within the measurement error (Fig. 2d). The cases 𝚫𝚫1 = 𝐕𝐕221  and 
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𝚫𝚫1 = 𝐕𝐕411 are illustrated in Supplementary Figs. 7a and 7c, respectively. Among these two remaining 
options, only the 𝐕𝐕22𝜈𝜈   (𝐕𝐕41𝜈𝜈 ) component can generate finite intensity at (0, 0.5, 0) ([0.5, 0, 3]) or its 
symmetry-equivalent M points. In our data, both peaks are present at T < TN2 (see Fig. 2d and 
Supplementary Fig. 6). Therefore, the magnetic structure of Co1/3TaS2 for T < TN2 should be expressed 
as a linear combination of 𝐕𝐕22𝜈𝜈  and 𝐕𝐕41𝜈𝜈 , (e.g., 𝚫𝚫1  =  𝛼𝛼𝐕𝐕221   + 𝛽𝛽𝐕𝐕411 ), which is illustrated in 
Supplementary Fig. 7b. Indeed, this Fourier component (with 𝛽𝛽/α = √2) gives a nice agreement with 
our powder neutron diffraction profile covering all observable magnetic reflections (Fig. 2a). 
Meanwhile, the magnetic structure for TN2 < T < TN1 only consists of 𝐕𝐕22𝜈𝜈  since only (0, 0.5, 0) has a 
finite intensity in that temperature range.   

As mentioned above, single-Q and double-Q orderings are incompatible with the finite 
spontaneous Hall conductivity found at T < TN2. A triple-Q ordering that yields the same powder 
neutron diffraction profile as that of the above-mentioned single-Q ordering (𝚫𝚫1  =  𝛼𝛼𝐕𝐕221   + 𝛽𝛽𝐕𝐕411 ) is: 

 

𝐌𝐌(𝐫𝐫𝑖𝑖) = ∑ (𝛼𝛼𝐕𝐕22𝜈𝜈   +  𝛽𝛽𝐕𝐕41𝜈𝜈 ) cos(𝐪𝐪m𝜈𝜈 ∙ 𝐫𝐫𝑖𝑖)3
𝜈𝜈=1 .                                             (2) 

 

This is because the same powder neutron diffraction profile can be explained by a superposition of  
three single-Q orderings with basis vectors of the same class but from different 𝐪𝐪m𝜈𝜈 , i.e., 
𝐌𝐌1(𝐫𝐫𝑖𝑖) = 𝐕𝐕𝑗𝑗𝑗𝑗1 cos(𝐪𝐪m1 ∙ 𝐫𝐫𝑖𝑖), 𝐌𝐌2(𝐫𝐫𝑖𝑖) = 𝐕𝐕𝑗𝑗𝑗𝑗2 cos(𝐪𝐪m2 ∙ 𝐫𝐫𝑖𝑖), and 𝐌𝐌3(𝐫𝐫𝑖𝑖) = 𝐕𝐕𝑗𝑗𝑗𝑗3 cos(𝐪𝐪m3 ∙ 𝐫𝐫𝑖𝑖), where j and k 
are the same for all three orderings. Figs. 7d–f show the triple-Q counterparts of Figs. 7a–c giving the 
same powder diffraction pattern, where each case consists of  𝚫𝚫𝜈𝜈  =  𝐕𝐕22𝜈𝜈 , 𝚫𝚫𝜈𝜈  =  𝛼𝛼𝐕𝐕22𝜈𝜈   + 
𝛽𝛽𝐕𝐕41𝜈𝜈  (𝛽𝛽/𝛼𝛼 = √2), and 𝚫𝚫𝜈𝜈  =  𝐕𝐕41𝜈𝜈 .  This demonstrates that 𝐕𝐕22𝜈𝜈   and 𝐕𝐕41𝜈𝜈   generate an out-of-plane 
collinear and in-plane co-planar triple-Q ordering, respectively. The case of 𝚫𝚫𝜈𝜈  =  𝛼𝛼𝐕𝐕22𝜈𝜈  + 𝛽𝛽𝐕𝐕41𝜈𝜈   
(𝛽𝛽/𝛼𝛼 = √2), which is the case of Co1/3TaS2 according to its neutron diffraction data, is non-coplanar 
(see Supplementary Fig. 7e). Note that the three vectors 𝚫𝚫𝜈𝜈  =  𝛼𝛼𝐕𝐕22𝜈𝜈  + 𝛽𝛽𝐕𝐕41𝜈𝜈   (𝛽𝛽/𝛼𝛼 = √2) with 𝜈𝜈 = 1, 
2, 3 are orthogonal to each other (that is, 𝚫𝚫𝜈𝜈 ⊥ 𝚫𝚫𝜈𝜈′ for 𝜈𝜈 ≠ 𝜈𝜈′), while the sets 𝚫𝚫𝜈𝜈  =  𝐕𝐕41𝜈𝜈  and 𝚫𝚫𝜈𝜈  =
 𝐕𝐕22𝜈𝜈  are not; see Supplementary Figs 7g–i. Therefore, the non-coplanar triple-Q structure is the only 
magnetic ordering compatible with our neutron diffraction data and with non-zero 𝜎𝜎𝑥𝑥𝑥𝑥(H = 0) at T < 
TN2. We note that a partially-ordered triple-Q structure, where one of the four magnetic sublattices is 
disordered, can be excluded because it is co-planar (e.g., see Supplementary Fig. 7f); if it is non-
coplanar, the net magnetization is always non-zero, and therefore, the structure is no longer 
antiferromagnetic. 

 

Equilateral and non-equilateral tetrahedral triple-Q orderings. After concluding that only a non-
coplanar triple-Q ordering is compatible with our experimental data at T < TN2, we discuss two types 
of non-coplanar triple-Q structures that can be compatible with our experimental data: equilateral and 
non-equilateral tetrahedral orderings.  

The magnetic moment of the equilateral tetrahedral triple-Q state – the most symmetric non-
coplanar triple-Q structure – corresponds to 𝚫𝚫𝜈𝜈 ⊥ 𝚫𝚫𝜈𝜈′ for 𝜈𝜈 ≠ 𝜈𝜈′ and |𝚫𝚫𝜈𝜈 | = |𝚫𝚫𝜈𝜈′|: 
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𝐌𝐌𝑖𝑖
tetr = �𝚫𝚫𝜈𝜈 cos(𝐪𝐪m𝜈𝜈 ∙ 𝐫𝐫𝑖𝑖)

3

𝜈𝜈=1

.                                                       (3) 

 

The triple-Q state described by 𝐌𝐌𝑖𝑖
tetr yields precisely the same neutron diffraction pattern as that from 

the combination of three single-Q states 𝐌𝐌𝜈𝜈(𝐫𝐫𝑖𝑖) (𝜈𝜈 = 1, 2, 3). The conditions 𝚫𝚫𝜈𝜈 ⊥ 𝚫𝚫𝜈𝜈′ for 𝜈𝜈 ≠ 𝜈𝜈′ and 
|𝚫𝚫𝜈𝜈| = |𝚫𝚫𝜈𝜈′| guarantee that 𝐌𝐌𝑖𝑖

tetr
 consists of a four sublattice structure, whose magnetic moments 

point along principal directions of a regular tetrahedron (Fig. 1a). While the tetrahedron can be freely 
rotated for the ground state of an isotropic model, it is helpful to consider the simple example  𝚫𝚫1 = 𝑥𝑥�, 
𝚫𝚫2 = 𝑦𝑦�, and 𝚫𝚫3 = 𝑧̂𝑧 (see Fig. 1a in Ref. 5). In the case of Co1/3TaS2, the Rietveld refinement gives 
 𝚫𝚫1  =  𝛼𝛼𝐕𝐕221   +  𝛽𝛽𝐕𝐕411 ), , and 𝚫𝚫2,3  is subsequently derived based on the same basis vectors: 𝚫𝚫𝜈𝜈  =
 𝛼𝛼𝐕𝐕22𝜈𝜈   +  𝛽𝛽𝐕𝐕41𝜈𝜈 . Or, equivalently, 𝚫𝚫2 (𝚫𝚫3) can be obtained by rotating 𝚫𝚫1 by 120° (240°) about the c-
axis. In this case, the orthogonality condition is met only with the unique value of 𝛽𝛽/α = √2, as 
demonstrated in Supplementary Fig. 8.  

However, the magnitude of three Fourier components does not have to be the same in general 
(|𝚫𝚫𝜈𝜈 | ≠ |𝚫𝚫𝜈𝜈′|). If not equal, the tetrahedron characterizing the four principal directions is no longer 
equilateral (i.e. a non-equilateral tetrahedral triple-Q ordering). In the case of Co1/3TaS2 (i.e. 𝛽𝛽/α =
√2) , this distortion breaks the C3z rotation symmetry in the equilateral case. In principle, this 
possibility can be examined by comparing the intensities of the three magnetic Bragg peaks at 𝐪𝐪m1  = 
(1/2, 0, L), 𝐪𝐪m2  = (-1/2, 1/2, L), and 𝐪𝐪m3  = (0, -1/2, L) in a single-crystal neutron diffraction 
measurement. Since they are also connected by the C3z symmetry, the equal (unequal) intensity of 
these three peaks directly corresponds to the equal (unequal) 𝚫𝚫𝜈𝜈. 

Our experimental results (Fig. 2c and 4e) indicate that the intensities of these three Bragg peaks 
are identical within the measurement error, even under a magnetic field. Also, our simple 
phenomenological spin model (see the next note below), which reproduces the qualitative features of 
the measured INS data, predicts the equilateral tetrahedral ground state.  This leads us to consider the 
equilateral tetrahedral ordering as the primary candidate to explain the observed phenomenology 
(anomalous transport and neutron diffraction). Nevertheless, the non-equilateral tetrahedral ordering 
cannot be excluded since the intensity of the three peaks can be identical due to the formation of three 
equally populated magnetic domains. For example, a combination of  𝑐𝑐|𝚫𝚫1| = |𝚫𝚫2| = |𝚫𝚫3|, |𝚫𝚫1| =
𝑐𝑐|𝚫𝚫2| = |𝚫𝚫3|, and |𝚫𝚫1| = |𝚫𝚫2| = 𝑐𝑐|𝚫𝚫3| (c is an arbitrary coefficient within 0 < c < 1), can give the 
same intensity. 

 

Minimal phenomenological model Hamiltonian of Co1/3TaS2 and its phase diagram. In this 
section, we describe a minimal phenomenological model Hamiltonian that can capture the 
characteristic magnetic properties of Co1/3TaS2. This model can be used to describe the long-
wavelength limit (a low energy excitation spectrum) of the problem under consideration because the 
corresponding non-linear sigma model has enough free parameters to control the shape and velocity 
of the Goldstone modes, as well as the gap of the accidental quadratic gapless mode. The Hamiltonian 
includes competing Heisenberg interactions, such that the Fourier transform of their sum, 𝐽𝐽(𝐤𝐤), has 
global minima at the M-points. A small bi-quadratic interaction between nearest neighbor (NN) spins 
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on the same layer is also added to split the continuous degeneracy between different multi-Q orderings 
and stabilize the tetrahedral triple-Q state:  

 

𝐻𝐻 = �𝐽𝐽𝑚𝑚 𝐒𝐒𝑖𝑖 ∙ 𝐒𝐒𝑗𝑗𝑚𝑚
𝑖𝑖,𝑗𝑗𝑚𝑚

  + �𝐽𝐽𝑐𝑐 𝐒𝐒𝑖𝑖 ∙ 𝐒𝐒𝑗𝑗𝑐𝑐
𝑖𝑖,𝑗𝑗𝑐𝑐

  +  �𝐾𝐾bq(𝐒𝐒𝑖𝑖 ∙ 𝐒𝐒𝑗𝑗1)2
𝑖𝑖,𝑗𝑗1

.                              (4) 

 

The exchange interactions Jm connect mth intralayer NN sites. In our minimal model, we only consider 
two competing exchange interactions J1 and J2. The strength of inter-layer NN interaction 𝐽𝐽𝑐𝑐 controls 
the spin velocity along the direction perpendicular to the layers. Finally, the strength of the biquadratic 
interaction controls the energy gap of the quadratic gapless mode of the pure Heisenberg Hamiltonian, 
which arises from the above-mentioned continuous degeneracy between different multi-Q orderings  
present in any pure classical Heisenberg model when 𝐽𝐽(𝐤𝐤) has global minima at the M-points: any 
classical state 𝐌𝐌𝑖𝑖 = ∑ 𝚫𝚫𝜈𝜈 cos(𝐪𝐪m𝜈𝜈 ∙ 𝐫𝐫𝑖𝑖)3

𝜈𝜈=1  with 𝚫𝚫𝜈𝜈 ⊥ 𝚫𝚫𝜈𝜈′ for 𝜈𝜈 ≠ 𝜈𝜈′ and ∑ |𝚫𝚫𝜈𝜈|23
𝜈𝜈=1 = 𝑆𝑆2 is a ground 

state.  

 A simple energy minimization via simulated annealing (see Methods) shows that the phase 
diagram of this model includes three common AFM orderings of the TLAF: stripe, 120 ° , and 
tetrahedral ground states (see left panel of Supplementary Fig. 8b). In addition to antiferromagnetic 
(AFM) J1, AFM J2 leads to a ground state with the ordering wave vector  𝐪𝐪m = (1/2, 0, 0) or its 
symmetry-related vectors. This 𝐪𝐪m is what we observed in Co1/3TaS2, and the negative Curie-Weiss 
temperature (~ -100 K) of Co1/3TaS2 is consistent with AFM J1 and AFM J2 2. As we already mentioned,  
the stripe and tetrahedral orderings are degenerate for Kbq = 0  (Supplementary Fig. 8c). However, our 
analysis based on simulated annealing always yields a stripe ground state for Kbq = 0 due a thermally 
induced order-by-disorder mechanism that favors collinear orderings6,7 (see Supplementary Fig. 8b). 
A positive Kbq penalizes the collinear stripe ordering and stabilizes the tetrahedral triple-Q ordering 
(Supplementary Fig. 8b-c).   

 In addition, as mentioned in the main text, Co1/3TaS2 has a sizable AFM interlayer coupling. A 
simple LSWT fitting of our INS data in Fig. 3d leads to JcS2 ~ 2.95 meV. The effect of adding Jc on 
the magnetic phase diagram is demonstrated in the right panel of Supplementary Fig. 8b. Interestingly, 
Jc destabilizes the 120° order and induces multi-Q phases for very small or very large J2/J1. However, 
the energy landscape between the stripe and tetrahedral orderings remains the same as in the two-
dimensional model (Jc = 0). Therefore, a sizable Jc does not modify the competition between the stripe 
and tetrahedral orderings. To better understand this competition, we investigated a finite-temperature 
phase diagram using classical Monte Carlo (MC) simulations (see Materials and Methods). 
Supplementary Fig. 8d and Supplementary Fig. 8e show the staggered magnetization and scalar spin 
chirality obtained from our simulations, which are order parameters for the stripe and tetrahedral state, 
respectively. Interestingly, for small Kbq ( < 0.05 J1), the spin system undergoes two phase transitions: 
from a paramagnet to the stripe ordering (orange arrows) and from the stripe to the tetrahedral ordering 
(red arrows). This transition can be attributed to stabilization of collinear ordering by thermal 
fluctuations. Therefore, the stripe order appears at high temperatures with enough entropy gain to 
overcome the energy cost of a small positive Kbq. We note that this result is consistent with our 
experimental observation in Co1/3TaS2. 
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We calculated its spin-wave spectra (see Materials and Methods) and compared them with our 
experimental INS data to further test our simple phenomenological model. The measured magnon 
spectra at 5 K (Figs. S10a and S10d) indicate a nearly isotropic velocity of the linear magnon mode 
along the in-plane momentum directions. Figs. S10(B) and S10(E) illustrate the calculated spin-wave 
spectra of the tetrahedral ordering with four different J2/J1: 0.05, 0.15, 0.25, and 0.35. Notably, a nearly 
isotropic magnon velocity similar to our data is found over a wide range of J2/J1. 

On the other hand, the calculated spectra based on the stripe ordering show anisotropic in-plane 
dispersion of the linear mode (Supplementary Fig. 10c and 10f), which is especially apparent from the 
spectra along the K-M1-B line. While this anisotropy could, in principle, be eliminated by fine-tuning 
multiple exchange parameters, it is expected to be present in the general case. To understand its origin, 
it is convenient to consider the long wavelength limit (|𝐪𝐪| ≪ 1) of the pure 2D Heisenberg model. The 
dispersion of the two Goldstone modes (centered at the 𝚪𝚪 and 𝐐𝐐𝜈𝜈  points) for the single-𝐐𝐐𝜈𝜈 phase is 
given by: 

𝐸𝐸G
stripe(𝐪𝐪) = �𝑣𝑣12𝑞𝑞12 + 𝑣𝑣22𝑞𝑞22,                                                      (5) 

 

where 𝐪𝐪 = 𝑞𝑞1 𝐞𝐞1 + 𝑞𝑞2 𝐞𝐞2 , with 𝐞𝐞1 ∥  𝐐𝐐𝜈𝜈  and 𝐞𝐞2  ⊥ 𝐐𝐐𝜈𝜈 , 𝐽𝐽(𝐐𝐐𝜈𝜈 + 𝐪𝐪) = 𝐽𝐽(𝐐𝐐𝜈𝜈) + 𝑎𝑎 𝑞𝑞12 + 𝑏𝑏 𝑞𝑞22 , 𝑣𝑣1 =
2𝑆𝑆�𝑎𝑎[𝐽𝐽(𝟎𝟎) − 𝐽𝐽(𝐐𝐐𝜈𝜈)] and 𝑣𝑣2 = 2𝑆𝑆�𝑏𝑏[𝐽𝐽(𝟎𝟎) − 𝐽𝐽(𝐐𝐐𝜈𝜈)]. It is then clear that 𝑣𝑣1 ≠ 𝑣𝑣2 for the generic case 
(i.e., without fine tuning) and that the ratio 𝑣𝑣1/𝑣𝑣2 can vary between 0 and infinity for the stripe order. 
The accidental quadratic gapless modes, centered at the remaining M-points  
𝒌𝒌 = 𝑸𝑸ν′ + 𝛿𝛿𝒌𝒌 with 𝜈𝜈′ ≠  𝜈𝜈, are also anisotropic in general. For instance, for  𝜈𝜈 = 3 we have: 

𝐸𝐸quad
stripe(𝛿𝛿𝐤𝐤) = 2𝑆𝑆��𝐽𝐽�𝑸𝑸1 + 𝛿𝛿𝒌𝒌� − 𝐽𝐽�𝑸𝑸3���𝐽𝐽�𝐐𝐐2 + 𝛿𝛿𝒌𝒌� − 𝐽𝐽�𝐐𝐐3�� 

 

On the other hand, the three Goldstone modes of the tetrahedral ordering centered at the three M-points  
𝐐𝐐𝜈𝜈 are also generically anisotropic: 

𝐸𝐸Gtetr(𝐪𝐪) = �𝑣𝑣1
2𝑞𝑞1

2 + 𝑣𝑣2
2𝑘𝑘2

2,                                                         (6) 

with  

𝑣𝑣1 = 𝑆𝑆�2/3�𝐽𝐽(𝟎𝟎) − 𝐽𝐽(𝐐𝐐ν)�(3𝑎𝑎 + 𝑏𝑏),

𝑣𝑣2 = 𝑆𝑆�2/3�𝐽𝐽(𝟎𝟎) − 𝐽𝐽(𝐐𝐐ν)�(𝑎𝑎 + 3𝑏𝑏).
,                                                (7) 

However, in this case, the ratio 𝑣𝑣𝑥𝑥/𝑣𝑣𝑦𝑦 = �(3𝑎𝑎 + 𝑏𝑏)/(𝑎𝑎 + 3𝑏𝑏) is bounded by �1/3  ≤ 𝑣𝑣𝑥𝑥/𝑣𝑣𝑦𝑦  ≤ √3, 
implying the anisotropy cannot be bigger than ≈ 70%. The accidental gapless quadratic mode of the 
tetrahedral phase is centered at the Γ-point and its 2D dispersion is isotropic: 
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𝐸𝐸quad𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (𝐤𝐤) =
𝑆𝑆
2
�(𝑎𝑎 + 3𝑏𝑏)(3𝑎𝑎 + 𝑏𝑏)�𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦

2�,                                          (8) 

for |𝐤𝐤| ≪ 1. 

Another apparent discrepancy between the data and the magnon spectra of the stripe order is 
the intensity of the accidental quadratic magnon mode relative to the Goldstone modes at the same 
energy. The disagreement between the data and the calculation for the minimal 3D model of Eq. (4) is 
highlighted as orange dashed boxes in Supplementary Fig. 10.  

 

We finally discuss the limitations of our minimal phenomenological model. As the RKKY interaction 
is a primary source of magnetic interactions in Co1/3TaS2, longer-range interactions  𝐽𝐽𝑚𝑚 with m > 2 can 
be significant. Also, an effective spin model derived from a Kondo Lattice model should include all 
the symmetry-allowed 4-spin interactions8. In addition, renormalization effects from higher-order 1/S 
corrections are not included in our fit, implying that the value of  𝐾𝐾bq extracted from the spin wave 
spectra and thermodynamic phase diagram is lower than the actual value9. Based on the correction 
introduced in Ref. 9, the underestimation factor for S = 3/2 is (1 – 1/S + 1/(4S2)) = 4/9, which leads to 
Kbq ~ 0.045 J1 after the correction.  
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Symmetry-allowed single-ion anisotropy terms and the gapped linear magnon mode. While the 
phenomenological model given by Eq. (4) provides a consistent picture for our measurements of 
Co1/3TaS2, it cannot explain the measured energy gap of the Goldstone modes because of the absence 
of spin anisotropy (Supplementary Fig. 11a). Anisotropic terms are also required to explain the 
stabilization of the refined spin configuration (Fig. 2i), in which one of the four spins ( S𝛼𝛼  in 
Supplementary Fig. 11c) is parallel to the c-axis and the in-plane components of the other three spins 
(S𝛽𝛽,𝛾𝛾,𝛿𝛿 in Supplementary Fig. 11c) point along the a* or its symmetrically equivalent directions.  

Assuming that the Co2+ ion in Co1/3TaS2 has spin-3/2, the only symmetry-allowed single-ion 
anisotropy (SIA) term is K(Sz)2. However, this term still leaves a residual O(2) symmetry implying 
that only two of the three Goldstone modes will be gapped out. Moreover, the three Goldstone modes 
remain gapless at the linear spin-wave level. Consequently, anisotropic exchange interactions must 
also be added to account for the observed gap of the Goldstone modes, and this gap can only be 
captured by including higher-order corrections (beyond linear spin waves) in the 1/S expansion. This 
is because the classical limit of theory has accidental continuous symmetries even in the presence of 
symmetry-allowed anisotropic terms. 
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Supplementary Fig. 1 | Spatial distribution of Co, Ta, and S composition. a–b, Scanning electron 
microscope (SEM) image and EDX mapping of a single-crystal Co1/3TaS2 sample. c–d, Line profiles 
of the EDX mapping results in a, indicated as black dashed arrows in a. e, An EDX spectrum of 
Co1/3TaS2 with highlighted peaks of Co-𝐾𝐾𝛼𝛼, Ta-𝐿𝐿𝛼𝛼, and S-𝐾𝐾𝛼𝛼  edges tracked in the EDX mapping.   
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Supplementary Fig. 2 | Temperature-dependent magnetization of powder Co1/3TaS2 used in the 
powder neutron diffraction experiment.  

0 50 100 150 200 250 300
0

5x10-6

1x10-5

1.5x10-5

2x10-5

2.5x10-5

 ZFC
FC

M
/H

 (e
m

u 
g-1

 O
e-1

)

Temperature (K)

38 K

26.5 K



12 

 

 

Supplementary Fig. 3 | a, Full powder neutron diffraction spectra of Co1/3TaS2 measured at 60 K. A 
solid blue line displays the difference between the data and the simulation. b, Low-angle part of a. 
Black solid lines show the simulation result from the Rietveld refinement (see Supplementary Table 
2). 
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Supplementary Fig. 4 | Comparing the powder diffraction patterns of several different magnetic 
structure models. Grey (red) vertical solid lines denote the position of nuclear (magnetic) reflections. 
Black solid lines include both nuclear and magnetic structure factors. Basis vectors for each panel 
can be found in Supplementary Table 3.   
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Supplementary Fig. 5 | a, Single-crystal Co1/3TaS2 for the neutron diffraction experiment at ZEBRA, 
PSI. b, Co-aligned single-crystal Co1/3TaS2 for the inelastic neutron scattering experiment at 
4SEASONS, J-PARC. The overall mosaicity of the co-aligned crystals was ~ 1.5°.   
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Supplementary Fig. 6 | Temperature dependence of the (0.5, 0, 3) magnetic Bragg peak, which 
corresponds to the presence of 𝛤𝛤4 irreducible representation (𝐕𝐕411 , see Supplementary Table 2–3). 
Note that the (0.5, 0, 3) peak only exists below TN2 = 26.5 K. Error bars indicate the standard 
deviations of the data points.  



16 

 

 
Supplementary Fig. 7 | a–c, Single-Q spin configurations of Γ2, Γ2 + Γ4 (𝛼𝛼V22 + 𝛽𝛽V41 with 𝛽𝛽/α = √2, 
see Supplementary Table 4), and Γ4  irreducible representations. d–f, Triple-Q counterparts of a–c. 
The equal magnitude of Mi for all i is satisfied only for a unique ratio between Γ2 and Γ4 (b and e). g–
i, Three vector Fourier components 𝚫𝚫𝜈𝜈 that forms the triple-Q structure in d–f (see Supplementary 
Notes). Note that they are related to each other by the 120° rotation about the c-axis.  
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Supplementary Fig. 8 | Magnetic phase diagram of Co1/3TaS2 based on a minimal spin 
Hamiltonian. a, The interlayer spin configuration of Co1/3TaS2 with AB stacking, determined by 
antiferromagnetic NN inter-layer coupling (Jc > 0). The tetrahedral ordering in layer B (z = 0.75c) can 
be obtained by simply translating the magnetic ordering in layer A (z = 0.25c); see the red-shaded 
regions at z = 0.25c & 0.75c planes. b, Phase diagram of the (left) J1-J2-Kbq and (right) J1-J2-Jc-Kbq 
models calculated using simulated annealing (see Supplementary Notes). Color plots indicate the 
average intralayer NN spin angle of the calculated magnetic ground state. c, Comparison of the total 
energy between stripe (single-Q) and tetrahedral (triple-Q) ordering as a function of Kbq/J1 with fixed 
J2/J1. d–e Finite-temperature phase diagram of the J1-J2-Jc-Kbq model with J1S2 = 3.92 meV, J2/J1 = 
0.29, and Jc/J1 = 0.753, calculated using classical Monte-Carlo (M-C) simulation. Color plots in d and 
e show the calculated 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝑀𝑀stagg(𝑇𝑇) from the MC simulation, respectively, which demonstrate 
two-step phase transitions for relatively small Kbq/J1, consistent with our experimental observation. f–
g, Calculated 𝜒𝜒𝑖𝑖𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝑀𝑀stagg(𝑇𝑇) for Kbq/J1 = 0.02 in d–e. Error bars in f–g indicate the standard 
deviations of the calculated quantities.  
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Supplementary Fig. 9 | Quadratic magnon mode. a, Calculated magnon dispersion and INS cross-
section of the tetrahedral triple-Q ordering with J1S2 = 3.92 meV and JcS2 = 2.95 meV. Γ represents 
(001). The solid white line in a highlights the quadratic magnon mode. Note that the quadratic mode 
in a is gapless as we set Kbq = 0. b–c, Const-E cuts of the calculated magnon spectra in a without 
and with proper consideration of the resolution effect, respectively. The energy integration range is 
set to [3.3, 3.7] meV. With resolution convolution, the signal of the quadratic mode becomes blurred 
and takes on a simple line shape that connects the six M points.   
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Supplementary Fig. 10 | A comprehensive comparison between measured and calculated 
magnon spectra of Co1/3TaS2. a, Constant-E cut and energy-momentum dispersion plot of the INS 
data measured at 5 K. Data with different incident neutron energies (Ei) are overlaid in the dispersion 
plot,. An energy integration range of the constant-E cut is set to [1.3, 1.5] meV. b, Calculated magnon 
spectra of the tetrahedral ordering based on the J1-J2-Jc-Kbq model, where J1S2 = 3.92 meV and JcS2 

= 2.95 meV. Note that the signal of the linear mode is almost circular (i.e., isotropic) for a wide range 
of J2/J1. c, Same as b but based on the stripe order with three magnetic domains. In this case, the 
linear mode’s signal is highly anisotropic and has a circular shape (i.e., isotropic) only for J2 ~ 0.1J1 
(Fig. 3h). d–f, Same as a–c, but based on the magnon spectra in a different Brillouin zone 𝚪𝚪 = (1, 0, 0). 
Orange dashed boxes in b–f indicate discrepancies between the data and the simulation, such as 
intensity, shape, and anisotropy of the linear mode’s dispersion.  
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Supplementary Fig. 11 | a–b, Calculated electron band structure of Co1/3TaS2 with the tetrahedral 
triple-Q magnetic order in Fig. 4a. Color codes show the a Co-3d and b Ta-5d band portion. 
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Supplementary Table 1. The Rietveld refinement result of the powder neutron diffraction pattern for 
T > TN (Fig. 2a and Supplementary Fig. 3). 
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Supplementary Table 2. Character table of the P6322 space group with the magnetic ordering 
wavevector of 𝐪𝐪𝑚𝑚1  = (1/2, 0, 0).  
 

  

 

  1 
(x, y, z) 

{C2z | τ0.5𝑐𝑐} 
(-x, -y, z+1/2) 

C2a 
(-x, y-x, -z) 

C2a* 
(x, x-y, -z+1/2) 

𝛤𝛤1 1 1 1 1 
𝛤𝛤2 1 1 -1 -1 
𝛤𝛤3 1 -1 1 -1 
𝛤𝛤4 1 -1 -1 1 
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Supplementary Table 3. Basis vectors of the four irreducible representations (Irreps) in 
Supplementary Table 3. The basis vectors are formulated based on the lattice vectors a, b, and c.  
 

Irreps Basis 
vectors 

Co1 
(1/3, 2/3, 1/4) 

Co2 
(2/3, 1/3, 3/4) 

𝛤𝛤1 𝐕𝐕111  (2, 1, 0) (2, 1, 0) 
𝛤𝛤2 𝐕𝐕211  (0, -1, 0) (0, -1, 0) 

  𝐕𝐕221  (0, 0, 1) (0, 0, -1) 
𝛤𝛤3 𝐕𝐕311  (0, -1, 0) (0, 1, 0) 

  𝐕𝐕321  (0, 0, 1) (0, 0, 1) 
𝛤𝛤4 𝐕𝐕411  (2, 1, 0) (-2, -1, 0) 
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