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absolutely continuous and has a derivative in £(C). Second, if G is a
bounded self-adjoint transformation in £(C), the system L(f) — A = 0,
p0g/0n + Gg = bk, has a unique solution f in D,* for every 4 in %(C),
except when A is in the spectrum of H(V), V = (G — «I)(G + <I)~.

! These PROCEEDINGS, 24, 38—42 (1938). A detailed account of this theory will ap-
pear in Trans. Amer. Math. Soc. under the title Abstract Symmetric Boundary Conditions.
In the sequel we refer to the first of these papers as (A), to the second as (B).

2 Some of the results appeared in the writer’s doctoral thesis, Harvard, 1937.

8 M. H. Stone, Linear Transformations in Hilbert Space, New York, 1932.
¢ Compare L. Lichtenstein, Math. Zeit., 3, 127-160, esp. 151-160 (1919).
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In’ the present note we state without proofs some results concerning
additive functions, the proofs of which depend partially on statistical
methods. A function f() is called additive if for (mi, ms) = 1 one has
f(myme) = f(my) + f(mz). We assume furthermore that f(3*) = f(p)
and | 1) | < 1 for every prime p. None of these assumptions is essential
but they simplify the statement of Theorem A.!

THEOREM A. Let f(p) be such that

> f@
p<n P

F(n) =

diverges. Then the density of integers for which

fm) < "<me—(—52+ © VZF(. )

is equal to #='* f° exp (—y?)dy for any real w.

The proof depends on the following two lemmas.
Lemma 1. Let py, be the kth prime and let

Julm) = ’%f@)-

» < 1
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Further let 6(k) be the density of the integers which satisfy the inequality

fp) FA(p) '
F(m) <»§pk e 2%“_?- . )

Then

lim 8(k) = =~ S exp (—y?)dy.
k—> —
The proof depends on the use of Fourier transforms.
LemMa 2. Letn = k*®, where (k) tends to o as k tends tow arbitrarily
slowly.
Let y(k, n) be the number of integers < n satisfying (1), and let 3(k, n) =
Y(k, n)/n.
Then

lim 8(k, n) = lim 3(k) = =~ 7* S exp (—y%)dy.
k—> k= -
In order to deduce this lemma from the previous one we need Brun’s
method.
The proof of Theorem A now follows easily by elementary methods.?
From Theorem A, putting w = 0, one immediately deduces the following
result:
The density of the integers which satisfy the inequality

¢2)
fom <, 2 =
is equal to /,.
In the special case f(m) = v(m)(v(m) denotes the number of different
prime divisors of m) this was proved by Erdés.?

1
1 It suffices to assume that ZZ converges.
1f0)|>1
2 Compare P. Erdés, ‘““On a Problem of Chowla and Some Related Problems,” Proc.
Camb. Phil. Soc., 32, 530-540 (1936).
3 “Note on the Number of Prime Divisors of Integers,” Jour. Lond. Math. Soc., 11,
308-314 (1936).



