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Appendix A. Proof of asymptotic theories

Let &, & and A be the maximum likelihood estimator corresponding to the observed data
log-likelihood. Now define N(t) = I(T < t,A =1), N(t) = I(T <t,A =0) and let P,,, P
denote the empirical measure and probability measure, respectively. Then the log-likelihood
¢ satisfies n Y (at, v, A; O) = £,(a, vy, A), where

ln(a,y,A) = n""log L(ex, 5, A; O)

:—Zlog{Zpl T )eXp( Zl’)’)} fexp{— A( i) exp(z zl’)’)}}

3 1og{zp, s AT exp(s17) exp{ AT explzEm)} |

L

218 = 0o { S expl-AT el |
_p, /0 . [log { ; i )= exp ( _ /0 t ele“’dA(s)) } +log A{t}] AN (?)

4P, /0 " log { g p(@: @) exp ( - /0 t eZZT”’dA(s)> }dN(t).

Let W denote the space of functions on [0,t*] that are uniformly bounded by 1 and with
total variation bounded by 1. Define U = {u € RP*V*E=D  ||ly|| < 1} and V = {v €
RO>LHL=L o] < 1} Let w € U, v € V, and h € W. Then (a7, A) can be identified as
elements in the space of bounded functions on U x V x W, £>°(U x V x W), by ul a+vT~ +

fot* hdA. Similarly, v/n(& — ag, ¥ — o, A — Ag) can also be identified in €U x V x W) by
t*
\/ﬁ(& - a(]?’? — Yo; A— AO)[UH v, h] = \/ﬁ{uT(d - aO) + ,UT(’? - ’70) + hd<A - AO)}
0

Appendix A.1 Proof of Theorem 1

Proof. Step 1. We show by contradiction that A(t*) < co. Condition (C1) indicates that
for large n, there exists an observation with probability one such that 7' = t* and A = 0. If

A(t*) = oo, then

P, /Ot* log{ lLl p(@: @) exp (— /Ot eZlTVdA(s)> }dN(t) ~



and thus £,(a, v, A) = —oco. Therefore, it must satisfy A(t*) < co to maximize £,,.

Step 2. We show that limsup, A(t*) < oo by contradiction. By conditions (C2) and (C3)
there exists a constant M such that |z ~| < M for any « and z;, and p;(z; @) € (0,1) for
any « and a. Define A(t) = [A(t) A M]V M/2, where M = e M{log(ey)} " for a chosen
€ € (0,1).

By definition of MLE £, (&, 4, A) > €,(é, 4, A). Assuming that limsup, A(t*) = oo, then

by the following inequality

we have

(6,4, A ]Pni/ot*{logpl (z; &) — /Ot ez?‘fdA(s)}d{N(t)JrN(t)}

=

+P, Y 2 4dN () + P, Z/ log A{t}dN () + log LP, {N(t*) + N(t*)}

=1

//zl‘fdA JA{N (1) + N (1)}

L

+ LMP,dN(t*) + P, Z / log A{t}dN(t) +log LP,{N(t*) + N(t*)} = —oc.

On the other hand, by the following inequality
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we have

(o(éx, 4, A) 2% {]Pn Zi: /0 ) { log py(; &) — /0 t ele'Vd/_\(s)}d{N(t) + N}
+ P, ZL: 2l AN (") + P, XL: / ) log A{t}dN(t)]
=1 1=1 70

>1 [IPn XL: { log pi(@; &) — MeM}{N(t*) L)

=1

L
+ P, Z 2l AN () + Z{—M — log(log(ep)) — log 2} P, N(t*)| > —oc.
=1

The above contradiction shows that lim sup,, A(t*) < 00. By Helly’s selection theorem there
exists a converging subsequence such that & — a*, ¥ — ~v* and A = A%

Step 3. We show that the limit of the subsequence mentioned in the end of step 2 are o, vy,
and Ag. Define A¢(¢ fo{l +eh(s) }dA(s), where h(t) € W, the space of functions on [0, t*]
that are uniformly bounded by 1 and with total variation bounded by 1. Then we obtain the

derivative of log-likelihood €, (e, 7y, A) with respect to € at 0, denoted by ¢, (cx,~y, A)[R]:

i n(0 v, M) / ! [iln (0. a7, ){ /0 t h(s)ez?%m(s)} +h(t)}dN(t)
/t* LX; (80, 0, ){ /Oth(s)ez%d/\@)ﬂdﬁ(t),

(A.1)

where
—t A =1z~ A
T’Ll<t Oz7a777 A) (wl, )fl( ~t7 . |$l77’ )
Zd 1pa(xi ) fa(T; = t, A = 1|xi; v, A)
_ pilesa) exp(zy) exp{— fy e¥17dA(s)}
S pa(s; @) exp(zly) exp{— [; e*17dA(s)}
and

pxi o) fi( T, = t,; = Ols;y, A)
S Pa(@s; @) fa(T; = t, Ay = Olzi; vy, A)
_ pi(x;; ) exp{— fo Ll'YdA (s)}
i1 pali; o) exp{— [] e*VdA(s)}

Tll(t 027 a7 7a A)




By changing the order of integration we have

lr(0ey, N[ =P, /0 " h(s)dN(s) = Py Z / et / (O, ~, A)AN (£)dA(s)

_p, Z/ = 7/ At O, o, v, NN (£)dA(s).
By definition of the NPMLE, /,, o (&, 4, A)[h] = 0 for all h € W. By taking h(-) = I(- < t),

we have

~ b PL.dN(s)
Aty = | ——
) /o dn(s; 6,4, A)

where

on(t; v, A) =P, Z zl"{/ 7(s; 0 a,'y,A)dN(s)—l—/t ﬁ(s;O,a,’y,A)dN(s)}.

Under regularity condltlon (C3), pi(x;; ) is Lipschitz in a and 2%+ is Lipschitz in «; thus
{p(zi; ) : @ € A} and {exp(zlv) : v € T'} are Donsker classes (van der Vaart and Wellner,
1996, Chapter 2.10). Noting that fot ezz%d/\(s)} = ezg'VA(t), we can view 7;(t; Oy, a, 7, A)
and 7;(t; O;, a, v, A) as random quantities obtained from p;(x;; &), 2+, and a deterministic
function A(¢) through standard operations, under which the Donsker property preserves
(van der Vaart and Wellner, 1996, Chapter 2.7). It then follows that {7;(t; O, a,v,A) : t €
0,t,l=1,...,.L,aa€ A,y € T',A € B} and {7;(t; O, a,~v,\) : t € [0,t*],l=1,..., L, €
A,~v €T, A € B} are Donsker classes.

Then by Glivenko-Cantelli theorem

sup [P (t; @, v, A) — ¢"(t; v, A)| = 0,
te0,t*],aceAvel,AeB

where

t*
¢*(t; o, 7, ) Pzezl“’{/ 7(s5; 0, 0,7y, A)dN(s) +/ ﬁ(S;O,a,%A)dN(S)}-
t
Then by step 2 and the continuity of ¢, in a, v and A, we have

sup ’¢n(t7 &7’3’7[\) - ¢*(t>a*7’7*7‘/\*)‘

te(0,t*]

< sup [d(t 7, A) = gt v A7)+ sup [t y" AT = @7 (e, ¥ A)| = 0.

te[0,t%] te[0,t*]
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In addition, we also have sup,¢g 4+ [PndN(t) — PAN(t)| — 0. Then we define

/ P.dN (s
(bn S aOv’YOvAO)

PdN (s
= Ao(t
/ 925 S; Oéoa'Yo,Ao) 0(>

Then by previous derivations,

uniformly. Now define

U, v, \) =P /: {log { gpl(w; a)e* 7 exp ( - /Ot eZlT'VdA(s)> } +log A{t}} AN (t)

+ P/Ot* log { ipl(az; o) exp ( - /Ot ez%d/\(s)) }dN(t).

=1

Then by definition of NPMLE, £,(é&,4,A) — £,(co, Yo, A) > 0, thus lim,{£,(é&,4,A) —

n(00, 7, \)} = 0. However, we can also show that

hm{g ( 777A) - en(a0770aA)} = £<a*77*7A*) - g(a07707A0> < 0

Therefore, ((a*,v*, A*) = l(a, 7y, Ao) and by regularity conditions (C1)-(C3), a* = ay,

~* =, and A*(t) = Ag(t). Thus the consistency follows.

Appendix A.2 Proof of theorem 2
Proof. We use Theorem 19.26 from Van der Vaart (2000) to conduct the proof. In addition
to the score function £, 5 for A derived in (A.1), we also derive the score functions for e and

~ as following
t+ L

é 777 / Z;Tl(t7 07 o, 7Y, A)a% logpl(w7 O{)dN(t)
t L ) B
+1Pn/0 Zﬁ(t;O,a,%/\)ﬁlogpz(w;a)dN(t);
t* L t ,
(0, A ]Pn/ ZTl(t;O,a,v,A){zl—/zlezﬂdA(s)}dN(t)
0 0

t~ L

t
- P, Z 7(t; 0, a7, )/ ze5 VdA(s)dN (t).
=1 0

0



t* L t
E,Y(a,'y,A):/ ZTl(t;O,a,v,A){zl—/ zlez%d/\(s)}dzv(t)
0 0

i ni = [ [ St 0.amn] - [ eetans )+ nn]ave

[ [Z (60,070 - [ e baio.

Then there exists § > 0 such that the class of functions {{(c, v, A), £ (a, v, A), fx(x, v, A)[h] :

e — || + |7 — Yoll + supseo [A(E) — Ao(t)| < 6,h € W} is Donsker. Define G,, =
(P, — P). Then by consistency of (é&,4, A), the continuity of the score functions and the

dominated convergence theorem,

sup |Go{u"la(é, 4, A)+v" 0y (&, 4, A) + (n(é, 4, A)[R]}

w,v,h

- Gn{’UfTéa(ao,’Yon) + vTé’y(a07707 Ao) + éA(Oéo,’Yo, Ao)[h]} — 0.

The next step is to show that the map W : £>(U, V, W) — (U, V, W) defined by
W (e, v, A)fu, v, h] = Plu"la(a, 5, A) + 0"l (@, 7, A) + (aa, v, A)[A]}

is Fréchet-differentiable at (o, 7y, Ao) with a derivative V(u, v, h) that has a continuous

inverse. By direct calculation, we can show that

0 -
5 W + e,y + €0, Ao + e/hd/\o)[u, v, h|
€ e=0

t*
— @ Bualu, v, ] + 8" B.u, v, h] + / Balu, v, h(s)dAo(s),
0
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where the operator Bu, v, h| = (B, B~, Ba)[u, v, h| can be rewritten as

u

- v

@™ (t; ao, Yo, Ao)h(t)

u” o1 (o, Yo, Mo) + 0701 (0, Yo, Ao) + [ vi(eo, Yo, Ao)h(t)dAo(t) + u

T [ wl oo, v, Ao) + v 02 (g, o, Ao) + [ oo, Yo, Ao)h(t)dAo(t) + v

u”' o3, Yo, Mo) + 103 (c0, 79, Mo) + [ v3(ao, v, Ao)h(t)dAo(t)

Detailed calculations for B, B, and By can be found in the next subsection. We need to
show that the operator B is invertible on its range.

By definition of ¢*(t; ¢, v, A), it is clear that ¢*(¢; o, 7y, A) > 0 for any choice of (a,~, A).
Thus, the first term in (A.2) is an invertible operator. In addition, by conditions (C2) and
(C3) the second term is a compact operator. Then we can show B is invertible by showing B
is one-to-one. That is, if B(u, v, h) = 0 then (u, v, h) = 0. Now assuming that B(u,v,h) =0

for some (w,v,h) €U x V x W, it follows that
0

66 e=0

which further indicates that the score function across the path (ag+ew, yy+€v, Ag+e [ hd o)

W + ew, vy, + €0, Ag + 6/fsz0)[u, v,h] =0,

is zero. That is, with probability one
’U/Téa(aoﬂ’m Ao) + ’UTév(aoy’Yo; Ao) + éA(ao,’Yo,AO)[h] =0.

By setting dN(t) = 1, we have for arbitrary ¢

i 7i(t; O, o, %, Ao){uTa% log py(; ot )+{v" 2, +h(t)}— ( /0 t{szl+h<t)}ez3‘wodAO(5)> } o,

=1
The above equation holds only when uw = 0 and v72; + h(t) = 0. Since v’2; is a constant

and h(-) is an arbitrary function in W, the only solution which satisfies v”z; + h(t) = 0
for arbitrary ¢ is v = 0 and h(-) = 0. Thus, B is one-to-one and consequently invertible,
such that the derivative of W is also invertible. Now let (@, ®,h) = B~ *(u,v,h) for some

(u,v,h) € U x V x W, then it follows by Theorem 19.26 from Van der Vaart (2000) that



uniformly in (u, v, h),
t*
Viafu (@ - an) + o' (G =)+ [ hd(h - A)
0

= —Go{@" a0, Yo, Mo) + 075 (a0, 70, Ao) + Ealcn, Yo, Mo)[R]} + 0,(1).
Thus, vn{& — ag, ¥ — v, A — Ao} is asymptotically Gaussian. It further indicates the
asymptotically multivariate zero-mean normality of \/n(& — ) and /n(¥ — 7,), and the
weak convergence of /n{A(t) — Ag(t)} to a univariate zero-mean Gaussian process on [0, t*].
By similar semiparametric efficiency arguments (Bickel et al., 1993) as also used in (Zeng and
Lin, 2006) and (Mao and Lin, 2017), the estimators (&”,4”)7 for the parametric component

of the model are asymptotically semiparametric efficient.

Appendix A.3 Analytical variance estimator

By similar arguments as in Zeng and Lin (2006), a consistent variance estimator for v/n{u’ (a—

) + v (A — ) + fg hd(A — Ag)} can be constructed as

U
V=l o, HOI;' | » |,
H
where nin is the empirical information matrix of the observed-data log-likelihood ¢(ex, 7, A; O),
which treats A(-) as a piecewise constant function, and H is a vector of length m with jth
component equal to h(t;). Then it is straightforward to obtain variance estimations for
(a", 4" and A() with appropriate choices of w, v and h. Since A(t) is positive, the 95%

confidence interval is constructed by log-transformation
. ~1.96SE{A A 1.96SE{A
(A(t) exp{ 96? { (t>}},A(t) exp {M}),
A(t) A(t)
where SE{A(t)} is the estimated standard error of A(t).
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Appendix A.4 Calculation related to the proof of theorem 2

By direct calculation, we can show that

82 W + e, vy + €0, Ag + € / hdAo)[w, v, h]
€ e=0

= u" By[u,v,h] + 9" B, [u,v, h] + / Balu, v, h)h(s)dAo(s),
0

where the operator Blu, v, h| = (Ba, B+, By)[u, v, h] satisfies

2

Balu,v, 1] :P[/Ot* { ino(t)w log py(; o)

=1

t
+ Bo,(t) <(9% log pi(x; cg) u + 2{ v — /0 zfeleVOdAo(s)v) }dN(t)

t* L o2
[ Al 5z s



10

L

B, [u, v, h] :P{ /0 ! {Zlno@)(— /0 t z;@ez?“fodz\o(s))v

0 t T
+ B (1) (8_04 log pi(x; o) u + 2 v — /0 2] e "OdAo(s)v) }dN(t)

L

+ /0 ! {Z%lo(t)(— /0 t z;@ez?%cmo(s))v

=1

t
+ B.,(t) (3% log pi(; cg) ' u — / leele'*OdAg(s)v) }dN(t)
0
L t*

=S [ e[ tmt + Baatat

=1

[ tarmlt) + Boa(0)aN@) Jts)ana(s)|
Bifu,v.] = [Z/ {Bas(601) 4 B, 1) Yowm(as

T Buds 2w / 2T we 10dAg(i)} + Bals. - / 2Twe 10d(i))
+BA,l{s,—/0t h(i)ez?%dAo(f)HBA,l{s,—/th(t)el YodAo (1)}

0

+ h(s)et ( / " e OAN () + ﬁo(t)dN(t)) }ﬁ(s)dAo<s)] |

where 719(t) = 71(t; O, g, vg, Mo), Ti0(t) = Ti(t; O, g, o, Ao) and

0
Bo,(t) = mp(t )804 log pi(x; g ZTd logpd x; o);
d=

5 0 L
Ba,(t) = Tio(t )8(1 log pi(@; o) — Tio(t ZTdO 8a log pa(x; a);
d=

Bo(t) = mo(t)§ 21 — /0 et dA (s }_m t)imo { / t szdeAO(S)};

L

B, (t) = 7p(t)] — /0 ze*1 0 d (s }—m(t Zrdo {— /0 2467 dAo(s)};

d=
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Appendix B. An additional simulation study

To assess the robustness when the proportionality assumption between class-specific baseline
hazard functions is violated, we conducted an additional simulation study with two latent
classes, where the class-specific cumulative baseline hazard functions for the first class and
second class are A;(t) = 0.1(e" — 1) and Ay(t) = 0.1(e* — 1), correspondingly. The covariate
effects a and ¢ are the same as scenario (I). The new scenario is named scenario (VI).

Table S.8 displays the simulation results for scenario (VI) from 10000 simulations with
sample size 1000 and perturbed initialization (convergence rate = 96.98%, median censoring
= 12.8%, median entropy = 0.7708). As observed, estimated covariate effects & for the latent
polytomous logistic regression model are slightly biased. In addition, estimated reference
cumulative baseline hazard function A(t) is also biased due to the wrong model specification.
However, estimated covariate effects é’ for the class-specific Cox model are still unbiased with
coverage probabilities close to 0.95. This result demonstrates the robustness of the proposed
model when the proportionality assumption of baseline hazards is violated.

Figure S.6 compares the cross-validated Brier scores for the proposed model and the
standard Cox model under scenario (VI). As observed, the proposed method still achieves
smaller median Brier scores than the Cox model when the proportionality assumption is

violated.

Appendix C. Additional tables and figures for simulation

Please find Supplementary Tables S.1 - S.4, and Supplementary Figures S.1 - S.5 at the end

of this document.

Appendix D. Simulation results with non-informative initialization

Please find Supplementary Tables S.5 - S.7 at the end of this document.

11
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Figure S.1. Boxplots for average cross-validated Brier Score ESl(t) and BTSg(t), t € (0,5],
from 1000 simulations under scenario (I) with sample size 1000, for the Cox model and the
proposed latent class model with L = 2.
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Figure S.2. Boxplots for average cross-validated Brier Score ESl(t) and BTSg(t), t € (0,5],
from 1000 simulations under scenario (II) with sample size 1000, for the Cox model and the
proposed latent class model with L = 2.
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Figure S.3. Boxplots for average cross-validated Brier Score ESl(t) and BTSQ(t), t € (0,5],
from 1000 simulations under scenario (IIT) with sample size 1000, for the Cox model and the
proposed latent class model with L = 2.
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Figure S.4. Boxplots for average cross-validated Brier Score ESl(t) and BTSg(t), t € (0,5],
from 1000 simulations under scenario (IV) with sample size 1000, for the Cox model and the
proposed latent class model with L = 3.
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Figure S.5. Boxplots for average cross-validated Brier Score ESl(t) and BTSQ(t), t € (0,5],
from 1000 simulations under scenario (V) with sample size 1000, for the Cox model and the
proposed latent class model with L = 3.
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Figure S.6. Boxplots for average cross-validated Brier Score ESl(t) and BTSg(t), t € (0,5],
from 1000 simulations under scenario (VI) with sample size 1000, for the Cox model and the
proposed latent class model with L = 2.



Supplementary Materials for “Heterogeneous Proportional Hazards Regression” 19

Table S.1
Choices of parameters in the five simulation scenarios.
Censoring Parameters in
parameter model (2) a Parameters in model (1) +
Simulation scenarios r o o ¢ as G, az  C31
scenario (I) 0.1 (log(2),0,0) (-2,0) 2 (2,2
_ scenario (II) 0.1 (log(2),0,0) (-2,0) 0 (2,2
L=2 scenario (III) 0.6 (log(2),0,0) NA (-2,0) 2 (2,2 NA - NA
scenario (IV) 0.1 (2,-4,0) (0,-3) 0.5 (0,6)
L =3 scenario (V) 0.1 (0,-0.5,0)  (0,0,0.5) (-2,-2) 2 (2,2) 4 (44)
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Table S.2

Convergence rate, median standardized entropy index and median censoring rate out of 10000 simulations for the
five simulation scenarios.

Simulation scenarios  Sample size Convergence Median entropy Median censoring

scenario (I) 1000 97.66% 0.7686 11%

9 scenario (II) 1000 97.34% 0.4348 17%
scenario (IIT) 1000 96.07% 0.6220 38%
scenario (IV) 1000 97.40% 0.7771 19%

1000 98.65% 0.7602 15%

L =3 scenario (V) 2000 96.74% 0.7838 15%

3000 94.06% 0.7785 15%
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Table S.3

Simulation results for scenario (I1)-(IV) out of 10000 simulations with sample size 1000 and perturbed initialization.

Bias: mean bias; M.Bias: median bias; SE: standard deviation; SEE-P: median standard error estimate by profile
likelihood variance estimation approach; CP-P: coverage probability by profile likelihood variance estimation
approach; SEE-A: median standard error estimate by analytical variance estimation approach; CP-A: coverage
probability by analytical variance estimation approach.
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Scenario (I) Scenario (IT)

Bias M.Bias SE SEE-P CP-P SEE-A CP-A Bias M.Bias SE SEE-P CP-P SEE-A CP-A
Qoo 0.004 0.012 0.266 0.255 0.945 0.269 0.960 0.031 0.016 0.572 0.559 0.952 0.585 0.961
(542;1 0.012  0.005 0.199 0.192 0.947 0.198 0.958 -0.014 -0.010 0.499 0477 0.943 0.488 0.950
(542;2 -0.017  -0.020 0.302 0.296 0.949 0.304 0.955 0.001 -0.007 0.522 0.500 0.945 0.517 0.956
a, 0.037 0.011 0449 0412 0.940 0.429 0.955 0.057 0.032 0.451 0.406 0.926 0.391 0.930
(11 -0.033 -0.024 0.199 0.201 0.956 0.191 0.949 -0.070 -0.045 0.318 0.314 0.958 0.293 0.943
612 0.014 0.013 0.256 0.258 0.952 0.252 0.948 -0.010 -0.010 0.345 0.341 0.946 0.330 0.939
(o1 0.027  0.020 0.216 0.218 0.954 0.211 0.950 0.062 0.040 0.311 0.309 0.959 0.293 0.952
622 0.006  0.009 0.298 0.301 0.954 0.297 0.954 0.024 0.021 0.406 0.402 0.945 0.392 0.944
(2) 0.010 -0.005 0.166 NA NA 0.165 0.953 0.006 -0.007 0.215 NA NA 0.197  0.938
(3) 0.018 -0.010 0.351 NA NA 0.344 0.951 0.041 0.003 0.545 NA NA 0.504  0.949
(4) 0.180 0.028 1.164 NA NA 1.047  0.945 0419 0.158 1.596 NA NA 1.348  0.955

= = e

Scenario (IIT) Scenario (IV)

Bias M.Bias SE SEE-P CP-P SEE-A CP-A Bias M.Bias SE SEE-P CP-P SEE-A CP-A
Gop -0.003 0.011 0.377 0.340 0.922 0.372 0946 0.016 0.006 0.484 0.505 0.964 0.520 0.970
(542;1 0.037  0.025 0.259 0.234 0935 0.245 0949 -0.037 -0.023 0.316 0.303 0947 0.309 0.953
(542;2 -0.036  -0.037 0.410 0.380 0.936 0.400 0.953 0.011 0.010 0.665 0.696 0.968 0.717 0.971
ay 0.058 0.016 0.733 0.616 0914 0.648 0.930 0.000 0.002 0.310 0.309 0.954 0.302 0.951
¢i1 -0.105 -0.063 0427 0.403 0.963 0.390 0.958 -0.011 -0.011 0.205 0.207 0.952 0.194 0.937
612 0.029 0.020 0.542 0.532 0.949 0.517 0.948 -0.027 -0.022 0.246 0.251 0.954 0.243 0.952
CAzl 0.091  0.057 0.428 0408 0961 0.396 0.959 0.017 0.014 0.358 0.344 0944 0.333 0.940
G2 0.009 0.019 0.549 0.542 0950 0.530 0.950 0.040 0.031 0.331 0.336 0954 0.330 0.951
(2) 0.045 -0.003 0.302 NA NA 0.278 0.932 0.025 0.001 0.188 NA NA 0.179  0.950
(3) 0.106 -0.018 0.759 NA NA 0.661 0942 0.075 0.016 0.481 NA NA 0.449  0.945
(4) 0.856 0.075 3.299 NA NA 2278 0.937 0.257 0.089 1.337 NA NA 1.217  0.941

= e




€96°0  0L9°0 VN VN ¢F90 €900 1010 L96°0 6E8°0 VN VN 9080 8600 LVI'0O 1960 €9¢°1T VN VN 9T @810 6280 Vv
L2660 86¢°0 VN VN  GI1€0 800 ¥€00 Ge6'0  L9E0 VN VN 0660 ¢900 ¢%00 0160 0880 VN VN 9890 LIT0  L2I'0 Amvw\
¢c08'0 1610 VN VN GP¢0 P800 6800 G9L°0 0€C0 VN VN  60€0 @¢cl'0 LET'O ¥cl0 ¥CE0 VN VN 6¥F0  L1g0 1620 (@)V
€86'0 L9¢°0 TP6'0 FIT0 0850 G200 Lg00 I86'0 OTF0  9¥6'0  LLE0 9850 gE0'0 9800 0L6'0 ¥EG0 Ev6’0  c0v0  gZh'0  gL00  F800

6860 920 Tr6'0 8FT'0 TS0 8100 SI00 ¥86'0 2980 FWE0 €810 6810 6200 TE00 GL60 0S80 GE6°0  L9T0 98¢0 LS00 9900 ')
1660 66F0 9060 90€°0 9S€°0 €200 Lg00 €860 GLF0 8880 FLED 8GO €500 900 6680 8090 ¥I®0 €€S0 TOLO 8FT0  0TT0 )
7960 T¢€0  T060 0020 6€20 I100  TIO0 8E6'0 G960 9280 FFE0  TIE0  LEOO €600 FO6'0 LEPO TSR0  ZFE0  TLPO  00T°0  0L00 )
6,60 60 S¥6'0 IST0 LST'0 8TI00- TIg00- €60 €0 €¥V60 S80S0 9g00- T€00- ¥960 I8E0  €€6°0 IEE0  8YE0  890°0- TL00- D)
0660 0610 9¥6°0 S8IT0 TgI'0 ¥I00- GSI00- L86'0 810 9¥6'0 9PT0 TIST0 Gg00- Lg00- LL60 660 8860 9160 98¢0 W00~ 90°0- ™
€8L°0  TIEF0 9060 8PS0 8LG°0  6ET0- €60°0- TRLO  0SV0  T980 9290 6CL0 TIT0- LETO- CIL0  T6G0  L6LO  09L0 1660 ¥GE0- 9TT0-

168°0 2090  2¢6°0 FES0  T1€9°0 FL00- SOT'0- €6L0 8PS0 ¢L80 8290 880 ¢gl'0- SLT'0- SIL0 2990 1620 L8L°0 09T'T 9520~ 92¢°0- ©0

TS6'0 2020 9860 L6T'O 9020 L10°0  GTO0 @860 0ST0 660 0FG0  0Sc0  CT00  OT00 €P6°0  SSE0 6160 Le€0  8LE0  LT00  TIO0 YW
986'0  SGPI'0  T86'0  E€PT0 GST'0 0I00 L0000 6G6°0 LL1°0 6160 FLI'0 961°0 6000 G000 €260 150 €060 TFG0 €620 T100 0000 &
Gz6'0 810  0T60 0Tz0 630 LI00- &I0'0- €160 6950 8060 €560 98¢0 TIO0- 900°0- 0060 2Se0 1880 €Fe0  LIFO 8000~ €000 Ofw
SP6'0  CIE0  OP6'0  S0E0  TIE0 9800  6E0°0 €60 €80 6360 TLE0 680 FEO0  THO0 9860 8PS0 8060 GIC0 I8G0  6€0°0  FROO0 LW
1660 €120  866'0 6120 0£C0 ¢T00 2200 G260 <920 860 8920 16C0 ¥TO0 €600 ¥T6'0 98¢0 0160 TL&0 TIFPO €600  6£00 'ev
160 69€°0 8260 09€°0 LLE0 8€0'0- 9¥0°0- G060 E€FF0 8060 LEFO 0LF'O0  OF00- 6F00- €060 FIO0 @880 TI6S0  LL90 FE00- T1G00- °%0
V-dD VIS ddO0 JddIS HUS  SREIN selg V-dD VHUS ddD JdHHS HS SBIITIN seld V-dD  V-HHS ddD dHUS S SRIETIN sty

000€ = u ‘(A) orreuang 000% = u ‘(A) orreusng 000T = u ‘() oLreULOg

22

Yonosddp U0DWISI 22UDILDA JDIUIDUD
fiq fipriqoqoud 2642000 Y-gp) Yo0osddp U01DUISD 2oUDILDA [DIWAIDUD fiq 2IDULISD 4OLLD PADPUDIS UDIPIWL [ -HHS YID0LAAD UO0DULLISD 2DUDIIDA POOYLIIYY]
apfoud fiq figrprqoqoud 26142000 : -0 YovoLddD UODWLISD FOUDLLDA POOYL)YY] 2)1f0rd fiq 2IDULLYSD LOLLD PADPUDIS UDIPIUL ' J-HHS ‘U0DINIP PADPUDIS (5 S ‘SDIQ
uDIPOW SDU Y {SDIQ UDIUWL SDYY 9215 9)duiDs JO §9010YD JUILAL[tP PUD UOWDZYDIIUL PIQUINILAd YpMm sUONDINWIS )OO0 T fO 10 (/) 01DUIS L0f SINSIL UOYDINUILG

'S 9Iq8L



Supplementary Materials for “Heterogeneous Proportional Hazards Regression”

Table S.5

Conwvergence rate, median standardized entropy index and median censoring rate out of 10000 simulations for the
five simulation scenarios with non-informative initialization.

Simulation scenarios  Sample size Convergence Median entropy Median censoring

scenario (I) 1000 97.66% 0.7667 11%

[ _ o Scenario (IT) 1000 97.38% 0.4348 17%
scenario (III) 1000 96.06% 0.6228 38%
scenario (IV) 1000 97.20% 0.7766 19%

1000 97.68% 0.7585 15%

L =3 scenario (V) 2000 98.14% 0.7660 15%

3000 95.29% 0.7717 15%
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Table S.6
Simulation results for the simulation scenarios (1) - (IV) out of 10000 simulations with sample size n = 1000 and
non-informative initialization. M.Bias: median bias; SE: standard deviation; SEE: median standard error estimate;
CP: coverage probability. Profile likelihood variance estimation approach was used for & and 4. Analytical approach
based on observed-data log-likelihood was used for A(t)

Scenario (I) Scenario (II)

M.Bias SE SEE CP M.Bias SE SEE CP
azp 0.014  0.267 0.255 0.941 0.003 0.580 0.560 0.947
azp;  0.007  0.201 0.192 0.943 0.000 0.503 0.477 0.945
o -0.015 0.304 0.296 0.949 0.005 0.517 0.500 0.945
a; 0.011 0446 0.412 0.941 0.023 0.441 0.406 0.930

(i -0.023 0197 0201 0.957 -0.045 0.319 0.313 0.956
(s 0.009 0256 0258 0.953 -0.004 0.347 0.340 0.943
(y 0018 0214 0218 0959 0.032 0.313 0.308 0.960
(» 0003 0296 0302 0958 0.019 0.399 0.402 0.953
A2) -0.004 0.163 0.165 0.956 -0.004 0.212 0.197 0.940
A(3) -0.008 0.352 0.344 0951 0.010 0.540 0.503 0.952
A(4) 0034 1.146 1.051 0944 0.151 1.606 1.345 0.950

Scenario (IIT) Scenario (IV)

M.Bias SE SEE CP M.Bias SE SEE CP
doo 0.018 0.381 0.340 0.924 0.018 0.488 0.504 0.960
a1 0.021  0.258 0.234 0.936 -0.015 0.308 0.303 0.953
Goo -0.035 0.417 0.380 0.936 -0.011 0.668 0.695 0.962
a; 0.010 0.729 0.618 0.918 0.003 0.311 0.309 0.952

(o -0.069  0.429 0.404 0963 -0.013 0.204 0.206 0.951
Go 0.010  0.542 0.534 0.950 -0.023 0.249 0.251 0.953
521 0.061 0.431 0.409 0.960 0.012 0.357 0.344 0.939
522 0.022 0.547 0.545 0949 0.038 0.332 0.336 0.955
(2) 0.006 0.302 0.282 0.935 0.003 0.190 0.179 0.946
(3) 0.000 0.772 0.675 0.940 0.018 0.488 0.450 0.941
(4) 0.089 3.440 2.291 0.941 0.096 1.351 1.217 0.939

=
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Table S.8
Simulation results for scenario (VI) out of 10000 simulations with sample size 1000 and perturbed initialization.
M.Bias: median bias; SE: standard deviation; SEE: median standard error estimate; CP: coverage probability.
Profile likelihood variance estimation approach was used for & and 4. Analytical approach based on observed-data
log-likelihood was used for A(t).

M.Bias SE  SEE CP

Gso 0204 0276 0251 0.841
Gg1 0147 0.210 0.192 0.852
Gzo  -0.043 0.309 0.298 0.946
(i -0.032 0204 0.207 0.956

~

C12 0.025 0.270 0.268 0.947

~

Ca1 0.028 0.217 0.222 0.959
(»  -0.070 0.311 0.308 0.948
A(2)  -0.125 0.166 0.162 0.918
A(3)  -0.145 0.354 0.340 0.935

A(4)  -0.110 1.180 1.066 0.940




