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1 GPT-4 prompting details

1.1 GPT-4 prompting for full natural language proofs

System message

You are GPT-4, an Artificial General Intelligence, and Olympiad Solver,
an expert theorem prover designed for Mathematical Olympiads. You
are participating in the International Mathematical Olympiad (IMO) .
You always provide rigorous, detailed, and complete solution to
any problem that you are asked. You do not discuss any further
details other than presenting the exact solution to the problem.
You may think out loud, step by step, or hierarchically organize
your solution at higher level subgoals down to lower level proof
steps whenever necessary.

Reflect and revise message

Is this solution complete and correct? Please deeply reflect on your
solution. If incomplete, please continue from where you dropped off
If incorrect, please try again and provide a correct solution. If
you think the solution is complete and correct, simply respond "
DONE." without adding anything.

1.2 GPT-4 prompting for interfacing with DD+AR

System message

You are GPT-4, an Artificial General Intelligence, and Olympiad Solver,
an expert theorem prover designed for Mathematical Olympiads. You
are participating in the International Mathematical Olympiad (IMO)
and you will be asked to solve Geometry problems. Your task is to
provide auxiliary constructions in a formal language,such that a
symbolic engine can parse your output and perform symbolic
deductions to attempt to solve the IMO problem. You will be
provided with the output of the symbolic engine to start
constructing the first auxiliary point. If the symbolic engine
failed to solve the problem, you will be asked to construct the
next auxiliary point. This process will repeat multiple times until
you can solve the problem.



Following is the grammar to construct a new point:
<point name> : <first predicate> , <second predicate>

Where the new point’s name is a single character and each predicate can
be one of six cases:

perp A B C D : AB is perpendicular to CD

para A B C D : AB is parallel to CD

cong A B C D : segment AB has the same length to CD
coll A B C A, B, and C are collinear

cyclic AB CD : A B C D are concyclic

egqangle A B C D E F : the angle ABC = the angle DEF
For example, to construct the midpoint M of segment BC, output this:
M : coll MBC, cong M BMC

Because any M that satisfies (1) being collinear to B and C, and (2)
being equidistance to B and C, uniquely defines the midpoint of BC.

To construct the perpendicular foot D from vertex A of triangle ARBC,
output this:

D : perp, ADBC, coll DBZC

To construct the touch point T of the tangent line from A to a circle
with center O and radius equal to BC, output this:

T : perp ATOT , cong OTBZC

Once the auxiliary construction is parsed, the symbolic deduction
engine will use it together with the problem to deduce new
predicates. Each predicate is either one of the above six types.

Some conventions in problem statements:

XYZ is considered angle XYZ (angle between lines XY and YZ), unless
explicitly stated to be a triangle.

(XY, ZT) is considered the angle between lines XY and ZT.

(X, Y) is the circle centered at X and pass through Y.

XY is the line passing through points X and Y, unless explicitly stated
to be a segment, or explicitly stated to be equal some other
segments such as "XY = AB".

Reflect and revise message

The symbolic engine failed to solve the problem with this auxiliary
point. Here is its new output:

<list of DD+AR newly deduced statements>
Let’s continue to construct another different auxiliary point. Maybe

its combination with the previously constructed points will succeed

Please think deeply, step by step, on how and why the next auxiliary
construction can help, and at the end of your response, output a



single line of text, with the correct grammar described above, to
construct one auxiliary point with name <an unused point name>,
that will help the symbolic engine solve the problem.

2 GO solutions to classical geometry in IMO 2000-
2022

2.1 IMO 2000 P1

Original:

Two circles G1 and G2 intersect at two points M and N. Let AB be the line
tangent to these circles at A and B, respectively, so that M lies closer to AB
than N. Let CD be the line parallel to AB and passing through the point M,
with C on G1 and D on G2. Lines AC and BD meet at E; lines AN and CD
meet at P; lines BN and CD meet at Q. Show that EP = EQ.

Translated:

Let A and B be any two distinct points. Define point G such that AB is
perpendicular to AG1. Define point G5 such that AB is perpendicular to BGs.
Define point M as the intersection of circles (G1, A) and (Gz, B). Define point
N as the intersection of circles (G1, A) and (G2, B). Define point C' on circle
(G1, A) such that AB is parallel to CM. Define point D on circle (G, B) such
that AB is parallel to DM. Define point E as the intersection of lines AC and
BD. Define point P as the intersection of lines AN and CD. Define point @
as the intersection of lines BN and C'D. Prove that EP = EQ

Proof:

Step 1. BGy = DGy and BGy = GoM = G5 is the circumcenter of BDM.

Step 2. Gs is the circumcenter of BDM and AB is perpendicular to BGo
= AABD = {BMD.

Step 3. AG1 = CGy and AG, = G1M = (G is the circumcenter of ACM.

Step 4. G is the circumcenter of ACM and AB is perpendicular to AG;
= ABAM = LACM.

Step 5. B, D, E are collinear, {ABD = £ BM D and AB is parallel to DM
= BA is the bisector of { M BE.

Step 6. A, C, E are collinear, { BAM = LACM and AB is parallel to CM
= AB is the bisector of K M AFE.

Step 7. AB is the bisector of K M AE and BA is the bisector of {M BE =
AE = AM and BE = BM.

Step 8. AGy; = G1M and AG; = G1N = (G is the circumcenter of AMN.

Step 9. G is the circumcenter of AMN and AB is perpendicular to AG;
= ABAM = LANM and £ BAN = LAMN.

Step 10. AB is parallel to CM and AB is parallel to DM = CM is parallel
to DM.

Step 11. CM is parallel to DM = C, D, M are collinear.

Step 12. A, N, P are collinear, C, D, M are collinear, C, D, P are collinear,
ABAN = LAMN and AB is parallel to DM = {AMN = AMPA.
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Step 13. C, D, M are collinear, C, D, P are collinear, { BAM = LANM and
AB is parallel to DM = LAMP = AMNA.

Step 14. LAMN = AMPA and {AMP = {MNA = 48 = 48

Step 15. AE:AMandi—AIf:ﬁ—ﬁ:ﬁ—g:ﬁ—g.

Step 16. A, N, P are collinear = L FAN = L EAP.

Step 17. {EAN = LEAP and 458 = 4% = LAEN = L{EPA.

Step 18. AG1 = CGl, AG1 = GlM and AGl = GlN = A, C, M,N are
cyclic.

Step 19. A,C, M, N are cyclic = £LCAN = LCMN.

Step 20. BGy = DGQ, BGy = GoM and BGy; = GoN = B,D,M,N are
cyclic.

Step 21. B, D, M, N are cyclic == {DBN = A{DMN.

Step 22. A,C,E are collinear, B, D, E are collinear, {CAN = LCMN,



ADBN = ADMN, AB is parallel to CM and AB is parallel to DM =
{FEAN = {EBN.

Step 23. {EAN = {EBN = A, B, E, N are cyclic.

Step 24. A, B, E, N are cyclic = { BAE = A{BNFE and £ BAN = {BEN.

Step 25. BGy = DGy and BGo = GoN = (G is the circumcenter of BDN.

Step 26. G is the circumcenter of BDN and AB is perpendicular to BG4
= AABD = {BND.

Step 27. C, D, M are collinear, C, D, Q are collinear, {ABD = {BND and
AB is parallel to DM = £BDQ = {DNB.

Step 28. B, N, Q are collinear = {DBN = £DBQ.

Step 29. 4DBN = £DBQ and £BDQ = {DNB = Q = Lx.

Step 30. BGy = GoM and BGy = Go N = (G is the circumcenter of BMN.

Step 31. G5 is the circumcenter of BM N and AB is perpendicular to BGo
= A{ABM = {BNM.

Step 32. LABM = ABNM and AB is parallel to DM = {BNM =
£DMB.

Step 33. B, D, M, N are cyclicand {BNM = KDMB = BD = BM.

Step 34. BD = BM, BE = BM and % =5 = Bg £,

Step 35. B, N, Q are collinear = L EBN = £{EBQ.

Step 36. {EBN = £EBQ and g% = BN = ABEN = {EQB.

Step 37. A, N, P are collinear, { BAE = ABNE, {AEN = {EPA and AB
is parallel to DM = £ (BN,DM) = £NPE.

Step 38. A, N, P are collinear, B, N,(Q are collinear, { BAN = {BEN,
ABEN = {FQB and AB is parallel to DM = £ (BN,EQ) =4 (NP,DM).

Step 39. £ (BN,DM) = ANPE and £(BN,EQ) = £(NP,DM) =
£(DM,EQ) = 4£(EP,DM).

Step 40. C, D, M are collinear, C, D, P are collinear, C, D, (Q are collinear
and £ (DM,EQ) = £ (EP,DM) = LEPQ = LPQE.

Step 41. LEPQ = {PQF = EP = EQ

|

2.2 IMO 2000 P6

Original:

Let AH1, BH2, and CH3 be the altitudes of a triangle ABC. The incircle W of
triangle ABC touches the sides BC, CA and AB at T1, T2 and T3, respectively.
Consider the symmetric images of the lines HIH2, H2H3, and H3H1 with respect
to the lines T1T2, T2T3, and T3T1. Prove that these images form a triangle
whose vertices lie on W.

Translated:

Let ABC be a triangle. Define point I such that AT is the bisector of K BAC
and CT is the bisector of L ACB. Define point T as the foot of I on line BC.
Define point T5 as the foot of I on line AC. Define point T3 as the foot of I on
line AB. Define point H; as the foot of A on line BC. Define point Hs as the
foot of B on line AC. Define point H3 as the foot of C' on line AB. Define point
X1 as the intersection of circles (71, H1) and (7%, H1). Define point X5 as the



intersection of circles (T, Hy) and (T, Hs). Define point Y> as the intersection
of circles (T, Hy) and (T35, Hz). Define point Y3 as the intersection of circles
(Ty, H3) and (T3, Hs). Define point Z as the intersection of lines X; X, and
Y5Y3. Prove that 141 = IZ

Proof:

Ty
[
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Construct point ¢ as the midpoint of BI.

Construct point S as the midpoint of I Hs.

Step 1. ToHy, = T5Y = KTQHQYQ = KHQYQTQ.

Step 2. ToHs = TyY3 and T3H3 = T3Y3 = T5T3 is perpendicular to H3Y3.

Step 3. ToHs = TyY3 and T3H3 = T5Y3 = KTQHng = KTngTQ.

Step 4. ToHy = T5Y, and T3Hy = T3Y5 = 1575 is perpendicular to HyYs.

Step 5. A, C, T, are collinear, A, C, Hy are collinear, £ToHoYo = L HyY5T5,
T>T3 is perpendicular to HyY, and T5T5 is perpendicular to H3Y; = £ (AC, H3Y3) =



£ (H3Y3,ToY3).

Step 6. AC is perpendicular to ToI and T»T3 is perpendicular to H3Y3 =
L (AC,ToI) = £ (H3Y3,ToT3).

Step 7. £ (AC, TQI) =4 (H3}/3,T2T3) and £ (AO, H3)/3) =4 (H3Y37T2Y2)
= KTQ,TQI =4 (TQ}/Q, Hng).

Step 8. B, I,Q are collinear and BQ = IQ = @ is the midpoint of BI.

Step 9. I, Hs, S are collinear and IS = H>S = S is the midpoint of I H>.

Step 10. @ is the midpoint of BI and S is the midpoint of IHy = BHs is
parallel to @Q.S.

Step 11. A, B, T3 are collinear, A, C,T; are collinear, AB is perpendicular
to T31 and AC' is perpendicular to Tol = LAT>1 = LIT5A.

Step 12. A, B, T3 are collinear, A, C, Ty are collinear and AI is the bisector
of ABAC = AI is the bisector of LTy ATs3.

Step 13. AI is the bisector of LT5AT3 and LAT»I = LIT3A = Tol = T3]
and ATQ = AT3

Step 14. Tol = T3] = KTQTgI = AITQTg

Step 15. A, B,T5 are collinear and AB is perpendicular to T3] = AT} is
perpendicular to T31.

Step 16. ATj3 is perpendicular to T3 and 1573 is perpendicular to H3Y3 =
L (ATs, H3Y3) = LIT3T5.

Step 17. £ (AT3, Hg}/g) = KITgTQ, KTgTQI =4 (TQYQ, HgYEg) and KTQTgI =

Step 18. £ (147—‘37 HgYE),) =4 (TQYYQ,H;),Y:;) = AT3 is parallel to TQYQ.

Step 19. ATy = ATz and TbI = T3] = Al is perpendicular to T5T3.

Step 20. T3H3 = T5Y3 = AT3H3Y3 = KH3Y3T3.

Step 21. A, B, T3 are collinear, A, B, H3 are collinear, Al is the bisector
of LBAC, {T5H3Y3s = £H3Y3T3, Al is perpendicular to 1573 and ToT3 is
perpendicular to H3Y3 = £ (AC, H3Y3) = £T5Y5Hj.

Step 22. £ (AC, H3Y3) = AT3Y3H3 = AC'is parallel to T3Y3.

Step 23. A, B, T3 are collinear, A, B, H3 are collinear, A, C, T, are collinear,
A,C, Hy are collinear, £T5H3T3 = £T3Y3T, AC is parallel to T3Y3 and AT3 is
parallel to ThYs = &HQTQH;), = KY3T2Y2.

Step 24. T2H2 = TQ}/Q, T2H3 = TQY; and KHQTQHg = KYSTQ}/Q = KTQYQYg =
A H3HsTs.

Step 25. A,C,Ts are collinear, B, C,T; are collinear, AC is perpendicular
to T and BC is perpendicular to Th1 = LCT1 = LIT5C.

Step 26. A, C,T; are collinear, B, C,T; are collinear and C1 is the bisector
of LACB = C1 is the bisector of £T1CT5.

Step 27. C1 is the bisector of £T1CTs and LCT I = LIT5C = Th1 = Th1
and CTl = CT2

Step 28. ThI =11 = KTlTQI = LITVT5.

Step 29. 'H, =T X = KTlHle = KHleTl.

Step 30. T1Hy = T1 X5 and To Hy = T X5 = T T5 is perpendicular to Ho Xo.

Step 31. T1H2 = T1X2 and T2H2 == TQXQ = KTlHQTQ = KTQXQTL

Step 32. T1'H, = T1 X, and To H, = T X1 = TT5 is perpendicular to Hy X;.



Step 33. B, C, T} are collinear, B, C, Hy are collinear, £T1H1 X1 = £ H1 X117,
T, T is perpendicular to Hy X and T1T5 is perpendicular to Hy Xs = £ (CHy, Ho X5) =
£ (Hy X5, T1 X1).

Step 34. B,C, H; are collinear, BC is perpendicular to 711 and 1775 is
perpendicular to HoXo = £ (CHy,Th1) = £ (Hy X2, ThT2).

Step 35. £ (CHh Tl_[) =4 (HQXQ, T1T2) and £ (CHh HQXQ) =4 (H2X27 T1X1)
= LTy I =4 (T1X17H2X2).

Step 36. AC' is perpendicular to T»I and 1175 is perpendicular to Hy Xo =
£ (AC, HyX5) = LITTh.

Step 37. £ (AC, HQXQ) = KITQTl, KTQle =4 (Tle, HQXQ) and KTlTQI =
£IT1T2 =4 (AC, HQXQ) =4 (111)(17 HQXQ).

Step 38. £ (AC, HyXs) = £ (T1 X1, Ho X5) = AC is parallel to T1 X;.

Step 39. A, B, H3 are collinear, A, C, Hs are collinear, AB is perpendicular
to CH3 and AC' is perpendicular to BHy = {BHsC = £BH3C.

Step 40. L\ BH>C = £ BH3C = B,C, Hy, H3 are cyclic.

Step 41. B,C, Hy, H3 are cyclic = ACBH3; = {CHyH3 and {BCH3 =
ABH>Hj5.

Step 42. CTy = CTy and T11 = ToI = C1 is perpendicular to T1T5.

Step 43. ToHy = T5 X9 = LTy Ho Xy = LHy X5T5.

Step 44. A, C, T are collinear, A, C, Hs are collinear, B, C, H; are collinear,
C1 is the bisector of LACB, £ToHy Xy = £HyX5Ts, CI is perpendicular to
T1T» and T1Ts is perpendicular to Ho Xy = £ (CHy, HoX2) = £T5 X5 Ho.

Step 45. £ (CHy, H2X2) = AT2XoHs = CH; is parallel to To Xs.

Step 46. A, B, T3 are collinear, A, B, H3 are collinear, A, C, T, are collinear,
A, C, Hy are collinear, B, C, H; are collinear, Y5, Y3, Z are collinear, {CBH3 =
LCHyH3, £T5Y5Y3 = LH3HyT5, ATy is parallel to ToYs and C H; is parallel to
T, X9 = £ (AC, TQXQ) =4 (AC, YQZ)

Step 47. £ (AC, T2 X5) = £ (AC,Y2Z) = Ty X, is parallel to Yo Z.

Step 48. A, C,T5 are collinear, A, C, Hy are collinear, B, C,T; are collinear,
B, C, Hq are collinear, £T1 HoTy = £T5X5T7, AC is parallel to T3 X7 and CHy
is parallel to 1o Xy = AHlTlHQ = KXQTle.

Step 49, T1H1 = T1X1, T1H2 = T1X2 and KHlTlHQ = KXQTle =
AT X1 Xo = AHH Ty

Step 50. A, C, Hy are collinear, B, C, H; are collinear, AC is perpendicular
to BH> and AH; is perpendicular to BC = LAHB = LAH>B.

Step 51. LAH,B = LAHsB = A, B, Hy, Hy are cyclic.

Step 52. A, B, Hy, Hy are cyclic = {ABH, = {AHyH;.

Step 53. A, B, T3 are collinear, A, C, Hy are collinear, B, C, T} are collinear,
B, C, Hy are collinear, X1, X5, Z are collinear, { ABH, = L{AHsH{, £T1 X1 X5 =
AH>H Ty, AC is parallel to T7 X, and ATj3 is parallel to ToYs = £ XoT5Y5 =
L (Te X2, X17).

Step 54. £ XoToYs = L (15 X2, X1Z) = ToY; is parallel to X;Z.

Step 55. ToHy = To X5 and ToHy = ToYs = T Xy = T5Y5.

Step 56. 15 Xs = T5Y5 = KTQXQ}/Q = KXQ}/QTQ

Step 57. X1, Xs, Z are collinear, T5 X5 is parallel to Y57 and T>Y5 is parallel
to XiZ = A XoT5Yo = LYo Z X5,



Step 58. LTo XY, = £ XoY5Ts and Th X5 is parallel to YoZ = Y5 X5 is the
bisector of £T5Y5Z.

Step 59. £ XoT5Ys = LY5Z X5 and Y5 X5 is the bisector of LT5Y2Z = T5Ys
= }/QZ and T2X2 = XQZ

Step 60. To Xo = XoZ and T5Y5 = YoZ = T5Z is perpendicular to XoY5.

Step 61. ToHy = 15X and ToHy = ToYs = 15 is the circumcenter of
HyX5Y5.

Step 62. A,C,T5 are collinear, A, C, Hy are collinear and AC is perpendic-
ular to BHy = BH, is perpendicular to T5Hs.

Step 63. T3 is the circumcenter of Hy X5Y5 and BHs is perpendicular to
T,Hy = ABHQYQ = 4H2X2‘Y‘2

Step 64. £{BHyY; = AHy XY, AC' is perpendicular to BHy, AC is per-
pendicular to 151, T5T5 is perpendicular to HoYs and T5T3 is perpendicular to
H3Y3; = £ (TQI, Hg}/zg) = KHQXQYQ.

Step 65. AC is perpendicular to ToI and 1175 is perpendicular to Ho Xy =
L (AC,ToI) = £ (11 T3, Ho X5).

Step 66. £ (AC7 TQI) =4 (TlTQ,HQXQ) and £ (T2I7H3Y3) = KHQXQYQ =
L (AC, Th'Ty) = £ (H3Y3, XoY5).

Step 67. T11 = 151 and ToI = T3 = I is the circumcenter of T1T5T53.

Step 68. A,C, Ty are collinear and AC' is perpendicular to Tol = AT is
perpendicular to To1.

Step 69. I is the circumcenter of T1T573 and AT5 is perpendicular to 1751
= LATYT3 = L1511 T3.

Step 70. A, C,T; are collinear, £ (AC, T1T5) = £ (H3Y3, XoYs) and L AT»T3 =
KTQTng = KTngTQ =4 (XQYQ,Hng).

Step 71. T»T3 is perpendicular to HsY3 = £ (1515, H3Y3) = £ (H3Y3, T5T3).

Step 72. £ (T2T3,H3Y3) =4 (HgKg,Tng) and AT:[TBTQ =4 (XgYQ,Hng)
= £ (T1T3, XQ}/Q) =4 (Hg,Yé, TQTg,)

Step 73. A, B,T3 are collinear and AB is perpendicular to T3] = BTj is
perpendicular to T31.

Step 74. @ is the midpoint of BI and BTj is perpendicular to T3] = T5Q
=1Q.

Step 75. B,C, Ty are collinear and BC' is perpendicular to 711 = BT is
perpendicular to T71.

Step 76. @ is the midpoint of BI and BT} is perpendicular to 711 = T1Q
=1Q.

Step 77. ThI =151 and ToI = Tg[ =TI = TgI

Step 78. T1Q = IQ and T5Q = IQ = ThQ = T3Q.

Step 79. T11 = T51 and T1Q = T5Q = T1T5 is perpendicular to 1Q.

Step 80. AC is perpendicular to 751 and 1173 is perpendicular to 1Q) =
L (AC,T'T3) = £TI1Q.

Step 81. B,C, Hy are collinear and BC' is perpendicular to 711 = CH; is
perpendicular to T11.

Step 82. AC is perpendicular to 751 and C'H; is perpendicular to 771 =
L (AC,ThI) = £ (Tx1,CH,y).

Step 83. T11 = 131, T1Q = IQ and T3Q = IQ = LIT1Q = £T31Q.



Step 84. B,C, H; are collinear, £ (AC,T\I) = £ (T>I,CH,), {BCH3 =
ABH>Hj3, AB is perpendicular to CH3z, AB is perpendicular to T3, AC is per-
pendicular to BHy and AC is perpendicular to Tol = £ (AC, T\ I) = £ (HoH3, T51).

Step 85. £ (AC, Tll) =4 (HQHg, ng) and KITlQ = KT3IQ =4 (AC, TlQ) =
£ (HyHs, 1Q).

Step 86. T1Q = IQ and TyYy = YoZ = 4 = 2.

Step 87. A, C, Ty are collinear, A, C, Hy are colhnear Y5,Y3, Z are collinear,
£ (AC, TlQ) (H2H3,IQ) and KTQYQY?, = KHgHgTQ = KTlQI KZYQTQ

Step 8. LT\QI = £ZY,T and L7 = 2 = Lk — D2

Step 89. A, C, T are collinear, A, C, Hy are colhnear £L(AC, ThT3) = LT1Q,
L(Tng,XQYQ) =4 (H3Y3,T2T3), T2T3 is perpendicular to HgY:?, and TQZ is
perpendicular to XoYs = LTh1Q = LH 127

Step 90. TlI = TQI, TlQ = IQ, TQHQ = TQXQ, T2X2 = TQ}/Q and ’17:1165 = L2

ToYs
I _ TwZ
= 70 = THs

Step 91. LT5IQ = £H>T»Z and % = = ATyHyZ = £ToQI and

T>H:
Tl _ TeQ
T2 Z

StepHég. A, C, T, are collinear, A, C, Hy are collinear and AC' is perpendic-
ular to 151 = 151 is perpendicular to T5 Hs.

Step 93. S is the midpoint of I Hy and T»1 is perpendicular to To Ho = 155
= 1S and TQS = HQS

Step 94. TobS = IS = LTo1S = LST>1.

Step 95. I, Hs, S are collinear, LT51S = £ST>1, BH> is parallel to QS, AC
is perpendicular to BHy and AC is perpendicular to To] = S@ is the bisector
of &TQSHQ

Step 96. 155 = H>S and SQ is the bisector of £T5SHy = ToQ = H2Q and
@S is the bisector of LToQHo>.

Step 97. TQQ = HQQ = KTQHQQ = KQTQHQ

Step 98. ATj is perpendicular to T35/ and C'H; is perpendicular to 171 =
£ (ATg, CHl) = KTgITl

Step 99. A,C,Ty are collinear, A,C, Hy are collinear, £ToHoZ = AT5QI1
and LToHyQ = £QToHy = £ (AC, H2Q) = £ (IQ, H2 7).

Step 100. A, B, T3 are collinear, A, C, Hy are collinear, B, C, H are collinear,

£ (ATs,CH,) = £T5ITy, LABH, = L AH>H; and £IT\Q = £T51Q = £ (AC, H1 H,) =

LIQT,.

Step 101. A(AC,HlHQ) = &IQTl and K(AC,HQQ) = K(IQ7H2Z) =
£ (ThQ,H Hy) = £ZH>Q.

Step 102. AC is perpendicular to ToI and 71773 is perpendicular to IQ =
L(AC,ToI) = £ (IQ,T1T3).

Step 103. K(AC,TQI) = K(IQ,Tng) and K(AC, HlHQ) = AIQTl =
£ (T1T3, TQI) =4 (TlQ, HlHQ).

Step 104. £ (ThT5,T>1) = £ (ThQ, H1Ha), £ (Th T3, X2Ys) = £ (HsYs,T2T5),
£ (ThQ,H Hy) = £LZH>Q, T>T5 is perpendicular to H3Y5 and T5Z is perpen-
dicular to XoYs = L1157 = AQHZ

Step 105. ToQ = HoQ and 72 = 124 = Tl = 129

10



Step 106. £ITyZ = LQH>Z and 72 = 2% = £ (Tol, HyQ) = £1ZQ and
I _ ZI
H,Q — ZQ°

Step 107. £ (ToI, HQ) = £1ZQ, QS is the bisector of £{ToQH,, BH> is
parallel to QS, AC is perpendicular to BHy and AC is perpendicular to ToI =
LQToI = L1ZQ.

Step 108. T2Q = H,@ and T2I = ZQ = %é = ZZé

Step 109. £QT»I = £1ZQ and Tzé = Zé =Tl =1Z.

Step 110. Tyl =Tol and Tol = 172 = Tl =17

|

2.3 IMO 2002 P2A

Original:

Let BC be a diameter of circle W with center O. Let A be a point of circle W
such that 0° < LAOB < 120°. Let D be the midpoint of arc AB not containing
C. Line 1 passes through O and is parallel to line AD. Line 1 intersects line AC
at J. The perpendicular bisector of segment OA intersects circle W at E and F.
Prove that EJ is the angle bisector of angle CEF.

Translated:

Let B and C be any two distinct points. Define point O as the midpoint of
BC. Let A be any point on circle (O, B). Define point D as the circumcenter of
triangle BAO. Define point E on circle (O, B) such that AE = EO, {EAO =
LAOFE and LAEO = £LAEO. Define point F' on circle (O, B) such that AF =
FO and LFAO = £AOF'. Define point J on line AC such that AD is parallel
to JO. Prove that EJ is the bisector of L{CEF

Proof:

Step 1. AO = BO and BO = CO = O is the circumcenter of ABC.

Step 2. O is the circumcenter of ABC and B,C,O are collinear = AB is
perpendicular to AC.

Step 3. AD = BD and AO = BO = AB is perpendicular to DO.

Step 4. AO = BO and BO = DO = AO = DO.

Step 5. AO = DO = LADO = LOAD.

Step 6. A,C,J are collinear, LADO = LOAD, AD is parallel to JO, AB
is perpendicular to AC and AB is perpendicular to DO = LAJO = LJOA.

Step 7. LAJO = LJOA = AJ = AO.

Step 8. LEAO = LAOE and A{AEO = LAEO = 49 = 94,

Step 9. LFAO = LAOF = 4% = 94,

Step 10. AJ = AO, AO = BO BO = EO, BO = FO, 4% = 94 and
% = % = FE,F, J,0O are cyclic.

Step 11. E, F, J, 0 are cyclic = LFEJ = LFOJ.

Step 12. AE = EO, BO = EO and BO = FO = AE = FO.

Step 13. AF = FO, BO = FO and BO = FO = AF = EO.

Step 14. AE = FO and AF = FO = AF is parallel to FO.

Step 15. AO = BO, BO = DO, BO = EO and BO = FO = A,D,E,F
are cyclic.
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Figure 3: imo 2002 p2a

Step 16. A, D, E, F are cyclic = LADF = L AFF.

Step 17. AO = BO, BO = CO, BO = FEO and BO = FO = A,C,E,F
are cyclic.

Step 18. A,C, E, F are cyclic = {ACF = LAFE.

Step 19. AE = FO, AF = FO, BO = FO and BO = FO = AFE = AF.

Step 20. AE = AF = LAEF = {EFA.

Step 21. BO = DO and BO = FO = DO = FO.

Step 22. DO = FO = ADFO = £ODF.

Step 23. LACE = LAFE, {ADF = LAEF and {AEF = {EFA =
£LADF = {ECA.

Step 24. LDFO = LODF, AB is perpendicular to AC' and AB is perpen-
dicular to DO = £ (AC,DF) = £DFO.

Step 25. L (AC,DF) = ADFO and {ADF = {ECA = £(AD,FO) =

12



£ (CE,DF).

Step 26. A, C,J are collinear, AD is parallel to JO, AB is perpendicular to
AC and AB is perpendicular to DO = £JAD = £DOJ.

Step 27. AD is parallel to JO = LADJ = £OJD.

Step 28. LJAD = £ADOJ and LADJ = £0OJD = AJ = DO.

Step 29. A, C, J are collinear, AF is parallel to FFO, AB is perpendicular to
AC and AB is perpendicular to DO = {JAFE = {DOF.

Step 30. AE = FO, AJ = DO and LJAE = {DOF = £ (AE,FO) =
£ (EJ,DF).

Step 31. L (AD,FO) = £ (CE,DF), L (AE,FO) = £ (EJ,DF), {FEJ =
£LFOJ, AD is parallel to JO and AFE is parallel to FFO = EJ is the bisector of
£LCEF

|

2.4 IMO 2002 P2B

Original:

Let BC be a diameter of circle W with center O. Let A be a point of circle W
such that 0° < LAOB < 120°. Let D be the midpoint of arc AB not containing
C. Line 1 passes through O and is parallel to line AD. Line 1 intersects line AC
at J. The perpendicular bisector of segment OA intersects circle W at E and F.
Prove that CJ is the angle bisector of angle ECF.

Translated:

Let B and C be any two distinct points. Define point O such that BO =
CO. Let A be any point on circle (O, B). Define point E as the circumcenter
of triangle BAO. Define point F' as the circumcenter of triangle BAO. Let J
be any point on line AC. Prove that CJ is the bisector of L ECF

Proof:

Step 1. AO = BO, BO = CO, BO = EO and BO = FO = A,C,E, F are
cyclic.

Step 2. A,C,E, F are cyclic = {ACF = LAEF and {ACE = {AFFE.

Step 3. AE = EO, AF = FO, BO = EO and BO = FO = AFE = AF.

Step 4. AE = AF = LAFEF = {EFA.

Step 5. A,C,J are collinear, LACE = LAFFE, {ACF = {LAFEF and
LAEF = {EFA = CJ is the bisector of L ECF

|

2.5 IMO 2003 P4

Original:

Let ABCD be a cyclic quadrilateral. Let P, Q and R be the feet of perpen-
diculars from D to lines BC, CA and AB respectively. Show that PQ = QR if
the bisectors of angles ABC and ADC meet on segment AC.

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle
CBA. Define point B; on circle (O, A) such that £B1 AC = LACB;. Define

13



Figure 4: imo 2002 p2b

point Dy on circle (O, A) such that LACD; = £D; AC. Define point X as the
intersection of lines AC and BB;. Define point D as the intersection of circle
(O, A) and line D1 X. Define point P as the foot of D on line BC'. Define point
Q@ as the foot of D on line AC. Define point R as the foot of D on line AB.
Prove that PQ = QR

Proof:

Step 1. A, C,(Q are collinear, B, C, P are collinear, AC is perpendicular to
D@ and BC is perpendicular to DP = LCPD = LCQD.

Step 2. LCPD = £CQD = C,D, P,Q are cyclic.

Step 3. C, D, P,Q are cyclic = £CDQ = LCPQ.

Step 4. AO = BO, AO = B;0 and BO = CO = A, B, By, C are cyclic.

Step 5. AO = BO, AO = B10, AO = DO and A, B, By,C are cyclic =
A, B,C, D are cyclic.
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Figure 5: imo 2003 p4

Step 6. A, B,C, D are cyclic = {BAD = {BCD, {ACB = {ADB and
ABAC = £BDC.

Step 7. A,C, X are collinear and AC' is perpendicular to DQ = AX is
perpendicular to DQ.

Step 8. B,C, P are collinear and BC' is perpendicular to DP = BP is
perpendicular to DP.

Step 9. AX is perpendicular to DQ and BP is perpendicular to DP =
£ (AX ,BP)=ALQDP.

Step 10. B, C, P are collinear, { BAD = £BCD and £CDQ = LCPQ =
£BAD = APQ@D.

Step 11. A,C, X are collinear, B, C, P are collinear, £ (AX, BP) = {QDP
and LACB = L{ADB = {ADB = £QDP.

Step 12. LADB = £QDP and £BAD = £PQD = 54 = 29
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Step 13. A, B, R are collinear, A, C,Q are collinear, AB is perpendicular to
DR and AC' is perpendicular to DQ = {AQD = £LARD.

Step 14. LAQD = LARD = A, D,Q, R are cyclic.

Step 15. A, D, Q, R are cyclic = {ADQ = LARQ.

Step 16. A, B, R are collinear and AB is perpendicular to DR = AR is
perpendicular to DR.

Step 17. AR is perpendicular to DR and AX is perpendicular to DQ =
£ XAR = LQDR.

Step 18. A, B, R are collinear, { BAD = £ BCD and {ADQ = £{ARQ =
£BCD = £RQD.

Step 19. A, B, R are collinear, A, C, X are collinear, { BAC' = {BDC' and
AXAR = AQDR = ABDC = LRDQ.

Step 20. 4BDC = £RDQ and £BCD = £RQD = £S = K<

Step 21. AR is perpendicular to DR and BP is perpendicular to DP =
£ (AR,BP) = LRDP.

Step 22. A, B, R are collinear, B,C, P are collinear and { BAD = £{BCD
= ADAR = £DCP.

Step 23. B,C,P are collinear and £ (AR,BP) = {RDP = LARD =
£LCPD.

Step 24. £DAR = £DCP and £ARD = LCPD = 24 = B¢

Step 25. AO = BO, AO = B,0, AO = DO, AO = DlO and A, B, By, C
are cyclic = A, C, D, D, are cyclic.

Step 26. A,C,D,D; are cyclic = LACD; = £LADD; and LACD =
£LADD

Step 27. D, Dy, X are collinear, {ACD = LAD1D, LACD, = £D1AC and
LACD, = LADD; = DX is the bisector of LADC.

Step 28. A,C, X are collinear and DX is the bisector of LADC = B—é =
XA

XC*
Step 29. A, B, By, C are cyclic = {AB1B = {ACB and {ABBy = {ACB;.
Step 30. B, By, X are collinear, £ B1AC = LACB,, £ABB; = LACB; and
LAB1B = LACB = BX is the bisector of LABC.

Step 31. A, C, X are collinear and BX is the bisector of L ABC :> = x4

=Xc-
pA_ XA BA_PQ BC_RQ DA _ XA .4 DA Dc
Step 32. 55 = xG» Bp = PD> BD — BD> DC — xc and P = by
ratio chasing: PQ = QR

2.6 IMO 2004 P1

Original:

Let ABC be a triangle with AB = AC. The circle with diameter BC intersects
the sides AB and AC at M and N respectively. Denote by O the midpoint of
the side BC. The bisectors of the angles K BAC and £ MON intersect at R.
Prove that the circumcircles of the triangles BMR and CNR have a common
point lying on the side BC.

Translated:
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Let ABCO be a quadrilateral. Define point M as the intersection of circle
(O, B) and line AB. Define point N as the intersection of circle (O, B) and
line AC. Define point R such that AR is the bisector of £ BAC and OR is
the bisector of L MON. Define point O; as the circumcenter of triangle RBM.
Define point Oy as the circumcenter of triangle RCN. Define point P as the
intersection of circles (O1, R) and (O2, R). Prove that B, C, P are collinear

Proof:

Figure 6: imo 2004 pl

Construct point K such that KM = KN.

Construct point L as the intersection of circles (K, A) and (O, A).
Step 1. AK = KL and AO = LO = AL is perpendicular to KO.
Step 2. AK = KL and AO = LO = KO is the bisector of {AKL.
Step 3. BO = MO and BO = NO = MO = NO.

Step 4. KM = KN and MO = NO = KO is perpendicular to M N.
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Step 5. MO = NO and OR is the bisector of {MON = MR = NR.

Step 6. MO = NO and MR = NR = MN is perpendicular to OR.

Step 7. AL is perpendicular to KO and KO is perpendicular to MN = AL
is parallel to M N.

Step 8. KO is the bisector of {AKL, AL is parallel to MN, AL is per-
pendicular to KO and M N is perpendicular to OR = KR is the bisector of
LAKL.

Step 9. AK = KL and KR is the bisector of {AKL = AR = LR.

Step 10. MO = NO = AMNO = LOMN.

Step 11. AO = LO = LALO = LOAL.

Step 12. LALO = LOAL, AMNO = LOMN and AL is parallel to MN =
by angle chasing: L AOM = £LNOL and LAON = LMOL.

Step 13. AO = LO, MO = NO and {AOM = {NOL = AM = LN.

Step 14. AM = LN, AR = LR and MR = NR = {MAR = £RLN.

Step 15. A, B, M are collinear, A,C, N are collinear, AR is the bisector of
ABAC and {MAR = LRLN = ANAR = ANLR.

Step 16. ANAR=ANLR = A,L,N, R are cyclic.

Step 17. AO = LO, MO = NO and {AON = AMOL = AN = LM.

Step 18. AN = LM, AR = LR and MR = NR = {RAN = AMLR.

Step 19. A, B, M are collinear, A,C, N are collinear, AR is the bisector of
ABAC and {RAN = AMLR = AMAR = AMLR.

Step 20. AMAR=AMLR = A,L, M, R are cyclic.

Step 21. A,L,M, R are cyclic and A, L, N, R are cyclic = A, M, N, R are
cyclic.

Step 22. A, M, N, R are cyclic == AMAN = {MRN.

Step 23. BOy = MO, MOy, = O1R and O;P = O1R = B,M,P,R are
cyclic.

Step 24. B, M, P, R are cyclic == {BMR = {BPR.

Step 25. CO3 = NO3y, NO; = OsR and OoP = OsR = C,N,P, R are
cyclic.

Step 26. C, N, P, R are cyclic == {NCP = {NRP.

Step 27. A, B, M are collinear, A,C, N are collinear, {MAN = LM RN,
ANCP = ANRP and {BMR = {BPR = {BPR = LCPR.

Step 28. L BPR = ACPR = BP is parallel to CP.

Step 29. BP is parallel to CP = B,C, P are collinear

|

2.7 IMO 2004 P5A

Original:

In a convex quadrilateral ABCD, the diagonal BD bisects neither the angle
ABC nor the angle CDA. The point P lies inside ABCD and satisfies L PBC =
£ADBA and £PDC = £BDA. Prove that AP=CP given ABCD is a cyclic
quadrilateral.

Translated:
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Let ABC be a triangle. Define point O as the circumcenter of triangle C BA.
Let D be any point on circle (O, A). Define point P such that {ABD = £ PBC
and LADB = APDC. Prove that AP = CP

Proof:

Figure 7: imo 2004 pba

Step 1. AO = BO, AO = DO and BO = CO = A, B,C, D are cyclic.

Step 2. A, B,C, D are cyclic == {BAD = LBCD and {BAC = £BDC.

Step 3. AO = BO, AO = DO and BO = CO = CO = DO.

Step 4. CO = DO = £CDO = £LOCD.

Step 5. BO = CO = £BCO = LOBC.

Step 6. LBAD = LBCD, L{ABD = £PBC, {BCO = LOBC, {ADB =
£LPDC and LCDO = £LOCD = by angle chasing: {BOD = £BPD.

Step 7. LBOD = {BPD = B, D, 0O, P are cyclic.

Step 8. B, D, 0, P are cyclic = {BDP = {BOP.
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Step 9. AO = BO and BO = CO = AO = CO.

Step 10. AO = CO = LACO = LOAC.

Step 11. AO = BO = LABO = LOAB.

Step 12. LBAC = £BDC, {BAD = {BCD, {ABO = LOAB, {ACO =
£LOAC, LBCO = LOBC, £ADB = {PDC and {BDP = £ BOP = by angle
chasing: OP is the bisector of LAOC.

Step 13. AO = CO and OP is the bisector of L{AOC = AP = CP

|

2.8 IMO 2005 P5A

Original:

Let ABCD be a fixed convex quadrilateral with BC = DA and BCDA. Let
two variable points E and F lie on the sides BC and DA, respectively, and satisfy
BE = DF. The lines AC and BD meet at P, the lines BD and EF meet at Q, the
lines EF and AC meet at R. Let O1 and O2 be the circumcircle of triangles APD
and BPC respectively, and M be the second intersection of the circles (O1,P)
and (O2,P). Prove that the circumcircles of the triangles PQR, as E and F vary,
always go through M.

Translated:

Let ABC be a triangle. Define point D such that AD = BC'. Let E be any
point on line BC'. Define point F' on line AD such that BE = DF'. Define point
P as the intersection of lines AC and BD. Define point @ as the intersection
of lines BD and EF. Define point R as the intersection of lines AC and E'F.
Define point O; as the circumcenter of triangle PDA. Define point Oy as the
circumcenter of triangle CBP. Define point M as the intersection of circles
(01, P) and (O, P). Prove that M, P,Q, R are cyclic

Proof:

Step 1. AOy, = O1P, DOy = O1P and MOy = O1P = A,D,M,P are
cyclic.

Step 2. A, D, M, P are cyclic == {DAP = ADMP and {MAP = {MDP.

Step 3. BOy = O3P, CO3 = O3 P and MOs = O2P = B,C, M, P are cyclic.

Step 4. B,C, M, P are cyclic = {BCP = ABMP and {MBP = AMCP.

Step 5. A, C, P are collinear, A, D, F are collinear and { DAP = {DMP =
£ (AF,CP)=4ADMP.

Step 6. B,C,E are collinear and {BCP = {BMP = {(BE,CP) =
£BMP.

Step 7. L (AF,CP)=£DMP and £ (BE,CP) = A{BMP = £ (AF, BE)
£DMB.

Step 8. A, D,F are collinear, B,C,E are collinear and £ (AF,BE)
ADMB = L{ADM = LCBM.

Step 9. A,C, P are collinear, B, D, P are collinear, {MAP = LM DP and
AMBP = AMCP = LAMD = LCMB.

Step 10. LAMD = LCMB and {ADM = £{CBM = 42 = 1D

Step 11. A, D, F' are collinear, B, C, E' are collinear and AADM £LCBM
= {EBM = AF DM.
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Figure 8: imo 2005 pba

Step 12. AD = BC and 42 = ¥5 = BM = DM.

Step 13. BE = DF, BM = DM and £EBM = {FDM = EM = FM
and {BMD = {EMF.

Step 14. BM = DM and EM = FM = 42 = ML,

Step 15. {BMD = {EMF and 48 = 112 = {BDM = LEFM.

Step 16. B, D, @ are collinear, E, F,Q are collinear and £ BDM = LEFM
= AMDQ = LMFQ.

Step 17. LMDQ = AMFQ = D, F,M,Q are cyclic.

Step 18. D, F, M, Q are cyclic = {DFQ = £DMQ.

Step 19. A,C, P are collinear, A, C, R are collinear, A, D, F' are collinear,
E,F,Q are collinear, FE, F, R are collinear, { DAP = ADMP and £DFQ =
ADMQ = LMPR = LAMQR.

Step 20. AMPR=4AMQR = M, P,Q, R are cyclic
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2.9 IMO 2007 P4

Original:

In triangle ABC the bisector of L BC'A meets the circumcircle again at R,
the perpendicular bisector of BC at P, and the perpendicular bisector of AC
at Q. The midpoint of BC is K and the midpoint of AC is L. Prove that the
triangles RPK and RQL have the same area.

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle C BA.
Define point R on circle (O, A) such that AR = BR and LABR = {RAB.
Define point L as the midpoint of AC. Define point K as the midpoint of BC.
Define point P as the intersection of lines CR and KO. Define point ) as the
intersection of lines CR and LO. Define point Ly as the foot of L on line CR.
Define point K as the foot of K on line C'R. Prove that Izﬁl = g—g

Proof:

Step 1. AO = BO, AO = OR and BO = CO = O is the circumcenter of
ACR.

Step 2. A,C, L are collinear and AL = CL = L is the midpoint of AC.

Step 3. O is the circumcenter of ACR and L is the midpoint of AC =
LAOL = LARC.

Step 4. AO = BO, AO = OR and BO = CO = O is the circumcenter of
BCR.

Step 5. B,C, K are collinear and BK = CK = K is the midpoint of BC.

Step 6. O is the circumcenter of BCR and K is the midpoint of BC' =
£{BOK = £BRC.

Step 7. AO = BO and AR = BR = £RAO = {OBR.

Step 8. C, Ki, R are collinear, C, L1, R are collinear, C, P, R are collinear,
C,Q, R are collinear, K,O, P are collinear, L, O,Q are collinear, L RAO =
£LOBR, LAOL = LARC and £ BOK = {BRC = {KPK; = LL1QL.

Step 9. C, K1, R are collinear, C, L1, R are collinear, C, P, R are collinear,
C, @, R are collinear, CR is perpendicular to K K, and C'R is perpendicular to

Step 10. (KK P = £QL,L and {KPK, = {[,QL = 55 = fg—g‘

Step 11. AO = BO, AO = OR and BO = CO = A, B,C, R are cyclic.

Step 12. A, B,C, R are cyclic = L ABR = {ACR and £ BAR = {BCR.

Step 13. AO = BO and BO = CO = AO = CO.

Step 14. AL = CL and AO = CO = AC is perpendicular to LO.

Step 15. BK = CK and BO = CO = BC(C is perpendicular to KO.

Step 16. A,C, L are collinear, B,C, K are collinear, C, P, R are collinear,
C,Q, R are collinear, {BAR = {BCR, {ABR = {RAB and {ABR = LACR
= AKCP = £QCL.

Step 17. A,C, L are collinear, B,C, K are collinear, K,O, P are collinear,
L,0,Q are collinear, AC is perpendicular to LO and BC' is perpendicular to
KO = LCLQ = £LPKC.
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Figure 9: imo 2007 p4

Step 18. LKCP = £QCL and £CLQ = {PKC = g_g = fg_g;.

Step 19. AO = BO, AO = OR and BO = CO = CO = OR.

Step 20. CO = OR = LOCR = LCRO.

Step 21. C, P, R are collinear, C,Q, R are collinear, K, O, P are collinear,
L,0,Q are collinear, { RAO = {OBR, {AOL = {ARC and {BOK = £BRC
= LCQO = LOPR.

Step 22. C, P, R are collinear, C, @, R are collinear and £LOCR = £CRO =
£OCQ = £LPRO.

Step 23. LOCQ = LPRO and £CQO = LOPR = % = g—%

Step 24. C, P, R are collinear, C,Q, R are collinear, K, O, P are collinear,
L,0,Q are collinear, { RAO = LOBR, {AOL = {ARC and £ BOK = {BRC
= ACPO = LOQR.

Step 25. C, P, R are collinear, C, @, R are collinear and {OCR = LCRO =
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£PCO = LORQ.
Step 26. {PCO = LORQ and {CPO = LOQR = 2S = ¢F.

CP _ KP KK, _ KP OC _ CP oc _ CQ KK, _ RQ
Step 27. &5 = 7g» Ti, — 1q® ok — or ad o = =

2.10 IMO 2008 P1A

Original:

Let H be the orthocenter of a triangle ABC. The circle GammaA centered at
the midpoint of BC and passing through H intersects the sideline BC at points
A1l and A2. Similarly,define the points B1, B2, C1, and C2. Prove that C1 C2
B1 B2 are concyclic.

Translated:

Let ABC be a triangle. Define point H such that AH is perpendicular to
BC'. Define point E as the midpoint of AC. Define point F' as the midpoint of
AB. Define point Bj as the intersection of circle (E, H) and line AC. Define
point By as the intersection of circle (F, H) and line AC. Define point C as the
intersection of circle (F, H) and line AB. Define point Cs as the intersection of
circle (F, H) and line AB. Prove that By, Ba, Cy,C5 are cyclic

Proof:

Construct point O such that HE = FO and HO is perpendicular to EF.

Stepl. HE = EBy, HE = EB; and HE = EO = H, B1, Bs, O are cyclic.

Step 2. H,By,B>,0 are cyclic = {BoHO = £B>;B10 and {HB1By =
£HOBs.

Step 3. HE = EBy = AEHBy; = AHB>E.

Step 4. A,C, E are collinear, A, C, By are collinear, A, C, By are collinear
and KBQHO = ABzBlo = &BQHO =4 (EBQ, BlO)

Step 5. KEHBQ = AHBQE and KBQHO =4 (EBQ,BlO) = KEHBQ =
£LHOB;.

Step 6. A,C, E are collinear and AF = CE = E is the midpoint of AC.

Step 7. A, B, F are collinear and AF = BF = F is the midpoint of AB.

Step 8. E is the midpoint of AC and F' is the midpoint of AB = BC' is
parallel to E'F.

Step 9. HE = EBy, HE = EBs; and HE = EO = F is the circumcenter
of Bl BQO

Step 10. A, C, E are collinear, A, C, By are collinear and A, C, B, are collinear
= FE, By, By are collinear.

Step 11. FE is the circumcenter of B; BoO and E, By, By are collinear = B0
is perpendicular to B3O.

Step 12. BC is parallel to EF and AH is perpendicular to BC' = AH is
perpendicular to EF.

Step 13. AH is perpendicular to EF and B;0O is perpendicular to BoO =
£ (AH,B,0) = £ (EF, B20).

Step 14. AH is perpendicular to BC and HO is perpendicular to EF =
£ (AH,BC)= £ (HO,EF).
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Figure 10: imo 2008 pla

Step 15. £ (AH, BC) = L (HO, EF) and BC'is parallel to EF = £ (AH,EF) =
£ (HO,EF).

Step 16. £ (AH,EF) = £ (HO,EF) = AH is parallel to HO.

Step 17. HE = EBy, and HE = EBy; = FE is the circumcenter of H By B.

Step 18. FE is the circumcenter of HBy By and E, B, Bs are collinear =
H B is perpendicular to H Bs.

Step 19. A,C, E are collinear, A, C, By are collinear, A, C, B are collinear
and AHBlBQ = KHOBQ = 4 (HBl, EBQ) = KHOBQ

Step 20. H B; is perpendicular to H By and HO is perpendicular to EF =
£B1HBs; = £ (HO, EF).

Step 21. {B1HBy = £ (HO,EF)and £ (HB,,EBy) = {HOBy = {HByFE =
£ (EF, B5O).

Step 22. HE = EBy; and HE = EO = EBy = EO.
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Step 23. EBy = EO = KEBQO = KBQOE

Step 24. £ (AH,B,0) = £ (EF,B30), {EHBy; = LHOB; and AH is
parallel to HO = {FHBy = £ (EF, B30).

Step 25. L{HByE = £ (EF, BoO) and {EBy0O = {ByOFE = £ (HBs,EF) =
£4BsOFE.

Step 26. LEHBy = £ (EF,B30) and £ (HBy, EF) = {BsOF = EF is
the bisector of L HEO.

Step 27. HE = FEO and EF is the bisector of {HEO = HF = FO.

Step 28. HF = FCy, HF = FCy and HF = FO = H, (1,5, O are cyclic.

Step 29. H,C1,Cs, O are cyclic = LHC1Cy = LHOCs.

Step 30. AH is parallel to HO = A, H, O are collinear.

Step 31. A, B,(C are collinear, A, B, are collinear, A, H, O are collinear
and LHC1Cy = LHOCy = LAOCy = LHC1 A and LAC0 = LC1HA.

Step 32. KACQO = KClHA and KAOCQ = KHOlA = % = 1?4%2

Step 33. A, C, By are collinear, A, C, By are collinear, A, H, O are collinear
and KHBlBQ = AHOBQ = AAOBQ = KHBlA

Step 34. A,C, By are collinear, A, C, By are collinear, {HB1By; = {HOB>
and AH is parallel to HO = £{AB>O = £B1HA.

Step 35. LAB>O = AB1HA and {AOBy = {HB; A = 4L — AB2

AB; A0
AH _ ABs AH ACz ABl _ AC,
Step 36. 55~ - = A0 and = = by ratio chasing: & = 45

Step 37. A, B,(C are colhnear A, B Cy are collinear, A, C, Bl are collinear
and A, C, By are collinear = £B1ACy = £ B> ACY.

Step 38. 4By ACy = £ByAC, and 42+ = 451 = LABC, = £B,C1 A.

Step 39. A, B, Cy are collinear, A, B C’g are colhnear A, C, By are collinear,
A, C, By are collinear and AABlcg L{BQC’lA = &BgBlCQ A B>C1C5.

Step 40. KBQBlcQ = KBQCHCQ = Bl, BQ7 Cl, 02 are CyCliC

[ |

2.11 IMO 2008 P1B

Original:

Let H be the orthocenter of a triangle ABC. The circle GammaA centered at
the midpoint of BC and passing through H intersects the sideline BC at points
Al and A2. Similarly,define the points B1, B2, C1, and C2. Prove that C1 C2
B1 A1l are concyclic.

Translated:

Let ABC be a triangle. Define point H as the orthocenter of triangle C BA.
Define point D as the midpoint of BC. Define point E as the midpoint of AC.
Define point F' as the midpoint of AB. Define point A; as the intersection of
circle (D, H) and line BC. Define point A, as the intersection of circle (D, H)
and line BC. Define point B; as the intersection of circle (E, H) and line AC.
Define point By as the intersection of circle (E, H) and line AC. Define point
Cy as the intersection of circle (F, H) and line AB. Define point Cy as the
intersection of circle (F, H) and line AB. Prove that Cy,Cs, By, A; are cyclic

Proof:

Not solved.
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Figure 11: imo 2008 plb

2.12 IMO 2008 P6

Original:

Let ABCD be a convex quadrilateral with BA # BC'. Denote the incircles
of triangles ABC and ADC by W1 and W2 respectively. Suppose that there
exists a circle W tangent to ray BA beyond A and to the ray BC beyond C,
which is also tangent to the lines AD and CD. Prove that the common external
tangents to W1 and W2 intersect on W.

Translated:

Let XY Z be a triangle. Define point O as the circumcenter of triangle
YXZ. Let W be any point on circle (O, X). Define point A such that AX is
perpendicular to OX and AZ is perpendicular to OZ. Define point B such that
BW is perpendicular to OW and BZ is perpendicular to OZ. Define point C'
such that CW is perpendicular to OW and CY is perpendicular to OY. Define
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point D such that DX is perpendicular to OX and DY is perpendicular to OY .
Define point I; such that Al is the bisector of £ BAC and CI; is the bisector
of LACB. Define point I» such that Al is the bisector of LCAD and DI is
the bisector of LADC. Define point F; as the foot of I; on line AC. Define
point Fy as the foot of I on line AC. Define points @, T such that FiI; =
LQ, Fyl, = I,T, IQ is perpendicular to QT and I;T is perpendicular to QT
Define points P, S such that Fily = I1 P, FyIs = I,S, I1 P is perpendicular to
PS and I,S is perpendicular to PS. Define point K as the intersection of lines
PS and QT. Prove that OK = OX
Proof:

Figure 12: imo 2008 p6

Not solved.
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2.13 IMO 2009 P2

Original:

Let ABC be a triangle with circumcenter O. The points P and Q are interior
points of the sides CA and AB respectively. Let K, L. M be the midpoints of
BP, CQ, P Q, respectively, and let Gamma be the circumcircle of triangle KLM.
Suppose that P Q is tangent to Gamma. Prove that OP = OQ.

Translated:

Let MLK be a triangle. Define point W as the circumcenter of triangle
LMK. Define point @) such that MW is perpendicular to M Q. Define point P
as the mirror of () through M. Define point B as the mirror of P through K.
Define point C' as the mirror of @) through L. Define point A as the intersection
of lines @B and PC. Define point O as the circumcenter of triangle C' BA.
Prove that QO = PO

Proof:

Construct point D such that MK = LD and MD = LK.

Construct point E as the mirror of K through W.

Construct point F' as the mirror of @) through D.

Step 1. M, @, P are collinear and MQ = M P = M is the midpoint of QP.

Step 2. L,Q,C are collinear and LQ = LC = L is the midpoint of QC.

Step 3. M is the midpoint of QP and L is the midpoint of QC = ML is
parallel to PC.

Step 4. BO = CO and BO = AO = CO = AO.

Step 5. CO = AO = LCAO = LOCA.

Step 6. K, P, B are collinear and K P = KB = K is the midpoint of PB.

Step 7. M is the midpoint of QP and K is the midpoint of PB = MK is
parallel to QB.

Step 8. BO = AO = {BAO = L{OBA.

Step 9. Q, D, F are collinear and QD = DF = D is the midpoint of QF.

Step 10. L is the midpoint of QC and D is the midpoint of QF = LD is
parallel to C'F.

Step 11. MK = LD and MD = LK = AMLD = A KML and {MLK =
£LDML.

Step 12. P,C, A are collinear, L{CAO = LOCA and ML is parallel to PC
= L (ML,AO) = £(CO,ML).

Step 13. @, B, A are collinear, { BAO = L{OBA and MK is parallel to QB
= L (MK, AO) = £ (BO, MK).

Step 14. LMLD = LKML and LD is parallel to CF = £ (ML,CF) =
LKML.

Step 15. L (ML,CF)=KML, £ (ML,AO) = «£(CO,ML), £ (MK, AO) =
£ (BO,MK), MK is parallel to QB and LD is parallel to CF = by angle chas-
ing: £ (LD,CO) = £QBO.

Step 16. L,Q,C are collinear, @, D, F' are collinear and LD is parallel to
CF = LD = Q0

CF ~ QF

Step 17. M, @, P are collinear, K, P, B are collinear and M K is parallel to

QB = MK _ PK
QB

PB
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Figure 13: imo 2009 p2

. . . . . . BK FD
Step 18. K is the midpoint of PB and D is the midpoint of QF = 2% o

Step 19 MK = LD, KP = KB, QD = DF, MK — DI LD _ g_ and
BK MK _ LD

P = FQ = CF — 0B

Step 20. MK = LD and ¥& = g_g = QB =CF.

Step 21. £ (LD,CO) = £QBO and LD is parallel to CF = £QBO =
LFCO.

Step 22. QB = CF, BO = CO and £QBO = {FCO = £(QB,CF) =

£QOF and QO = OF.
Step 23. MW = LW, LW = KW and KW =WE = M, L, K, E are cyclic.
Step 24. M, L, K, E are cyclic = {MLE = AMKE.
Step 25. LW = KW and KW = WE = LW = WE.
Step 26. LW = WE = AWLE = {LEW.

UII
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Step 27. K, W, E are collinear, P, C, A are collinear, £ (ML,CF) = {KML,
AMLE = AMKE, AWLE = LALEW , ML is parallel to PC and LD is parallel
to CF = AWLE = £ (LD,CA).

Step 28. K, W, E are collinear, @, B, A are collinear, P,C, A are collinear,
AMLE = AMKEFE, ML is parallel to PC and MK is parallel to QB =
LLEW = LCAB.

Step 29. AWLE = A(LD,CA) and L{LEW = LCAB = ALWE =
£ (LD,BA).

Step 30. K, W, E are collinear, @, B, A are collinear, {LWE = £ (LD, BA),
£(QB,CF)=4£QOF and LD is parallel to CF = LLWK = LFOQ.

Step 31. LW = KW and QO = OF = %L — OF

WK — 0Q°
Step 32. LLWK = £LFOQ and & = g% = ALKW = £FQO.

Step 33. QO = OF and QD = DF = QF is perpendicular to OD.

Step 34. LW = KW and KW = WE = W is the circumcenter of LK F.

Step 35. W is the circumcenter of LK E and K, W, E are collinear = LK is
perpendicular to LE.

Step 36. K, W, E are collinear, ), D, F' are collinear and A LKW = LFQO
= L (LK,WE)=4(DF,QO,).

Step 37. Q, D, F are collinear, LK is perpendicular to LE and QF is per-
pendicular to OD = L KLE = {FDO.

Step 38. AKLE = LFDO and £ (LK,WE) = £(DF,Q0) = L{LEW =
£DOQ.

Step 39. M is the midpoint of QP and D is the midpoint of QF = MD is
parallel to PF'.

Step 40. MW = LW and LW = KW = W is the circumcenter of M LK.

Step 41. W is the circumcenter of M LK and MW is perpendicular to M@
= AMLK = AQMK.

Step 42. @, B, A are collinear, P,C, A are collinear, AMLK = LQMK,
AMLK = KDML, ML is parallel to PC, MK is parallel to QB and M D is
parallel to PF = £ (MQ,BA) = £ (PF,CA).

Step 43. K,W, E are collinear, @, B, A are collinear, P,C, A are collinear,
AMLE = AMKE, ML is parallel to PC and MK is parallel to QB =
£L(LE,CA) =« (WE,BA).

Step 44. £ (MQ,BA) = £(PF,CA) and L (LE,CA) = L (WE,BA) =
£ (MQ,WE)=«£(PF,LE).

Step 45. £ (MQ,WE) =4 (PF,LE), {LEW = £DOQ and M D is parallel
to PF = £QMD = £QOD.

Step 46. LQMD = £QOD = M,Q, 0O, D are cyclic.

Step 47. M,Q, O, D are cyclic = £LQMO = £QDO.

Step 48. M, Q, P are collinear, @, D, F' are collinear, QMO = £Q DO and
QF is perpendicular to OD = MO is perpendicular to QP.

Step 49. M is the midpoint of QP and MO is perpendicular to QP = QO
= PO

|
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2.14 IMO 2010 P2

Original:

Let I be the incenter of a triangle ABC and let Gamma be its circumcircle.
Let line AT intersect Gamma again at D. Let E be a point on arc BDC and F
a point on side BC such that {BAF = LCAFE < 1/24BAC. Finally, let G be
the midpoint of IF. Prove that DG and EI intersect on Gamma.

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle
CBA. Define point I such that Al is the bisector of L BAC and CI is the
bisector of L AC'B. Define point D as the intersection of circle (O, A) and line
Al. Let F be any point on line BC. Define point E on circle (O, A) such that
ABAF = £LFEAC. Define point GG as the midpoint of IF'. Define point K as the
intersection of lines IE and DG. Prove that AO = OK

Proof:

Construct point H as the mirror of E through O.

Construct point L as the midpoint of Ar.

Construct point M as the midpoint of BI.

Step 1. AO = BO, AO = OD and BO = CO = A, B,C, D are cyclic.

Step 2. AO = BO, AO = OD, AO = OF and A, B,C,D are cyclic =
A, B,C, FE are cyclic.

Step 3. AO = OD, AO = OF and OF = OH = A,D, E, H are cyclic.

Step 4. A, B,C, D are cyclic, A, B,C, FE are cyclic and A, D, E, H are cyclic
= A,B,D, H are cyclic.

Step 5. A, B, D, H are cyclic == {DAH = {DBH and {ABH = {ADH.

Step 6. A, B,C, D are cyclic, A, B,C, E are cyclic and A, D, F, H are cyclic
= A,C, D, H are cyclic.

Step 7. A,C, D, H are cyclic = {DAH = {DCH.

Step 8. A, B,C, D are cyclic, A, B,C, E are cyclic and A, D, E, H are cyclic
= B,C,D, H are cyclic.

Step 9. B,C, D, H are cyclic = £ BCH = {BDH.

Step 10. A, I, D are collinear and { DAH = {DBH = {IAH = {DBH.

Step 11. A, I, D are collinear and {DAH = {DCH = AIAH = {DCH.

Step 12. A, I, D are collinear and {ABH = {ADH = {ABH = £ (AI,DH).

Step 13. AI is the bisector of { BAC, {IAH = {DBH, {IAH = {DCH,
£LABH = £ (AI,DH), CI is the bisector of LACB and {BCH = {BDH =
by angle chasing: LAIC = LICD.

Step 14. A, I, D are collinear and L AIC = LICD = LCID = £DCI.

Step 15. LCID = £DCI = CD = ID.

Step 16. A, I, D are collinear and AI is the bisector of L BAC = AD is the
bisector of L BAC.

Step 17. A, B,C, D are cyclic and AD is the bisector of { BAC = BD =
CD.

Step 18. BD = CD and CD = ID = D is the circumcenter of BCI.

Step 19. B, I, M are collinear and BM = IM = M is the midpoint of BI.
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Figure 14: imo 2010 p2

Step 20. D is the circumcenter of BCI and M is the midpoint of BI =
ABCI=AMDI.

Step 21. A, I, L are collinear and AL = IL = L is the midpoint of AI.

Step 22. L is the midpoint of Al and M is the midpoint of BI = AB is
parallel to LM.

Step 23. A,I,D are collinear, A,I,L are collinear, CI is the bisector of
LACB and £BCI = KM DI = LACI = £LDM.

Step 24. A,I,D are collinear, A, I, L are collinear, Al is the bisector of
£BAC and AB is parallel to LM = {CAI = {DLM.
DLStep 25. LCAI = 4DLM and £LACI = LLDM = & = ML and &4 =

DM :
Step 26. A, B,C, E are cyclic = £LABC = LAEC.

Step 27. B,C, I are collinear and L ABC = LAEC = L{ABF = LAEC.
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Step 28. {BAF = {EAC and LABF = {AEC = 48 = 4Z.

Step 29 A, I, L are collinear, B,I, M are collinear and AB is parallel to
LM = £8 §A

Step 30 I, F,G are collinear and IG = F'G = (G is the midpoint of IF'.

Step 31. G is the midpoint of IF and L is the midpoint of Al = AF is
parallel to GL.

Step 32. A, I, L are collinear, I, F, G are collinear and AF' is parallel to GL
AF _ IF
= CL = IG-
Step 33. O, F, H are collinear and OF = OH = O is the midpoint of EH.
Step 34. O is the midpoint of EH and L is the midpoint of AI = % = g—g.
. . . . . . HO _ IG
Step 35. O is the mldp011141;of EIZ andAC; is t}flmldpomt of IF = 75 = 17
Step 36. AL = IL and T3; = 77 = 717 = ar-
Step 37. IG = FG and 25 = 1L = 48 — L/

G =~ GL L EG

Step 38. AL = IL, OF = “om and d=HE o AL _ Q.

Step 39. OE:OH,IG:FGandg—g_@:E—O—%?.

siep 40. 48 = 48, 98 = 4, 4 — #4, 4 = £9 9 - B = 15

d % = FG = by ratio chasing: AI = LG

Step 41. AI is the bisector of A{BAC and ABAF = LFEAC = by angle
chasing: AI is the bisector of L EFAF.

Step 42. A,I,D are collinear, A, I, L are collinear, Al is the bisector of
LFEAF and AF is parallel to GL = AIAE £LGLD.

Step 43. LIAE = LGLD and 4L = £& = (AE] = LLDG.

Step 44. A, D, E, H are cyclic = KADH {AFEH.

Step 45. A, I,D are collinear, A,I, L are collinear, I, E, K are collinear,
D,G, K are collinear, {ADH = {AFH and LAEI = LLDG = {DKFE =
£DHE.

Step 46. A DKE = ADHFE = D, E, K, H are cyclic.

Step 47. A,C,D,H are cyclic, A,D,E, H are cyclic and D,F, K, H are
cyclic = C, E, K, H are cyclic.

Step 48. C, E, K, H are cyclic == {ECH = {EKH.

Step 49. D, E, K, H are cyclic = {EDH = {EKH.

Step 50. AO = BO, AO = OF, BO = CO and OF = OH = O is the
circumcenter of CEH.

Step 51. O is the circumcenter of CEH and O, E, H are collinear = CFE is
perpendicular to CH.

Step 52. AO = OD, AO = OF and OF = OH = O is the circumcenter of
DFEH.

Step 53. O is the circumcenter of DEH and O, E, H are collinear = DE is
perpendicular to DH.

Step 54. CFE is perpendicular to CH and DFE is perpendicular to DH =
{ECH = {HDE.

Step 55. LECH = {HDFE, {ECH = {FKH and {EDH = {FKH =
FK is perpendicular to K H.

Step 56. O is the midpoint of EH and FK is perpendicular to KH = OF
= OK.
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Step 57. AO = OF and OF = OK = AO = OK
|

2.15 IMO 2010 P4

Original:

Let P be a point interior to triangle ABC (with CA # CB). The lines AP,
BP and CP meet again its circumcircle Gamma at K, L, M, respectively. The
tangent line at C to Gamma meets the line AB at S. Show that from SC = SP
follows MK = ML.

Translated:

Let S and C be any two distinct points. Define point P on circle (S, C') such
that LCPS = £SCP. Define point O such that CO is perpendicular to C'S.
Let A be any point on circle (O, C). Define point B as the intersection of circle
(O, C) and line AS. Define point M as the intersection of circle (O, C') and line
CP. Define point L as the intersection of circle (O, C) and line BP. Define
point K as the intersection of circle (O,C) and line AP. Prove that KM =
LM

Proof:

Step 1. AO = CO and BO = CO = O is the circumcenter of ABC.

Step 2. O is the circumcenter of ABC and CO is perpendicular to C'S =
£LBAC = £BCS and LABC = LACS.

Step 3. A, B, S are collinear and { BAC = {BCS = £SAC = £BCS.

Step 4. A, B, S are collinear and {ABC = LACS = LACS = £SBC.

Step 5. LACS = LSBC and LSAC = L{BCS = % = g—g.

Step 6. CS = PS and 24 = 3¢ = 24 = 50

Step 7. A, B, S are colhnear :> A{ASP ABSP

Step 8. LASP — £BSP and 34 = 3L = LSAP = 4BPS.

Step 9. AO = CO, BO = CO, C’O = LO and CO = MO = A,B,L, M are
cyclic.

Step 10. A, B, L, M are cyclic = L{ABL = {AML.

Step 11. CO = KO, CO = LO and CO = MO = C,K,L, M are cyclic.

Step 12. C, K, L, M are cyclic = {CKL = £CM L.

Step 13. CO = KO and CO = MO = O is the circumcenter of CK M.

Step 14. O is the circumcenter of CKM and CO is perpendicular to C'S =
LCKM = LSCM.

Step 15. C, M, P are collinear and {CKL = ACML = LACKL = £ (CP,LM).

Step 16. C, M, P are collinear, L{CKM = £SCM and £CPS = £SCP =
LCKM = LCPS.

Step 17. LCKL = £(CP,LM) and LCKM = ACPS = LKLM =
L (KM, PS).

Step 18. A, B, S are collinear, B, L, P are collinear, £SAP = ABPS and
LAABL = LAML = LAML = £APS.

Step 19. LKLM = £ (KM, PS) and L{AML = LAPS = £ (AM,KL) =
£ (AP, KM).
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K=

Figure 15: imo 2010 p4

Step 20. AO = CO, BO =CO, CO = LO, CO = MO and C, K, L, M are
cyclic = A, B, K, M are cyclic.

Step 21. A, B, K, M are cyclic == {KAM = {KBM.

Step 22. A,K,P are collinear, {KAM = LKBM and £ (AM,KL) =
L (AP, KM) = {KBM = {MKL.

Step 23. BO = CO, CO = LO, CO = MO and C,K,L, M are cyclic =
B, K, L, M are cyclic.

Step 24. B, K, L, M are cyclicand {KBM = AMKL = KM = LM

|

2.16 IMO 2011 Pé6
Original:
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Let ABC be a triangle with circumcircle Gamma. Let 1 be a tangent line to
Gamma, and let la, 1b, lc be the lines obtained by reflecting 1 in the lines BC,
CA, and AB, respectively. Show that the circumcircle of the triangle determined
by the lines la, 1b, and lc is tangent to the circle Gamma.

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle
CBA. Let P be any point on circle (O, A). Define point ) such that OP
is perpendicular to PQ. Define point P4 as the intersection of circles (B, P)
and (C, P). Define point Pp as the intersection of circles (A4, P) and (C, P).
Define point Px as the intersection of circles (A, P) and (B, P). Define point
Qa4 as the intersection of circles (B, Q) and (C, Q). Define point Qp as the
intersection of circles (A, Q) and (C, Q). Define point Q¢ as the intersection of
circles (A, Q) and (B, Q). Define point A; as the intersection of lines PpQp and
PcQc. Define point By as the intersection of lines Po@Q 4 and PoQ¢. Define
point C'; as the intersection of lines P4Q 4 and Pg@p. Define point O; as the
circumcenter of triangle B; A;Cy. Define point X as the intersection of circles
(O, A) and (01, Ay). Prove that X, 0, O; are collinear

Proof:

Not solved.

2.17 IMO 2012 P1

Original:

Given triangle ABC the point J is the centre of the excircle opposite the
vertex A. This excircle is tangent to the side BC at M, and to the lines AB and
AC at K and L, respectively. The lines LM and BJ meet at F, and the lines
KM and CJ meet at G. Let S be the point of intersection of the lines AF and
BC, and let T be the point of intersection of the lines AG and BC. Prove that
M is the midpoint of ST.

Translated:

Let ABC be a triangle. Define point J such that AJ is the bisector of { BAC
and CJ is the bisector of L ACB. Define point M as the foot of J on line BC.
Define point L as the foot of J on line AC. Define point K as the foot of J on
line AB. Define point F' as the intersection of lines BJ and LM. Define point
G as the intersection of lines C'J and K M. Define point S as the intersection
of lines AF and BC'. Define point T as the intersection of lines AG and BC.
Prove that MS = MT

Proof:

Step 1. A, C, L are collinear, B, C, M are collinear and C'J is the bisector of
£LACB = CJ is the bisector of {MCL.

Step 2. A,C, L are collinear, B, C, M are collinear, AC' is perpendicular to
JL and BC is perpendicular to JM = LCMJ = £LJLC.

Step 3. C'J is the bisector of {MCL and {CMJ = LJLC = JL = JM,
CL = CM and JC is the bisector of LM JL.

Step 4. A, B, K are collinear, A, C, L are collinear, AB is perpendicular to
JK and AC' is perpendicular to JL = LAKJ = £ JLA.
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Figure 16: imo 2011 p6

Step 5. A, B, K are collinear, A,C, L are collinear and AJ is the bisector of
A BAC = AJ is the bisector of L LAK.

Step 6. AJ is the bisector of {LAK and LAKJ = {JLA = JK = JL.

Step 7. JK = JL and JL = JM = J is the circumcenter of K LM.

Step 8. B,C, M are collinear, B, C, S are collinear and BC' is perpendicular
to JM = JM is perpendicular to M S.

Step 9. J is the circumcenter of KLM and JM is perpendicular to M.S =
LLKM = ALMS.

Step 10. A, B, K are collinear and AB is perpendicular to JK = AK is
perpendicular to JK.

Step 11. J is the circumcenter of K LM and AK is perpendicular to JK =
LAKL =4KKML.

Step 12. A, B, K are collinear, B,C, M are collinear, AB is perpendicular
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Figure 17: imo 2012 pl

to JK and BC is perpendicular to JM = £{BKJ = £BMJ.

Step 13. {BKJ = ABMJ = B, J, K, M are cyclic.

Step 14. B, J, K, M are cyclic = £ JBM = AJKM and {JBK = {JMK.

Step 15. JK = JL and JL = JM = JK = JM.

Step 16. A, B, K are collinear, B,C, M are collinear, B,C, S are collinear,
B, F,J are collinear, { JBK = {JMK, {JBM = £JKM, {AKL = {KML
and LLKM = LLMS = JF is the bisector of LM JK.

Step 17. JK = JM and JF is the bisector of AMJK = AFKJ = £JMF.

Step 18. CL = CM and JL = JM = CJ is perpendicular to LM.

Step 19. F,L, M are collinear and CJ is perpendicular to LM = CJ is
perpendicular to FM.

Step 20. AK is perpendicular to JK and CJ is perpendicular to FM =
L(AK,CJ) =L (JK,FM).
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Step 21. L (AK,CJ) =4 (JK,FM)and {FKJ = {JMF = £ (AK,CJ) =
L (FK,JM).

Step 22. B,C, S are collinear, F, L, M are collinear, BC' is perpendicular to
JM and CJ is perpendicular to LM = £ (BS,JM) = £ (FM,CJ).

Step 23. L (AK,CJ) = £L(FK,JM) and £ (BS,JM) = L(FM,CJ) =
£L(AK,FM) =4 (FK,BS).

Step 24. A, C, L are collinear, B, C, M are collinear, AC' is perpendicular to
JL and BC is perpendicular to JM = LCLJ = LCMJ.

Step 25. LCLJ =£LCMJ = C,J, L, M are cyclic.

Step 26. C, J, L, M are cyclic = LJCM = £JLM.

Step 27. B,C, M are collinear, B,C, S are collinear, C, G, J are collinear,
G,K,M are collinear, £ JCM = LJLM and LLKM = LLMS = £GJL =
£L£GKL.

Step 28. L{GJL = L GKL = G, J, K, L are cyclic.

Step 29. A, B, K are collinear, A, C, L are collinear, AB is perpendicular to
JK and AC' is perpendicular to JL = LAKJ = LALJ.

Step 30. LAKJ = £LALJ = A, J, K, L are cyclic.

Step 31. A,J,K,L are cyclic and G, J, K,L are cyclic = A ,G,J, K are
cyclic.

Step 32. A, G, J, K are cyclic = LAGJ = LAKJ.

Step 33. B,C, M are collinear, B,C, S are collinear, B, F,J are collinear,
F,L, M are collinear, {JBM = £JKM and {LKM = LLMS = AFJK =
AFLK.

Step 34. {FJK = AFLK = F, J, K, L are cyclic.

Step 35. A, J, K, L are cyclic and F, J, K, L are cyclic = A, F, J, K are cyclic.

Step 36. A, I, J, K are cyclic and F, J, K, L are cyclic = A, F, J, L are cyclic.

Step 37. A, F, J, L are cyclic = LAFJ = LALJ.

Step 38. A, F, J, K are cyclic = LAFJ = LAKJ.

Step 39. A, B, K are collinear, B, C, M are collinear, B, C, S are collinear,
£JBK = AJMK, {dJBM = AJKM, {AKL = LAKML and {LKM =
£LLMS = JB is the bisector of { M JK.

Step 40. B, J, K, M are cyclic and JB is the bisector of {MJK = BK =
BM.

Step 41. BK = BM and JK = JM = BJ is perpendicular to K M.

Step 42. BK = BM = {BKM = AKMB.

Step 43. A, B, K are collinear, A, G, T are collinear, B,C, M are collinear,
B,C, S are collinear, B,C,T are collinear, C,G,J are collinear, F,L, M are
collinear, £ (AK,FM) = L (FK,BS), LAGJ = LAKJ, AB is perpendicular
to JK and CJ is perpendicular to LM = {AKF = LGTM.

Step 44. A, B, K are collinear, B, C, M are collinear, B, C, T are collinear,
B, F, J are collinear, G, K, M are collinear, LAFJ = LAKJ, ABKM = L KMB,
AB is perpendicular to JK and BJ is perpendicular to KM = {FAK =
LTMG.

Step 45. LFAK = {TMG and LAKF = L{GTM = 45 = 45,

Step 46. JK = JM = AJKM = AKMJ.

Step 47. A, J, K, L are cyclic = {JAL = £ JKL.
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Step 48. A, B, K are collinear, B, F, J are collinear, £ JBK = £ JMK and
LJKM = AKMJ = £ (AK,FJ)=4JKM.

Step 49. A, B, K are collinear, A, C, L are collinear, AJ is the bisector of
ABAC and £ JAL = LAJKL = {KAJ = LJKL.

Step 50. LKAJ = LJKL and £ (AK,FJ) = £JKM = LAJF = {LKM.

Step 51. B,C, M are collinear, B,C, S are collinear, C, G, J are collinear,
L£JCM = AJLM, LAJF = ALKM and {LKM = ALMS = LAJF =
LLJG.

Step 52. A, F,J, K are cyclic, A, G, J, K are cyclic and G, J, K, L are cyclic
= A, F,G, J, L are cyclic.

Step 53. A, F, G, J, L are cyclic and LAJF = LLJG = AF = GL.

Step 54. C, G, J are collinear and JC is the bisector of {MJL = JG is the
bisector of LM JL.

Step 55. JL = JM and JG is the bisector of AMJL = GL = GM.

Step 56. B,C, M are collinear and B,C, S are collinear = B, M, S are
collinear.

Step 57. A,C, L are collinear, A, F,S are collinear, B, F,J are collinear,
LAFJ = LALJ, AC is perpendicular to JL and B.J is perpendicular to KM
= AS is parallel to K M.

Step 58. A, B, K are collinear, B, M, S are collinear and AS is parallel to
KM = 4K = BE,

MS — BM

Step 59. AF = GL, BK = BM, GL = GM, &5 = 45 and 45 = BK -
MS =MT

[ ]

2.18 IMO 2012 P5

Original:

Let ABC be a triangle with L BCA = 90°, and let D be the foot of the
altitude from C. Let X be a point in the interior of the segment CD. Let K be
the point on the segment AX such that BK = BC. Similarly, let L be the point
on the segment BX such that AL = AC. Let M = AL N BK. Prove that MK
= ML

Translated:

Let C and A be any two distinct points. Define point B such that C'A is
perpendicular to CB. Define point D as the foot of C on line AB. Let X be
any point on line CD. Define point K as the intersection of circle (B, C) and
line AX. Define point L as the intersection of circle (A, C) and line BX. Define
point M as the intersection of lines AL and BK. Prove that KM = LM

Proof:

Construct point J such that AJ = BJ and £LCAJ = £LJCA.

Construct point F such that AJ is perpendicular to DE and AF is perpen-
dicular to BX.

Step 1. LCAJ =4£JCA=CJ = AJ.

Step 2. CJ = AJ and AJ = BJ = CJ = BJ.

Step 3. CJ = BJ = LCBJ = £JCB.
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Figure 18: imo 2012 p5

Step 4. CA is perpendicular to CB and AJ is perpendicular to DE =
£LACB = £ (AJ,DE).

Step 5. LACB = 4 (AJ,DE) and £CAJ
£LJCB.

Step 6. L(CA,DE) = £JCB and {CBJ = £JCB = £(CA,DE) =
£LCBJ.

Step 7. £ (CA,DE) = £CBJ and CA is perpendicular to CB = BJ is
perpendicular to DFE.

Step 8. C, D, X are collinear, A, B, D are collinear and C'D is perpendicular
to AB = AD is perpendicular to DX.

Step 9. AD is perpendicular to DX and AJ is perpendicular to DE =
LADE = £ (DX, AJ) and {DAJ = £{XDE.

Step 10. B, X, L are collinear and AFE is perpendicular to BX = AF is

LJCA = £(CA,DE) =
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perpendicular to X L.

Step 11. AD is perpendicular to DX and AFE is perpendicular to XL =
ADAFE = ADXL and £ (AD,XL) = £ (DX, AE).

Step 12. A, B, D are collinear, {ADFE = £ (DX, AJ), AJ is perpendicular
to DFE and BJ is perpendicular to DE = LADFE = {XDB.

Step 13. B, X, L are collinear and { DAE = A DXL = {EAD = {BXD.

Step 14. {EAD = {BXD and {ADE = {XDB = 84 = DE

Step 15. A, B, D are collinear, {ADFE = £ (DX, AJ), AJ is perpendicular
to DFE and BJ is perpendicular to DE = {ADX = {EDB.

Step 16. LADX = AEDB and 824 = 22 = (XAD = ABED and
LAXD = ALEBD.

Step 17. A, B, D are collinear, £ DAJ = {XDFE, AJ is perpendicular to
DFE and BJ is perpendicular to DE = LADX = {ADE.

Step 18. LADX = LADFE = DX is parallel to DE.

Step 19. DX is parallel to DE = D, X, E are collinear.

Step 20. A, B, D are collinear, C'A is perpendicular to CB and CD is per-
pendicular to AB = LBCA = £CDB.

Step 21. A, B, D are collinear = LCBA = LCBD.

Step 22. {BCA = £CDB and {CBA = £CBD = £& = B4,

Step 23. A, B, D are collinear = {ABK = {DBK.

Step 24. CB:BKand%:%é%:%.

Step 25. LABK = £DBK and £4 = 8K — (BAK = ADKB.

Step 26. A, B, D are collinear, A, X, K are collinear, { BAK = { DK B and
A XAD =ABED = {BKD = {BED.

Step 27. ABKD = {BED = B, D, K, E are cyclic.

Step 28. B, D, K, E are cyclic == {DBE = {DKFE and £ DBK = {DFEK.

Step 29. A, X, K are collinear, D, X, FE are collinear, { DBE = £ DK FE and
LAXD =AEBD = {DKFE = {FEXK.

Step 30. D, X, F are collinear = {DEK = £ XFK.

KDSte;;( Iiil. 4ADKE = {EXK and {DEK = (XEK = 2K — KX and

KESte];( 52. CA is perpendicular to CB and AD is perpendicular to DX =
£(CA,DX) =« (CB,AD).

Step 33. C,D,X are collinear, A, B, D are collinear and £ (CA,DX) =
£(CB,AD) = LACD = LCBA.

Step 34. A, B, D are collinear, C'A is perpendicular to CB and CD is per-
pendicular to AB = L{ACB = LCDA.

Step 35. LACD = £CBA and LACB = LCDA = 45 = 48

Step 36. CA = AL and 4§ = 48 = 48 = 4%,

Step 37. A, B, D are collinear = {BAL = £{DAL.

Step 38. {BAL = {DAL and 42 = 4% = (ADL = {BLA.

Step 39. B, X, L are collinear and {ADL = {BLA = {ADL = £ XLA.

Step 40. £ (AD,XL) = £ (DX,AFE) = £ADX = L (XL, AE).

Step 41. LADX = £ (XL, AE) and {ADL = L XLA = {EAL = L{XDL.

Step 42. AEFAL = KX DL and DX is parallel to DE = L{ALD = LAED.

43



Step 43. LALD = {AED = A, D, L, E are cyclic.

Step 44. A, D, L, E are cyclic = {ADL = {AFEL and LADE = L{ALF.

Step 45. D, X, E are collinear, { DAE = DXL and LADL = L{AFEL =
ADLE = LEXL.

Step 46. D, X, E are collinear = {DEL = L XFEL.

LStep 47. {DLE = {(EXL and {DEL = {XFEL = 8L = LX apq LD —

b

=

=
Step 48. %:%, %:%, %:X—gand%:%ébyratio
chasing: KE = LFE.

Step 49. KE = LE = AKLE = {EKL.

Step 50. A, B, D are collinear, A, L, M are collinear, B, K, M are collinear,
ADBK = ADEK and {ADE = {ALFE = AMKFE = {MLE.

Step 51. AMKE = AMLE = K,L, M, E are cyclic.

Step 52. K, L, M, E are cyclic = {LKM = ALEM and {KLM = A KEM.

Step 53. C, D, X are collinear, A, B, D are collinear, B, K, M are collinear,
D, X, FE are collinear, {DBK = {DEK and CD is perpendicular to AB =
KM is perpendicular to KF.

Step 54. C, D, X are collinear, A, B, D are collinear, D, X, E are collinear,
LADE = LALE and CD is perpendicular to AB = AL is perpendicular to
LE.

Step 55. AL is perpendicular to LE and KM is perpendicular to KE =
L (AL,KFE) =« (LE,KM).

Step 56. LLKM = LLEM, AKLM = {KEM and {KLFE = {EKL =
ME is the bisector of L KM L.

Step 57. A, L, M are collinear and £ (AL, KFE) = L (LE,KM) = {EKM =
AMLE.

Step 58. KEKM = AMLFE and MF is the bisector of {KML = % =
EK

‘EL"
Step 59. KE = LE and 35 = EK — KN = LM
|

2.19 IMO 2013 P4

Original:

Let ABC be a triangle with orthocenter H, and let W be a point on the side
BC, between B and C. The points M and N are the feet of the altitudes drawn
from B and C, respectively. Suppose W1 is the circumcircle of triangle BW
N and X is a point such that W X is a diameter of W1. Similarly, W2 is the
circumcircle of triangle CWM and Y is a point such that W Y is a diameter of
W2. Show that the points X, Y, and H are collinear.

Translated:

Let ABC be a triangle. Define point H as the orthocenter of triangle C BA.
Define point M as the intersection of lines AC and BH. Define point N as the
intersection of lines AB and C'H. Define point W on line BC' such that BC' is
parallel to BW. Define point O; as the circumcenter of triangle W BN. Define
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point Oy as the circumcenter of triangle WCM. Define point X as the mirror
of W through O;. Define point Y as the mirror of W through Os. Prove that
H, X,Y are collinear

Proof:

M 3 B

0l

Figure 19: imo 2013 p4

Step 1. B,C,W are collinear and AH is perpendicular to BC' = AH is
perpendicular to CW.

Step 2. AC' is perpendicular to BH and AH is perpendicular to CW =
LCAH = £ (BH,CW).

Step 3. A,C, M are collinear, B,C,W are collinear, B, H, M are collinear
and L{CAH = £ (BH,CW) = {HAM = LCBM.

Step 4. A, C, M are collinear, B, H, M are collinear and AC' is perpendicular
to BH = {AMH = {BMC.

Step 5. {HAM = £CBM and {AMH = {BMC = & = M
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Step 6. A, C, M are collinear, B, H, M are collinear and AC' is perpendicular
to BH = {AMB = A{HMC.

Step 7. LAMB = LHMC and 34 = ME = (ABM = £HCM and
ABAM = LCHM.

Step 8. NOy = O1W and O1W = 01X = O is the circumcenter of NW X.

Step 9. O is the circumcenter of NW X and Oy, W, X are collinear = NW
is perpendicular to N X.

Step 10. AC is perpendicular to BH and NW is perpendicular to NX =
£ (AC,BH) = AXNW.

Step 11. BOy = NOy, NOy = O1W and O1W = 01X = O is the circum-
center of BW X.

Step 12. O is the circumcenter of BW X and Oy, W, X are collinear = BW
is perpendicular to BX.

Step 13. BO; = NOl, NO; = O4W and O4W = 01X = B,N,VV,X are
cyclic.

Step 14. B, N,W, X are cyclic == {BNW = £ BXW.

Step 15. A, B, N are collinear, A, C, M are collinear, B, H, M are collinear,
C, H, N are collinear, £ (AC,BH) = AXNW and {ABM = {HCM = {ANH
AWNX.

Step 16. A, B, N are collinear, { BNW = £ BXW, BC is parallel to BW,
AH is perpendicular to BC' and BW is perpendicular to BX = LHAN =
AXWN.

Step 17. {HAN = L XWN and {ANH = AWNX = J4 =

Step 18. A, B, N are collinear, A, C, M are collinear, B, H, M are collinear,
ABAM = LKCHM and L{ABM = {HCM = AN is perpendicular to CH.

Step 19. AN is perpendicular to CH and NW is perpendicular to NX =
LANW = L (CH,NX).

Step 20. C,H, N are collinear and LANW = L(CH,NX) = LANW =
LHNX.

Step 21. LANW = £HNX and & = ¥ = £ (AW, HX) = {WNX.

Step 22. COq = MOQ, MOy = O, W and OaW = O2Y = O is the circum-
center of CWY'.

Step 23. O is the circumcenter of CWY and Oo, W, Y are collinear = CW
is perpendicular to CY.

Step 24. COy = MOs, MOy = O W and O, W = OY = C,M,W,Y are
cyclic.

Step 25. C, M,W.,Y are cyclic = LCMW = LCYW.

Step 26. MOy = OsW and O, W = O3Y = Os is the circumcenter of MWY'.

Step 27. Os is the circumcenter of MWY and O,, WY are collinear = MW
is perpendicular to MY .

Step 28. AC is perpendicular to BH and MW is perpendicular to MY =
L(AC,MW) =& (BH,MY) and £ (AC,BH) = LYMW.

Step 29. A,C, M are collinear, B,C,W are collinear, L<CMW = LCYW,
AH is perpendicular to BC and CW is perpendicular to CY = {HAM =
LYWM.
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Step 30. A,C, M are collinear, B, H, M are collinear, AC' is perpendicular
to BH and MW is perpendicular to MY = LAAMH = AWMY.

Step 31. LHAM = £YWM and LAMH = AWMY = 4 = MHE

Step 32. A,C, M are collinear, B, H, M are collinear and £ (AC, MW) =
£(BH,MY) = LAMW = LHMY .

Step 33. LAMW = LHMY and +58 = M — (MAW = AMHY and
L(AW,HY ) = KWMY.

Step 34. A, C, M are collinear, B, H, M are collinear, £ (AC, BH) = LY MW,
AMAW = LAMHY and £ (AW,HY) = AWMY = AW is perpendicular to
HY.

Step 35. AW is perpendicular to HY and NW is perpendicular to NX =
L (AW, HY) = KWNX.

Step 36. £ (AW, HX) = {WNX and £ (AW, HY) = AWNX = £ (AW, HX) =

£ (AW, HY).
Step 37. L (AW, HX) = £ (AW,HY) = HX is parallel to HY'.
Step 38. HX is parallel to HY = H, X,Y are collinear
]

2.20 IMO 2014 P4

Original:

Let P and Q be on segment BC of a triangle ABC such that { PAB = L BC' A
and LCAQ = £LABC. Let M and N be the points on AP and AQ, respectively,
such that P is the midpoint of AM and Q is the midpoint of AN. Prove that
the intersection of BM and CN is on the circumference of triangle ABC.

Translated:

Let ABC be a triangle. Define point P on line BC such that {BAC =
£ (AP, BC). Define point @ on line BC such that LCAB = £ (AQ, BC) and
LABC = LCAQ. Define point M as the mirror of A through P. Define point
N as the mirror of A through . Define point X as the intersection of lines
BM and C'N. Define point O as the circumcenter of triangle C BA. Prove that
AO = XO

Proof:

Construct point L as the mirror of C' through O.

Step 1. B,C, P are collinear, B,C, @ are collinear, {BAC = £ (AP, BC)
and LCAB = £ (AQ,BC) = LAQC = {BPA.

Step 2. B,C, P are collinear and {ABC = LCAQ = L{ABP = LCAQ.

Step 3. {ABP = LCAQ and LAQC = {BPA = 35 = 28

Step 4. AP = PM, AQ = QN and &5 = £8 > gﬁ =9

Step 5. A, P, M are collinear, A, Q,N are collinear, B, P are collinear,
B,C,Q are collinear, {BAC = K(AP BC) and LCAB = £(AQ,BC) =
LBPM £ANQC.

Step 6. 4BPM = 4NQC and £& = gN = ABMP = A{NCQ.

Step 7. A, P, M are collinear, B C Q@ are collinear, B, M, X are collinear,
C, N, X are collinear, { BAC = £ (AR B(C) and KBMP = &NCQ = ABAC =
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Figure 20: imo 2014 p4

A£BXC.

Step 8. ABAC = £BXC = A, B,C, X are cyclic.

Step 9. AO = BO, BO = CO, CO = OL and A,B,C,X are cyclic =
A,C, X, L are cyclic.

Step 10. A,C, X, L are cyclic = {ACX = LALX.

Step 11. AO = BO, BO = CO, CO = OL and A,B,C, X are cyclic =
B,C, X, L are cyclic.

Step 12. B,C, X, L are cyclic = {BCX = {BLX.

Step 13. BO = CO and CO = OL = O is the circumcenter of BC'L.

Step 14. O is the circumcenter of BCL and C, O, L are collinear = BC'is
perpendicular to BL.

Step 15. AO = BO, BO = CO and CO = OL = O is the circumcenter of
ACL.
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Step 16. O is the circumcenter of ACL and C,O, L are collinear = AC' is
perpendicular to AL.

Step 17. B,C,(Q are collinear and BC' is perpendicular to BL = BQ is
perpendicular to BL.

Step 18. AC' is perpendicular to AL and BQ is perpendicular to BL =
£ (AC,BL) = £ (AL, BQ).

Step 19. B, C,Q are collinear, £ (AC, BL) = £ (AL, BQ), LACX = LALX
and {BCX = {BLX = (CX is perpendicular to X L.

Step 20. C, O, L are collinear and CO = OL = O is the midpoint of C'L.

Step 21. O is the midpoint of CL and C'X is perpendicular to XL = CO
= XO.

Step 22. AO = BO, BO = CO and CO = XO = AO = XO

|

2.21 IMO 2015 P3

Original:

Let ABC be a triangle with AB ; AC. Let Gamma be its circumcircle, H
its orthocenter, and F the foot of the altitude from A. Let M be the midpoint
of BC. Let Q be the point on Gamma such that L HQA = 90° and let K be
the point on Gamma such that {HKQ = 90°. Assume that the points A, B,
C, K and Q are all different and lie on Gamma in this order. Prove that the
circumcircles of triangles KQH and FKM are tangent to each other.

Translated:

Let ABC be a triangle. Define point H as the orthocenter of triangle C BA.
Define point F' as the intersection of lines AH and BC'. Define point M as the
midpoint of BC. Define point O as the circumcenter of triangle CBA. Define
point @ on circle (O, A) such that AQ is perpendicular to HQ. Define point K
on circle (O, A) such that HK is perpendicular to K. Define point O; as the
circumcenter of triangle K HQ). Define point Oy as the circumcenter of triangle
FMK. Prove that K, 01,5 are collinear

Proof:

Construct point X as the midpoint of CH.

Construct point Y as the midpoint of K M.

Construct point Z as the midpoint of BH.

Step 1. B,C, M are collinear and AH is perpendicular to BC = AH is
perpendicular to CM.

Step 2. B, H,Z are collinear and AC is perpendicular to BH = AC is
perpendicular to HZ.

Step 3. AC is perpendicular to HZ and AH is perpendicular to CM =
LHAC = £ (CM,HZ) and LAHZ = LMCA.

Step 4. A, F,H are collinear, B,C, F are collinear, B,C, M are collinear,
B, H, Z are collinear and {HAC = £ (CM,HZ) = {CAF = {HBF.

Step 5. A, F, H are collinear, B, C, F' are collinear and AH is perpendicular
to BC = LAFC = {BFH.

Step 6. {CAF = {HBF and {AFC = {BFH = £4 = £&_
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Figure 21: imo 2015 p3

Step 7. A, F, H are collinear, B, C, F' are collinear and AH is perpendicular
to BC = LAFB = £CFH.

Step 8. LAFB = LCFH and £4 = £S = (BAF = {HCF and {ABF =
£LCHF.

Step 9. BM = CM and BO = CO = BC is perpendicular to MO.

Step 10. B, C, M are collinear and BM = CM = M is the midpoint of BC'.

Step 11. C, H, X are collinear and CX = HX = X is the midpoint of C'H.

Step 12. M is the midpoint of BC' and X is the midpoint of CH = BH is
parallel to M X.

Step 13. B, H, Z are collinear and BZ = HZ = Z is the midpoint of BH.

Step 14. M is the midpoint of BC' and Z is the midpoint of BH = CH is
parallel to M Z.

Step 15. HOy = 01Q and KO, = 01Q = Oq is the circumcenter of HK(Q.
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Step 16. AQ is perpendicular to HQ and HK is perpendicular to KQ =
LAQH = LQKH.

Step 17. O; is the circumcenter of HK(Q and LAQH = AQKH = AQ is
perpendicular to O1Q.

Step 18. HO1 = 01Q, AQ is perpendicular to HQ and AQ is perpendicular
to O1Q = O; is the midpoint of HQ.

Step 19. O; is the midpoint of HQ and X is the midpoint of CH = CQ is
parallel to O X.

Step 20. O; is the midpoint of HQ and Z is the midpoint of BH = BQ is
parallel to O1Z.

Step 21. AO = BO, AO = OQ and BO = CO = A, B,C,Q are cyclic.

Step 22. A, B,C,Q are cyclic = {ABQ = LACQ and LACB = LAQB.

Step 23. A, F, H are collinear, B, C, F' are collinear, B,C, M are collinear,
B, H, Z are collinear, {BAF = {HCF, {HAC = £ (CM,HZ), BH is parallel
to MX and CH is parallel to MZ = £ (AB,MZ) = £ (AC,MX).

Step 24. LABQ = LACQ, BQ is parallel to O1Z and CQ is parallel to
01X = £L(AB,0,17Z) = L (AC, 0, X).

Step 25. L (AB,MZ) = £ (AC,MX) and £ (AB,017Z) = £ (AC,0:X) =
AXMZ =£X0,Z.

Step 26. AXMZ = A X017 = M,01, X, Z are cyclic.

Step 27. A, I, H are collinear, B, C, F are collinear and AH is perpendicular
to BC = BF is perpendicular to F'H.

Step 28. Z is the midpoint of BH and BF is perpendicular to FH = BZ
=FZ.

Step 29. BZ = FZ = ABFZ = £ZBF.

Step 30. X is the midpoint of CH and Z is the midpoint of BH = BC'is
parallel to X Z.

Step 31. B,C, F are collinear, B,C, M are collinear, B, H, Z are collinear,
ABFZ = £ZBF, BC is parallel to X7 and BH is parallel to MX = AMFZ =
AMXZ.

Step 32. AMFZ = AMXZ = F,M, X, Z are cyclic.

Step 33. F, M, X, Z are cyclic and M, O, X, Z are cyclic = F, M, 0, X are
cyclic.

Step 34. F, M,0:, X are cyclic and F, M, X, Z are cyclic = F,0,, X, Z are
cyclic.

Step 35. F, 01, X, Z are cyclic = LO1FX = LO01ZX.

Step 36. AC' is perpendicular to HZ and AQ is perpendicular to HQ =
LCAQ = LZHQ and £ (AC,HQ) = L (HZ, AQ).

Step 37. B, H,Z are collinear, L{CAQ = £ZHQ, BH is parallel to M X,
AQ is perpendicular to HQ and AQ is perpendicular to O;Q = £ (AC, M X) =
£(AQ,HOn).

Step 38. B,C, M are collinear and L ACB = LAQB = LACM = LAQB.

Step 39. L (AC, M X) =4 (AQ,HO,) and LACM = LAQB = £ (BQ,HO;) =
LCMX.

Step 40. AO = BO and BO = CO = O is the circumcenter of ABC.
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Step 41. O is the circumcenter of ABC and M is the midpoint of BC =
£ (AB,MO) = £ACO and {BAC = LAMOC.

Step 42. AO = BO and BO = CO = AO = CO.

Step 43. AO = CO = LACO = LOAC.

Step 44. B, H,Z are collinear, {HAC = £ (CM,HZ) and BH is parallel
to MX = L (AC,MX) =4 (AH,CM).

Step 45. L (AB,MO) = LACO, LACO = LOAC, AH is perpendicular to
BC and BC is perpendicular to MO = £{BAH = LOAC.

Step 46. {BAH = LOAC and £ (AC,MX) =4 (AH,CM)= £ (AB,CM) =
£ (AO,MX).

Step 47. A, I, H are collinear, B, C, F are collinear and AH is perpendicular
to BC' = CF is perpendicular to F H.

Step 48. X is the midpoint of CH and CF is perpendicular to FH = FX
= HX.

Step49. FX = HX = AFHX = L XFH.

Step 50. B, C, M are collinear, £ (BQ, HO,) = LACMX, LO1FX = L01ZX,
BC is parallel to XZ and BQ is parallel to 017 = £O1FX = £ (HO1, M X).

Step 51. A, F, H are collinear, B, C, F' are collinear, B,C, M are collinear,
C,H,X are collinear, £ (AB,CM) = £(AO,MX), {ABF = LCHF and
AFHX = AXFH = £ (AH,FX) = £ (AO, M X).

Step 52. L (AH,FX) = £L(AO,MX) and L{O1FX = L(HO,,MX) =
£ (AH,FO,) = £ (AO,HO»).

Step 53. B,C,M are collinear, B, H,Z are collinear, LACB = £AQB,
KLAHZ = AMCA and BH is parallel to MX = £ (AH,MX) = £BQA.

Step 54. B, H,Z are collinear, £ (AC, HQ) = £ (HZ, AQ), BH is paral-
lel to M X, AQ is perpendicular to HQ and AQ is perpendicular to O1Q =
L(AC,MX) =4 (HO1,AQ).

Step 55. AL (AC,MX) = £(HO1,AQ) and L (AH,MX) = {BQA =
LHAC = £ (BQ,HOy).

Step 56. AO = BO, AO = OQ and BO = CO = O is the circumcenter of
BCQ.

Step 57. O is the circumcenter of BCQ and M is the midpoint of BC' =
£ (BQ,MO) = £QCO.

Step 58. LHAC = £(BQ,HO,), £(BQ,MO) = £QCO, CQ is paral-
lel to O1X, AH is perpendicular to BC' and BC is perpendicular to MO =
£ (AC,HOy) = £(CO,0: X).

Step 59. LBAC = L MOC, AH is perpendicular to BC and BC' is perpen-
dicular to MO = {BAC = £ (AH,CO).

Step 60. £BAC = £(AH,CO) and £ (AC,HO;) = £(CO,0,X) =
£ (AB,HO,) = £ (AH,0:X).

Step 61. A, F, H are collinear, B,C, F' are collinear, B, C, M are collinear,
ABAF = {HCF and CH is parallel to MZ = £ (AB,MZ) = £ (AH,CM).

Step 62. L (AB,HO,) = L (AH,01X) and £ (AB,MZ) =4 (AH,CM) =
L(CM,01X) =4 (MZ,HO).

Step 63. M,01, X, Z are cyclic = {O.MZ = L0, X Z.
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Step 64. B,C, M are collinear, £ (CM,0,X) = L (MZ,HO:), LO1MZ =
£01XZ and BC is parallel to XZ = L (HO1,MZ) = £O1 M Z.

Step 65. £ (HO1,MZ) = £KO1MZ = HO; is parallel to MO;.

Step 66. HO; is parallel to MO, = H, M, O; are collinear.

Step 67. AH is perpendicular to CM and AQ is perpendicular to HQ =
LHAQ = £ (CM,HQ).

Step 68. A, F, H are collinear, B,C, F' are collinear, B, C, M are collinear,
H, M, O are collinear, {HAQ = £ (CM, HQ), AQ is perpendicular to HQ and
AQ is perpendicular to O1Q = LAFM = LAQM.

Step 69. LAFM = LAQM = A, F, M, Q are cyclic.

Step 70. A, F, M, (Q are cyclic = LAFQ = LAMQ.

Step 71. L (AH,FO;,) = £ (AO,HO,), AH is perpendicular to BC, AQ is
perpendicular to HQ, AQ is perpendicular to O1Q and BC' is perpendicular to
MO = LAOM = £QO.F.

Step 72. A, F, H are collinear, H, M, are collinear, L AFQ = LAMQ),
AH is perpendicular to BC, AQ is perpendicular to HQ, AQ is perpendicular
to O1Q and BC is perpendicular to MO = LAMO = £O1QF.

Step 73. LAMO = £LO1QF and LAOM = LQOF = % = 815.

Step 74. F,M,0O1, X are cyclic = AMFO, = AMXO,.

Step 75. AO = KO and AO = 0Q = KO = 0Q.

Step 76. KO = OQ and KO1 = 01Q = 0,0 is the bisector of L K0O1Q.

Step 77. KO = 0Q and KO; = 0:Q = KQ is perpendicular to OO;.

Step 78. AO = BO, AO = KO and BO = CO = A, B,C, K are cyclic.

Step 79. A, B,C, K are cyclic and A, B,C,Q are cyclic = A,C,K,Q are
cyclic.

Step 80. A,C, K, Q are cyclic = {ACK = LAQK and LCAK = LCQK.

Step 81. AC' is perpendicular to HZ and HK is perpendicular to KQ =
L(AC,HK) =4 (HZ,KQ).

Step 82. LACK = LAQK, 0,0 is the bisector of L KO1Q, AQ is perpen-
dicular to O1Q and K@ is perpendicular to OO; = LACK = L0001 K.

Step 83. B, H,Z are collinear, £ (AC,HK) = L (HZ,KQ), BH is parallel
to MX, HK is perpendicular to K@ and K@ is perpendicular to OO; =
L (AC,MX) = £(001,KQ).

Step 84. L (AC,MX) = £(001,KQ) and LACK = LOO1K = L (CK,MX) =
£O1KQ.

Step 85. A, B,C, K are cyclic = {ACB = LAKB.

Step 86. AO = BO, AO = KO and BO = CO = O is the circumcenter of
BCK.

Step 87. O is the circumcenter of BCK and M is the midpoint of BC' =
£LKBO = £ (CK,MO,).

Step 88. AO = BO and AO = KO = BO = KO.

Step 89. BO = KO = {BKO = {OBK.

Step 90. B,C,M are collinear, B, H, Z are collinear, LACB = LAKB,
LAHZ = LAMCA and BH is parallel to MX = £ (AH,MX) = ABKA.

Step 91. KKBO = £ (CK,MO), {BKO = LOBK, AH is perpendicular
to BC and BC is perpendicular to MO = £ (AH,CK) = £{BKO.
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Step 92. L (AH,CK) = £ BKO and £ (AH,MX) = {BKA = LAKO =
£ (MX,CK).

Step 93. L (CK,MX)=A01KQ and LAKO = £ (MX,CK) = LAKO =
£QKO;.

Step 94. LCAK = ACQK and CQ is parallel to 01X = LCAK =
£(01X,KQ).

Step 95. LCAK = £(01X,KQ) and LAKO = LQKO; = £ (AC,KO) =
£XOK.

Step 96. B,C, F' are collinear, B,C, M are collinear, B, H, Z are collinear,
LHAC = L(CM,HZ), AMFO; = £MXO; and BH is parallel to MX =
LCAH = £XOF.

Step 97. LCAH = £XO1F and £ (AC, KO) = £{XO1K = £ (AH,KO) =
LAFOK.

Step 98. AO = KO, KO, = 0:Q and &5 = 86 = 5% = o11-

Step 99. £ (AH,KO) = LFOK, AH is perpendicular to BC' and BC is
perpendicular to MO = {FO1K = AMOK.

Step 100. £FO1K = {MOK and g% = 9% = LFKO; = LOMK.

Step 101. KOs = MOy and KY = MY = KM is perpendicular to O2Y.

Step 102. FO; = KOs and KOy, = MOs; = O is the circumcenter of
FKM.

Step 103. K, M,Y are collinear and KY = MY = Y is the midpoint of
KM.

Step 104. Os is the circumcenter of FKM and Y is the midpoint of KM =-
AKFM = AKO5Y.

Step 105. B,C, M are collinear, K, M,Y are collinear, AH is perpendicular
to BC and KM is perpendicular to O3Y = £ (AH,CM) = LAKY Os.

Step 106. B, C, F are collinear, B, C, M are collinear and L KFM = L{KO>Y
= L(CM,FK)=4Y O K.

Step 107. L (AH,CM) =AKYOyand £ (CM,FK) =4AYO:K = £ (AH,FK) =
LY KOs.

Step 108. K, M,Y are collinear, £ (AH, FK) = Y KO, {FKO; = K OMK,
AH is perpendicular to BC' and BC' is perpendicular to MO = {FKO; =
AFKQOs.

Step 109. LFKO, = LFKOy = KO is parallel to KOs.

Step 110. KO, is parallel to KOs = K,O1, O are collinear

|

2.22 IMO 2015 P4

Original:

Triangle ABC has circumcircle Omega and circumcenter O. A circle Gamma
with center A intersects the segment BC at points D and E, such that B, D,
E, and C are all different and lie on line BC in this order. Let F and G be the
points of intersection of Gamma and Omega, such that A, F, B, C, and G lie on
Omega in this order. Let K = (BDF)NAB # B and L = (CGE)N AC # C
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and assume these points do not lie on line F G. Define X = FK N GL. Prove
that X lies on the line AO.

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle C BA.
Let D be any point on line BC'. Define point F as the intersection of circle (A, D)
and line BC. Define point F as the intersection of circles (A, D) and (O, A).
Define point G as the intersection of circles (A, D) and (O, A). Define point Oy
as the circumcenter of triangle F'BD. Define point Os as the circumcenter of
triangle ECG. Define point K as the intersection of circle (Oy, B) and line AB.
Define point L as the intersection of circle (Os,C) and line AC. Define point
X as the intersection of lines FK and GL. Prove that A, O, X are collinear

Proof:

Figure 22: imo 2015 p4

Step 1. AO = BO, AO = FO, AO = GO and BO = CO = A,C,F,G are
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cyclic.

Step 2. AO = BO, AO = FO, BO = CO and A,C,F,G are cyclic =
A, B, F,G are cyclic.

Step 3. A, B, F, G are cyclic = L{ABF = L{AGF.

Step 4. A,C, F,G are cyclic = LACG = LAFQG.

Step 5. BO; = DO, BO, = FO, and BO, = KO, = B, D, F, K are cyclic.

Step 6. B, D, F, K are cyclic = {BFD = ABKD and {BDK = {BFK.

Step 7. AD = AF and AD = AG = AF = AG.

Step 8. AF = AG = LAFG = {FGA.

Step 9. A, B, F, G are cyclic and A, C, F, G are cyclic = B, C, F, G are cyclic.

Step 10. B,C, F,G are cyclic = {CBF = L{CGF.

Step 11. A, B, K are collinear, A,C,L are collinear, {ABF = {AGF,
LACG = LAFG, LAFG = {FGA and {BFD = {BKD = £ (AL,CG) =
L{FDK.

Step 12. B,C, D are collinear, F, K, X are collinear, {CBF = ACGF and
4BDK = {BFK = LCGF = £ (DK, FX).

Step 13. L (AL,CG) = LFDK and LCGF = £ (DK, FX)= £ (AL, FG) =
ADFX.

Step 14. COy = EQO5, CO3 = GO5 and COy = LO, = C, E, G, L are cyclic.

Step 15. C, E,G, L are cyclic = LECL = L EGL.

Step 16. AD = AE, AD = AF and AD = AG = D, E, F,G are cyclic.

Step 17. D, E, F,G are cyclic == LEDF = {EGF.

Step 18. A,C, L are collinear, B,C, E are collinear, G, L, X are collinear
and {FCL =A{FGL = £ (AL,BE) = {XGE.

Step 19. B,C, D are collinear, B,C, E are collinear and L EDF = {EGF
= A (BE,DF) = {EGF.

Step 20. £ (AL, BE) = £ XGFE and £ (BE,DF) = {EGF = £ (AL,DF) =
£XGF.

Step 21. £ (AL,DF) = £XGF and £ (AL, FG) = {DFX = FGX =
LAXFG.

Step 22. AFGX = AXFG = FX = GX.

Step 23. AF = AG and FX = GX = AX is perpendicular to F'G.

Step 24. AO = FO and AO = GO = FO = GO.

Step 25. AF = AG and FO = GO = AO is perpendicular to FG.

Step 26. AO is perpendicular to F'G and AX is perpendicular to F'G =
A, 0, X are collinear

|

2.23 IMO 2016 P1

Original:

In convex pentagon ABCDE with £B > 90°, let F be a point on AC such
that L FFBC = 90°. It is given that FA = F B, DA = DC, EA = ED, and rays
AC and AD trisect £ BAE. Let M be the midpoint of CF. Let X be the point
such that AMXE is a parallelogram. Show that FX, EM, BD are concurrent.

Translated:
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Let ABZ be a triangle. Define point F' such that AF = BF, AF is the
bisector of {BAZ and £LABF = {FAB. Define point C' on line AF such
that BC is perpendicular to BF'. Define point D on line AZ such that AD =
CD and LACD = ADAC. Define point E such that AE = DFE, AD is the
bisector of {CAE and {ADE = {FEAD. Define point M as the midpoint of
CF. Define point X such that AFE is parallel to M X and AM is parallel to EX.
Define point Y as the intersection of lines FM and FX. Prove that B, D,Y
are collinear

Proof:

m

Figure 23: imo 2016 pl

Step 1. A,C,F are collinear, A, D, Z are collinear, AD is the bisector of
LCAE and AFE is parallel to MX = £ (CF,DZ) = £(DZ,MX).

Step 2. A,C, F are collinear, A, D, Z are collinear and LACD = L DAC =
ADCF =« (CF,DZ).
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Step 3. KDCF = £ (CF,DZ)and £ (CF,DZ) = £ (DZ,MX) = ACDZ =
£ (CF,MX).

Step 4. A,C,F are collinear, A, D, Z are collinear, AF is the bisector of
ABAZ and LACD = {DAC = £ (AB,CF) = 4DCF.

Step 5. £ (AB,CF) = ADCF = AB is parallel to CD.

Step 6. A,C, F are collinear, AD is the bisector of {CAFE and {ADE =
LEAD = L (CF,DZ) = {EDZ.

Step 7. L (CF,DZ) = LEDZ = CF is parallel to DE.

Step 8. A, C, F are collinear, A, D, Z are collinear, {CDZ = £ (CF, M X),
AB is parallel to CD and AFE is parallel to M X = A{BAF = LDAFE.

Step 9. A,C, F are collinear, { BAF = {DAFE, {ADE = {EAD and CF
is parallel to DE = {BAF = LCAD.

Step 10. A,C, F are collinear, A, D, Z are collinear, AF is the bisector of
ABAZ, L{ABF = {FAB and LACD = £{DAC = ACABF LACD.

Step 11. {BAF = LCAD and LABF = LACD = 42 = BE.

Step 12. A,C, F are collinear, { BAF = {DAEF, AADE £LFEAD and CF
is parallel to DE = {BAC = {FAD.

Step 13. AD = CD, AF = BF and 48 = 85 = 4B — AL,

Step 14. £{BAC = £FAD and 48 = 45 = LABC = LAFD and £4 =
FA
FDStep 15. LABC = LAFD, {ABF = {FAB and AB is parallel to CD =
£ (BC,DF) = £ (BF,CD).

Step 16. £ (BC,DF) = £ (BF,CD) and BC is perpendicular to BF =
ABCD = £BFD and £CBF = £CDF.

Step 17. LBCD = ABFD and AB is parallel to CD = {ABC = {DFB.

Step 18. AF = BF and % = D = gé 1};?)

Step 19. £ABC = £DFB and 24 = LB — (ABD = «(AC,BF),
£ (AC,DF) = £CBD and £BAC = ADBF

Step 20. A,C, F are collinear, A, D, Z are collinear, AF is the bisector of
£ABAZ, AD is the bisector of {CAE, {ABF = {FAB and {ADE = {EAD
= LABF = {ADE.

Step 21. {BAF = {DAF and {ABF = {ADE = 48 = 5L

Step 22. A, C, F are collinear, A, D, Z are collinear, {CDZ = £ (CF, M X),
AB is parallel to CD and AFE is parallel to MX :\ ABAD = LFAFE.

Step 23. AE = DE, AF = BF and 42 = 8E = 48 — 2F

Step 24. {BAD = {FAFE and 42 = 4L = KABD = {AFE.

Step 25. C, F, M are collinear and CM = FM = M is the midpoint of CF'.

Step 26. M is the midpoint of C'F' and BC' is perpendicular to BF = BM
= FM and BM = CM.

Step 27. BM = FM = ABFM = {MBF.

Step 28. A,C, F are collinear, A, D, Z are collinear, { BAF = {DAF and
AE is parallel to MX = £ (AB,CF) =4 (DZ,MX).

Step 29. A,C, F are collinear, A, D, Z are collinear, AF is the bisector of
ABAZ and LABF = {FAB = LABF = £ (DZ,CF).
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Step 30. L (AB,CF) =4 (DZ,MX)and L{ABF = £ (DZ,CF)= {BFC =
£ (CF,MX).

Step 31. A, C, F are collinear, C, F, M are collinear, { ABD = £ (AC, BF),
LABD = LAFFE and £BFM = {MBF = {AFFE = {FBM.

Step 32. A, C, F are collinear, C, F', M are collinear, { BFC = £ (CF, MX)
and AF is parallel to MX = {FAE = {BFM.

Step 33. {FAE = {BFM and {AFE = {FBM = #& = L2,

Step 34. A,C, F are collinear, LABC = LAFD and AB is parallel to CD
= ABCD = £DFC.

Step 35. A, C| F are collinear, {ABF = LACD and AB is parallel to CD
= L (BF,CD) = 4DCF.

Step 36. L (BF,CD) = £DCF and {BCD = {DFC = {FBC = LCDF.

Step 37. LCBF = LCDF and £{FBC = £CDF = CD is perpendicular
to DF.

Step 38. M is the midpoint of CF and CD is perpendicular to DF = DM
=FM.

Step 39. LABC = LAFD and {ABC = {DFB = FD is the bisector of
£LAFB.

Step 40. AF = BF and F'D is the bisector of {AFB = AD = BD and
ADAF = {FBD.

Step 41. AD = BD and AD = CD = BD = CD.

Step 42. BD = CD and BM = CM = BC is perpendicular to DM.

Step 43. AE = DE, AF = BF, DM = FM and 45 = £4 = DE = DM.

Step 44. A, C, F are collinear, { DAF = {FBD, CF is parallel to DE, BC
is perpendicular to BF and BC' is perpendicular to DM = LADM = {EDB.

Step 45. AD = BD, DE = DM and {ADM = {EDB = AM = BE.

Step 46. AM is parallel to EX = {AMFE = A XFEM.

Step 47. AFE is parallel to M X = LAEM = LA XME.

Step 48. LAEM = A XMEFE and {AMFE = L XEM = AM = EX.

Step 49. A,C, F are collinear, C, F, M are collinear and AM is parallel to
EX = EX is parallel to F M.

Step 50. E, M,Y are collinear, I, X,Y are collinear and EX is parallel to
FM = £ = ME

EY T MY

Step 51. A,C, F are collinear, {ABD = {AFFE and AB is parallel to CD
= ABDC = LFFC.

Step 52. LBCD = ADFC and £{BDC = {EFC = £CBD = {DFFE.

Step 53. A,C,F are collinear, £ (AC,DF) = LCBD, {ABC = LAFD,
£CBD = £DFFE and AB is parallel to CD = {BCD = {EFD.

Step 54. ABCD = LEFD and CD is perpendicular to DF = BC is
perpendicular to EF.

Step 55. L (BF,CD) = L{DCF and {BDC = {EFC = {FBD = £ (CD, EF).

Step 56. A, C, F are collinear, { BAC' = {DBF, {ABF = {FAB, {FBD =
£(CD,EF) and AB is parallel to CD = £ (BF,CD) = £ (EF,CD,).

Step 57. £ (BF,CD) = £ (EF,CD) = BF is parallel to EF.

Step 58. BF is parallel to EF = B, E, F are collinear.

— — _ EX _ MF EB _ MD
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Step 60. B, E,F are collinear, F, M,Y are collinear, BC is perpendicular
to DM and BC'is perpendicular to EF : KBEY ADMY.

Step 61. {BEY = ADMY and £ EY = MY = ABYFE =4DYM.

Step 62. E,M,Y are collinear and L BY F = {DY M = BY is parallel to
DY.

Step 63. BY is parallel to DY = B, D,Y are collinear

2.24 IMO 2017 P4

Original:

Let R and S be different points on a circle Omega such that RS is not a
diameter. Let 1 be the tangent line to Omega at R. Point T is such that S is
the midpoint of RT. Point J is chosen on minor arc RS of Omega so that the
circumcircle Gamma of triangle JST intersects 1 at two distinct points. Let A
be the common point of Gamma and 1 closer to R. Line AJ meets Omega again
at K. Prove that line KT is tangent to Gamma.

Translated:

Let R and S be any two distinct points. Define point T" as the mirror of R
through S. Define point O such that OR = OS. Let J be any point on circle
(0,S). Define point O; as the circumcenter of triangle SJT. Define point A
on circle (Oq,S) such that AR is perpendicular to OR. Define point K as the
intersection of circle (O, S) and line AJ. Prove that KT is perpendicular to
O\T

Proof:

Step 1. JO = 0S8, KO = 0OS and OR = OS = J,K,R, S are cyclic.

Step 2. J, K, R, S are cyclic = {JKR = £JSR.

Step 3. AO; = 045, JO1 = 015 and 015 = O,T = A, J, S, T are cyclic.

Step 4. A, J, S, T are cyclic = LJAT = £JST and LSAT = LSJT.

Step 5. KO = OS and OR = OS = O is the circumcenter of KRS.

Step 6. O is the circumcenter of KRS and AR is perpendicular to OR =
£LARS = LRKS.

Step 7. A,J,K are collinear, R, S,T are collinear, £ JAT = £JST and
£LJKR=AJSR = LATR = L{KRS.

Step 8. R, S, T are collinear and £ARS = {RKS = LART = {RKS.

Step 9. LART = iRKS and AATR AKRS = 4L = &

Step 10. RS = ST and :> = II;’T

Step 11. A, J, K are colhnear R S, T are collinear, LJAT = £JST and
£JKR = AJSR = LATS = LKRT.

Step 12. LATS = LKRT and T4 = £E = LTAS = {KTR.

Step 13. R,S,T are collinear, L SAT = £SJT and LTAS = {KTR =
LTJS = LAKTS.

Step 14. JO; = 01S and O1S = O1T = Oy is the circumcenter of JST.

Step 15. O is the circumcenter of JST and LTJS = AKTS = KT is
perpendicular to O1T

|
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Figure 24: imo 2017 p4

2.25 IMO 2018 P1

Original:

Let Gamma be the circumcircle of triangle ABC. Points D and E lie on
segments AB and AC, respectively, such that AD = AE. The perpendicular
bisectors of BD and CE intersect the minor arcs AB and AC of Gamma at
points F and G, respectively. Prove that the lines DE and F G are parallel

Translated:

Let ABC be a triangle. Define point O as the circumcenter of triangle C BA.
Let D be any point on line AB. Define point E as the intersection of circle (A, D)
and line AC. Define point F on circle (O, A) such that { BDF = LFBD. Define
point G on circle (O, A) such that {CEG = LGCE. Prove that DE is parallel
to FG

Proof:
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Figure 25: imo 2018 pl

Construct point I as the intersection of circles (D, A) and (F, A).
Construct point J as the intersection of circles (E, A) and (G, A).

Step 1. AO = BO, AO = OF and AO = OG = A, B, F,G are cyclic.
Step 2. AO = BO, AO = OF and BO = CO = A, B,C, F are cyclic.
Step 3. A, B,C, F are cyclicand A, B, F, G are cyclic = B, C, F, G are cyclic.
Step 4. B,C, F,G are cyclic = £LBCF = LBGF and {BFC = {BGC.
Step 5. A, B, F,G are cyclic = LAFB = {AGB.

Step 6. A, B,C, F are cyclic = {BAF = {BCF and £ BAC = {BFC.
Step 7. AO = OF and AO = OG = OF = OG.

Step 8. OF = OG = {OFG = AFGO.

Step 9. AD = DI and AF = FI = Al is perpendicular to DF.

Step 10. AO = OF = L{OAF = LAFO.

Step 11. AO = OG = LOAG = LAGO.
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Step 12. A, B, D are collinear and {BDF = {FBD = {(AB,DF) =
£{FBA.

Step 13. KBAF = ABCF, £{(AB,DF) = LFBA, {OAF = £AFO,
LOAG = LAGO, {BCF = ABGF, {AFB = {AGB, L{OFG = £{FGO
and AT is perpendicular to DF = by angle chasing: {AFO = LIAB.

Step 14. AD = DI = ADAI = LAID.

Step 15. A, B, D are collinear and L DAI = LAID = ABAI = LAID.

Step 16. ABAF = ABCF, {BAI = LAID, £(AB,DF) = AFBA,
LOAF = LAFO, L{OAG = LAGO, £BCF = ABGF, {AFB = {AGB,
£LOFG = £FGO and Al is perpendicular to DF' = by angle chasing: {FAO =
LAID.

Step 17. A, B, D are collinear and L{AFO = £IAB = £{AFO = LI AD.

Step 18. LFAO = LAID and LAFO = £IAD = 22 = 4L

Step 19. AO = BO, AD = AFE and AE = E.J = by ratio chasing: 94 = 40,

Step 20. AF = EJ and AG = GJ = AJ is perpendicular to EG.

Step 21. A,C,E are collinear and L{CEG = LGCE = A (AC,EG) =
£LGCA.

Step 22. LBAC = ABFC, {BAF = ABCF, £(AC,EG) = £GCA,
LOAF = LAFO, LOAG = LAGO, {BCF = ABGF, {BFC = £BGC,
£LOFG = £FGO and AJ is perpendicular to EG = by angle chasing: L AGO =
LJAC.

Step 23. AE = EJ = {FEAJ = {LAJE.

Step 24. A,C, E are collinear and { FAJ = LAJE = L{CAJ = LAJE.

Step 25. L BAC = {BFC,{BAF = {BCF,{CAJ = LAJE, £ (AC,EQG) =
LGCA, LKOAF = LAFO, L{OAG = LAGO, {BCF = £BGF, {BFC =
ABGC, LOFG = LFGO and AJ is perpendicular to EG = by angle chasing:
£GAO = LAJE.

Step 26. A,C, E are collinear and LAGO = LJAC = LAGO = LJAE.

Step 27. £GAO = LAJE and LAGO = £JAE = 4E = 47

Step 28. AO = BO, AE = EJ, OF = OG, 42 = 4L 45 — 4 and
OA _ AD AF _ AG

OB = EJ — AT ~— AJ"

Step 29. AF = FI, AG = GJ and 45 = 49 = 14 = 74

Step 30. 4% = 45 and 14 = 94 = LAGJ = LIFA.

Step 31. AD = AE = LADE = {DFEA.

Step 32. AF = FI = {FAI = LAIF.

Step 33. AG = GJ = LGAJ = LAJG.

Step 34. A, B, D are collinear, A,C, E are collinear and LADFE = {DFEA
= L (AB,DFE) = £ (DE, AC).

Step 35. LBAC = {BFC, {BAF = {BCF, £ (AB,DE) = £ (DE, AC),
£ (AB,DF) = AFBA, £(AC,EG) = AGCA, LFAI = LAIF, {GAJ =
LAJG, {BCF = ABGF, {AFB = LAGB, {BFC = A{BGC, LAGJ =
LIF A, Al is perpendicular to DF and AJ is perpendicular to EG = by angle
chasing: DFE is parallel to F'G
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2.26 IMO 2019 P2

Original:

In triangle ABC, point A1 lies on side BC and point B1 lies on side AC. Let
P and Q be points on segments AA1 and BBI1, respectively, such that P Q is
parallel to AB. Let P1 be a point on ray PB1 beyond B1 such that angle PP1C
= angle BAC. Similarly, let Q1 be a point on ray QA1 beyond A1l such that
angle CQ1Q = angle CBA. Prove that points P, Q, P1, and Q1 are concyclic.

Translated:

Let ABC be a triangle. Let A; be any point on line BC. Let B; be any
point on line AC. Let P be any point on line AA;. Define point @ on line
BB, such that AB is parallel to PQ. Define point P; on line By P such that
ABAC = £PP;C. Define point )1 on line A;Q such that {ABC = £QQ.C.
Prove that P, P;, @, @1 are cyclic

Proof:

Construct point O as the circumcenter of triangle C BA.

Construct point As as the intersection of circle (O, A) and line AA4;.

Construct point Bs as the intersection of circle (O, B) and line BB .

Step 1. AO = A0, AO = BO and BO = CO = A, A,, B, C are cyclic.

Step 2. A, As, B, C are cyclic = LAA;C = LABC.

Step 3. A, A;, Ay are collinear, A;,Q, Q1 are collinear, L AA;C = LABC
and LABC = £QQ1C = LA1A:C = LA1Q:C.

Step 4. LA1AsC = LA1Q1C = Ay, Ay, C,Q; are cyclic.

Step 5. Ay, As, C, Q1 are cyclic = £A1A4>Q1 = LA1CQ1.

Step 6. A, Ay, As are collinear, A, Ay, P are collinear, Ay, B, C are collinear,
LA1A2Q1 = LA1CQ1, LABC = £QQ1C and AB is parallel to PQ = {PA;Q1 =
£PQQ.

Step 7. LPA>Q1 = £LPQQ1 = As, P,Q, Q1 are cyclic.

Step 8. AO = BO, BO = B30 and BO = CO = A, B, By, C are cyclic.

Step 9. A, As, B, C are cyclic and A, B, B, C are cyclic = A, A, B, By are
cyclic.

Step 10. A, Ay, B, By are cyclic = L AAsBy = {ABBs.

Step 11. A, Ay, As are collinear, A, Ay, P are collinear, B, By, By are collinear,
B, By, Q are collinear, { AA; By = { ABB5 and AB is parallel to PQ = { By As P =
£ABsQP.

Step 12. {ByAsP = £ BsQP = As, Bs, P,(Q are cyclic.

Step 13. A, B, By, C are cyclic = L ABBy = L ACBs.

Step 14. B, By, By are collinear, By, P, P; are collinear, { BAC = £PP,C
and KABBQ = KACBQ = KBlBQC = KBlPlC

Step 15. L B1BsC = LB, P,C = By, B, C, P, are cyclic.

Step 16. Bl, Bz, C, P1 are CyCliC = KB1B2P1 = &BlC'Pl

Step 17. A, By, C are collinear, B, By, Bs are collinear, B, By, @ are collinear,
ABAC = £PP,C, £B1B3P; = AB1CP; and AB is parallel to PQ = £ P, B>Q) =
£PPQ.

Step 18. L P1B>Q = AP, PQ = Bs, P, P;,(Q are cyclic.
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Figure 26: imo 2019 p2

Step 19. As, B, P, Q are cyclic, Aa, P,Q, Q1 are cyclic and By, P, P, Q are
cyclic = P, P;,Q, @, are cyclic
[ |

2.27 IMO 2019 P6

Original:

Let T be the incentre of triangle ABC with AB # AC. The incircle W of
ABC is tangent to sides BC, CA, and AB at D, E, and F, respectively. The line
through D perpendicular to EF meets W again at R. Line AR meets W again
at P. The circumcircles of triangles P CE and P BF meet again at Q. Prove
that lines DI and PQ meet on the line through A perpendicular to Al

Translated:
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Let ABC be a triangle. Define point [ such that AT is the bisector of { BAC
and C1T is the bisector of L AC'B. Define point D as the foot of I on line BC.
Define point E as the foot of I on line AC. Define point F' as the foot of I on
line AB. Define point R on circle (I, D) such that DR is perpendicular to EF.
Define point P as the intersection of circle (I, D) and line AR. Define point
O; as the circumcenter of triangle FCP. Define point Oy as the circumcenter
of triangle FBP. Define point @) as the intersection of circles (01, P) and
(Og, P). Define point T as the intersection of lines DI and PQ. Prove that AT
is perpendicular to AT

Proof:

Figure 27: imo 2019 p6

Construct point N as the orthocenter of triangle C AI.
Construct point G such that AB is parallel to CG and AG is parallel to
CN.
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Step 1. A,C, E are collinear, B,C, D are collinear, AC is perpendicular to
ET and BC is perpendicular to DI = £CDI = LIEC.

Step 2. A,C, E are collinear, B, C, D are collinear and C1 is the bisector of
£LACB = CI is the bisector of LDCE.

Step 3. C1 is the bisector of {DCE and £CDI = LIEC = DI = EI and
CD =CE.

Step 4. DI = EI and DI = IR = I is the circumcenter of DER.

Step 5. B,C,D are collinear and BC' is perpendicular to DI = CD is
perpendicular to DI.

Step 6. [ is the circumcenter of DER and CD is perpendicular to DI =
£LCDR = ADER.

Step 7. D,I,T are collinear and BC is perpendicular to DI = BC is
perpendicular to IT.

Step 8. BC is perpendicular to IT" and DR is perpendicular to EF =
£ (BC,EF)=«£(IT,DR) and £ (BC,DR) = £ (IT, EF).

Step 9. DI = IR = {IDR = £DRI.

Step 10. £ (BC,EF)= £ (IT,DR) = £ (BC,IT) = £ (EF,DR).

Step 11. D, I, T are collinear and £IDR = KDRI = £ (DR,IT) = LIRD.

Step 12. £ (BC,IT) = £ (EF,DR) and £ (DR, IT) = LIRD = £ (BC,DR)
£ (EF,IR).

Step 13. A, B, I are collinear, A, C, E are collinear, AB is perpendicular to
FI and AC is perpendicular to EI = LAEI = LIFA.

Step 14. A, B, F are collinear, A, C, E are collinear and AI is the bisector
of { BAC' = Al is the bisector of L EAF.

Step 15. AI is the bisector of {EAF and L{AEI = LIFA = EI = FI, AE
= AF and %‘? = %’}1.

Step 16. AE = AF and EI = FI = Al is perpendicular to EF.

Step 17. DI = EI and EI = FI = I is the circumcenter of DEF'.

Step 18. A, B, F are collinear and AB is perpendicular to FI = AF is
perpendicular to F'I.

Step 19. I is the circumcenter of DEF and AF is perpendicular to FI =
LAFD = LFED.

Step 20. B, C, D are collinear, £ (BC,DR) = £ (EF,IR), {CDR = {DER,
AT is perpendicular to CN and AT is perpendicular to EF = £ (CN,IR) =
£DER.

Step 21. LAFD = LFED, Al is perpendicular to CN and AI is perpen-
dicular to EF = £ (AF,CN) = £{FDE.

Step 22. L (AF,CN)=AFDE and £ (CN,IR) = {DER = £ (AF,IR) =
£ (DF,ER).

Step 23. DI = FEI, DI = IR and EI = FI = I is the circumcenter of EF R.

Step 24. I is the circumcenter of EFR and AF is perpendicular to FI =
LAFR = AFER.

Step 25. A, B, F are collinear, A, C, E are collinear, AB is perpendicular to
FI and AC is perpendicular to EI = {AEI = LAF1I.

Step 26. LAFEI = LAFI = A, E, F, ]I are cyclic.

Step 27. A, E, F,I are cyclic = {AFE = {AIF and {AEF = LAIF.
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Step 28. DI = EI, DI = IR and EI = FI = [ is the circumcenter of
DFR.

Step 29. [ is the circumcenter of DF R and C'D is perpendicular to DI =
£LCDF = ADRF.

Step 30. LAFE = LAIFE, {AFR = {FFER, AC is perpendicular to ET
and AC is perpendicular to IN = £ (AI, EN) = {FRE.

Step 31. B,C, D are collinear, LCDF = {DRF, Al is perpendicular to EF
and DR is perpendicular to EF = £ (AI, BC) = LRFD.

Step 32. £ (AI, BC) = LRFD and £ (AI, EN) = AFRE = £ (BC,EN) =
£ (DF,ER).

Step 33. A, B, F are collinear and £ (AF,IR) = £ (DF,ER) = £BFD =
£LIRE.

Step 34. B,C,D are collinear, £ (BC,EN) = £ (DF, ER), AC is perpen-
dicular to EI and AC is perpendicular to IN = {BDF = LIER.

Step 35. {BDF = LIER and {BFD = {IRE = 2 = £L.

Step 36. A,C, E are collinear and AC is perpendicular to EI = AFE is
perpendicular to E1.

Step 37. I is the circumcenter of DEF and AFE is perpendicular to EI =
LAEF = {EDF.

Step 38. B, C, D are collinear, £ (BC,DR) = L (EF,IR), {CDF = {DRF,
AI is perpendicular to CN and Al is perpendicular to EF = £ (CN,IR) =
£ADFR.

Step 39. A, C, E are collinear, {AEF = L EDF, Al is perpendicular to CN
and AT is perpendicular to EF = LACN = LEDF.

Step 40. LACN = LEDF and £ (CN,IR) = {DFR = £(AC,DE) =
LIRF.

Step 41. I is the circumcenter of EFR and AFE is perpendicular to FI =
LAEF = {ERF.

Step 42. LAEF = LAIF and {AEF = {ERF = LAIF = {ERF.

Step 43. B,C, D are collinear, {CDR = £DFER, Al is perpendicular to EF
and DR is perpendicular to EF = £ (AI, BC) = LRED.

Step 44. £ (AI,BC) = ARED and LAIF = LERF = £(BC,DE) =
LIFR.

Step 45. A, C, E are collinear and £ (AC, DE) = LIRF = LCED = LIRF.

Step 46. B,C,D are collinear and £ (BC,DE) = AIFR = LCDE =
LIFR.

Step 47. LCDE = LIFR and £{CED = LIRF = 8¢ = FL.

Step 48. CD = CFE and DI = EI = C1 is perpendicular to DE.

Step 49. AC is perpendicular to FI, AC is perpendicular to IN and CT is
perpendicular to DE = £ (AC,EN) = £ (DE,C1I).

Step 50. £ (AC,EN) = £(DE,CI) and LACN = LEDF = {CNE =
£ (DF,CI).

Step 51. AC is perpendicular to EI and AC is perpendicular to IN = AC
is perpendicular to EN.

Step 52. AC is perpendicular to EN and Al is perpendicular to CN =
£LACN = L (EN, AI).
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Step 53. A, C, E are collinear, {ACN = £ (EN, AI), AC is perpendicular
to ET and AC' is perpendicular to IN = LAIE = L NCE.

Step 54. A,C, E are collinear, AC is perpendicular to EI and AC is per-
pendicular to IN = LAFEI = LNEC.

Step 55. LAEI = ANEC and LAIE = ANCE = £4 = ZL 4 _ EX
and A—]{J = %

Step 56. A,C, E are collinear, AC' is perpendicular to EI and AC is per-
pendicular to IN = LAEN = LIEC.

Step 57. LAEN = £IEC and 24 = £L = ANAE = LCIF and {ANFE =
LICE.

Step 58. A, C, E are collinear, {NAE = LCIE, KCNE = £ (DF,CI), AC
is perpendicular to EI, AC is perpendicular to IN, Al is perpendicular to CN
and AT is perpendicular to EF = LCAN = LEFD.

Step 59. LACN = LEDF and £{CAN = LEFD = &4 = 8L

Step 60. AC is perpendicular to EI, AC' is perpendlcular to IN and Al is
perpendicular to CN = £ (AC,EN) = £ (AI,CN).

Step 61. A, B, F are collinear and AI is the bisector of { BAC = AI is the
bisector of LC AF'.

Step 62. AI is the bisector of LCAF and £ (AC,EN) = £ (AI,CN) =
£ (AF,CN) = £ (AI,EN).

Step 63. A, B, F' are collinear, £ (AF,CN) = £ (AI, EN), {ACN = £ (EN, Al),
AB is parallel to CG and AG is parallel to CN = LCAG = LAGC.

Step 64. LCAG = LAGC = AC = CG.

Step 65. DI = EI, DI = IP and EI = FI = FI = IP.

Step 66. BOy; = FFOy and BOy = POy = FOy = POs.

Step 67. FI = IP and FO3; = POy = LIFO5 = £05P1I.

Step 68. FI = IP and FO; = POy, = FP is perpendicular to 0.

Step 69. BO; = FOy, BO; = PO, and POy = 02Q = B, F, P,Q are cyclic.

Step 70. B, F, P,@Q are cyclic = {FBQ = £FPQ and {BFQ = £BPQ.

Step 71. BOy = F027 BOy = POy and POy = OQQ = FOy; = OQQ

Step 73. BOy; = POs and POy = 02Q = B0, = 05Q.

Step 74. BO, = OQQ = KOQBQ = KBQOQ

Step 75. FOs = POy = LFPOy = £O5F'P.

Step 76. POy = 02Q = £02PQ = £PQO-.

Step 77. A, B, F' are collinear and L FBQ = {FPQ = {ABQ = {FPQ.

Step 78. A, B, F are collinear and £{BFQ = {BPQ = £(AB,FQ) =
£BPQ.

Step 79. L (AB,FQ) = £BPQ, {ABQ = LFPQ, £O3BQ = £BQOs>,
£OsFQ = AFQOs, LFPOy = £O2FP, LO2PQ = £PQ0Oy and AB is per-
pendicular to FI = by angle chasing: {BPF = £ (BOy, FI) and £02BP =
LIFP.

Step 80. LABQ = AFPQ, £0:BQ = £BQOs, {FPOy = AO5FP,
£02PQ = £LPQO5 and AB is perpendicular to F'I = by angle chasing: £ (BOs, FI) =
ALITFQOs.
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Step 81. FI = IP = LIFP = LFPI.

Step 82. A, B, F are collinear, AB is perpendicular to F'I and FP is per-
pendicular to IOy = LAFI = £ (IO, FP).

Step 83. LAFI = £ (IOy, FP) and LIFP = {FPI = LAFP = LO5IP.

Step 84. £ (BOqy, FI) = LIF Oy, LIFOy = LO2PI and {BPF = £ (BO,, FI)
= ABPF = £LO5PI.

Step 85. A, B, F are collinear and L{AFP = £0OsIP = {BFP = £O5IP.

Step 86. {BFP = £O5IP and {BPF = £0,PI = 85 = 9oL

Step 87. L (AB,FQ) = £BPQ, LO2FQ = AFQOQ, AFPOQ = LO,FP,
£O2PQ = LPQO- and AB is perpendicular to F'I = by angle chasing: L BPO5 =
LIFP.

Step 88. LIFP = AFPI and {BPOy = LIFP = BP0y = {FPI.

Step 89. £O3BP = LIFP and £BPOy = {FPI = }% = &L

Step 90. DI = EI and DI = IP = EI = IP.

Step 91. COy = EOq and CO; = PO, = EO, = PO;q.

Step 92. EI = IP and FO; = PO, = LIEO, = LO,PI.

Step 93. FI = IP and FO; = PO, = EP is perpendicular to 10;.

Step 94. CO, = FO,, CO; = PO; and PO, = O01Q = C, E, P,Q are cyclic.

Step 95. C, E, P,Q are cyclic = {ECQ = LEPQ.

Step 96. CO; = POy and PO; = OlQ = C0O; = OlQ

Step 97. CO; = 01Q = £0.CQ = LCQO;.

Step 98. CO; = EOy, = LCFEO, = LO,CE.

Step 99. CO; = PO, = LCPO; = £0,CP.

Step 100. PO, = OlQ = KOpo = KPQOl

Step 101. A, C, E are collinear and L ECQ = {EPQ = LACQ = LEPQ.

Step 102. A,C, E are collinear and LCEO; = LO1CE = £ (AC,EO,) =
£O1CA.

Step 103. £ (AC,EO;) = £LO01CA, LACQ = LEPQ, £0:CQ = £CQO0,
LCPO; = LO,CP, L01PQ = £PQO; and AC is perpendicular to FI = by
angle chasing: {CPE = LIFEQO;.

Step 104. EI = IP = LIEP = {EPI.

Step 105. AC' is perpendicular to EI, AC is perpendicular to IN and EP
is perpendicular to 101 = £ (AC,EN) = £ (104, EP).

Step 106. LKIEP = LEPI, AC is perpendicular to EI and AC' is perpen-
dicular to IN = {EPI = ANEP.

Step 107. £ (AC, EN) = £ (IO, EP)and {EPI = ANEP = £ (AC,EP) =
£LO11P.

Step 108. LIEOy = LO1PI and LCPE = LIEO; = LCPE = {0, PI.

Step 109. A,C,E are collinear and £ (AC,EP) = £O1IP = LCEP =
£LOLIP.

Step 110. KCPE = £0,PI and LCEP = £O,IP = &£ Olf

Step 111. LACQ = LAEPQ, £0:.CQ = A£CQOq, ACCPOl = L0O,CP,
£O1PQ = LPQO; and AC is perpendicular to EI = by angle chasing: L{CPO; =
LIEP.

Step 112. LKIEP = LEPI and £CPO, = LIEP = LCPO; = LEPI.

Step 113. LCPO; = £O1CP and LCPOy = LIEP = £O.CP = LIEP.
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Step 114. £CPOy = LEPI and £O,CP = LIEP = 9 = ZL,

Step 115. DI = EI, DI = IR and DI = IP = I is the circumcenter of
ERP.

Step 116. I is the circumcenter of FRP and AFE is perpendicular to EI =
LAER = {EPR.

Step 117. A,C, E are collinear, A, R, P are collinear and LAER = {EPR
= £ (AC,ER) = £ (EP, AR).

Step 118. A,C,E are collinear, A, R, P are collinear and £ (AC, ER) =
£ (EP,AR) = LAFER = LEPA.

Step 119. A, R, P are collinear and LAFR = {EPR = {AEP = {FRA.

y Step 120. L{AER = {EPA and {AEP = {ERA = 4% = 48 and £4 =

i Step 121. DI = EI, DI = IR, DI = IP and EI = FI = I is the circum-
center of FRP.

Step 122. [ is the circumcenter of FRP and AF is perpendicular to FI =
LAFR = {FPR.

Step 123. A, R, P are collinear and {AFR = {FPR = LAFP = {FRA.

Step 124. A, R, P are collinear = {FAR = {F AP.

Step 125. LAFP = {FRA and {FAR = {FAP = £& = L4,

Step 126. DI = EI, DI = IR, EI = FI and £8 = AL = IB — FL.

Step 127. CD:C’Eand%Z%i%:%~

Step 128. AC = CG and $4 = DE , CN _ DE

Step 129. POy = 02Q and 25 = 8j£ = 55 = 8552-

Step 130. FI = IP, POy = 0,Q and £2 = BE = BD — IP.

Step 131. PO; = O1Q and % = 811113 = % = 81165'

Step 132. COy = 0,Q, EI = FI and &3 = £5 = §% = 25,

Step 133. AE = AF and 42 — AR _, A _ AR

Step 134. AE:AFand%Z%é%:%

Step 135. % = %7 % = %’ % = gjé’ Ci% - %’ % - gllé’
CcP EP CN DE EC FI FA PA FB FI 3
OIQ:ﬁv@:ﬁ>ﬁ:ﬁ’ﬁ:ﬁandﬁ:ﬁ:byramo

chasing;: g—g = 58;.

Step 136. DI = EI, DI = IP and EI = FI = I is the circumcenter of
EFP.

Step 137. I is the circumcenter of EF P and AF is perpendicular to FI =
LAFP = AFEP.

Step 138. EP is perpendicular to IO and F'P is perpendicular to 105 =
L (EP,10,) = £ (FP,105).

Step 139. LAFP = LFEP, Al is perpendicular to CN and Al is perpen-
dicular to EF = LAFP = £ (CN, EP).

Step 140. L (EP,101) = £ (FP,102) and LAFP = £ (CN,EP) = £ (AF,10,) =
£ (CN,I0y).

Step 141. A, B, F are collinear, £ (AF,I105) = £ (CN,IO;) and AB is
parallel to CG = ANCG = £0110,.
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Step 142. ANCG = £0,10, and €% = 181 = LCNG = £10,0,.

Step 143. I is the circumcenter of DER and AF is perpendicular to EI =
LAED = AERD.

Step 144. A,C, E are collinear, {AED = LFERD, Al is perpendicular to
EF and DR is perpendicular to EF = £ (AC,DE) = £ (ER, AI).

Step 145. AI is perpendicular to CN and CT is perpendicular to DE =
£ (AI,CN) =« (DE,CI).

Step 146. £ (AC,DE) = £(ER,AI) and £ (AI,CN) = £(DE,CI) =
£LACI = £ (ER,CN).

Step 147. A,C, E are collinear, LACI = £ (ER,CN), LANE = LICE,
AC is perpendicular to EI, AC is perpendicular to IN, Al is perpendicular to
CN and A[ is perpendicular to FF = {ANI = {FER.

Step 148. LAFE = LAIE, {AFR = {FER, AC is perpendicular to ET
and AC is perpendicular to IN = LAIN = L{FRE.

Step 149. LAIN = {FRE and {ANI = {FER = 4J = £E

Step 150. A, C, E are collinear, AG is parallel to CN, AI is perpendicular
to CN and AI is perpendicular to EF = LCAG = LAEF.

Step 151. A, B, F are collinear, A, C, E are collinear and AB is parallel to
CG = LACG = LEAF.

Step 152. LCAG = £LAEF and ,gAOG LEAF = £4 = &C.

— EA _ AE __ FA
Step 155. AE = AF and LE =N = AF = ¥5-
Step 156, AE — FPA Al _ NC AN _ FE CN _ DE EC _ FL
p I FI°> AF NE>» AI R CG DF> ED FR>
F4 = €8 and L4 = EX = by ratio chasing: 42 = 4%,

Step 157. A C’ E are collinear, A NAE = A{C’I E and AC is perpendicular
to EI = AN is perpendicular to C1.

Step 158. AN is perpendicular to CI and CT is perpendicular to DFE =
AN is parallel to DE.

Step 159. AE = AF and = G = JI::?) = AN

Step 160. LAFD = LFED AN is parallel to DE AG is parallel to C'N,
AT is perpendicular to CN and AI is perpendlcular to FF = L{AFD = {GAN.

Step 161. LAFD = £GAN and £4 = 4% = LADF = {AGN.

Step 162. DI = EI, DI = IP and EI = FI = [ is the circumcenter of
DFP.

Step 163. I is the circumcenter of DF'P and AF is perpendicular to F'I =
LAFD = LFPD.

Step 164. DI = EI and DI = IP = I is the circumcenter of DEP.

Step 165. I is the circumcenter of DEP and AF is perpendicular to EI =
£LAED = {EPD.

Step 166. A, B, F are collinear, P,Q,T are collinear, { FBQ = £FPQ and
LAFD = {FPD = {BQT = {FDP.

Step 167. A,C, E are collinear, P,Q,T are collinear, L EFCQ = £{EP(Q and
LAED = AEPD = LCQT = {EDP.

Step 168. LBQT = LFDP and LCQT = {EDP = £BQC = LFDE.
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Step 169. DI = EI and EI = FI = DI = F1I.

Step 170. DI = FI = ADFI = LIDF.

Step 171. A, B, F are collinear, B,C, D are collinear, AB is perpendicular
to F'I and BC' is perpendicular to DI = £BDI = £BFI.

Step 172. KBDI = £BF1I = B, D, F, I are cyclic.

Step 173. B, D, F, I are cyclic = {DBI = {DFI.

Step 174. A,C, E are collinear, B, C, D are collinear, AC is perpendicular
to EI and BC is perpendicular to DI = £CDI = LCFEI.

Step 175. LCDI = LCFEI = C, D, E, I are cyclic.

Step 176. C, D, E, I are cyclic = LECI = L{EDI.

Step 177. B,C, D are collinear, D,I,T are collinear, { DBI = {DFI and
ADFI = KLIDF = LCBI = £ (IT,DF).

Step 178. A,C, E are collinear, D, I, T are collinear, CI is the bisector of
LACB and LECI = LEDI = £BCI = £ (IT, DE).

Step 179. LCBI = AL (IT,DF) and £BCI = £(IT,DE) = ABIC =
£LFDE.

Step 180. £LBIC = LFDE and {BQC = {FDE = £BIC = £BQC.

Step 181. £LBIC = £LBQC = B,C,I,(Q are cyclic.

Step 182. B,C,1,Q are cyclic = LCBI = LCQI and L{BCQ = £BIQ.

Step 183. B,C,D are collinear, £ (BC,DR) = AL (IT,EF), {CDF =
£DRF, Al is perpendicular to CN and Al is perpendicular to EF = £ (CN,IT) =
£LRFD.

Step 184. A,C, E are collinear, LAEF = AERF, Al is perpendicular to
CN and AI is perpendicular to EF = LACN = {ERF.

Step 185. LACN = LERF and £ (CN,IT) = ARFD = £(AC,IT)
£(ER,DF).

Step 186. B,C, D are collinear and £DBI = £DFI = £ (BC,DF) =
£BIF.

Step 187. D, I, T are collinear and K DFI = LIDF = £ (DF,IT) = LIFD.

Step 188. £ (BC,DF) = ABIF and £ (DF,IT) = LIFD = £ (BC,IT) =
£ (BI,DF).

Step 189. L (AC,IT) = £(ER,DF) and £(BC,IT) = £(BI,DF) =
£ (AC,ER) = LCBI.

Step 190. PO, = 01Q and PO, = O5Q) = PQ is perpendicular to O10s.

Step 191. P,Q,T are collinear, EP is perpendicular to 10; and PQ is
perpendicular to 0105 = £ (EP,101) = £ (QT, 0103).

Step 192. A,C, E are collinear, P,Q,T are collinear and L ECQ = {EPQ
= L (AC,EP) = LCQT.

Step 193. L (AC,EP) = ACQT and £ (EP,I0,) = £(QT,0,05) =
£ (AC,I0,) = £(CQ,0105).

Step 194. £ (AC,ER) = LCBI and LCBI = L£CQI = 4(AC,ER) =
£L£COQI.

Step 195. £ (AC,ER) = £LCQI and £ (AC,I10;) = £(CQ,0:05) =
£ (ER,IQ) = £I10105.

Step 196. £ (BC,IT) = £ (BI,DF) and £{BCQ = ABIQ = £(CQ,IT) =
£(IQ,DF).
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Step 197. LADF = LAGN, £(ER,IQ) = £10104, LCNG = L1010,
and AG is parallel to CN = LADF = £ (ER,1Q).

Step 198. £ (CQ,IT) = 4£(IQ,DF) = LCQI = £ (IT, DF).

Step 199. LADF = £ (ER,IQ) and £CQI = £ (IT, DF) = £ (AD,IT) =
£(ER,CQ).

Step 200. P, @, T are collinear and LACQ = LEPQ = LACQ = £ (EP,QT).

Step 201. £ (AC,ER) = £ (EP, AR) and LACQ = £ (EP,QT) = £ (AR,QT) =
£ (ER,CQ).

Step 202. A, R, P are collinear, D, I,T are collinear, P,Q,T are collinear,
£ (AD,IT) = £ (ER,CQ) and £ (AR,QT) = L (ER,CQ) = LADT = LAPT.

Step 203. LADT = LAPT = A, D, P,T are cyclic.

Step 204. A, D, P,T are cyclic = {ADP = LATP.

Step 205. A, B, F are collinear, P,Q,T are collinear, {FFBQ = AFPQ,
LAFP = LFEP, Al is perpendicular to CN and AI is perpendicular to EF
= ABQT = £ (CN, EP).

Step 206. AL (EP,I01) = £(QT,0102) and £BQT = £(CN,EP) =
£ (BQ,CN) = £05011.

Step 207. £ (BQ,CN) = L0301, LADF = LAGN, LCNG = L1010,
and AG is parallel to CN = LADF = £ (CN, BQ).

Step 208. LADF = £(CN,BQ) and {BQT = {FDP = {ADP =
£ (CN,QT).

Step 209. P, Q,T are collinear, {ADP = £ (CN,QT) and LADP = LATP
= LATQ = £ (CN,QT).

Step 210. LATQ = £ (CN,QT) = AT is parallel to CN.

Step 211. AT is parallel to CN and AI is perpendicular to CN = Al is
perpendicular to AT

|

2.28 IMO 2020 P1

Original:

Consider the convex quadrilateral ABCD. The point P is in the interior of
ABCD. The following ratio equalities hold: {PAD : {PBA : ADPA=1:2:
3 =4ALCBP : LBAP : {BPC. Prove that the following three lines meet in a
point: the internal bisectors of angles L ADP and £ PC B and the perpendicular
bisector of segment AB.

Translated:

Let PAB be a triangle. Define point X such that BX is the bisector of
£ PBA. Define point Y such that AY is the bisector of L PAB. Define point
Z such that £ (PA,BX) = LZAB and {PAZ = £ X BA. Define point T" such
that LPAZ = {TPA. Define point D on line AZ such that {PBA = £{DPT.
Define point U such that L PBU = LY AB. Define point V such that L PBU =
£V PB. Define point C on line BU such that £ PAB = £CPV. Define point
O such that DO is the bisector of {PDA and CO is the bisector of L{PCB.
Prove that AO = BO

Proof:
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Figure 28: imo 2020 pl

Construct point M as the foot of O on line PA.

Construct point N as the foot of O on line PD.

Construct point E as the foot of O on line AD.

Step 1. P, D, N are collinear, A, D, E are collinear, PD is perpendicular to
ON and AD is perpendicular to OF = £DNO = £DEO.

Step 2. LDNO = £LDEO = D,0O, N, E are cyclic.

Step 3. D,O, N, E are cyclic = L{ODE = {ONE.

Step 4. P, A, M are collinear, P, D, N are collinear, PA is perpendicular to
OM and PD is perpendicular to ON = {PMO = L{PNO.

Step 5. LPMO = £PNQO = P,0O,M,N are cyclic.

Step 6. P,O, M, N are cyclic == {OPM = LAONM.

Step 7. P,A,M are collinear and £ (PA,BX) = {ZAB = {ZAB =
£ (AM,BX).
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Step 8. £LZAB = £(AM,BX) and BX is the bisector of {PBA =
£ (PB,AM) = £ (BX,AZ).

Step 9. P, A, M are collinear, A, Z, D are collinear, A, D, FE are collinear,
£LOPM = £ONM and £ODE = LONE = £ (PO, AM) = £ (DO, AZ).

Step 10. £ (PB,AM) = £(BX,AZ) and £ (PO,AM) = £(DO,AZ) =
£BPO = £ (BX,DO).

Step 11. P, A, M are collinear, AY is the bisector of K PAB, {PBU
LV PB and {PBU = {YAB = {BPV = LY AM.

Step 12. B,U,C are collinear and {PBU = LY AB = A (PB,UC) =
LY AB.

Step 13. LBPV = LY AM and £ (PB,UC) = {YAB = £ (PV,UC) =
£MAB.

Step 14. P, A, M are collinear and {PAZ = {TPA = £ (PT,AM)
AMAZ.

Step 15. £ (PT,AM) = AMAZ and £ ZAB = £ (AM,BX) = £ (PT,BX) =
AMAB.

Step 16. B, U, C' are collinear and CO is the bisector of { PCB = £PCO =
£(CO,BU).

Step 17. LPAB = LCPV, AY is the bisector of { PAB, £ PBU = LV PB,
APBU = LY AB and £PCO = £(CO, BU) = by angle chasing: PV is per-
pendicular to CO.

Step 18. A, Z, D are collinear and DO is the bisector of {PDA = A PDO =
£ (DO, AZ).

Step 19. LPAZ = {TPA, {PAZ = {XBA, {PBA = {DPT, BX
is the bisector of {PBA and £PDO = 4£(DO,AZ) = by angle chasing:
£(DO,PT) =iz,

Step 20. £ (PT,BX)=AMABand £ (PV,UC) = LMAB = £ (PT,BX) =
L (PV,UC).

Step 21. £ (DO, PT) = 1 and PV is perpendicular to CO = £ (PT, DO) =
£ (PV,CO).

Step 22. £ (PT,BX) = £ (PV,UC) and £ (PT,DO) = £ (PV,CO) =
£ (BX,DO) = £LUCO.

Step 23. B,U,C are collinear, { BPO = £ (BX,DO) and £ (BX,DO) =
LUCO = ABPO = 4BCO.

Step 24. L BPO = £BCO = P, B,C, O are cyclic.

Step 25. P, B,C,O are cyclic and CO is the bisector of L PCB = PO =
BO.

Step 26. P, D, N are collinear, A, D, E are collinear, PD is perpendicular to
ON and AD is perpendicular to OF = {DFEQO = {OND.

Step 27. P,D, N are collinear, A, Z, D are collinear, A, D, E are collinear
and £LPDO = £ (DO, AZ) = DO is the bisector of {EDN.

Step 28. DO is the bisector of L EDN and £ DEO = {OND = ON = OF.

Step 29. ON = OF = {ONFE = ANEFEO.

Step 30. P, A, M are collinear, A, D, E are collinear, PA is perpendicular to
OM and AD is perpendicular to OF = LAMO = £{AEQO.

Step 31. LAMO = LAEO = A, O, M, E are cyclic.
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Step 32. A,0, M, E are cyclic = {AOF = LAME.

Step 33. P, A, M are collinear, LOPM = LONM, LAOFE = {AMFE and
LONE = ANEO = {PAO = L{OPA.

Step 34. LPAO = LOPA = PO = AO.

Step 35. PO = AO and PO = BO = AO = BO

]

2.29 IMO 2021 P3

Original:

Let D be an interior point of the triangle ABC with AB ; AC so that
£DAB = LCAD. The point E on the segment AC satisfies LADE = LBCD,
the point F on the segment AB satisfies L FDA = ADBC, and the point X
on the line AC satisfies CX = BX. Let O1 and O2 be the circumcenters of the
triangles ADC and EXD, respectively. Prove that the lines BC, EF, and 0102
are concurrent.

Translated:

Let ABC be a triangle. Define point D such that AD is the bisector of
£BAC. Define point E on line AC such that {ADE = £BCD. Define point
F on line AB such that {ADF = ACBD. Define point X on line AC such
that BX = CX and £ BCX = £ XBC. Define point O; as the circumcenter of
triangle CDA. Define point Os as the circumcenter of triangle EDX. Define
point Y as the intersection of lines BC' and EF. Prove that O;,05,Y are
collinear

Proof:

Not solved.

2.30 IMO 2022 P4

Original:

Let ABCDE be a convex pentagon such that BC = DE. Assume that there
is a point T inside ABCDE with TB = TD, TC = TE and LABT = {TFA.
Let line AB intersect lines CD and CT at points P and Q, respectively. Assume
that the points P, B, A, Q occur on their line in that order. Let line AE intersect
CD and DT at points R and S, respectively. Assume that the points R, E, A,
S occur on their line in that order. Prove that the points P, S, Q, R lie on a
circle.

Translated:

Let BC'D be a triangle. Define point E such that BC' = DFE. Define point T'
such that BT = DT and CT = ET. Define point A such that {AET = {TBA.
Define point P as the intersection of lines AB and C'D. Define point Q) as the
intersection of lines AB and CT. Define point R as the intersection of lines AF
and C'D. Define point S as the intersection of lines AE and DT. Prove that
P,Q,R,S are cyclic

Proof:
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Figure 29: imo 2021 p3

Step 1. BC = DE, BT = DT and CT = ET = ABTC = £LDTE, LCBT =
LEDT and L BCT = {DET.

Step 2. C,Q,T are collinear, D, S, T are collinear and L BTC = {DTE =
£ABTQ = LSTE.

Step 3. A, B,(Q are collinear, A, E, S are collinear and LAET = {TBA =
£QBT = ATES.

Step 4. £QBT = £TES and {BTQ = £STE = T2 = T2

Step 5. BT = DT, CT = ET and 12 = 72 = 15 = 15

Step 6. C,Q,T are collinear and D, S, T are collinear = LCTD = L£QTS.

Step 7. LCTD = £QTS and 75 = 13 = 4DCT = LTSQ.

Step 8. C,Q,T are collinear, D, S,T are collinear and L DCT = £TS5Q =
ADCQ = £DSQ.

Step 9. D, S, T are collinear and L{CBT = {EDT = LCBT = {EDS.
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Figure 30: imo 2022 p4

Step 10. C,Q, T are collinear and L BCT = LDET = {BCQ = {DET.

Step 11. £CBT = LEDS, {BCQ = ADET, {DCQ = 4DSQ and
LAET = KTBA = by angle chasing: £ (AB,QS) = £ (CD, AE).

Step 12. A, B, P are collinear, A, B,(Q are collinear, A, E, R are collinear,
A, E, S are collinear, C, D, P are collinear, C, D, R are collinear and £ (AB,QS) =
£(CD,AE) = £PQS = £PRS.

Step 13. LPQS = LPRS = P,Q, R, S are cyclic

[ ]
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