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Appendix

In Appendix A, we collect technical lemmas needed to prove the main results. Proofs
of the main results are given Appendix B. Details of the algorithm for solving the op-
timization problem (5) are given in Appendix C. Further details on simulations set-

tings, and additional simulation results are reported in Appendix D. In Appendix E,
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we propose a secondary analysis which sharpens the consistency rate for locating
the break points. An alternative procedure to our proposed third step on consistent
parameter estimation is discussed in Appendix F. Finally, a data-driven method to

select the tuning parameter w, is presented in Appendix G.

Appendix A: Technical Lemmas

Lemma 1. There exist constants ¢; > 0 such that forn > ¢y (log(n) + 2log(p) + log(q)),

with probability at least 1 — ¢y exp (—cs (log(n) + 21log(p) + log(q))), we have

i

Proof. Note that 1Z'E = (I, X')E = vec(X'E)/n. Let X (h,.) and X(h,1) be the

7B

n

< \/ log(n) + 2log(p) + log(q) 0

n

’ o0

h-th block column and the /-th column of the h-th block column of X, respectively,

for 1 < h <n,1<1<d More specifically,

0 0
0 0
X(h,.) = , X (h,l) = (2)
y;+h—2 Y1 y;-&-h—l—l
y%—l yé“—q nxpq le*l nxp



Now,
Z'E

n

, (3)

where e; € RP with the i-th element equals to 1 and zero on the rest. Note that,

& (M) €

n

= max
0o 1=h<n,1<I<d,1<4,j<p

X'(h,1)E

/
Yq+t€ .
0 A+t gttt

T—q—1
1
n

t=h—[l—1

Now, since cov(ygis, Eqt1) = 0 for all £,1, h, an argument similar to Proposi-
tion 2.4(b) of Basu & Michailidis (2015) shows that for fixed i, j, h, [, there exist

k1, ke > 0 such that for all n > 0:

p (4 (208,

n
The result follows by setting n = ks \/ log(nHZlof(p JHo8() {1 4 large enough k3 > 0,

> km) < 6exp (—krgn min(n, 772)) .

and taking the union over the m = np?q possible choices of i, j, h, L. O

Lemma 2. Let © be defined as in (5). Then, under the assumptions of Theorem 1:

n !
~ nA\n . . .
Z}/I—l <y2 - }/lil 2‘9;) - 2 829%(6%}), fOT J = 1727 ceey TN, (4>
i=1

I=t;

where Y/ = (Y] ... Yi_411)

for j=q—1,2,....n. (5)

=3
Moreover, Z;:l 6/)\1 = 30 for %}—1 <t< %\g —-1,7=12,..,|A,l
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Proof. The result follows directly from the KKT condition of the optimization prob-
lem (5). O

Lemma 3. Under assumption Al, there exist constants ¢; > 0 such that with prob-

ability at least 1 — c; exp(—ca(log(q) + 21og(p))),

sup
1<j<mo,s>t;,|tj—s|>nyn

)

(6)

Wn

(t; =) (SY 1Y/1—r"<0)> gcg\/log@”log(p)

o0

where I'5(0) = E(Y;.1Y/ ;). Moreover,

ti—1

t —S Zlfl 1€l

sup
1<j<mo,s>t;,|t; —s|>nyn

< \/log(CJH?log(p)‘ (7)

Wn

Proof. The proof of this lemma is similar to that of Proposition 2.4 in Basu &
Michailidis (2015). Here we briefly outline the main steps of the proof, while omitting
the details. For (6), note that using an argument similar to Proposition 2.4(a) in

Basu & Michailidis (2015), there exist k1, ks > 0 such that for each fixed k,l =

(1

Setting n = ksy/ 1oi(;;p , and taking union over all possible values of k, [, we obtain
(6).

The proof for (7), is similar to Lemma 1. Again, there exist ki, ks > 0 such that

1)"' y P4,

S YL Y - TY0)
t — S8

€1

> km) < 6exp(—kony, min(n, n%)).  (8)



for each fixed k =1,...,pq, L =1,...,p,

p<e

Setting 1 = ks34 / % and taking union over all possible values of k, [, we get:

ti—1 ,
)2 als Y18

k
tj—S

> km) < 6 exp(—kany, min(n, 17%)). (9)

< \/ log(q) + 210g(p)7 (10)

N

o0

and

ti—1
(t; = 5) (ZYz Y l—rq<0>)
ti—1

‘ t—S Z}/l 15!

with high probability converging to 1 for any j = 1,2,---,mg, as long as [t; —

< 63\/10g(Q) + 210g<p>7 (1)

WYn

s| > ny, and s > t;_;. Note that the constants ¢, co and ¢3 can be chosen large
enough such that the upper bounds above would be independent of the break point

t;. Therefore, we have the desired upper bounds verified with probability at least

1 — ¢y exp(—cz(log(q) + 21log(p))). O

Lemma 4. Under the assumptions of Theorem 3, for m < my, there exist constants

c1,co > 0 such that:

T
P (( min Ly (81,82, ey SmiMn) > Z e |3 + 1A, — cgmn’ynd:f) — 1,
S1

,,,,, sm)C{1,...,T} l=q
(12

where A, = miny<j<mys1 [t; — t-1]-



Proof. Since m < my, there exists a point ¢; such that |s; —¢;| > A, /4. In order
to find a lower bound on the sum of the least squares, we consider three different
cases: (a) |s; — si—1] < nyy; (b) there exist two true break points t;,¢;4; such that
|si—1 —t;] < ny, and |s; — 41| < nyy; and (c) otherwise. The idea is to find a lower
bound for the sum of squared errors plus the penalty term for each case. Here, we
consider only one candidate for each case. The general case can be argued similarly,
but omitted here to avoid complex notations.

Denote the estimated parameter in each of the estimated segments below by 0.
For case (a), consider the case where the interval (s;_1, s;) is inside a true segment.

In other words, suppose there exists j such that ¢; < s;_1 < s; <t;41. Now,

s;i—1 si—1 s;i—1
Sl =Yl = D llelB+ Y (@ —6)y; 3
t=s;_1 t=s;—1 t=s;—1
s;i—1
+ 2 ) VL (@ e
t=s;-1
si—1 s;i—1
2 Z lledlf5 — |2 Z Y (@Y §>/€t
t=s;_1 t=s;_1
s;i—1 R
> > lalls — ev/nyw logp|[ @47 — 0] (13)
t=s;—1

Therefore, given the tuning parameter selected based on Assumption A4, we have:

s;i—1 s;i—1
D e = OYerrll3 4 o101l > D lleell3 — ev/nyalog pl| @47V 11. - (14)
t=si—1 l=s;—1

For case (b), consider the case where s,_; < t; and s; < t;41. Now, similar



arguments as in Proposition 4.1 of Basu & Michailidis (2015) show that by the

tuning parameter selected based on A4(b), we have:
[0 — ]|y < 43/dg ]| = f]j, and [[@WTTD = B|y < e5y/dygs, 59 (15)

To see this, observe that 9 in (9) minimizes the least squares plus the ¢; norm loss
function. Therefore, the value of this objective function for 0 will be smaller than

any other choice of parameters, including ®(7*1). Hence,

si—1 si—1
1 i R N 1 i ,
S — 851 E ||7Jt - 0}/;—1”3 + N(si—1,8:) 0||1 S S; — Si_1 E ||yt - (I)(.J—H)}/t—ng
i =1 g T =g
+ N(si-1,8:) q)(.’j+1)||1' (16>




Some rearrangements lead to:

1 Sifl ’
0< c’||(I><"j+1) _ /Q\HE < - Z Y/, <q>(-7j+1) _ 5) (@(-73'4-1) _ 5) Y,
Si ™ Si-1, T
9 s5;—1 . N '
I DRI GRS DRSS
=s5;_1

+ srr (11971 = 11811 )

1 . , ~
(c _oep Mq,d;L) B¢+ — 3|,
Si i — Si—1

— Si—1 Si i—

IN

 Morr (119711 = 11811 )

MN(si—1,s; j | ~J 0|
Ny (ST
3 S; S; . ~ Si—1,54 j |

< M(si—1,5:) DI — 9|, 7 — si-1,5) |DCIHD — 0|y 7
2 ’ 2 ’
< 277(81‘71781) QLI+ — 9”1 <17)

This ensures that ||®-+) — 8]|; 7o < 3||®-1+1) — ]|, 7, and hence || @D —§||; <
4|0 — 9l|y 7 < 44/d%||@C7) — §]|,. This comparison between Ly and L,
norms of the error term together with the bound in Equation 17 will get the desired

consistency rates in (15).



Similar to case (a), using lemma (3), we have:

Si—l Si—l

Sl = 0icalB > D el B clss = 519054 < 8118 &/l — 5] log p [ — ]

t=t; t=t;

Si—l /
. ~ . ~ d* logp
> 2 s — | (|Gt — g Lt _ gy, — & [ n
> 3 lledll3 +clss = | I {1 Il = o\
t=t;
si—1
> Y e — d; log . (18)
t=t

Also, for the interval (s;_1,t;), we have:

tj—1 ti—1
Dol =0Yills = ) ledls — v/ logpl[ @47 — Bl
t=s;-1 l=s;-1
t;i—1
> 3 el — ¢V dogp (267D < By + [[20D — 569,
t=s;_1
ti—1
> D llalls = Vv dogp (s, sy + (|24 — @C2)
t=s;—1
ti—1
> > a3 = ddi/nr, logp. (19)
t=s;—1

Combining equations (18) and (19) gives:

si—1 s;i—1
Dol =Yl = Y ez — ddyy/nnlogp. (20)
t=si—1 t=si—1

For case (c), consider the case where s;_1 < t; < s; with |s;_1 —t;| > A, /4 and

|si —t;| > A,/4. Similar arguments as in Proposition 4.1 of Basu & Michailidis



(2015) shows that :
6D 8|, < 4y/dz||@CTHY — ][5, and ||®0D) —6]|, < 4/dx||DC) 8], (21)

Note that in this case, the restricted eigenvalue condition does not hold. There-
fore, the convergence of the f cannot be verified. The reason is that in this case,
the two parts of the true segments which intersect with the estimated segment have
large lengths. If the length of one of them was negligible as compared to the other
segment, one could still verify the restricted eigenvalue, but that’s not the case here.
However, the deterministic part of the deviation bound argument holds with the
suitable choice of the tuning parameter. Now, similar to case (b), on both intervals

(Sifl,tj) and (tj75i>:

tj—l tj—l
Sl =Y B+t — sl [[00) - )
t=si—1 t=s;_1
— Ity = siallogp || @09 — ],
t].,l
> Y B
t=s;—1

. ~ ; ~ / d* 1
+ocfty — s | [|@0D = B]]y [ ||OC) — ]|, — S [ 228 ) (99)
C |tj—82‘_1’
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and
s;—1 si—1

S llge = Bial = D lledll3+ el — 119070 ~ B3 = ¢y lsi — ;] log p |97+ ~ ]

t=t; t=t;

Si—l /
, ~ , ~ c [dxlogp
> 3l B+ clsi — ] 184540 — ], (H@‘”” ~Olk= 2T _t!) . (23)
t=t; L

Since [|[®C3+D) — $D||, > v > 0, either |[®CITD — 8|, > v/4 or ||®C) — 8|, >

v/4. Assume that ||®¢9) — 8|, > v/4. Then, based on Equation 22, for some ¢; > 0,
tj_l tj—l
Yol = Yial3= Y ez + e (24)

t=s;—1 t=s;—1

For the second interval we have:

si—1 s;i—1

> g — 0Yial3 > a3 — ¢ log p. (25)
t=t; t=t;

Combining (24) and (25), leads to:

si—1 s;i—1
S = 0ial3 > Y I3+ eiA, — ¢ logp (26)
t=s;-1 t=s;-1

Note that another situation may arise in this case, where |s;,_; —t;| > ny, and
|s; — tj| > nvy,. Using similar augments as above in this situation, we get the

following lower bound:

Sl‘—l Si—l
D M=Vl > Y [l — i n. (27)
t=s;-1 t=s;—1

11



Putting all of the cases together will yield the result.

]

Appendix B: Proof of Main Results
Proof of Theorem 1. By definition of C:), we get
1 N n N n k N
~[IY - 263 + M D61+ Ao DD
i=1 k=1 |li=1 ||
1 n n k
< Y =20 + M, D 6l + Aew > 1D 05](28)
i=1 k=1 llj=1 Il

12



Denoting A = {t1,t1, -+ ,tm, }, we have:

1 N 9 9 ;. , n n N
- z(@-@)H < —<@—@) ZE+ M0 S 1011 =M S 116
| - D1l = e 3 1
n k n k N
e D |20 —ren D |20
k=1 [lj=1 |} k=1 llj=1 I}
Z'E - ~ ~ ~
s D R T S (R I e S
00 =1 ic A 1€AC
mo+1 '
+ Do Y (=t )90y
j=1
< M 210 = Bl + A D (116311 = 1G]] ) + Ao
€A €A
< 200 ) 6ill + Aopn
€A
< 2X\,m, max H@("j)—@("j_l)Hl—l—)\g,nnd:L
1<j<mo+1
p
log(n) + 2log(p) + log(q)
< 4Cmy, | ax {Z (dij + dig-1)) } M@\/ "
+ )\2,nnd:;7 (29)
with high probability approaching to 1 due to Lemma 1. ]

Proof of Theorem 2. The proof is different from Theorem 2.2 in Chan et al. (2014)

and Proposition 5 in Harchaoui & Lévy-Leduc (2010) due to the additional penalty

added in equation (5). For a matrix A € RPP, let [|Al|l1z = 37 5z |kl

First, we focus on the second part. Suppose for some j = 1,--- ,my, |?] —t;] >

nyy,. Then, there exists a true break point ¢, which is isolated from all the estimated

points, i.e., minj<j<m, [t; — tj,| > nv,. In other words, there exists an estimated

13



break point ;f\] such that, t;, — tj,-1 V tAj > ny, and t4 A tAjH —tj, > ny,. The
idea of the proof is to show the estimated AR parameter estimated in the interval
[tjo—1Vtj,tjoe1 Atjy1] converges in Ly to both ®¢70) and @70+ which contradicts
with assumption A3. This is due to the fact that the length of the interval is large
enough to verify restricted eigenvalue and deviation bound inequalities needed to
show parameter estimation consistency.

Based on the definition of © in (5), the value of the function defined in (5) is
minimized exactly at ©. This means that any other choice of parameters yields to
higher value in (5). First, we focus on the interval [t;,_; V %;,t;,]. Define a new
parameter sequence Y’s, k = 1,...,n with ¢, = §k except for two time points k = tAj
and k = t;,. For these two points set ¢ = ®l-90) — @, and Vi, = D;,q — Do)
where zI\Dj = Z@fvﬁ*l f). and <T>j+1 = szi\l/?j Oy, i @jovgj = CTDJ»H — CTDJ». Denoting

U = vector(y, ..., ¢,) € R™! we have

n k
1 ~ ~ ~ 1
E||Y_Z®||g+)\1,n||@”1+>‘2,nz _ 0| < E||Y—Z‘I’||§+/\1,n||‘1’||1
k=1 || j=1 1
n k
+ dom Y W; (30)
k=1 || j=1 1

Some rearrangement of equation (30) leads to

14



0 < cf|®C) — Dyl

tjo—1

J0

1 . ~~ / . —~
< (q)(m) — P, ) Y, .Y/ (q)(uo) — P, )
=t 1\/1531 tzlw j+1 ) Yi-1¥ g j+1
J0
. tjo—1
= Z e (cb("j()) - ij+1> €l
tio — tjo— 1\/t31 —
n)\ln ~ . ~ ~ ~
+ (<I>=J0 Dyl DI — By — [y — B, )
ti — tio1 \/t H J+1”1 H ]”1 H Jj+1 ]||1

+ e (100~ 514 )

2N\, logp
< M Oy |22 ) 00— By + g (120 |y — 1B )
tio — tjo—1 V1 nYn
1
< SO = By s+ mdp (100 — B,
3
< 5”/\271“‘1) A — |z — §n>\2n”q> B — |1 ze- (31)

In equation (31), the second inequality holds with high probability converging
to 1 due to first part of Lemma 3 and the fact that t;, — tj,_1 Vt; > nv,. The
fourth inequality holds with high probability converging to 1 due to second part of
Lemma 3 and triangular inequality. The fifth inequality is based on the assumption
A3 and the selection for Ay, in the statement of the theorem. The last inequality

holds by sparsity assumption. This implies that

1
1265 — ;4115 = o, (d* ng) , (32)

WYn

which means that ||®(70) — EISjH |2 converges to zero in probability based on assump-

15



tion A3. Similarly, the same procedure can be applied to the interval [t;,, ¢, 41 /\%}H]
which leads to [|®-90T) — &, ||, converges to zero in probability as well. This yields
to a contradiction to the assumption A3, and therefore, the proof is complete.

The proof of the first part is similar to the second part. Hence, a brief sketch
is provided. Assume |,Zl\n] < myp. This means there exist an isolated true break
point, say t;,. More specifically, there exists an estimated break point ;f\] such that,
tio — tjo_1 V1; > ny,/3 and tj, 11 Atjq — tj, > n7,/3. Now, similar arguments as
explained in details in the second part can be applied to both intervals [t;,_4 \/tAj, tiol
and [tj,, tj,+1/At;11] which leads to ||®(70+1) —@(J0) ||, converges to zero and therefore
contradicts with assumption A3. This completes the proof.

O

Proof of Theorem 3. For the first part we show that (a) P(m < mg) — 0, and (b)
P(m > mg) — 0. For (a), we know, from Theorem 2, that there exists points %\J €A,
such that maxi<j<m, [t; — ;| < ny,. By similar arguments as in Lemma 4, we get

that there exists a constant K > 0 such that:

T
Lty oy tmgi i) < D lleel 3 + Kmonyad;,?. (33)

t=q

To see this, we only show the calculations for one of the estimated segments. Suppose

si—1 < tj < s; with |t; —s;_1| < nv,. Denote the estimated coefficient in the segment

16



(Si—1,5i) by f. Similar to case (b) in the proof of Lemma 4, we have:

Si—l Si—l
Sl = 0YallE < el + ealss — t] (|96 8] 2
t=t; t=t;

+ dy/|si — tj]logp||@CITY — 8|,
s;i—1

S lledl3 +1+11. (34)

t=t;

Now, by the convergence rate of the error (see, e.g., case (b) in the proof of

Lemma 4),

2
1 n
I S 463|Si—tj|d:; Cc o8P +Mq>d:l i
|si — ] |si — ]

= 0, (nmds?), (35)

and

1 n
IT < dy/|si —t;j|logpd; | ¢ e P + Mad}, o
|si — 1] |si — 1]

= 0, (n’yndflz) : (36)

17



Applying a similar argument to the smaller sub-segment (s;_1,1;), we get:

tj—1 t;j—1
Dol =Yl < Y lalls +calty — sial |47 — )13
t=s;—1 t=si—1
+ c’\/\tj — si_1|logp||®-) — ||,
tj—l
< D el + 2esft — sial (007D = Bl + ||@t+) — o) 2)
t=s;_1
+ C’\/|tj — si—1|logp <||‘1>("j+1) — 0[]y + ||@CID — <D(-’j)||1>
ti—1
= D el + 0y (myad;?) - (37)
t=s;—1
Finally,
Morsal 0l < Mo (19050 =Bl + |07+,

= 0Op(dy). (38)

Combining (34)—(38) leads to:

s;i—1 si—1
D My = OYerdll3 4 e sollBll = D N2+ 0, (i) . (39)
t=si—1 l=si—1

Adding these equations over all mg + 1 segments leads to equation 33.

18



Now, applying Lemma 4, we get:

IC(ty, . ti) = Lo(ty, . ti:mn) + My,

T
> Z led 3 + c1,, — comny,dy® + mw,
t=q

Z L(%\lv .,,7%\m0; nn> + mown, + ClAn - C2m0n7nd2 - (mO - m)wn
> L(tAl, ...,tAmO; Mn) + Mown, (40)

since limy, o0 nY,d%% /w, < 1, and limy,_,o0 mowy, /A, = 0. This proves part (a). To

prove part (b), note that a similar argument as in Lemma 4 shows that

T
LB T ne) 2 S Nledl — camnads?. (41)

t=q
A comparison between IC(fy, ..., 1) and IC(ty, ..., tm, ) leads to:

T
Z HgtH% - CQTﬁﬁnrynd;Q +mw, < IC(%Vl, ,Zm)

t=q

< IC(t, o tmy)

T
< Z lee| |2 + Kmonynds? + mown, — (42)
t=q
which means
(M — mo)wn < comny,ds? + Kmony,d:?. (43)

However, (43) contradicts with the fact that mony,d*?/w, — 0. This completes the

first part of the theorem.

19



For the second part, let B = 2K /c, and suppose there exists a point ¢; such that
Min < jepm, |t; — t;] > Bmony,d:?. Then, by similar argument as in Lemma 4, we
can show that:

T ~

€t 24 cBTrLOn’ynd*2 < Ly(ty,....tm
2 n 0
t=d

< La(Br, oo ny)

T
Y lledlls + Kmonyad;?, (44)

t=q

IN

which contradicts with the way B was selected. This completes the proof of the

theorem. []

Proof of Theorem /. The proof of this theorem is similar to that of Proposition 4.1
in Basu & Michailidis (2015). The two main components of the proof is (i) verifying
the restricted eigenvalue (RE) for I' = I,® (X/X,/N), and (ii) verifying the deviation
bound for H& — f‘CID‘ Lo where ¥ = (I, ® X;)Y,/N. Once these two are verified, the
rest of the proof is applying deterministic arguments used in Proposition 4.1 in Basu
& Michailidis (2015). Therefore, here we proof (i) and (ii) only.

Condition (i) means that there exist a, 7 > 0 such that for any § € R™, we have
010 > ollol3 — 710113,

with probability at least 1 — ¢j exp(—coN) for large enough constants cp,co > 0.
Based on Lemma B.1 in Basu & Michailidis (2015), it is enough to show the RE for

S = X/X;/N, where X is the ith block component of &,. Applying Proposition 2.4

20



in Basu & Michailidis (2015), we have for any v € RP? with ||v||s < 1, and any

e (o (s- S,

Now, to make the above probability hold uniformly on all the vectors v, we apply

n > 0O:

> cn) < 2exp(—c3N min(n?,7)).

the discretization Lemma F2 in Basu & Michailidis (2015) and also Lemma 12 in

the supplementary materials of Loh & Wainwright (2012) to get:

o (s - %Fi(o)) v

with high probability at least 1 — ¢; exp(—co V), for all v € RPY) some o > 0 and

< affv][3 + a/k| ][},

with an integer k = [¢4N/log(pgq)| with some ¢4 > 0. This implies that
N;
v'Sv > o' =Ti(0)v — aloll; — a/kl[oll} > allvll5 — a/kllo]l7,

since N; > A, —4R,, N =n+q—1—2myR,,, and assuming A, > en implies that
N;/N > e > 2a.

The deviation condition (DC) here means that there exist a large enough constant

. 7
A—F(I)H <o/ 2,
7 =" \VN

with probability at least 1 — ¢; exp(—cqlog ¢). To verify this condition here, observe

C’ > 0 such that

that 4 — I'® = vec (X/E,) /N. Therefore, denoting the h-th column block of X, by

Xr(ny, for h =1, ..., (mo + 1)q, we have:

21



o - o v
— mH = max | Xy Even
o0 1<k,l1<p;1<h<(mo+1)d

Now, for a fixed k,, h, applying Proposition 2.4(b) in Basu & Michailidis (2015)
gives:

P (|€;€X;’(h)Er€l| > kln) < 6 exp(—kyN min(n?,n)),

for large enough ki, ky > 0, and any n > 0. Now, setting n = C’ %, and taking
the union over all the 7 cases for k, [, h yield the desired result. This completes the

proof of this theorem.

[]

Proof of Theorem 1 in Appendiz F. The proof is similar to the proof of Theorem 4,
and therefore, most of the details are omitted here. The main difference is on finding
a new deviation bound for the misspecified model in intervals of type [t;, ;] or [t;, 1],
j =1,2,...,mg, and that would potentially affect the optimal selection of tuning
parameter from theoretical perspective. In other words, we need a higher value for

the tuning parameter to account for the model misspecification. More specifically,

the additional term will be of the form
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Therefore, the tuning parameter p, ; must be of the same order as in (45) so that

(45)

. .

the deterministic arguments used in Proposition 4.1 of Basu & Michailidis (2015)
can go through here as well. Once the tuning parameter selection is adjusted, the

rest of the proof is the same as the proof of Theorem 4.

Appendix C: Details of Estimation Algorithms

In this section, we provide details of the algorithm for solving the optimization
problem (5), as well as the proposed backward elimination algorithm (BEA) for the
second-stage screening.

To describe the algorithm for solving the optimization problem (5), let S(.; ) be
the element-wise soft-thresholding operator which maps its input x to x — A when

x>\ &+ A when z < —A, and 0 when |z| < A. Recall that throughout the paper,

I R

(i) Set the initial values for all parameters to be zero; i.e. 050) =0,fori=1,...,n.
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(ii) For each i = 1,...,n, calculate the (h 4+ 1)-th iteration of the parameters
GEhH) using the KKT conditions of problem (5), presented in Lemma 2 of

Appendix A. More specifically,

1 n n
S ZYEAZ/II—Z Z YY), 9}(h);)\1,n g
=

i#i \1=max(i,j)

eg(h—kl) _ (Z Yz1Y/1>
=i
(46)

where Y/ = (y; .. .y{fqﬂ)

1xpq’

(iii) (a) If maxj<i<, 16; 1) — 0,M]| . < &, where § is the tolerance set to 1073 in

our implementation, stop the iteration and denote the final estimate by

o(intermediate)

(b) If max;<i<, [|0;") — 6,W]| o > 6, set h = h+ 1. Go to step (ii).

intermediate) ; . Zly X e(intermediate)

i

(iv) Apply soft-thresholding to the partial sums of O
to find the optimizer in equation (5). In other words, 6, =S (egintermediate); )\Q,n>
and gk _g (Zk e(intermediate); )‘2,n> _g (Zi:f ngintermediate); )\2,n> for

i=1"1

k=23,... n Finally © = (51,...,§n).

Note that in this algorithm, the whole block of 8; with p?q elements is updated
at once, which reduces the computation time dramatically.
Our backward elimination algorithm (BEA) for the second-stage screening is as

follows:

(i) Set m = |A,|. Let s = {s1,...,sm} be the selected points and define W* =

IC(S1y .-y Sm; Mn)-
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(ii) For each i = 1,...,m, calculate W,,; = IC(s\{s;};m.). Define Wy _, =

min; W, ;

(iii) (a) If W%_, > W*, then no further reduction is needed. Return A, as the

estimated change points.

(b) If Wy_y < Wy, and m > 1, set j = argmin;W,,;, set s = s\{s;} and

m =m — 1. Go to step (ii).

(¢) I Wrx_; <W* and m = 1, all selected points are removed. Return the

empty set.

Appendix D: Additional Simulation Results

In this section, two additional simulation scenarios are described and the empirical
results are reported.

Simulation Scenario 4 (Randomly structured ® and break points close to the
center). As in Scenario 1, in this case we set t; = 100 and t, = 200. However,
the coefficients matrices are chosen to be randomly structured. The autoregressive
coefficients for simulation scenarios 1 and 2 are displayed in Figure 1. The 1-off
diagonal values for the three segments are -0.6, 0.75, and -0.8, respectively.However,
the autoregressive coefficients for this scenario are chosen to be randomly structured
as displayed in Figure 2.

The selected break points in this scenario are shown in the middle part of Fig-
ure 3. The mean and standard deviation of locations of the selected break points,

relative to the sample size T', as well as the percentage of simulation runs where
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break points are correctly identified are shown in Table 1. The results suggest that,
among all simulation scenarios, this setting, with randomly structured ®’s, is the
most challenging for our method in terms of detecting the number of break points.
In this setting, the detection rate drops to 99% compared to 100% in the previous
scenarios, and the standard deviation of the selected break point locations are higher
than the first scenario. The percentage of runs where true break points are within
R,-radius of the estimated points also drops to 96% compared to 100% in Scenarios

1, 2 and 3.

o o®@ o®

Figure 1: True autoregressive coefficients for the three segments in Simulation Sce-
narios 1 and 2.

The inferior performance of the proposed method in the fourth simulation sce-
nario could be due to the fact that the Ls-distance between the consecutive au-
toregressive coefficients are less than the previous two cases. The L, norm of the
consecutive differences of the VAR parameters in simulation 1 and 2 are 5.88 and
6.76 whereas in simulation 4, they are 4.44 and 4.49. This 35% reduction in the Lo-
distance between the consecutive autoregressive coefficients would make it harder
to identify the exact location of the break points. In contrast, the sparse changes in
coefficient matrices makes this setting more favorable for SBS-MVTS. Nonetheless,

estimates from our method are as good or better than those from SBS-MVTS.
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Figure 2: True autoregressive coefficients for the three segments in Simulation Sce-
nario 4.

Table 1: Results for Simulation Scenario 4. The table shows mean and standard
deviation of estimated break point locations, the percentage of simulation runs where
break points are correctly detected (selection rate), and the percentage of simulation
runs where true break points are within the R,,-radius of the estimated break points
(R,-selection rate).

method break points truth  mean std  selection rate R,-selection rate
SBS-MVTS 1 0.3333 0.3238 0.0206 0.98 -

2 0.6667 0.6569 0.0324 0.92 —
Our method 1 0.3333 0.3323 0.0124 0.99 0.98

2 0.6667 0.6620 0.0200 0.99 0.96

Table 2 summarizes the results for autoregressive parameter estimation in this
simulation scenarios. The table shows mean and standard deviation of relative
estimation error (REE), as well as true positive (TPR) and false positive rates
(FPR) of the estimates. The results suggest that the proposed method performs
well in terms of parameter estimation. In simulation scenario 4, the performance of
SBS-MVTS is better in estimation and in true positive rate. One reason for this
good performance is that in this scenario, the selected break points of SBS-MVTS
method are close enough to the true break points which makes it unnecessary to
remove the R,,—radius of them in order to ensure stationarity. However, in real data

applications, since the ground truth is unknown, this removal becomes necessary.
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Table 2: Results of parameter estimation for simulation scenario 4. The table shows
mean and standard deviation of relative estimation error (REE), true positive rate
(TPR), and false positive rate (FPR) for estimated coefficients.

Method REE SD(REE) TPR FPR

Our Method 0.5263  0.0558 094 0.03
SBS-MVTS  0.2757  0.1099 1.00 0.04

-04 -02 00 02 04

o 50 100 150 200 250 300

time time time

Figure 3: Estimated break points using our method for all 100 runs from Simulation
Scenarios 2 (left), 3 (middle) and 4 (right).

Simulation Scenario 5 (Simple ® and correlated error term). As in Scenario 1,
in this case we set t; = 100 and t, = 200 with 7" = 300. The coefficients matrices
are chosen to be the same as in simulation scenario 1 as displayed in Figure 1.
However, the covariance matrix of the error terms is dense. More specifically, X, =
0.01 ((045))rxr with o;; = 0.5/"=7l. The reason to add this simulation scenario is to
see the effect of additional correlation structure of the noise term on the performance
of our method both in terms of detection and estimation.

Table 3 reports the performance of our method and the SBS-MVTS developed
in (Cho & Fryzlewicz 2015) in the simulation scenario 5 in terms of detection of
break points. More specifically, the mean and standard deviation of locations of
the selected break points, relative to the sample size T', as well as the percentage of

simulation runs where break points are correctly identified are shown in Table 3. As

28



Table 3: Results for Simulation Scenario 5. The table shows mean and standard
deviation of estimated break point locations, the percentage of simulation runs where
break points are correctly detected (selection rate), and the percentage of simulation
runs where true break points are within the R,,-radius of the estimated break points
(R,-selection rate).

method break points truth  mean std selection rate R,,-selection rate
SBS-MVTS 1 0.3333 0.3688 0.0413 0.68 —

2 0.6667 0.6119 0.0945 0.80 —
Our method 1 0.3333 0.3251 0.0139 1 1

2 0.6667 0.6507 0.0213 1 1

Table 4: Results of parameter estimation for simulation scenario 5. The table shows
mean and standard deviation of relative estimation error (REE), true positive rate
(TPR), and false positive rate (FPR) for estimated coefficients.

Method REE SD(REE) TPR FPR

Our Method 0.6012  0.0699 0.93 0.04
SBS-MVTS  0.8005  0.1693 0.70  0.01

seen from this table, our method performs very well in this scenario which confirms
the applicability of our method in the case of correlated error terms.

Table 4 summarizes the results for autoregressive parameter estimation in the
simulation scenario 5. The table shows mean and standard deviation of relative
estimation error (REE), as well as true positive (TPR) and false positive rates
(FPR) of the estimates. The results suggest that the proposed method performs
well in terms of parameter estimation and is superior to the naive approach using
the detected points of SBS-MVTS method and applying regularization method for

parameter estimation.
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Appendix E: Sharpening the Consistency Rate

A potential area of improvement in the asymptotic analysis presented in the main
paper is that the consistency rate for locating the break points stated in Theorem 3
depends on the the total sparsity of the model, d, given by the sum of nonzero
parameters in each segment. This number depends on the number of changed coef-
ficients in consecutive segments, and can grow with the number of segments mq. In
this section, we propose an alternative analysis that reduces this rate by replacing
the total sparsity with the sparsity of two consecutive segments, thus breaking the
dependence on my.

To improve the rate of consistency, we take advantage of the fact that our method
also gives some form of confidence intervals for the location of the break points. As
discussed in Section 5, the interval [fj — wn,fj + wy| includes the true break point
t; with high probability. We use this fact to repeat the proposed algorithm locally
in order to achieve a better rate of consistency. More specifically, consider the
intervals I = [t; 1 + wn,tjy1 — wal, § = 1,2,...,mg with o = 1 and .01 = T.
These intervals not only include the true break points t; but also ¢;’s are far from
the boundaries. Thus, it is possible to apply our method on these intervals to locate
the break points. In fact, we can just run the first step of our method to locate ¢;
since we know there is only one true break point in the interval F}, and the tuning
parameter can be selected in such a way that the method gives only one break point.
Now, based on our results in Theorem 3, the consistency rate for locating ¢; would
be of order O (d?nj%j) where n; = length(F}) and d; is the sum of number of non-

zero elements in the two consecutive segments 7 and j + 1, j = 1,2,...,mg. The

30



new sparsity parameter d; can be much smaller than d} depending on the number
of true break points mg, and the number of changed coefficients in each break point.

This result is summarized in the corollary below.

Corollary 1. Suppose A1-A5 hold. Denote ty,ts, ..., ty, the selected break points
using the two-stage method as in (5) and (12) applied on the intervals F;, j =

1,2,...,mg. Then, as n — 400, there exists a positive constant B > 0 such that
P (’EJ — t]| < an’}/njdjz) — 1,
forj=1,2,... mg.

Appendix F: Alternative Procedure for Consistent Parame-

ter Estimation

An alternative to our third step is to use the full data and estimate the parameters by

using the selected break points as the end points in the piecewise high-dimensional
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regression model. More specifically, we can form the following linear regression:

y; Yq/—l
0 0
/ !
ytl—l 1/%1—2
yfl Yfll—1
0 : 0 ﬁi
yég—l . }/%/2—2 Bé
/
mo—+1
- -
: 0 0
y/T YT/—l

This regression can be written in compact form as

Ve = XeB + Ef

or, in a vector form, as

Yf = ZfB + Ef
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where Y¢ = vec(Ys), Ze = I, @ Xg, B = vec(B), E¢ = vec(Ef). Not that, Yy € R™P*1,

Ze € R*7 B ¢ R™! and Ef € R™*!. Estimating the VAR parameters by solving
By = argming N |[Ye — ZeB|[3 + pn 1 | B , (49)

we obtain the following consistency result.

Theorem 1. Suppose A1-A5 hold, mg is unknown and R, = Bmony,d:?. Assume
also that A,, > en for some large positive € > 0 and p, s = C ( 10%7? + d;Mé%)

for large enough C > 0. Then, as n — 400, the minimizer Ef of (49) satisfies
|Br—<|| =0, (@) "*pus) fore=1.2

As seen in Theorem 1, the consistency rate when using the full data has an

additional term d:LMq>%. Depending on the magnitude of the sparsity level d*, this

additional term may dominate the first term 10%7? asymptotically, and can lead to
a worse consistency rate than the proposed estimator B in Equation (15).

The rate of consistency for the above procedure suggests that removing the R,,-
radius of estimated break points in the third step of our procedure can play a crucial

role. The simulation results in Section 7.3 corroborate this theoretical finding.

Appendix G: Data-Driven Method For Selecting w,

In this section, we describe, in details, the data-driven method used in Section 7.4

for choosing w,. As mentioned, the idea is to first finish the backward elimination
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algorithm (BEA) until no break points are left. Then, we cluster the jumps in
the objective function L, in Equation (10) into two subgroups, small and large.
Intuitively, if removing a break point leads to a small jump in L,, then the break
point is likely redundant. In contrast, larger jumps correspond to true break points.
The smallest jump in the second group is thus a reasonable candidate for w,,. More

specifically, we apply the BEA to the candidate break points in the first step, i.e.

{tAl, e ,?m}, and remove them one by one to the end. Then, we rank the break points
based on the level they are removed in the BEA algorithm, say Ail , @2, e ,tAiﬁL. Now,

we compute the jumps in the objective function at each step of the BEA algorithm

denoting them by vy, with v, = ‘Ln(t:k,...,t:m;nn) — Ln(tAikfl,...,tAim;nn) k=
1,2,...,m. Then, we cluster V = {v1,v9,...,v5} into two subsets using k-means

clustering (Hartigan & Wong 1979). Denote the subset with smaller center as the
small subgroup, Vg, and the other subset as the large subgroup, V7.

Intuitively, the points which their removal leads to jumps in Vg are redundant,
and the rest, which made large jumps in the sum of squared error (SSE) in the BEA
algorithm, correspond to estimated break points. Therefore, min V;,—which is the
smallest jump in the SSE occurred by removing a true estimated break point—is a
reasonable candidate for w,. Note that if mg = 0, then all m selected break points
in the first step are redundant, and their removal make no significant jumps in the
SSE. To avoid keeping any points after the screening step in this case, we recommend
comparing the fit in the k-means clustering with two and one cluster. If k-means
with two clusters has a high ratio of between-group SS/total SS, then we proceed

as discussed. Otherwise, we remove all the m selected break points in the first step,
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and claim that my = 0. In the latter, max V is considered as the optimal value for

wy,. The proposed algorithm is summarized as follow:

(i) Apply the BEA algorithm to the set A, until no break points are left. Denote

the ordered deleted break points as al,%\m, e ,tAZ-ﬁL.

o~ o~ o~

(ii) For each k =1,2,... m, set vy = ‘Ln(tAik, coistio M) — Ln(ti, - ,tiﬁl;nn)‘.

Define V' = {vy, va, ..., vz}

(iii) Apply k-means clustering algorithm to the set V' with two centers. Denote the
subset with smaller center as the small subgroup, Vg, and the other subset as

the large subgroup, V.

(iv) (a) If (between-group SS/total SS) in (iii) is high, set w, = min V7.

(b) If (between-group SS/total SS) in (iii) is low, set w,, = max V.
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