Derivation for bidirectional Mendelian randomization model

Recall, the bidirectional model is represented by joint system of equations:

Y1 = Bor+ BriXi+ BeyiC+ vaiYa + &

Y, = Boz + B22Xz + Bey2C + vi2Vh + &
In this model, the bidirectional relationship between Y1 and Y. leads to a feedback loop between these
two outcomes. After each feedback cycle, values of outcome variables Yiand Y- are altered. The
transitional feedback steps are described in S1 Fig.

Y21 = Boz + B22X2 + Bev2C + vi2Yia + €21

If we substitute the Y21 in the equation Y1, we get:

Yi2= Bo1r + B11X1+ BeyiC + va1Yor + €12

Bor + B11X1 + BeyiC + 12+ ¥21(Boz + B22X2 + Bey2C + v12Yi1 + €21)

= Po1 t+ P11X1+ BeyiC + €12+ V21(Boz + B22X2 + Bey2C +&21) + VizVai1Yia

We now substitute the Y1, in the equation Y2, we get:

Y22 = Boz + B22X2 + Bey2C + vi2Yiz + €22
= Poz + P22X2 + Bey2C + 22+ v12(Bor + B11X1 + BeyaC + €12)

+ V12V21Boz + Bz2X2 + Bey2C +€21) + vizVaaYia

Resubstituting Y2 in the equation again Y13, we get:

Y13 = Bor+ B11iX1+ BeviC + va1Yaz + €13
= Po1 t+ P11X1+ BeviC + €13+ V21(Boz + Pa2Xz + Bey2C + £22)
+ ¥V12V21(Bo1 + B11X1 + BeviC + €12) + v12¥51(Boz + BazXo + Bey2C + €21)

+ YhvaY

After n substitutions, the coefficients can be represented as a geometric series as follows:



Yin= Bo1 + Bi1Xi + BeviCO)(X + vizvar + (Y12v21)? + -+ (Ya2v21)™ )
+ ¥21Boz + Bz2X2 + Bey2C)(A + vazVar + (V12¥21)* + -+ (Ya2V20)™ ™)

+ (Y12V20)™1 + &n

When |y1,¥211 < 1 and n goes infinite, (y1,¥21)™ converges to 0 and Y can be written as:

By, + v, B Y1 Bey, T B B V21B
Y1 _ o 21P02 + 21Pcy2 CY1c+ 11 X1+ 21P11 X2+51
Ll STy O 1= ¥iry 1= v¥n Ll PV O
Similarly, Y, can be written as:
By, + v, B Y31 By, T B B V21B
= Con 2P0z | YarPeva ™ Pevs 11 L+ 1y 44,
1= ¥¥n 1= Yry 1= Yry 1= V¥

MR assumptions

Although the relationship between Y1 and Y3 is recursive, the instruments variables X, and X; are chosen
for the observed data Y and Y2 such that MR assumption are satisfied. Particularly, we chose X; directly
associated with Y1 but is not associated with Y> conditional on Y. The instrumental variable X, was

chosen similarly.



