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In the following lines, we compute the IC variance of the TLj statistic.

The charting statistic TLj is written as

TLj =
λ3

2

j∑
i=1

(1− λ)j−i(j − i+ 1)(j − i+ 2)Lj + (1− λ)j [λj(λj + λ+ 2) + 2] .

Thus, we get

E (TLj|Xm, IC) =
λ3

2

j∑
i=1

(1− λ)j−i(j − i+ 1)(j − i+ 2)E (Lj|Xm, IC) +

(1− λ)j [λj(λj + λ+ 2) + 2]

and

V ar (TLj|Xm, IC) =
λ6

4

j∑
i=1

(1− λ)2(j−i)(j − i+ 1)2(j − i+ 2)2V ar (Lj|Xm, IC) .

*Corresponding author. Email: ckoukouv@math.ntua.gr
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It is to be noted that

λ3

2

j∑
i=1

(1− λ)j−i(j − i+ 1)(j − i+ 2)

=
λ3

2

j∑
u=1

(1− λ)u−1u(u+ 1) =
λ3

2

[
2

j∑
u=1

u(1− λ)u−1 + (1− λ)
j∑

u=1

u(u− 1)(1− λ)u−2

]

=
λ3

2

[
2

(
1− (1− λ)j+1

λ2
− (j + 1)(1− λ)j

λ

)
− (1− λ)

(
j(j + 1)(1− λ)j−1

λ
+

2(j + 1)(1− λ)j

λ2
− 2(1− (1− λ)j+1

λ3

)]
= λ− λ(1− λ)j+1 − (j + 1)λ2(1− λ)j − j(j + 1)λ2(1− λ)j

2
− (j + 1)λ(1− λ)j+1 +

1− λ− (1− λ)j+2

= 1− (1− λ)j

2

[
2λ(1− λ) + 2(j + 1)λ2 + j(j + 1)λ2 + 2(j + 1)λ(1− λ) + 2(1− λ)2

]
= 1− (1− λ)j

2
[λj(λj + λ+ 2) + 2].

Thus,

E (TLj|Xm, IC) =

[
1− (1− λ)j

2
[λj(λj + λ+ 2) + 2]

]
E (Lj|Xm, IC) +

(1− λ)j [λj(λj + λ+ 2) + 2] .
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Taking d = (1− λ)2, we have

j∑
i=1

(1− λ)2(j−i)(j − i+ 1)2(j − i+ 2)2 =

j∑
u=1

u2(u+ 1)2du−1 =

j∑
u=1

(u4 + 2u3 + u2)du−1

=

j∑
u=1

u(u− 1)(u− 2)(u− 3)du−1 + 8

j∑
u=1

u(u− 1)(u− 2)du−1 + 14

j∑
u=1

u(u− 1)du−1 +

4

j∑
u=1

udu−1

= d3
j∑

u=1

u(u− 1)(u− 2)(u− 3)du−4 + 8d2
j∑

u=1

u(u− 1)(u− 2)du−3 + 14d

j∑
u=1

u(u− 1)du−2 +

4

j∑
u=1

udu−1

= d3
[
−j(j

2 − 1)(j − 2)dj−3

1− d
− 4j(j2 − 1)dj−2

(1− d)2
− 12j(j + 1)dj−1

(1− d)3
− 24(j + 1)dj

(1− d)4
+

24(1− dj+1)

(1− d)5

]
+ 8d2

[
−j(j

2 − 1)dj−2

1− d
− 3j(j + 1)dj−1

(1− d)2
− 6(j + 1)dj

(1− d)3
+

6(1− dj+1)

(1− d)4

]
+ 14d

[
−j(j + 1)dj−1

1− d
− 2(j + 1)dj

(1− d)2
+

2(1− dj+1)

(1− d)3

]
+

4

[
1− dj+1

(1− d)2
− (j + 1)dj

1− d

]
.

Therefore

V ar (TLj|Xm, IC) =

[
d3λ6

4

[
−j(j

2 − 1)(j − 2)dj−3

1− d
− 4j(j2 − 1)dj−2

(1− d)2
− 12j(j + 1)dj−1

(1− d)3
−

24(j + 1)dj

(1− d)4
+

24 (1− dj+1)

(1− d)5

]
+ 2d2λ6

[
−j(j

2 − 1)dj−2

1− d
−

3j(j + 1)dj−1

(1− d)2
− 6(j + 1)dj

(1− d)3
+

6 (1− dj+1)

(1− d)4

]
+

7dλ6

2

[
−j(j + 1)dj−1

1− d
− 2(j + 1)dj

(1− d)2
+

2(1− dj+1)

(1− d)3

]
+

λ6
[
1− dj+1

(1− d)2
− (j + 1)dj

1− d

]]
V ar (Lj|Xm, IC) .

From the above equations, we have that the IC variance of the TLj statistic is

V ar(TLj|IC) = E [V ar(TLj|Xm, IC)] + V ar [E(TLj|Xm, IC)]

= KTjξ1 +

[
1− (1− λ)j

2
[λj(λj + λ+ 2) + 2]

]2
ξ2,
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where

KTj =

[
d3λ6

4

[
−j(j

2 − 1)(j − 2)dj−3

1− d
− 4j(j2 − 1)dj−2

(1− d)2
− 12j(j + 1)dj−1

(1− d)3
−

24(j + 1)dj

(1− d)4
+

24 (1− dj+1)

(1− d)5

]
+ 2d2λ6

[
−j(j

2 − 1)dj−2

1− d
−

3j(j + 1)dj−1

(1− d)2
− 6(j + 1)dj

(1− d)3
+

6 (1− dj+1)

(1− d)4

]
+

7dλ6

2

[
−j(j + 1)dj−1

1− d
− 2(j + 1)dj

(1− d)2
+

2(1− dj+1)

(1− d)3

]
+

λ6
[
1− dj+1

(1− d)2
− (j + 1)dj

1− d

]]
.
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Table S2: Performance of the TL, DL and EL control charts under the N(θ, δ) distri-

bution with a time-varying UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1

0 500.37 498.53 501.05 501.90 501.24 500.06 498.15 501.96

(1560.69) (1251.60) (953.59) (811.95) (1462.29) (910.02) (1211.95) (824.66)

0.1 403.85 407.54 425.40 433.63 394.76 424.55 414.23 435.15

(1394.06) (1062.86) (847.90) (727.79) (1236.13) (789.98) (1076.23) (718.18)

0.25 137.54 162.34 196.58 215.86 143.83 196.26 164.06 215.78

(664.63) (562.25) (479.48) (399.16) (615.63) (431.52) (543.13) (396.93)

0.5 12.46 18.20 27.66 38.03 13.14 29.24 18.48 40.49

(32.33) (38.93) (57.81) (72.38) (32.29) (60.92) (54.67) (92.94)

1 1.74 2.32 2.97 3.56 1.82 3.00 2.34 3.84

(1.73) (2.42) (2.75) (3.35) (1.64) (2.71) (2.03) (3.78)

1.5 1.09 1.16 1.31 1.46 1.11 1.33 1.23 1.53

(0.36) (0.50) (0.71) (0.83) (0.38) (0.71) (0.53) (0.86)

2 1.01 1.02 1.04 1.08 1.01 1.05 1.03 1.10

(0.09) (0.14) (0.22) (0.29) (0.11) (0.24) (0.19) (0.33)

δ = 1.1

0 130.64 161.14 192.67 212.19 136.94 198.78 156.47 210.27

(491.64) (445.34) (353.80) (343.28) (475.71) (370.14) (413.91) (331.50)

0.1 111.26 135.20 168.83 190.07 115.63 172.38 133.58 188.18

(459.40) (355.42) (341.24) (314.48) (417.28) (318.04) (358.78) (307.66)

0.25 49.42 65.33 89.68 108.36 52.68 93.67 63.82 109.62

(185.20) (163.33) (187.38) (192.95) (180.87) (186.96) (151.52) (201.96)

0.5 9.87 14.10 20.05 26.81 10.32 21.52 13.53 27.12

(17.77) (24.64) (33.52) (44.84) (19.38) (35.88) (24.13) (40.32)

1 1.85 2.39 3.13 3.63 1.93 3.13 2.40 3.85

(1.90) (2.43) (2.95) (3.39) (1.79) (2.88) (2.11) (3.65)

1.5 1.12 1.21 1.38 1.55 1.15 1.42 1.28 1.63

(0.42) (0.59) (0.82) (0.92) (0.45) (0.80) (0.60) (0.96)

2 1.01 1.03 1.07 1.11 1.02 1.08 1.05 1.14

(0.13) (0.18) (0.28) (0.36) (0.15) (0.30) (0.23) (0.40)

δ = 1.25

0 26.28 36.91 52.79 67.75 27.51 56.06 35.37 67.08

(61.09) (68.80) (88.94) (102.19) (59.72) (92.87) (68.45) (98.09)

0.1 24.28 34.22 47.98 61.77 25.36 50.67 32.34 61.79

(57.52) (66.44) (78.49) (92.10) (53.23) (81.35) (58.85) (88.72)

0.25 16.73 23.24 32.49 42.70 17.08 34.67 21.77 43.10

(34.26) (40.50) (49.64) (62.85) (34.88) (54.59) (38.00) (60.94)

0.5 6.97 9.85 13.05 16.66 6.99 13.38 8.88 16.87

(10.97) (13.59) (17.66) (22.49) (10.56) (18.17) (12.96) (22.06)

1 1.95 2.45 3.19 3.63 1.98 3.17 2.42 3.81

(1.98) (2.48) (3.02) (3.33) (1.84) (2.95) (2.14) (3.50)

1.5 1.16 1.28 1.50 1.66 1.20 1.52 1.35 1.74

(0.50) (0.73) (0.92) (1.06) (0.53) 90.93) (0.70) (1.09)

2 1.03 1.05 1.11 1.17 1.04 1.13 1.09 1.20

(0.18) (0.26) (0.37) (0.45) (0.21) (0.38) (0.31) (0.49)
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Table S2: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1.5

0 7.30 10.07 13.56 17.74 7.30 14.11 8.82 18.49

(10.99) (13.05) (15.44) (21.01) (10.52) (17.07) (11.54) (22.44)

0.1 7.04 9.74 13.18 17.36 7.05 13.63 11.30 21.61

(10.44) (12.22) (15.02) (20.53) (9.94) (16.14) (11.30) (21.61)

0.25 6.14 8.34 11.39 14.42 6.21 11.66 7.46 14.90

(8.88) (10.44) (12.83) (16.67) (8.58) (13.57) (9.30) (17.21)

0.5 4.32 5.86 7.67 9.12 4.29 7.65 5.17 9.29

(5.99) (7.04) (8.42) (10.10) (5.51) (8.51) (5.96) (10.22)

1 1.92 2.38 3.04 3.50 1.93 3.02 2.35 3.81

(1.88) (2.38) (2.81) (3.15) (1.71) (2.69) (2.02) (3.50)

1.5 1.24 1.39 1.63 1.82 1.27 1.65 1.45 1.74

(0.67) (0.92) (1.15) (1.22) (0.67) (1.08) (0.83) (1.09)

2 1.06 1.10 1.18 1.27 1.07 1.20 1.14 1.32

(0.27) (0.38) (0.51) (0.60) (0.30) (0.50) (0.40) (0.63)

δ = 2

0 2.53 3.30 4.37 5.22 2.58 4.36 3.06 5.47

(2.99) (3.66) (4.16) (4.89) (2.82) (4.11) (2.90) (4.96)

0.1 2.52 3.29 4.36 5.20 2.54 4.35 3.05 5.46

(2.94) (3.59) (4.15) (4.78) (2.71) (4.09) (2.90) (4.97)

0.25 2.44 3.23 4.23 5.01 2.45 4.20 3.01 5.20

(2.81) (3.51) (4.00) (4.62) (2.54) (3.91) (2.83) (4.75)

0.5 2.21 2.87 3.71 4.36 2.23 3.69 2.72 4.51

(2.43) (3.09) (3.50) (3.91) (2.27) (3.36) (2.46) (3.99)

1 1.64 1.97 2.49 2.85 1.67 2.49 1.98 2.95

(1.43) (1.80) (2.14) (2.29) (1.31) (2.03) (1.47) (2.35)

1.5 1.29 1.45 1.71 1.92 1.31 1.73 1.50 1.99

(0.78) (1.01) (1.24) (1.32) (0.74) (1.17) (0.88) (1.31)

2 1.11 1.18 1.33 1.45 1.13 1.35 1.24 1.50

(0.41) (0.54) (0.73) (0.81) (0.42) (0.71) (0.55) (0.82)
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Table S3: Performance of the TL, DL and EL control charts under the N(θ, δ) distri-

bution with a steady-state UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1

0 500.82 500.66 500.84 500.66 499.68 502.01 503.36 496.75

(1340.46) (1133.47) (922.71) (800.83) (1281.16) (891.05) (1125.90) (798.89)

0.1 411.34 418.96 429.48 433.80 408.40 428.43 420.83 430.92

(1154.74) (993.92) (809.00) (716.85) (1102.78) (766.79) (996.09) (703.62)

0.25 160.96 175.38 203.11 217.92 161.52 201.58 177.03 216.35

(546.46) (487.54) (472.56) (392.82) (525.63) (419.62) (499.36) (393.44)

0.5 30.26 29.41 31.98 39.91 25.26 32.97 25.51 41.02

(34.69) (39.92) (57.15) (67.64) (32.85) (61.05) (53.07) (70.21)

1 12.76 9.76 5.99 4.58 7.59 4.72 4.30 4.48

(2.61) (2.48) (2.42) (3.21) (2.43) (2.65) (2.66) (3.71)

1.5 9.08 6.66 3.69 2.25 4.72 2.54 2.05 1.86

(1.18) (1.06) (0.85) (0.85) (1.01) (0.82) (0.95) (0.99)

2 7.50 5.41 2.89 1.60 3.61 1.88 1.36 1.23

(0.67) (0.58) (0.53) (0.55) (0.61) (0.51) (0.53) (0.46)

δ = 1.1

0 155.31 175.28 197.67 214.89 157.69 203.86 169.05 210.59

(426.78) (406.05) (344.89) (340.26) (403.18) (365.31) (373.09) (325.24)

0.1 137.02 151.85 175.39 192.94 134.97 177.33 146.48 188.77

(397.90) (326.00) (327.69) (313.46) (339.94) (310.89) (330.95) (303.82)

0.25 71.35 79.59 94.79 110.75 69.66 97.90 78.94 110.66

(146.81) (147.08) (169.42) (191.95) (149.88) (171.07) (177.03) (198.49)

0.5 26.37 24.64 24.57 28.58 21.12 24.71 19.21 29.46

(17.06) (22.85) (34.47) (43.54) (20.13) (36.18) (22.58) (47.72)

1 12.85 9.85 6.07 4.61 7.65 4.79 4.37 4.51

(2.68) (2.54) (2.56) (3.28) (2.50) (2.70) (2.74) (3.70)

1.5 9.27 6.81 3.80 2.35 4.86 2.63 2.16 1.96

(1.25) (1.14) (0.92) (0.93) (1.08) (0.91) (1.03) (1.08)

2 7.66 5.54 2.98 1.68 3.73 1.94 1.44 1.29

(0.73) (0.65) (0.57) (0.58) (0.66) (0.55) (0.58) (0.52)

δ = 1.25

0 46.90 49.98 58.06 67.76 43.18 60.10 45.36 68.50

(54.30) (64.56) (85.27) (89.59) (57.10) (91.02) (68.43) (97.09)

0.1 44.43 46.51 53.53 64.09 40.47 55.11 41.90 63.56

(51.99) (57.23) (78.00) (89.81) (55.39) (81.31) (60.75) (88.66)

0.25 35.19 34.61 37.39 44.88 30.09 37.90 29.67 44.42

(31.25) (36.03) (47.81) (62.72) (32.25) (49.42) (38.89) (62.88)

0.5 22.14 19.32 16.85 18.32 16.49 16.22 13.77 18.26

(10.93) (11.90) (16.46) (23.09) (10.84) (18.03) (12.98) (23.39)

1 12.85 9.86 6.10 4.64 7.67 4.82 4.37 4.42

(2.69) (2.58) (2.61) (3.16) (2.54) (2.73) (2.73) (3.49)

1.5 9.52 7.02 3.94 2.48 5.06 2.75 2.31 2.10

(1.34) (1.22) (1.02) (1.06) (1.18) (1.02) (1.14) (1.22)

2 7.91 5.73 3.10 1.79 3.90 2.02 1.55 1.39

(0.82) (0.74) (0.62) (0.63) (0.73) (0.60) (0.65) (0.61)
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Table S3: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1.5

0 22.82 19.92 17.55 19.82 17.10 17.09 14.38 19.88

(9.60) (10.96) (15.17) (21.44) (10.19) (16.86) (12.39) (22.15)

0.1 22.54 19.69 17.31 19.28 16.83 16.93 14.07 19.30

(9.35) (10.81) (15.40) (21.29) (9.99) (17.46) (12.07) (21.53)

0.25 21.23 18.16 15.32 16.42 15.45 14.04 12.45 16.61

(8.51) (9.62) (13.09) (17.81) (8.88) (12.90) (10.54) (18.10)

0.5 17.86 14.61 10.91 10.56 12.17 9.83 8.81 10.40

(5.62) (6.14) (7.85) (10.19) (5.85) (8.35) (7.07) (10.57)

1 12.63 9.66 5.91 4.41 7.48 4.62 4.19 4.16

(2.59) (2.41) (2.35) (2.82) (2.39) (2.48) (2.56) (3.08)

1.5 9.83 7.29 4.13 2.63 5.30 2.92 2.47 2.26

(1.46) (1.33) (1.14) (1.19) (1.30) (1.15) (1.27) (1.35)

2 8.27 6.01 3.28 1.93 4.16 2.17 1.71 1.52

(0.95) (0.86) (0.71) (0.70) (0.84) (0.70) (0.76) (0.74)

δ = 2

0 14.80 11.51 7.52 6.29 9.29 6.34 5.84 6.20

(3.24) (3.10) (3.36) (4.44) (3.15) (3.95) (3.65) (4.78)

0.1 14.76 11.49 7.50 6.22 9.27 6.31 5.81 6.17

(3.23) (3.09) (3.34) (4.30) (3.15) (3.85) (3.59) (4.76)

0.25 14.54 11.30 7.32 6.05 9.09 6.13 5.65 5.92

(3.17) (3.01) (3.20) (4.19) (3.08) (3.69) (3.49) (4.51)

0.5 13.81 10.67 6.79 5.39 8.47 5.50 5.07 5.21

(2.88) (2.74) (2.89) (3.63) (2.78) (3.14) (3.07) (3.86)

1 11.81 8.96 5.36 3.80 6.83 4.06 3.63 3.50

(2.11) (1.97) (1.86) (2.15) (1.96) (1.96) (2.06) (2.41)

1.5 10.04 7.48 4.27 2.76 5.46 3.03 2.59 2.41

(1.50) (1.38) (1.21) (1.27) (1.35) (1.23) (1.35) (1.50)

2 8.77 6.42 3.55 2.16 4.52 2.39 1.96 1.76

(1.11) (1.00) (0.85) (0.84) (0.99) (0.85) (0.93) (0.94)
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Table S4: Performance of the TL, DL and EL control charts under the L(θ, δ/
√
2)

distribution with a time-varying UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1

0 495.70 503.08 501.08 499.80 503.05 498.80 496.69 495.19

(1559.88) (1261.44) (949.60) (784.55) (1472.20) (881.88) (1208.44) (786.66)

0.1 389.47 395.71 421.77 432.30 394.81 422.36 401.94 428.98

(1348.10) (1061.51) (844.30) (743.13) (1272.15) (798.38) (1054.16) (722.28)

0.25 97.72 127.80 168.15 204.44 110.12 180.25 134.47 212.93

(454.88) (437.60) (391.91) (418.71) (471.10) (424.72) (425.63) (423.13)

0.5 7.38 11.13 17.25 26.59 7.78 19.32 11.22 29.19

(19.16) (24.91) (38.18) (64.01) (20.12) (46.88) (27.06) (73.45)

1 1.29 1.51 1.89 2.21 1.34 1.94 1.59 2.38

(0.97) (1.23) (1.70) (1.87) (0.95) (1.62) (1.16) (1.99)

1.5 1.02 1.05 1.11 1.18 1.04 1.13 1.09 1.23

(0.17) (0.25) (0.39) (0.49) (0.20) (0.40) (0.31) (0.53)

2 1.00 1.01 1.02 1.03 1.00 1.02 1.01 1.04

(0.05) (0.08) (0.13) (0.18) (0.06) (0.14) (0.11) (0.22)

δ = 1.1

0 203.42 225.31 252.57 270.10 208.00 254.11 219.40 268.12

(781.80) (609.39) (470.45) (439.88) (713.52) (446.09) (584.02) (443.43)

0.1 163.17 186.41 215.08 236.19 168.17 218.80 180.31 232.99

(679.10) (548.43) (416.61) (412.31) (642.58) (406.74) (480.03) (394.93)

0.25 50.34 69.62 98.88 123.04 55.59 104.83 72.33 125.86

(175.18) (193.17) (222.20) (239.02) (197.35) (233.53) (211.47) (242.88)

0.5 6.13 9.08 14.36 20.70 6.85 15.68 9.44 22.27

(11.66) (17.52) (28.03) (43.19) (15.70) (33.45) (20.05) (46.20)

1 1.33 1.56 1.96 2.27 1.37 2.00 1.64 2.43

(1.04) (1.39) (1.73) (1.86) (1.00) (1.69) (1.21) (2.01)

1.5 1.03 1.06 1.14 1.22 1.05 1.16 1.10 1.27

(0.21) (0.30) (0.44) (0.54) (0.24) (0.46) (0.34) (0.58)

2 1.00 1.01 1.02 1.04 1.01 1.03 1.02 1.06

(0.06) (0.09) (0.16) (0.22) (0.08) (0.17) (0.14) (0.24)

δ = 1.25

0 53.38 70.63 93.62 113.05 56.30 96.78 68.02 113.08

(180.55) (172.63) (160.75) (170.24) (175.14) (158.74) (155.17) (171.34)

0.1 46.34 62.02 83.98 101.88 48.73 88.07 59.42 101.64

(163.47) (168.18) (161.53) (162.31) (151.82) (165.33) (131.03) (157.21)

0.25 22.50 31.67 44.96 59.84 24.08 48.50 30.77 62.38

(63.34) (74.14) (84.80) (105.96) (69.63) (89.83) (75.05) (115.49)

0.5 5.34 7.66 10.82 14.92 5.49 11.44 7.14 15.69

(9.61) (14.48) (17.37) (26.47) (10.05) (19.34) (13.29) (26.72)

1 1.36 1.63 2.03 2.35 1.40 2.07 1.68 2.49

(1.07) (1.48) (1.84) (1.98) (1.05) (1.75) (1.25) (2.04)

1.5 1.04 1.08 1.18 1.28 1.06 1.20 1.13 1.34

(0.25) (0.35) (0.52) (0.62) (0.27) (0.52) (0.39) (0.68)

2 1.01 1.01 1.04 1.07 1.01 1.05 1.03 1.09

(0.08) (0.12) (0.20) (0.27) (0.10) (0.23) (0.17) (0.31)
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Table S4: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1.5

0 13.48 19.03 26.84 35.29 13.85 28.11 17.86 36.44

(25.82) (30.39) (39.11) (47.81) (26.11) (39.83) (30.21) (49.53)

0.1 12.49 17.69 24.78 33.24 12.86 26.23 16.66 34.23

(22.66) (28.46) (36.33) (46.80) (23.70) (38.25) (29.55) (47.87)

0.25 8.87 12.57 17.49 23.28 9.03 18.49 11.50 24.09

(15.31) (19.19) (25.11) (33.01) (15.59) (27.52) (17.89) (33.69)

0.5 3.89 5.42 7.38 9.46 3.95 7.57 5.06 10.01

(5.98) (7.28) (9.19) (12.27) (5.69) (9.83) (6.70) (13.15)

1 1.39 1.66 2.07 2.39 1.43 2.10 1.72 2.52

(1.08) (1.50) (1.84) (1.98) (1.06) (1.75) (1.27) (2.02)

1.5 1.07 1.13 1.24 1.35 1.09 1.27 1.17 1.42

(0.31) (0.45) (0.63) (0.72) (0.34) (0.63) (0.46) (0.77)

2 1.01 1.02 1.06 1.11 1.02 1.07 1.05 1.13

(0.13) (0.19) (0.26) (0.35) (0.15) (0.29) (0.23) (0.38)

δ = 2

0 4.18 5.67 7.49 9.47 4.12 7.61 5.08 9.96

(5.61) (6.79) (8.00) (10.42) (5.13) (8.26) (5.68) (10.76)

0.1 4.04 5.48 7.29 9.10 4.01 7.36 4.94 9.60

(5.47) (6.52) (7.63) (9.80) (4.98) (7.88) (5.43) (10.14)

0.25 3.54 4.80 6.25 7.77 3.52 6.29 4.34 8.12

(4.55) (5.58) (6.33) (8.10) (4.22) (6.44) (4.60) (8.27)

0.5 2.55 3.30 4.31 5.23 2.54 4.33 3.09 5.51

(3.16) (3.79) (4.33) (5.27) (2.85) (4.34) (3.13) (5.42)

1 1.37 1.60 1.98 2.30 1.41 2.02 1.66 2.43

(1.04) (1.35) (1.62) (1.83) (0.98) (1.56) (1.15) (1.92)

1.5 1.10 1.17 1.32 1.46 1.12 1.35 1.24 1.52

(0.38) (0.54) (0.75) (0.85) (0.40) (0.72) (0.56) (0.88)

2 1.03 1.05 1.11 1.18 1.04 1.13 1.08 1.21

(0.18) (0.26) (0.38) (0.46) (0.21) (0.40) (0.30) (0.50)
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Table S5: Performance of the TL, DL and EL control charts under the L(θ, δ/
√
2)

distribution with a steady-state UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1

0 500.71 504.59 505.68 498.95 494.20 502.62 497.27 490.52

(1341.24) (1134.75) (918.42) (774.37) (1239.40) (855.57) (1080.90) (772.17)

0.1 391.15 400.83 422.93 432.30 391.42 423.76 405.00 425.77

(1117.84) (968.21) (803.48) (728.22) (1066.24) (775.58) (967.63) (709.15)

0.25 117.84 140.20 172.72 206.55 121.67 183.70 141.73 212.27

(351.16) (381.92) (383.53) (411.18) (364.96) (409.58) (373.95) (416.10)

0.5 23.26 21.08 20.96 28.24 17.88 21.93 16.51 30.54

(21.86) (23.40) (37.96) (64.84) (23.73) (46.48) (27.99) (74.26)

1 10.91 8.15 4.71 3.18 6.11 3.44 3.02 2.91

(1.86) (1.69) (1.46) (1.68) (1.69) (1.57) (1.66) (2.08)

1.5 8.31 6.04 3.29 1.95 4.18 2.20 1.67 1.50

(0.93) (0.82) (0.62) (0.61) (0.78) (0.56) (0.71) (0.69)

2 7.25 5.22 2.77 1.48 3.41 1.82 1.24 1.15

(0.57) (0.48) (0.48) (0.52) (0.53) (0.45) (0.45) (0.37)

δ = 1.1

0 224.24 236.16 259.86 266.31 222.70 259.99 234.48 268.54

(667.12) (534.58) (455.97) (434.54) (603.52) (435.80) (537.20) (440.09)

0.1 181.54 200.60 221.20 232.78 182.94 224.46 193.87 233.25

(544.45) (509.96) (404.85) (402.96) (518.76) (399.66) (449.11) (392.70)

0.25 73.40 85.13 103.92 121.40 72.40 108.23 82.81 126.52

(154.22) (203.39) (216.88) (234.18) (163.69) (227.80) (192.71) (126.52)

0.5 21.93 19.45 18.08 20.55 16.41 18.26 14.46 23.47

(14.82) (19.51) (28.64) (42.53) (16.20) (33.64) (21.99) (46.16)

1 11.02 8.25 4.80 3.24 6.19 3.51 3.08 2.96

(1.90) (1.73) (1.59) (1.74) (1.73) (1.64) (1.73) (2.08)

1.5 8.43 6.13 3.35 1.99 4.26 2.24 1.73 1.50

(0.97) (0.86) (0.66) (0.65) (0.81) (0.60) (0.75) (0.69)

2 7.34 5.29 2.82 1.53 3.48 1.85 1.29 1.17

(0.60) (0.52) (0.49) (0.54) (0.56) (0.45) (0.48) (0.40)

δ = 1.25

0 76.65 85.93 100.28 116.14 74.13 102.62 81.27 113.08

(156.97) (157.29) (155.54) (170.58) (143.79) (158.68) (149.91) (171.34)

0.1 68.80 75.93 90.18 104.72 66.01 92.88 70.75 102.79

(149.85) (152.21) (159.05) (160.82) (136.99) (161.64) (126.61) (154.89)

0.25 42.12 44.12 50.65 61.95 38.06 52.49 39.42 63.79

(61.56) (70.95) (85.05) (105.35) (63.45) (89.82) (73.35) (114.41)

0.5 20.09 17.17 14.43 16.33 14.45 14.00 11.76 16.88

(10.55) (13.61) (18.25) (26.99) (11.34) (20.94) (15.62) (26.83)

1 11.17 8.37 4.86 3.33 6.28 3.59 3.15 3.03

(2.00) (1.83) (1.64) (1.85) (1.78) (1.68) (1.77) (2.09)

1.5 8.59 6.26 3.43 2.05 4.37 2.31 1.80 1.63

(1.02) (0.90) (0.71) (0.69) (0.87) (0.66) (0.80) (0.81)

2 7.47 5.39 2.88 1.59 3.58 1.89 1.35 1.22

(0.66) (0.57) (0.51) (0.55) (0.60) (0.48) (0.52) (0.45)
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Table S5: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1.5

0 31.24 30.34 31.50 34.97 26.10 31.77 24.92 37.97

(23.21) (29.14) (38.51) (47.29) (25.71) (39.66) (30.04) (48.51)

0.10 29.97 28.80 29.52 35.29 24.77 29.69 23.60 35.72

(20.48) (27.09) (36.21) (46.56) (22.53) (37.88) (28.91) (47.67)

0.25 25.15 22.97 21.56 25.11 19.64 21.57 17.33 25.38

(14.82) (19.06) (25.35) (32.74) (16.46) (28.18) (18.97) (33.14)

0.50 17.58 14.37 10.83 10.83 11.93 9.83 8.71 10.96

(6.05) (6.62) (9.18) (12.45) (6.22) (9.79) (7.69) (12.93)

1.00 11.22 8.42 4.90 3.36 6.32 3.63 3.21 3.08

(1.98) (1.81) (1.58) (1.85) (1.77) (1.68) (1.78) (2.12)

1.50 8.81 6.44 3.54 2.14 4.53 2.41 1.92 1.72

(1.09) (0.98) (0.78) (0.77) (0.94) (0.76) (0.87) (0.88)

2.00 7.67 5.53 2.98 1.68 3.73 1.95 1.45 1.30

(0.74) (0.64) (0.55) (0.58) (0.66) (0.53) (0.59) (0.52)

δ = 2

0 17.95 14.66 10.93 10.84 12.23 9.81 8.90 11.00

(5.33) (5.72) (7.35) (10.31) (5.46) (7.69) (6.51) (10.81)

0.10 17.75 14.45 10.70 10.43 12.03 9.60 8.67 10.65

(5.20) (5.52) (7.01) (9.69) (5.31) (7.57) (6.25) (10.23)

0.25 16.84 13.51 9.60 9.06 11.13 8.52 7.67 9.07

(4.52) (4.63) (5.70) (8.00) (4.47) (6.26) (5.21) (8.29)

0.50 14.68 11.48 7.51 6.33 9.20 6.29 5.76 6.24

(3.43) (3.44) (3.80) (5.08) (3.39) (4.16) (3.87) (5.33)

1.00 11.08 8.29 4.81 3.25 6.20 3.53 3.11 2.96

(1.83) (1.67) (1.48) (1.70) (1.64) (1.56) (1.63) (1.96)

1.50 9.10 6.67 3.70 2.27 4.74 2.53 2.07 1.87

(1.16) (1.06) (0.87) (0.86) ((1.02) (0.85) (0.94) (1.00)

2.00 8.01 5.80 3.14 1.83 3.97 2.07 1.60 1.42

(0.84) (0.75) (0.62) (0.63) (0.74) (0.60) (0.68) (0.64)
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Table S6: Performance of the TL, DL and EL control charts under the SE(θ, δ) distri-

bution with a time-varying UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1

0 495.70 503.08 501.75 499.80 504.04 498.80 496.69 495.19

(1559.88) (1261.44) (949.60) (784.55) (1472.20) (881.88) (1208.44) (786.66)

0.1 1491.40 1331.85 1096.00 956.14 1452.33 1052.89 1313.79 966.76

(3582.55) (2977.57) (2180.56) (1699.59) (3385.46) (2041.15) (2880.36) (1698.97)

0.25 122.53 127.19 157.47 220.09 125.98 168.08 139.46 248.48

(969.56) (775.96) (630.13) (545.39) (925.01) (558.01) (792.95) (571.66)

0.5 2.41 4.50 8.05 17.56 2.96 9.57 5.56 22.66

(3.21) (5.13) (9.19) (30.07) (3.46) (12.68) (5.84) (39.41)

1 1.05 1.35 1.97 2.72 1.17 2.13 1.66 3.29

(0.22) (0.73) (1.46) (2.42) (0.42) (1.56) (1.05) (3.31)

1.5 1.00 1.01 1.04 1.12 1.00 1.06 1.02 1.19

(0.02) (0.08) (0.23) (0.39) (0.04) (0.27) (0.16) (0.50)

2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

(0.00) (0.00) (0.02) (0.04) (0.00) (0.03) (0.00) (0.06)

δ = 1.1

0 293.30 314.82 333.81 345.25 297.23 336.68 304.80 341.05

(1070.50) (878.66) (635.25) (558.85) (986.05) (618.03) (785.74) (558.43)

0.1 580.45 540.35 492.89 457.36 570.53 479.14 517.00 440.74

(2047.64) (1651.33) (1221.63) (898.94) (1900.96) (1110.37) (1510.34) (858.43)

0.25 45.70 55.75 75.93 117.03 47.69 87.49 59.64 129.74

(482.62) (407.55) (250.03) (256.55) (440.50) (275.41) (381.97) (277.14)

0.5 2.24 4.03 6.94 13.58 2.71 8.07 4.89 16.87

(2.79) (4.35) (7.19) (21.02) (2.95) (10.50) (4.83) (24.92)

1 1.04 1.27 1.77 2.32 1.13 1.89 1.53 2.75

(0.21) (0.64) (1.27) (1.90) (0.38) (1.34) (0.92) (2.52)

1.5 1.00 1.00 1.03 1.09 1.00 1.05 1.02 1.15

(0.01) (0.07) (0.18) (0.33) (0.03) (0.24) (0.13) (0.43)

2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

(0.00) (0.00) (0.01) (0.03) (0.00) (0.04) (0.00) (0.05)

δ = 1.25

0 87.91 113.66 141.85 161.96 93.45 147.82 111.06 159.25

(341.97) (317.59) (288.16) (274.94) (311.39) (293.50) (285.38) (266.44)

0.1 99.83 111.15 134.15 149.39 102.73 137.00 111.45 150.23

(566.60) (403.28) (321.89) (282.66) (531.49) (309.21) (415.69) (287.16)

0.25 13.48 19.69 31.67 49.71 14.55 35.74 20.89 54.12

(89.03) (60.72) (75.76) (95.91) (84.55) (81.57) (68.76) (108.86)

0.5 1.97 3.36 5.52 9.09 2.35 6.09 3.98 10.82

(2.14) (3.45) (5.34) (12.52) (2.30) (6.61) (3.65) (13.73)

1 1.03 1.19 1.56 1.95 1.09 1.65 1.38 2.23

(0.17) (0.53) (1.04) (1.43) (0.32) (1.09) (0.75) (1.74)

1.5 1.00 1.00 1.02 1.07 1.00 1.03 1.01 1.11

(0.00) (0.06) (0.14) (0.29) (0.03) (0.19) (0.11) (0.36)

2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

(0.00) (0.00) (0.00) (0.03) (0.00) (0.03) (0.00) (0.05)
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Table S6: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1.5

0 17.13 24.39 34.23 44.01 18.18 35.93 22.95 44.60

(36.32) (45.77) (57.81) (69.75) (40.54) (59.27) (44.31) (68.86)

0.1 13.51 19.44 27.27 35.60 14.14 28.97 18.37 35.75

(31.73) (39.94) (48.15) (58.19) (33.47) (51.25) (38.08) (56.60)

0.25 5.32 7.89 11.53 16.61 5.55 12.37 7.74 17.51

(9.23) (12.18) (16.44) (24.87) (9.01) (17.94) (10.92) (25.17)

0.5 1.64 2.52 3.83 5.33 1.90 4.06 2.90 6.08

(1.50) (2.36) (3.53) (5.57) (1.59) (3.67) (2.42) (6.50)

1 1.02 1.11 1.33 1.60 1.06 1.41 1.23 1.77

(0.13) (0.39) (0.75) (1.04) (0.25) (0.80) (0.56) (1.21)

1.5 1.00 1.00 1.01 1.04 1.00 1.02 1.01 1.07

(0.00) (0.04) (0.11) (0.21) (0.02) (0.13) (0.08) (0.27)

2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

(0.00) (0.00) (0.00) (0.03) (0.00) (0.02) (0.00) (0.03)

δ = 2

0 4.02 5.50 7.17 8.74 4.02 7.26 4.93 8.98

(5.72) (6.89) (7.92) (9.96) (5.31) (8.22) (5.83) (10.08)

0.1 3.42 4.70 6.18 7.45 3.47 6.19 4.34 7.70

(4.58) (5.70) (6.63) (8.25) (4.32) (6.76) (4.78) (8.54)

0.25 2.30 3.10 4.19 5.06 2.40 4.26 3.11 5.36

(2.71) (3.35) (4.02) (4.89) (2.52) (4.16) (2.95) (5.24)

0.5 1.31 1.71 2.32 2.81 1.44 2.39 1.91 3.07

(0.83) (1.32) (1.84) (2.24) (0.92) (1.86) (1.38) (2.52)

1 1.01 1.05 1.15 1.30 1.03 1.20 1.11 1.38

(0.08) (0.24) (0.47) (0.65) (0.16) (0.54) (0.37) (0.72)

1.5 1.00 1.00 1.00 1.02 1.00 1.01 1.00 1.03

(0.00) (0.03) (0.07) (0.13) (0.00) (0.08) (0.06) (0.18)

2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

(0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.02)
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Table S7: Performance of the TL, DL and EL control charts under the SE(θ, δ) distri-

bution with a steady-state UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1

0 500.70 504.59 505.68 498.95 494.20 502.62 497.25 490.52

(1341.24) (1134.75) (918.42) (774.37) (1239.40) (855.57) (1080.90) (772.17)

0.1 1470.31 1291.33 1084.89 947.92 1401.46 1035.30 1271.01 952.93

(3290.25) (2795.54) (2138.20) (1670.71) (3115.98) (1980.78) (2707.17) (1675.27)

0.25 139.70 134.96 160.11 220.39 133.44 169.94 146.41 248.34

(890.44) (725.33) (613.83) (533.66) (825.65) (545.69) (755.77) (566.32)

0.5 17.84 14.44 11.07 18.49 11.99 11.44 9.59 23.54

(3.78) (4.31) (8.57) (29.79) (4.00) (13.18) (6.26) (39.08)

1 11.74 8.84 5.16 3.72 6.71 3.85 3.53 3.93

(1.91) (1.68) (1.38) (2.20) (1.61) (1.45) (1.63) (3.37)

1.5 8.68 6.33 3.43 2.09 4.43 2.29 1.82 1.56

(1.00) (0.84) (0.60) (0.46) (0.77) (0.53) (0.64) (0.69)

2 7.43 5.33 2.94 1.68 3.56 1.98 1.21 1.07

(0.60) (0.51) (0.33) (0.47) (0.55) (0.22) (0.41) (0.26)

δ = 1.1

0 311.56 320.11 339.04 347.11 309.22 340.27 311.74 340.41

(913.97) (774.84) (606.04) (551.12) (865.84) (597.52) (700.06) (545.87)

0.1 579.61 536.45 491.66 457.68 559.69 481.53 515.62 440.41

(1837.64) (1530.07) (1180.69) (882.83) (1715.71) (1081.52) (1433.47) (856.63)

0.25 62.69 66.05 80.26 118.71 60.60 91.08 67.49 129.35

(399.68) (358.01) (244.49) (255.04) (402.77) (274.04) (339.90) (267.82)

0.5 17.08 13.71 10.04 14.50 11.29 9.88 8.63 17.73

(3.52) (3.96) (6.67) (20.64) (3.58) (10.13) (5.44) (24.60)

1 11.24 8.42 4.86 3.32 6.31 3.56 3.21 3.34

(1.78) (1.56) (1.26) (1.69) (1.49) (1.29) (1.47) (2.53)

1.5 8.50 6.19 3.34 2.09 4.30 2.22 1.73 1.48

(0.94) (0.80) (0.55) (0.46) (0.71) (0.47) (0.61) (0.64)

2 7.36 5.27 2.91 1.63 3.49 1.96 1.17 1.06

(0.57) (0.47) (0.34) (0.48) (0.54) (0.24) (0.38) (0.24)

δ = 1.25

0 111.82 128.11 147.73 164.26 112.18 152.05 123.67 159.68

(280.47) (278.03) (271.56) (272.41) (262.57) (282.44) (271.15) (258.58)

0.1 121.24 125.34 140.97 151.26 119.60 141.83 121.21 150.15

(512.93) (387.15) (333.76) (279.61) (484.49) (303.99) (393.78) (277.90)

0.25 30.82 30.62 35.74 51.71 26.26 38.77 27.98 55.36

(45.81) (59.77) (75.50) (97.31) (62.86) (81.86) (65.70) (108.99)

0.5 15.88 12.55 8.61 10.03 10.19 7.88 7.20 11.71

(3.18) (3.26) (4.53) (12.27) (3.12) (6.30) (4.25) (13.60)

1 10.63 7.92 4.50 2.96 5.85 3.22 2.82 2.76

(1.60) (1.40) (1.12) (1.27) (1.32) (1.12) (1.26) (1.78)

1.5 8.27 6.00 3.24 1.96 4.16 2.15 1.62 1.38

(0.87) (0.74) (0.50) (0.43) (0.67) (0.41) (0.59) (0.56)

2 7.26 5.20 2.87 1.57 3.41 1.94 1.13 1.04

(0.52) (0.42) (0.37) (0.50) (0.52) (0.27) (0.34) (0.20)
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Table S7: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1.5

0 35.67 36.20 39.05 46.09 30.99 39.71 31.00 45.92

(35.78) (47.42) (57.54) (70.20) (38.46) (60.13) (46.07) (68.14)

0.1 31.36 30.54 31.80 37.40 26.15 32.26 25.41 37.08

(45.13) (42.54) (49.57) (57.29) (45.21) (51.39) (40.25) (56.22)

0.25 20.31 17.35 14.95 17.99 14.63 14.73 12.32 18.70

(8.58) (11.22) (16.38) (24.70) (9.30) (17.99) (12.31) (25.52)

0.5 14.09 10.91 6.93 6.26 8.65 5.80 5.44 6.82

(2.67) (2.55) (2.77) (5.40) (2.50) (3.43) (3.05) (6.47)

1 9.88 7.29 4.08 2.57 5.28 2.84 2.41 2.25

(1.38) (1.20) (0.95) (0.94) (1.12) (0.91) (1.02) (1.29)

1.5 7.97 5.75 3.12 1.87 3.94 2.07 1.49 1.28

(0.77) (0.67) (0.42) (0.43) (0.61) (0.33) (0.55) (0.49)

2 7.13 5.11 2.79 1.47 3.29 1.89 1.09 1.03

(0.46) (0.34) (0.42) (0.50) (0.46) (0.32) (0.29) (0.16)

δ = 2

0 17.39 14.15 10.49 9.99 11.78 9.44 8.44 9.84

(5.59) (5.89) (7.51) (9.84) (5.82) (8.17) (6.74) (9.88)

0.1 16.36 13.14 9.33 8.60 10.82 8.20 7.46 8.48

(4.76) (4.96) (6.04) (8.15) (4.92) (6.63) (5.72) (8.31)

0.25 14.30 11.14 7.25 6.05 8.89 6.02 5.55 6.08

(3.30) (3.23) (3.56) (4.69) (3.18) (3.93) (3.62) (5.22)

0.5 11.70 8.83 5.22 3.73 6.72 3.94 3.58 3.64

(1.95) (1.79) (1.60) (2.09) (1.77) (1.76) (1.90) (2.54)

1 8.92 6.52 3.58 2.18 4.61 2.42 1.95 1.74

(1.08) (0.94) (0.73) (0.67) (0.89) (0.68) (0.81) (0.85)

1.5 7.56 5.43 2.98 1.71 3.67 1.97 1.32 1.16

(0.64) (0.56) (0.37) (0.48) (0.58) (0.31) (0.49) (0.38)

2 6.97 5.03 2.64 1.33 3.15 1.79 1.05 1.01

(0.40) (0.25) (0.48) (0.47) (0.36) (0.41) (0.22) (0.11)
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Table S8: Performance of the TL, DL and EL control charts under the Gumbel(θ, δ)

distribution with a time-varying UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1

0 495.70 503.08 501.75 499.80 503.05 498.80 496.69 495.19

(1559.88) (1261.44) (949.60) (784.55) (1472.20) (881.88) (1208.44) (786.66)

0.1 608.35 592.73 579.07 571.63 601.78 569.12 582.97 563.33

(1874.52) (1486.65) (1127.43) (951.23) (1722.57) (1046.90) (1382.66) (896.68)

0.25 368.19 386.73 410.79 433.69 382.66 415.65 394.90 441.18

(1425.38) (1181.14) (927.55) (808.35) (1368.41) (898.69) (1156.90) (816.88)

0.5 39.60 55.81 85.99 122.86 45.11 95.69 61.32 134.65

(283.77) (296.07) (258.39) (260.63) (303.67) (252.55) (289.56) (299.84)

1 2.58 3.98 6.04 9.13 2.84 6.54 4.21 10.36

(3.40) (4.69) (6.92) (14.10) (3.33) (8.08) (4.59) (16.14)

1.5 1.17 1.43 1.91 2.34 1.26 1.99 1.62 2.61

(0.59) (0.99) (1.48) (1.86) (0.67) (1.50) (1.05) (2.17)

2 1.01 1.04 1.12 1.24 1.02 1.16 1.09 1.33

(0.11) (0.23) (0.42) (0.57) (0.15) (0.46) (0.33) (0.65)

δ = 1.1

0 145.30 170.89 205.44 226.06 153.80 208.71 171.55 225.10

(560.06) (448.18) (375.70) (362.58) (528.41) (362.55) (457.94) (353.50)

0.1 181.27 204.24 237.14 255.64 188.14 241.96 200.86 253.81

(715.99) (574.64) (451.66) (418.83) (678.23) (443.78) (510.67) (412.22)

0.25 135.28 155.95 192.49 212.26 138.84 199.44 160.49 213.75

(613.78) (460.25) (430.16) (378.96) (529.88) (432.50) (473.32) (380.64)

0.5 22.43 36.71 55.97 77.67 22.47 61.37 38.45 81.85

(105.51) (106.70) (146.92) (157.56) (98.80) (144.04) (117.96) (168.88)

1 2.65 3.91 5.65 7.94 2.88 5.94 4.07 8.87

(3.44) (4.49) (6.18) (10.66) (3.43) (6.83) (4.50) (12.15)

1.5 1.21 1.48 1.96 2.36 1.30 2.01 1.65 2.58

(0.70) (1.08) (1.55) (1.90) (0.75) (1.54) (1.10) (2.10)

2 1.01 1.06 1.16 1.29 1.03 1.19 1.12 1.37

(0.14) (0.28) (0.49) (0.64) (0.20) (0.51) (0.38) (0.71)

δ = 1.25

0 31.44 43.70 62.13 77.47 33.71 65.48 42.57 79.15

(76.08) (81.55) (100.43) (109.33) (76.14) (101.79) (82.72) (113.45)

0.1 35.27 49.35 69.84 86.15 37.95 72.65 47.74 87.52

(94.98) (102.86) (131.15) (128.82) (96.47) (118.96) (97.06) (137.25)

0.25 31.19 43.49 61.21 77.40 32.97 64.22 41.88 78.30

(86.22) (98.53) (115.94) (128.01) (88.99) (111.94) (93.86) (131.31)

0.5 13.52 19.51 28.50 38.21 14.20 30.34 18.90 39.40

(32.89) (40.09) (53.06) (66.71) (33.35) (56.17) (38.47) (66.69)

1 2.65 3.73 5.18 6.73 2.79 5.25 3.73 7.26

(3.39) (4.38) (5.52) (8.12) (3.30) (5.65) (4.02) (8.80)

1.5 1.28 1.56 2.00 2.38 1.35 2.05 1.69 2.56

(0.85) (1.22) (1.62) (1.91) (0.84) (1.57) (1.16) (2.06)

2 1.03 1.09 1.21 1.35 1.05 1.24 1.16 1.43

(0.22) (0.37) (0.58) (0.71) (0.27) (0.59) (0.45) (0.78)
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Table S8: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.648 1.236 2.140 3.020 0.936 2.472 1.894 3.497

δ = 1.5

0 8.62 12.06 16.44 21.73 8.67 17.13 10.92 22.45

(13.64) (16.07) (20.60) (27.15) (13.39) (21.56) (15.23) (27.96)

0.1 8.93 12.40 17.15 22.62 9.06 17.95 11.31 23.41

(14.45) (17.15) (22.71) (29.14) (14.38) (23.64) (16.35) (30.48)

0.25 8.44 11.89 16.25 21.45 8.51 17.02 10.77 22.01

(13.64) (16.98) (21.54) (28.51) (13.59) (22.72) (15.60) (29.10)

0.5 6.10 8.47 11.53 14.85 6.11 11.95 7.73 15.24

(9.83) (11.88) (14.62) (19.41) (9.41) (15.87) (10.77) (19.95)

1 2.43 3.22 4.31 5.09 2.50 4.31 3.17 5.44

(2.92) (3.60) (4.36) (5.05) (2.77) (4.35) (3.19) (5.65)

1.5 1.36 1.63 2.05 2.36 1.41 2.07 1.71 2.49

(1.00) (1.34) (1.69) (1.86) (0.98) (1.60) (1.20) (1.96)

2 1.07 1.15 1.29 1.44 1.10 1.33 1.21 1.53

(0.35) (0.51) (0.72) (0.82) (0.39) (0.71) (0.54) (0.89)

δ = 2

0 2.90 3.87 5.02 6.04 2.87 5.02 3.56 6.33

(3.59) (4.44) (4.96) (5.96) (3.28) (4.92) (3.59) (6.15)

0.1 2.92 3.87 5.05 6.07 2.89 5.05 3.57 6.36

(3.62) (4.46) (5.04) (6.08) (3.31) (5.06) (3.66) (6.29)

0.25 2.77 3.73 4.88 5.87 2.84 4.90 3.51 6.15

(3.46) (4.33) (4.88) (5.80) (3.24) (4.92) (3.61) (6.03)

0.5 2.55 3.35 4.35 5.17 2.56 4.34 3.16 5.51

(3.06) (3.84) (4.36) (4.97) (2.85) (4.31) (3.12) (5.40)

1 1.87 2.32 2.99 3.42 1.89 2.97 2.28 3.57

(1.89) (2.33) (2.79) (3.06) (1.71) (2.67) (1.92) (3.10)

1.5 1.39 1.62 1.96 2.22 1.43 1.96 1.66 2.29

(1.01) (1.31) (1.56) (1.66) (0.96) (1.47) (1.10) (1.67)

2 1.13 1.23 1.42 1.56 1.16 1.44 1.30 1.63

(0.48) (0.68) (0.88) (0.96) (0.51) (0.84) (0.66) (0.99)
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Table S9: Performance of the TL, DL and EL control charts under the Gumbel(θ, δ)

distribution with a steady-state UCL when m = 100, n = 5 and ARL0 ≈ 500

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1

0 500.71 504.59 505.68 498.95 494.20 502.62 497.25 490.52

(1341.24) (1134.75) (918.42) (774.37) (1239.40) (855.57) (1080.90) (772.17)

0.1 582.79 577.89 578.83 570.12 577.13 569.41 579.31 558.79

(1550.00) (1317.86) (1078.26) (934.00) (1462.33) (1022.89) (1280.24) (883.30)

0.25 381.06 387.31 408.44 432.99 381.46 418.21 393.47 437.25

(1256.30) (1065.08) (889.25) (792.95) (1195.02) (878.51) (1050.94) (802.09)

0.5 60.98 68.85 91.11 125.05 58.94 98.92 71.04 135.57

(264.26) (281.18) (258.14) (258.72) (273.44) (235.63) (281.70) (296.37)

1 16.18 12.93 9.27 10.37 10.58 8.47 7.55 11.45

(4.05) (4.27) (6.34) (13.89) (4.07) (7.97) (5.41) (16.63)

1.5 11.13 8.35 4.84 3.31 6.26 3.54 3.15 3.14

(1.80) (1.63) (1.38) (1.72) (1.57) (1.43) (1.56) (2.22)

2 8.81 6.43 3.52 2.13 4.52 2.38 1.88 1.66

(1.05) (0.90) (0.69) (0.61) (0.84) (0.63) (0.77) (0.79)

δ = 1.1

0 173.02 187.79 211.54 228.41 171.95 214.78 184.10 225.39

(495.93) (416.98) (357.49) (352.88) (452.24) (353.60) (403.79) (346.33)

0.1 199.49 217.17 242.61 257.69 204.08 246.67 211.92 253.37

(590.21) (516.00) (426.71) (410.01) (593.23) (425.62) (456.75) (403.57)

0.25 154.17 171.45 196.52 214.43 154.41 204.20 168.34 213.75

(486.55) (431.43) (407.94) (370.80) (442.04) (421.58) (418.91) (375.84)

0.5 45.17 48.84 60.79 79.96 42.08 65.29 46.87 83.15

(85.93) (100.10) (139.02) (157.95) (105.78) (141.72) (107.04) (167.49)

1 15.95 12.70 8.95 9.17 10.35 8.05 7.21 9.75

(4.14) (4.34) (5.88) (11.14) (4.10) (7.03) (5.26) (12.04)

1.5 11.11 8.34 4.84 3.32 6.25 3.55 3.15 3.11

(1.81) (1.66) (1.42) (1.76) (1.60) (1.47) (1.60) (2.15)

2 8.87 6.48 3.55 2.16 4.56 2.41 1.92 1.70

(1.07) (0.93) (0.71) (0.66) (0.88) (0.67) (0.81) (0.83)

δ = 1.25

0 53.22 58.07 68.40 80.27 50.17 70.67 53.67 81.07

(64.51) (80.33) (97.94) (108.63) (69.74) (102.09) (82.34) (115.14)

0.1 57.95 63.54 75.91 88.94 54.74 77.56 58.91 88.98

(84.19) (95.27) (126.18) (127.96) (85.77) (118.32) (93.47) (134.65)

0.25 52.07 56.74 66.97 79.68 48.72 68.54 52.29 79.82

(79.87) (92.56) (114.68) (126.99) (84.42) (11.93) (93.74) (130.59)

0.5 31.24 30.73 32.83 40.12 26.24 33.57 25.99 40.67

(32.76) (42.74) (52.84) (66.58) (34.71) (55.89) (41.50) (66.26)

1 15.45 12.23 8.38 7.91 9.92 7.31 6.71 8.07

(4.05) (4.12) (5.01) (8.18) (3.97) (5.80) (4.95) (8.80)

1.5 11.09 8.33 4.84 3.30 6.24 3.56 3.15 3.08

(1.85) (1.69) (1.47) (1.74) (1.65) (1.52) (1.65) (2.12)

2 8.96 6.56 3.62 2.21 4.63 2.46 1.97 1.77

(1.11) (0.98) (0.77) (0.72) (0.92) (0.73) (0.86) (0.89)
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Table S9: continued

TL DL EL

λ = 0.05 0.10 0.25 0.50 0.05 0.25 0.05 0.25

θ L = 0.500 1.161 2.114 3.011 0.816 2.455 1.838 3.484

δ = 1.5

0 24.70 22.23 20.59 23.56 19.09 20.12 16.70 23.90

(12.20) (14.58) (20.27) (27.00) (13.08) (21.46) (15.98) (27.68)

0.1 25.10 22.72 21.27 24.42 19.51 21.01 17.23 24.77

(13.13) (15.78) (22.12) (29.08) (14.09) (23.54) (17.00) (30.29)

0.25 24.41 22.02 20.23 23.14 18.84 19.93 16.49 23.27

(12.66) (16.22) (20.95) (28.35) (14.28) (22.39) (16.56) (28.86)

0.5 20.95 18.00 15.20 16.29 15.27 14.49 12.41 16.43

(9.22) (11.06) (15.56) (19.23) (9.87) (16.19) (12.39) (19.83)

1 14.45 11.30 7.37 6.19 9.03 6.17 5.66 6.20

(3.54) (3.51) (3.76) (4.93) (3.41) (4.20) (3.88) (5.62)

1.5 11.02 8.26 4.80 3.27 6.18 3.54 3.12 2.98

(1.86) (1.70) (1.49) (1.72) (1.67) (1.55) (1.68) (2.01)

2 9.08 6.67 3.70 2.27 4.73 2.54 2.06 1.86

(1.17) (1.06) (0.85) (0.83) (1.01) (0.82) (0.95) (0.98)

δ = 2

0 15.49 12.26 8.24 7.23 9.92 7.04 6.46 7.21

(3.70) (3.67) (4.32) (5.84) (3.67) (4.73) (4.22) (6.14)

0.1 15.49 12.24 8.26 7.25 9.93 7.05 6.45 7.23

(3.74) (3.83) (4.39) (5.91) (3.72) (4.84) (4.25) (6.28)

0.25 15.33 12.09 8.13 7.06 9.79 6.91 6.35 6.97

(3.74) (3.80) (4.34) (5.76) (3.72) (4.77) (4.26) (5.84)

0.5 14.64 11.48 7.50 6.36 9.18 6.31 5.76 6.28

(3.43) (3.47) (3.75) (5.03) (3.36) (4.18) (3.77) (5.40)

1 12.62 9.64 5.92 4.46 7.48 4.63 4.21 4.19

(2.52) (2.40) (2.38) (2.97) (2.38) (2.53) (2.57) (3.16)

1.5 10.69 7.99 4.63 3.09 5.93 3.37 2.93 2.74

(1.76) (1.62) (1.42) (1.57) (1.59) (1.44) (1.56) (1.74)

2 9.24 6.80 3.80 2.34 4.85 2.62 2.16 1.97

(1.26) (1.14) (0.95) (0.95) (1.10) (0.94) (1.05) (1.10)
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