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1. Relationship between single-source gossip and empathetic perspective taking

Here we show the mathematical relationship between the model of gossip with a single source (Fig. 1C; see also A Model of Gossip, Reputations,
and Social Behavior in the main text) and the model of empathetic moral evaluation (1).

drs __

The equilibrium of the reputation ODEs, < ps(t) — rs(t) (Eq. 2 in the main text), satisfies s = ps. In particular, the equilibrium
reputation of discriminators is ~ ~
roisc = poisc = g2 Pac + d2 (Pee + Pap) + b2Psp . [S1]
Recall from Eq. 5 that the rates of agreement and disagreement after a period of gossip are given by
Go=01-Q%) g2+Q*r,
br=(1-Q%) b+ Q- (1-r),
b= (1-Q d» .

Substituting these expressions into Eq. S1, we obtain

TDISC = {er + (1 — Qz) gz] Pgc + [ (1 - Qz) dz} (Pec + Pep) + {Q2(1 —7r)+ (1 — Q2) bz] Pep

Q’ [TPGC +(1- T)PBD] + (1 — Q2) |:92PGC +d2 (Pc + Pap) + b2PBD:| .

This expression is equivalent in form to Eq. 5 in Radzvilavicius et al. (1), but with Q? = E, where F is the degree of empathy, i.e., the
probability that an observer uses the donor’s view of the recipient’s reputation when updating the donor’s reputation. This relationship means
that consulting a single gossip source is like a slower form of empathetic perspective-taking: in the former, two individuals will agree with full
certainty only if they have both consulted the shared information source, while in the latter, a single individual can guarantee agreement with
another by unilaterally adopting her view.

2. Stability of cooperation under unbiased peer-to-peer gossip

2.1. Impact of assessment and execution errors on the critical gossip duration under the Stern Judging norm. To determine how
errors in assessment or execution impact the amount of gossip needed to stabilize cooperation under Stern Judging (condition (ii) in main text),
we evaluate the partial derivatives of the critical gossip duration 7* with respect to the assessment error rate u,, and the execution error rate ue:

. (/)
or _ 2 " /)"
Oug (b/c) 1 (b/e) (b/c) 1 ’
(- 2u) (5 1) (e — (= wa) ) (20— wa) 8 — e

or* 1
Due - :
e (1~ u,) ((ﬁf/c)l - 1)

as in condition (i) in main text. Both derivatives are positive whenever condition (i) is satisfied, i.e.,

where (b/C)* = m
b/c > (b/c)*. Hence, under Stern Judging, the critical gossip duration 7* increases monotonically with u, and with u.. We confirm this
numerically in Fig. S3.

2.2. Equilibrium reputations at the all-DISC equilibrium under any norm. To derive conditions for the stability of cooperation, we begin
by computing the reputation equilibrium in a population of discriminators. To do so, we set the right-hand sides of the reputation ODEs (Eq. 2)
to zero and solve for raric, TaLLp, and rpisc at fpisc = 1. More explicitly, the reputation equilibrium at the all-DISC equilibrium satisfies

raLe = roiscPae + (1 — rpisc) Pse
raup = roiscPep + (1 — roisc) Pep
rDISC = (Tj?nsc + rpisc (1 — 7pisc) - (1 — 64)) Pcc + (TDISC (1 —rpisc) - 64) (Pec + Pap)

[S2]
+ (1 = roisc)® +rise (1 = roise) - (1—¢77)) Pep

= |rpisc - Pac + (1 — rpisc) - PBD:| —e 7 |:7"DISC (1 =rpisc) - (Pae — Pec — Pap + PBD)

These expressions are obtained from Eq. 3 by setting fpisc = 1, substituting in the agreement and disagreement rates evaluated at fpisc = 1
(Eq. 4), and letting ps = 7, (Eq. 2).

Solving for rpisc (with 0 < rpisc < 1), we obtain the equilibrium reputation of discriminators at the discriminator-only equilibrium, given by

, _1 14 e"(1 - Pac + Psp) _ 14 e"(1 — Pgc + Psp) 2_ e -4Pgp
PISCT Pgc — Pec — Pap + Pep Pcc — Pgc — Pap + Pep Pcc — Pgc — Pep + Pep

We then obtain the equilibrium 7raric and raip by substituting the expression for rpisc into the first two equations in Eq. S2. The explicit
expression for the equilibrium value of rpisc for a norm parametrized by (p, q) (Materials and Methods) can be obtained using Eq. 12.
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2.2.1. Equilibrium reputations at the all-DISC equilibrium under the Stern Judging norm. The Stern Judging norm is given by (p, ¢) = (0, 1),
sowe have 1 — Poc + Ppp =14 (1 — 2uq) ue and Pac — Pec — Pap + Pep = 2 (1 — 2u4) (1 — ue). The equilibrium reputation of
DISC at the all-DISC equilibrium is then

1
roisc = = | 1+

e"(1+ (1 —2ua)ue) \/<1+ eT(1+(12ua)ue))2_ e 4(1 —ug)
2 2(1 — 2uq) (1 — ue)

2 (1 — 2uq) (1 — ue) 2(1 —2uq) (1 —ue)

2.2.2. Equilibrium reputations at the all-DISC equilibrium under the Simple Standing norm. The Simple Standing norm is given by (p, ¢) =
(1,1), sowe have 1 — Pac + Pep = 1+ (1 — 2uq) ue and Poc — Pec — Pap + Pep = (1 — 2uq) (1 — u.). The equilibrium reputation
of DISC at the all-DISC equilibrium is then

1
mpisc = = | 1+

2 (1 —2uq) (1 — ue)

e"(1+ (1 —2ua)ue) <1+ e(1+(1 —2ua)ue)>2 et 4l —wa)
(1 —2ua) (1 — ue) (1 —2uq) (1 — ue)

2.2.3. Equilibrium reputations at the all-DISC equilibrium under the Shunning norm. The Shunning norm is given by (p, ¢) = (0, 0), so we
have 1 — Pgoc + Pep = (1 — 2ua) Ue + 2uq and Poc — Peec — Pap + Pep = (1 — 2ua) (1 — ue). The equilibrium reputation of DISC
at the all-DISC equilibrium is then

1+

1
T ==
DISC = 5

€ (1 = 2uq) ue + 2ua) (1 L (= 2ua) ue + 2ua)>2 B e - du,
(1 —2uq) (1 —ue) (1 —2uq) (1 —ue) (1 —2uq) (1 — ue)

2.3. Stability of the all-DISC equilibrium against ALLD under any norm. We focus on the stability of the DISC equilibrium in the main
text because it is the only equilibrium under the Stern Judging norm that stably supports cooperation (this is also the case under the Shunning
norm). However, the Simple Standing norm admits a stable mixed equilibrium along the ALLC-DISC axis, such that cooperation can be
sustained even when an all-discriminator population can be invaded by defectors. To facilitate meaningful comparisons across norms, we
analyze the stability of the all-discriminator equilibrium against only ALLD (vs against both ALLD and ALLC as in the analysis under Stern
Judging reported in main text).

The replicator dynamic ODE for the competition between ALLD and DISC is given by

dfpisc

dn = foisc (1 — foisc) (Tpisc — TaLLD) -

Here, raLLp, roisc € [0, 1] are evaluated at the reputation equilibrium, as before.

The Jacobian of this ODE at the all-discriminator equilibrium (fpisc = 1) is given by

J = [(1 — Ue) (bT’ALLD — (b — C) T’DISC))] |

foise=1 "

The all-discriminator equilibrium is locally stable if and only if (1 — we) (bratp — (b — ¢) rpisc)) | fpe=1 < 0. For a general norm
parametrized by (p, q) (see Social Norms in Materials and Methods), this condition simplifies to

Y b (b)* 1
Z ) == d
O 2\ Tt ™
b b
* _ _ _ ufl+q(1_2uﬂ) (E) E . *
(i") T>Taup =log |[(1—p+9q) |1 1+ (1 — 2un) (9) B 1 b (§>* if Tapp 20,
c 1+ q(1—2ua) c c
7—20 ifTA*LLD<O'

Note that 75 ; p is undefined for the Scoring norm ((p, ¢) = (1, 0)). This is consistent with the fact that, under a first-order norm, gossip will
not impact the stability of DISC because equilibrium reputations do not depend on the level of agreement about social reputations. For any
norm other than Scoring (i.e., (p, ) € [0,1]>\ (1,0)), TALLp is a decreasing function of b/c for all (b/c) > (b/c)* (i.e., when (i) is satisfied),
meaning that less gossip is required to stabilize cooperation when the benefit-to-cost ratio is larger.
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2.3.1. The effect of the social norm on the critical gossip duration. We evaluate conditions (i’) and (ii’) for the three second-order norms of
interest: Stern Judging ((p, ¢) = (0, 1)), Simple Standing ((p, ¢) = (1, 1)), and Shunning ((p, ¢) = (0, 0)) (Fig. S2A). Consistent with our
intuition, the duration of gossip TA1;p needed to stabilize DISC against ALLD is the highest for the Shunning norm, the lowest for the Simple
Standing norm, and intermediate for the Stern Judging norm.

The conditions above also allow us to study the impact of a general social norm (p, ¢) on the critical gossip duration. We find analytically that
the critical gossip duration 7, , i decreasing in p (i.e., d7a; 1 p/Op < 0 forany b > ¢ > 0 and 0 < uq, ue < 1/2; see a numerical example
in Fig. S2B). This is consistent with the intuition that increasing the parameter p makes the norm more ‘lenient’, incentivizes cooperating with
bad individuals, and therefore reduces the amount of gossip needed to stabilize cooperation.

In contrast, we find that 747 , is increasing or decreasing in ¢ depending on parameter conditions: if condition (i) is satisfied ((b/c) > (b/c)*),
then

OTALLD 1—ue b 1 1 —2uq(b/c)

— >0 <= > —-—= o —->— or > .

dq Y= 02— ) ¢ 2u, P= /o)1 - 2ua)

Numerical examples in Fig. S2C and D are consistent with these analytical results. Increasing the parameter g generally makes the norm more
‘strict’ and incentivizes defecting against bad individuals. This can in turn promote cooperation and thus lower the critical gossip duration, at
least when assessments are relatively accurate (low u,) and cooperating with bad individuals is disincentivized (low p) (Fig. S2C). When p is

high(er), however, this effect is reversed for some combinations of the benefit-to-cost ratio b/c and the assessment error rate u, (Fig. S2D).

2.3.2. The effect of assessment and execution errors on the critical gossip duration. To determine how errors in assessment or execution
impact the amount of gossip needed to stabilize a population of DISC against ALLD, we evaluate the derivatives of the critical gossip duration
TaLLp With respect to the assessment error rate u, and the execution error rate ..

The critical gossip duration TAp, is increasing in u. (see numerical examples in Fig. S7TA-C): if condition (i’) is satisfied ((b/c) > (b/c)*),

then we have
* b *
OTaLLD _ (b/c) >0

Oue (1 —ue) ((b/c) — (b/c)")

forany b > ¢ > 0and 0 < uq, ue < 1/2.

In contrast, 7 p is increasing or decreasing in u, depending on the social norm and parameter values. Under Stern Judging and Simple
Standing, 7A;p is increasing in u, (i.e., OTA p/Ouq > 0forany b > ¢ > 0and 0 < uq, ue < 1/2 (numerical examples in Fig. S7D and E).
However, under Shunning, 741 ; p can be monotonic in u, (numerical example in Fig. S7F): we have

OTALLD b 4

>0 — - <
Oua € 3—duq — /1 + 8uc + 8ua(l — 2uq — 4(1 — uq)ue)

assuming condition (i) is satisfied ((b/c) > (b/c)*). For uq = ue = 0.02, the condition on the right-hand side evaluates to b/c < 2.248.

2.4. Impact of paradoxical cooperators on the stability of cooperation under the Stern Judging norm. While our analysis has
focused on the competition among cooperators (ALLC), defectors (ALLD), and discriminators (DISC), prior work has shown that, under a
public reputation scheme, the existence of paradoxical discriminators (pDISC)—who cooperate with bad individuals and defect against good
individuals—can be beneficial for cooperation under Stern Judging due to the symmetry of this norm (2, 3).

To study whether pDISC has a similar effect on gossip-based cooperation, we expand our model to include four strategies (ALLC, ALLD,
DISC, pDISC), and we analyze the stability of the all-DISC and all-pDISC equilibria under the Stern Judging norm.

2.4.1. Strategy updates in the presence of paradoxical discriminators. As in the main text (Eq. 6), the dynamics of strategy frequencies are
governed by the replicator ODEs,

%; = fs(n) (ws(n) — 7(n)), s€ S = {ALLC,ALLD, DISC, pDISC} .

The presence of paradoxical discriminators alters the payoffs for ALLC, ALLD, and DISC because a pDISC strategist provides a benefit b
when interacting with a recipient with a bad reputation (barring errors). Let fypisc and mppisc be the frequency and payoff of paradoxical
discriminators, respectively. The new payoffs for ALLC, ALLD, and DISC are given by

mae = (1 — ue) [b (fare + foisc - racie + fobise - (1 — rawie)) — C] ,
map = (1 — ue) [b (farre + foisc * rawp + fpoisc - (1 — TALLD))] )

moisc = (1 — ue) [b (faLLe + foisc - roisc + fopisc - (1 — rpisc)) — ¢ T’] ,

where, as before, 7 £ ZS cgfs s, S = {ALLC, ALLD, DISC, pDISC} is the average reputation of the population. Similarly, the payoff for
pDISC is given by

mppisc = (1 — ue) [b (farre + foisc - mpoisc + fopise - (1 — rppisc)) — ¢ (1 — T)} ,
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2.4.2. Reputation updates in the presence of paradoxical discriminators. As before (Eq. 2 in the main text), the reputation dynamics are
governed by the system of ODEs,

drs
dt

=ps(t) —rs(t), se€S={ALLC,ALLD,DISC,pDISC} ,

where p;(t) is the probability that an individual of strategic type s will be assigned a good reputation by an observer, which depends on the
current reputations in the population. The quantities parLc, paLLp, and ppisc are as before (Eq. 3); below we derive pypisc.

A paradoxical discriminator (pDISC) gains a good reputation by

(1) interacting with someone who has a good reputation in the eyes of both the donor and the observer (which occurs with probability g2),
intending to defect, and being assigned a good reputation (with probability Pcp);

(2) interacting with someone who has a good reputation in the eyes of the donor but a bad reputation in the eyes of the observer (with
probability d»), intending to defect, and being assigned a good reputation (with probability Ppp);

(3) interacting with someone who has a bad reputation in the eyes of the donor but a good reputation in the eyes of the observer (with
probability d2), intending to cooperate, and being assigned a good reputation (with probability Pgc); or

(4) interacting with someone who has a bad reputation in the eyes of both the donor and the observer (with probability ba), intending to
cooperate, and being assigned a good reputation (with probability Pgc).

Thus, the probability that a paradoxical discriminator earns a good reputation is given by

pepisc = §2Pop + d2 (Pep + Pac) + b2 Ppe .

2.4.3. Stability of the all-DISC and all-pDISC equilibria. To determine the amount of gossip required to sustain cooperation in the expanded
strategy space, we analyzed the local stability of the discriminator equilibrium (all-DISC, fpisc = 1) and the paradoxical-discriminator
equilibrium (all-pDISC, fypisc = 1).

We find that the stability conditions for the all-DISC and all-pDISC equilibria are identical: both equilibria are locally stable under the Stern
Judging norm if and only if conditions (i) and (ii) in the main text are satisfied. In other words, the presence of pDISC has no impact on the
minimum duration of gossip 7" needed to stabilize the all-DISC equilibrium. Notably, the equilibrium reputation of discriminators at the
all-DISC equilibrium (rpisc| fi,sc=1) and the equilibrium reputation of paradoxical discriminators at the all-pDISC equilibrium (rppisc]| f,psc=1)
sum to 1:

oIsC| fiyse=1 = 1 — TppIsc| fypisc=1 -

This implies that the rate of cooperation achieved at the all-DISC and all-pDISC equilibria, which are proportional to the two quantities in the
equation above, are identical:

(1= ue) (roscl fpse=1) = (1 = ue) (1 = rpoisc| fpse=1) -

These results are consistent with the previous finding that Stern Judging is a symmetric norm that benefits from both DISC and pDISC strategies
(2, 3).
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3. Agreement and disagreement after biased peer-to-peer gossip

In this section, we derive the expressions for the agreement and disagreement terms, g, bo, and da, after biased gossip (Eq. 9).

3.1. Gossip process for a focal individual. We consider a population of N individuals engaged in gossip. Suppose that, at time 7', there
are £ individuals who believe a focal individual ¢ is good and N — ¢ who believe ¢ is bad. We assume that, with probability u (v), an individual
who considered ¢ as good (bad) “mutates” to the opposite opinion between time 7" and 7" + 1. Thus, the dynamics of biased gossip for a focal
individual follow a Wright-Fisher process in a haploid population with two alleles, which keeps track of how many individuals view the focal
individual as good (allele one) or bad (allele two) over discrete generations (rounds) of gossip.

Let R;,r € {0,1/N,...,(N — 1) /N, 1} be a random variable that tracks the frequency of allele one at time T (after 7" rounds of gossip).
The probability that there are m individuals who believe ¢ is good at time 7" + 1 is

poe=p (= [ e =3) = () 0 ) (0 )

for 0 < m < N, where the function
g(rir)=rir(l—uw)+Q—-—rir)v=_1—u—v)rir+v

gives the proportion of gossip transmitted between 71" and 7" + 1 that is positive (i.e., views ¢ as good), provided that a fraction r; r view ¢ as
good at time 7. In the absence of mutation (u = v = 0), we recover the model of gossip as pure drift (g(r;,7) = r4,7).

The mean and variance of the distribution of R; r are given by (see Tataru et al. (4, 5) for derivations)

E [Rz‘,T ‘ Rio = Ti,o] = (Ti,o — ,

u+v)(1_u_v)T+

_ _ 1
Var (Ri,T ’ Ri,o = Ti,O) — v (1 v ) ll ( N)

u—+v
1= (ut )T
(

u—+v u—+v

+(-2se) o) o [ERAEEE

o) e[ (-]

Assuming (1) N is large and (2) u and v are small, we can approximate these quantities as (see 4, 5)

) I — ) v —(pt+v)T v
E[Rz,T’Rl,O—Tl,O}—(7"1,0_#_’_]/)6 +M+V7

v v 1
V. Ri+ | Rio=m; = 1— . 1— —@(ptv)+1)T
ar (Rur | Rio = rs0) u+v( u+V) e O )
(122 (o 2} L i (g i)
ptv ptv) 1+ (p+v)

2

as reported in Eq. 8, where 4 = Nu and v = N are the scaled mutation rates and 7 = T'/N is the scaled gossip duration. We recover the
case of noiseless gossip by letting ;» = v = 0 and setting 0/0 := 1 (5).

[S3]

3.2. Population-level agreement and disagreement. We derive the agreement and disagreement terms, gz, bo, and da, by first computing
the following quantities for a focal individual i:
E [R?,T | Rio = T'i,O] = Var (Ri,‘r } Rio = 7'7;,0) +E [Ri,T | Rio = 7’1',0]2 ,
E [(1 — Ris)? | Rio = 7’1',0] =1-2E [Rz‘,T Rio= Ti,o] +E [R?,T Rio = 7‘1',0] )
E [Ri,f(l — Ri.-) | Rio = 7'1',0] =E [Ri,r | Rio = Ti,O} -E [R?,T | Rio = 7"2‘,0] .

As discussed in the main text (Noisy Gossip Is Less Beneficial for Cooperation), the gossip process for a focal individual ¢ is initialized as
follows: at the start of each gossip period (1" = 0), we assume that the fraction r; of those engaged in gossip who view a given focal individual
1 of type s as good is identical to the fraction r, of the population who view type s as good in the context of the reputation ODEs (Eq. 2). In
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other words, the initial allele one frequency in the gossip process about individual ¢, r; o, is 7s. Therefore, the quantities go, ba, and da can be
computed as

g2 = Zfs ‘B[R, | Rio=rs] ,
by = Zfs -E [(1 — Ri,-r)2 ’ Rio = Ts] ,
dy = Zfs -E [Ri,T(l — Ri-) | Rio = Ts] ,

as reported in Eq. 9.

3.3. Impact of noisy gossip on cooperation under the Scoring norm. Under the Scoring norm, noiseless gossip will not impact
cooperation; this is because noiseless gossip changes the degree of agreement about reputations but not the mean of reputations, and only
the latter impacts the stability of cooperation under a first-order norm. Indeed, in the absence of noise (1x = v = 0), the all-discriminator
equilibrium is stable against defectors under the Scoring norm as long as (b/c) > (b/c)* (condition (i’) in Section 2.3; identical to condition
(1) in the main text), regardless of the duration of gossip 7.

In contrast, noisy gossip does affect cooperation under Scoring because it alters the mean reputation of each strategic type (Eq. S3 and Eq. 8 in
the main text). For example, for the standard error rates u. = u, = 0.02, infinitely long gossip with a maximally positive bias (7 — oo and
B =+1,ie., u=0,v > 0) can stabilize DISC against ALLD under Scoring provided (b/c) >= 1.021, which is less strict than condition (i’)
(which evaluates to (b/c) > (b/c)* = 1.063).

In fact, we can show analytically that the minimum b/c required to stabilize DISC against ALLD is lower for noisy gossip than for noiseless
gossip, provided the bias is sufficiently positive. More precisely, we find that the critical b/c threshold for given scaled mutation rates (x and v)
and gossip duration (7) is less than (b/c)* for noiseless gossip (of any duration) if

—(1 — 2uq)ue
(1 = 2ua)(1 —ue)

B>F" =1

Note that 5* is constrained to —1 < 8* < 0 for 0 < uq, ue < 1/2 (as a numerical example, for u. = u, = 0.02, the condition evaluates
to 8 > * = —0.3243). This implies that gossip with any positive bias (3 > 0) will outperform noiseless gossip, reducing the critical b/c
threshold and making it easier to sustain cooperation under Scoring. It also implies that gossip with maximally negative bias (8 = —1) will
never outperform noiseless gossip.
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4. Continuous-time model of gossip and interactions

In the main text, we develop a model of reputation change as a result of two discrete processes: pairwise interactions between all players in
the population, and “epochs” of gossip. In this section, we develop an intercalated model in which interactions and gossip occur as Poisson
processes on overlapping time scales, at rate 1 and rate -y, respectively. We apply this analysis to both peer-to-peer gossip and single-source
gossip. We show that this model, in the large- N, mean-field approximation, yields results identical to the models in the main text, subject to a
change of variables.

Our approach is as follows:
1. We define an “image matrix” 7;;; a value of 1 means that player ¢ has a good view of j and a value of 0 means that ¢ has a bad view of j.

2. We consider the expected change in r;; as a result of private observation of interactions and as a result of gossip, treated as discrete
events. Observations occur at rate 1, and gossip occurs at rate .

3. We repeat this analysis for the “good reputation agreement” term g;;jx = rik7;k, Which is 1 if ¢ and j agree that k is good and 0
otherwise. This is a discrete analogue of g2 in the main text. Similarly, the analogue for d2 is 73 — gijk Of Tjk — giji (the i and j labels
are arbitrary and may be interchanged), and the analogue for by is 1 — 74, — 751 + Gijik-

4. We sum these terms over the population to recast the discrete random variables r;; and g;; in terms of the average reputation r, and
agreement g, associated with behavioral strategy s; these are continuous variables whose time evolution can be described by ordinary
differential equations.

5. We show that the equilibria of these ODEs behave exactly as in the main text, subject to a change of variables.

The principal result is that, under peer-to-peer gossip, the time evolution of reputations and agreement in a population can be described by the
ordinary differential equations

drs 1 (p r)

— 72 s T I's),
do N (S4]
dgs

2 2
Ao w2 (1sPs = 9s +T(rs —gs)) = 55 (rs (s + 1) —g: (1 + 1)),
where I' = /N is the normalized gossip rate and p, is the equilibrium reputation of strategy s, which is equivalent to the probability that an
individual of strategy s is assigned a good reputation at equilibrium (Table S1). The steady-state conditions are

Ts :p87

_rs(ps+T) _ rs(rs +T)
9=7"9FT T 14T

By rescaling time in the first equation in Eq. S4, we obtain the reputation ODE used in the main text (Eq. 2),

drs
dt

=ps(t) —rs(t) .

Finally, we obtain similar relations for gossip with a single source.

Variable Definition
i,7,k focal players whose reputations we track
I, J,K behavioral strategies of i, j, k (respectively)
or,05,0K  the sets of all players using strategies I, J, K (respectively)
Tij player i's view of player j € {0,1}
Gijk rikTjk, Whether players ¢ and j agree that k is good
TiJ i’'s average view of J-players
TeJ the whole population’s average view of J-players
Dijk i's expected new view of j, after ¢ sees j interact with &
w,0,p arbitrary players, used primarily as indexing variables
0 rate at which pairwise gossip occurs
N population size
r normalized gossip rate v/N

Table S1. Notation used in Section 4.
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4.1. Notation. Throughout this section, we use lowercase letters 4, j, and k to denote individual players and capital letters I, J, and K to
denote their strategies. We further denote by o the set of all individuals with behavioral strategy I. Each behavioral strategy s is described
by two numbers a® and a®, which indicate whether they cooperate (1) or defect (0) with someone with a good (G) or bad (B) reputation;
we recover the strategies ALLC, ALLD, DISC, and pDISC by setting (a©, a®) = (1, 1), (0,0), (1,0), (0, 1), respectively. In principle, the
values of a“, a” need not be integers; they may take on values between 0 and 1 and be considered either as probabilities or as “fractional”
cooperation events (6-8).

For simplicity, we introduce the notation

That is, a bullet e subscript indicates that the sum has been carried out over the entire population, and a behavioral strategy I (or J) subscript
indicates that the sum has been carried out only over oy, so that 7 is the population’s average view of player j, and likewise r;; is the average
I-player’s view of individual j. We will later demonstrate that the first index does not matter and drop it, so that

where (as in the main text) S ranges over all strategies. At that point, we will revert to using s to denote behavioral strategies, consistent with
the main text.

When the average has more than one subscript, it is to be understood that both indices are summed over; for example,

1 N N
<Tij>ij = m erij = Tee,

i=1 j=1

1 1
<7’z’j>01 = f]fjm Z Z Tij Lro.

i€or i€oy

The notation is similar for the agreement term:

N N N

<gijk>2‘jk = % ZZ Zgijk 4 Jeee,

i=1 j=1 k=1

<g¢jk>GIJJJK = flflij % Z Zzgijk £ JIJjK,

o1 9J 9K

(9105K) 5, = ZZZfIfJngIJK = Gooe.
I J K

As with 7, we will demonstrate that the first two indices do not matter and use

Js = JeeK,
9= Z frgK.
KesS

Note that
2
ook = <Tik7"jk>ij = Tek-

If all ¢ and j agree that a given k is good, we have ro;, = 1, and if all ¢ and j agree that a given k is bad, we have r,;, = 0; if either of these
conditions obtains for all k, then we will have gee x = Tex . If, On the other hand, each ¢ and j has an independent view of k, then we will
instead have geerx = (Tex)?. As we will see, privately observed interactions cause geex to decay toward (rex ), and gossip causes it to
decay toward rex .
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4.2. Incorporating errors. The expressions we provide here for the equilibrium reputation ps of strategy s assume no errors. Errors may be
incorporated as follows:

4.2.1. Assessment error. To incorporate assessment error, it is sufficient to transform
Ds = Ps(1 — 2uq) + Ua.

This mapping effectively sends 1 to 1 — u, and 0 to ue, thus “perturbing” the reputation equilibria toward 1/2; this is often sufficient to
guarantee that the reputation dynamics have a single stable equilibrium. It may also be interpreted as follows. With probability 1 — 2u,, the
observer ¢ applies the social norm correctly, i.e., ¢ determines j’s reputation correctly based on j’s behavior toward k and ¢’s view of k. With
probability 2u,, ¢ instead flips a coin.

4.2.2. Execution error. Execution error is implemented in the main text, as is common in the literature, as follows; with probability 1 — u., an
individual who intends to cooperate accidentally defects. An individual who intends to defect never accidentally cooperates. This is tantamount
to saying that, with probability 1 — u., they play their intended strategy; with probability u., they instead play ALLD. Thus, execution error
can be incorporated via the transformation

ps — (1 — ue)ps + UePaLLD.

Note that incorporating both assessment error and execution error yields

((1 — we)ps + veparip) (1 — 2uq) + wa = (ps(€ — ta) + paun(l — g — €)) + Uq.

4.2.3. Perception error. A third type of error that appears in the literature is “perception error” (9), wherein an individual is occasionally
misperceived as though they had performed the opposite action. That is, if j cooperated with k, ¢ may accidentally judge j as if 5 had defected
with k; likewise, if j defected with k, ¢ may accidentally judge j as if j had cooperated with k. We denote the probability of such an error as
up. Although we did not discuss this type of error in the main text, it can be incorporated via the transformation

ps = (1 = up)ps + upps,
where s* is a strategy such that a& = 1 — af and aZ = 1 — a2, it is effectively the “opposite” strategy of s. For ALLC, this is ALLD; for
DISC, it is pDISC; and vice versa.

Note that assessment error and perception error may behave differently depending on the norm. For example, under Stern Judging, we have (in
the absence of errors) { Pac, Pap, Pec, Pep} = {1,0,0, 1}. Under public assessment, this yields

1 — u,, assessment error only,
Pppisc =

1 —u,, perception error only;

these types of error behave the same. In contrast, under the Shunning norm, we have (in the absence of errors) { Pac, Pap, Pec, Pep} =
{1,0,0,0}. Under public assessment, this yields

(1 —uq) + (1 — 7)uq, assessment error only,
ppisc =

(1 —up), perception error only.

4.3. Change in image and agreement. We will analyze the change in the reputation terms ;s by considering the expected change in r;; in
a single time step A¢; we will repeat this analysis for g7k and the other “moments” above. We consider three processes, in which a randomly
chosen individual w updates their view of 6, 7.,6.

1. Interaction: During a given time step, a randomly chosen observer w updates their view of a random donor 6 by observing 6 interact
with a recipient p. w’s new opinion of 6 is then given by p.g,, the exact value of which we enumerate in the next section.

2. Peer-to-peer gossip: During a given time step, a randomly chosen observer w updates their view of a random player 6 by gossiping with
a random partner p, thereby adopting p’s view of . w’s new opinion of 6 becomes 7 9.

3. Gossip with a single source: During a given time step, a randomly chosen observer w consults a designated player known as a gossip
source, labeled z, for their opinion on 6. In doing so, w adopts z’s opinion of 6.

To obtain the change in the image matrix 7;;, we consider an arbitrary process that replaces r.,¢ with &,6,, where p is some randomly chosen
third party. We will later “plug in” the correct values of £.,¢,. Let ri*j be the updated value of r;; in the next time step. We have

E[A’I"ij] = E[T+

ij}

= (rij + 0wido; (Swop — Tw0)) o, — Tis [S5]

— Tij

= % (&ijo — i) -
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We repeat this calculation for g;;x;

E[Agijr] = Elg5x] — gijn
= ((rik + dwidor (§wop — Two)) (Tjk + Owjdor (wop — Two))) e, — Jidk

1 2

=¥z (rin(Emo = 1ix) + 1in(Eirp — in) + 8ij (€inp — 7ix)”) [S6]
1

=¥ <T’ik§jkp + 7ik€ikp — 29ik + 0ij (Sikp — rik)2>p ,

1
=3 (rm{jk. + 1jk€ike — 29ijk + 5ij(<§i2kp>p — 2&ikeTik + rlk)) ,

where ¢ is the Kronecker delta. In general, the Kronecker delta terms are corrections for double-counting, which are of order 1/N. Depending
on the specific process £.,0,, these corrections may not contribute to the dominant balance, and thus it may be possible to neglect them.

4.4. Effect of interactions. Suppose that a randomly chosen observer w updates their view of a random 6 by observing 6’s interaction with a
random recipient p. The following outcomes are possible:

1. If w and 6 agree that p is good, then w assigns 6 a good reputation with probability a§ Poc + (1 — ag)PGD.

2. If w believes p is good but  believes p is bad, then w assigns @ a good reputation with probability ai’ Pac + (1 — af)Pop.
3. If w believes p is bad but 0 believes p is good, then w assigns 6 a good reputation with probability a5 Ppc + (1- ag;)PB D-
4. If w and 0 agree that p is bad, then w assigns 6 a good reputation with probability af Ppc + (1 - af )Pgp.

Thus, the total probability that w assigns 6 a good reputation is

Puwbp = TwpTop (agPGc +(1- a?)PGD)
+ rwp(l —T0p) (angc +(1- aGB)PGD)
+ (1 = rwp)rop (GGGPBC +(1- aeG)PBD)
+ (1 —7wp)(1 —1rop) (afPBc +(1— af)PBD)
= rwprop(a§ —ag)(Pac — Pap — Pee + Pep)
+ Twp (a(}?(PGc — Pep — Ppc + Pp) + Pap — PBD)
+70p(a§ — a5 )(Psc — Psp)

+ af (Psc — Pep) + Pap.

[S7]

Defining

vy = (a§ — af)(Pac — Pep — Pc + Pep),

vg = ag (Pac — Pap — Pee + Pep) + Pep — Pap,
vg = (a§ — ag )(Psc — Psp),

vy = ag (Pec — Pep) + Ppp

allows us to rewrite Eq. S7 as
A B c D
Pwop = GuopVy + TwpVe + Toply + Vg .

The general forms of p for the social norms considered in the main text, as well as the behavioral strategies we consider, are summarized in
Table S2. As we have previously noted, these expressions are valid for zero error rates.

norm ALLC ALLD DISC pDISC

Pijk Pijk Pijk ijk
Stern Judging Tik —rik +1  2gijk —Tik —Tjk + 1  —2gijk +Tik + Tk
Simple Standing 1 —rik + 1 Gijk — Tik + 1 —9ijk +1
Scoring 1 0 Tik —rjk+1
Shunning Tik 0 Yijk —9ijk + Tik

Table S2. Error-free values of p; ;. for the behavioral strategies and social norms discussed in the main text. Note that the expression for pg.lzc
under Stern Judging can be simplified to ;71 + (1 — 7)) (1 — 75)-
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Then, setting £, = P, in Eq. S5 yields

1
E[Arij] = 57 (pije = 7ij)

1 .
S E[Arg] = 2 (prse —rry), with prje = grrev} +riev? 4§ + 7.
Note that this has no dependence on I other than via r7e and g7.je. We repeat this procedure to obtain the expected change in g;;x via Eq. S6:
1
E[Agijk] = Nz (Tikpjk- + TjkPike — 29ijk + 0ij ((Pikp) , — 2PikeTik + Tzk)) .

The 7ikpjre and 7;xPire terms can be summed as follows:

A B c D
<7'ikpjko>UIUJUK = <7'ilcgjk>ol/k + TikTjeVk + TikTkeVg + TikVi >OIUJUK
A B c D
= <TikgjkoVk + TikTjelVy + TikTkeVy + TikVik >
OI0JOK
_ A B c D
=TIKgJKeVK T TIKTJeVK + TIKTKeVK + TIKVEK,
o _ A B c D
<7“Jkpzk.>gnggK =TJKJIKeVK T TJKTIeVK + TIKTKeVEK + TIKVEK,

and so

1
E[Agrik] = Nz <r1K;DJK- + riKPIKe — 2917K + 51]% <<ngkp>p — 2DikeTik + nk> ) .
oIoK

Note that this sum technically requires that we assume

<7"ij7"ik>alngK =TIJTIK,

(Pi5Tik) 010y or = TTITIE
These are safe assumptions, however; the values of 7;; and 7;;, are the result of independent Bernoulli trials and thus are uncorrelated, and
while interactions do induce short-term correlations between r;; and r;, these correlations decay as soon as either ¢ updates their view of j or

J updates their view of k. This is in contrast to g;jx = 7:x7;%, where we will later explicitly consider a process that creates such correlations
(namely gossip). In the limit of large IV, the §7 term in g7k can be neglected, and we have

1
E[Agrik] = el (rixpiKe + TIKDIKe — 291JK) -

Armed with these terms, we obtain an ordinary differential equation for the change of the image r7; and gk due to interactions by sending
the length of time steps A¢ — 0:

drrj 1
dgb :ﬁ(plh—ru),
d 1
gé;K =Nz (rixpire + TIKDIKe — 217K ) -

Since pre does not depend on [ except transiently via 77y and g;sx, we may, without loss of generality, average over the point of view of all
observers. (This assumption is valid only because the population is well-mixed and because the v terms depend solely on the behavior of the
focal individual. Relaxing this condition, for example by allowing different individuals to apply different assessment rules, would invalidate
this assumption.)

We use the subscript s for consistency with the main text and write down

Ts = Tes,
T =Te = Z fsT57
ses
Js = (Jees, [Sg]
9=90= Y fsgs,
seS
Ps = Pese = gri +1(vi +vS) + 10,
which yields
drs 1
= (ps - 7'3) s
d N2
dj [S9]

2
do = N2 (rsps — gs) -
The steady-state behavior is
Ts = Ps,

2
gs = TsPs = Tg.
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4.5. Effect of peer-to-peer gossip. Suppose that a randomly chosen observer w updates their view of a random 6 by gossiping with a
random p about 6, thereby adopting p’s view of 6. Then Eq. S5 becomes

1
E[Ari;] = 577 (rej —1ij),

and so
1
E[AT{J} = ﬁ (T.J - TIJ) .
The change in g;;, may be obtained via
1
E[Agijx] = Nz (n‘krok + TjkTek — 29ijk + Osj ((Tf,k>p — 2rekTik + Tzk)))
1

el (Giok + Gjok — 2Gijk + 0ij (Tek — 2giek + Tik))) ,
and so
1 fr
E[Agrik] = Nz (gIoK + grerx — 2g917K + 5IJN (rex — 2greK + TIK))) .

Note that the equations for 777 and g7k depend only transiently on [ and J. We then recast these difference equations as ordinary differential
equations to obtain

drry 1
o :ﬁ(roJ_TIJ)v
d, 1
g;;K =N (gloK + gierx — 2917K + 51JfT\I[ (rex — 2grex + TIK))) .

This shows that r7; approaches o7, and g7k approaches the average of grex and gex, plus the 1/N correction factor. Similarly,

d’r‘.J
=0
dp
dgrex _ 1 _ Jro. )
b~ N? (g..K grex + N (rerx — 2geex +T1K)) ),

dgjex 1 ( fi )
= 5 oo K — ° -~ oK — 2 [ .
6 N2 Jee K gJK+N(7”K Jeoik + TIK))

This, too, shows that gre x and gjex decay toward geex, the behavior of which is described by

dgooK 2
d¢ :ﬁ(roK_gooK)-
We then invoke Eq. S8 to obtain
drs
s 0

d ’
dgé 9 [S10]
a5~ w9

Thus, gossip has no effect on the average reputation r, of a strategic type s, but it does cause the total agreement g5 to decay toward rs. In
effect, it does so by causing the individual g, terms to “drift” towards either O or 1.

4.6. Effect of interactions and peer-to-peer gossip. We now allow both interactions and gossip to interleave; that is, we specify that
interactions occur at (normalized) rate 1 and gossip occurs at rate . This is mathematically equivalent to stating that, in a given time step, an
event occurs: with probability 1/( 4 1) it is an interaction between players, and with probability /(7 + 1), it is gossip. Equivalently, if
i updates their view of j by observing an interaction, -y is the average number of times i gossips about j before the next observation. This
diverges slightly from the main text model, in which periods of interaction are separated by “epochs” of gossip of length 7', at which point
rs and g are “refreshed” to their equilibrium values; in this version of the model, r;; and g;; are independently updated by coterminous
processes, which yields different behavior but similar long-term dynamics, once variables are transformed correctly.

We will soon see that v needs to be of order N or greater in order for gossip to be significant, so for notational convenience, we define
I' = ~/N. Combining Egs. S9 and S10 yields the system

drs 1 (ps — 7s)
d ¢ N2 Ds s)s

dgs 2
d¢ = m (TSpS —9s + F(TS - gs))

2 .
:m(rs (ps +T) —g- (1 +T)), with ps=gvi +rw2 +v5)+v>.
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The steady-state conditions are

s = Ps,

s +T)  ro(rs +T)
PTTUFT T 14T

When « = 0, this is simply 72 (the private assessment limit), and when v — oo, this is 75 (the public assessment limit), as expected. Tuning I"
allows us to smoothly interpolate between these extremes. The general form for gs thus becomes

rivate ublic
g™ +Tgs

gs = 1+F )

which may be compared to the main text model, in which gs = g8"*e™" + ¢8™(1 — 7).

All of the expressions in these models are equivalent under the transformation

77:1_%%, sothat '=e€e" —1 or 7=1log(l+7T). [S11]
The slight difference between these versions of the model is that in the main text, interactions and gossip occur as discrete events: 7' = 7N is
the total number of peer-to-peer gossip events between interactions, and the disagreement rate is “refreshed”” by observation only after 7" gossip
events have occurred. In this version of the model, v = 'V is the average number of gossip events between interactions for a given pair of
players. That is, for every time ¢ observes j act, ¢ gossips about j roughly ~ times. + is thus comparable to 7", but the fact that the rest of the
population is observing and gossiping at the same time prevents the strategy-wise average disagreement g, from decaying as quickly as an
exponential; it instead decays with y as 1/(1 + +y), which is slower.

4.7. Effect of interactions and consultation with a single gossip source. We now consider an alternative gossip model, namely
consultation with a gossip source (rather than peer-to-peer gossip). The source, z, is randomly selected from the population and behaves like
any other individual, but they are occasionally solicited for their opinion: a player ¢ may seek z’s opinion about j and adopt it. We thus need to
pay special attention to the dynamics of the source’s opinions r.; and agreement g_ ;.

As usual,
1
E[ATZJ'] = m (pzj. — Tz]-)
1 .
S E[Ar.y] = Nz (pzJe — 727) , With

PzJe = ngcV? +7’zoV‘? +TJ.V§ +V?7and
1
E[Agz]‘k] = ﬁ (Tzkpjko + TikPzke — 292jk + 62]' <<p?kp>p - 2pjk071]'k + Tjk))

1
S E[Agaik] = el (rexpire + TIKDzKe — 2g2JK) -

In the expression for E[Ag. sk ], we dropped the ¢ term because it introduces corrections of order 1/N; the dominant balance of the dynamics
is given by the preceding terms. When gossip with the source occurs, we have {9, = 7.¢ in Eq. S6, and so

1
E[Ari] = 575 (rz5 = 1ij)

1
S ElArg] = e (rzg —717)

1
E[Agz;k] = Nz (Tﬁk + TikTsk — 2Gzjk + 025 (P2 — 2r2pTik + Tjk))

1
=2 (rak — Gzjk + 025 (rzx — 2r2pmjn + k)
1
S E[Agagk] & 2 (rx — g=JK),

1
E[Agijx] = e (raeTzk + 172k — 2Gijk + 0i5 (P26 — 27267k + Tik))

1
vz (gzik + 9=k — 2Giji + 0i5 (T2 — 2Gzik + Tik))

1
. ElAgrix] = Nz (QzIK + 920K — 291K + %51J (r:x —2g21x + TJK))
1
N2 (921K + gz — 2g17K) -

Again, we drop the  terms because they introduce small corrections that are swamped by the dominant balance of the preceding terms.
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If gossip with the source occurs at rate y and interactions occur at (normalized) rate 1, the dynamics of reputations and agreement are described
by the ODEs

deJ 1
g~ w2 Pere =)
dr 1
d;’ =N (prye —rry) + % (rzg —71J),
dg. 1 1
gd;K = ﬁ (TzKpJKo +TJszKc - 29zJK) +’Yﬁ (TZK — gZJK) R
ngJK_L( " 5 )+ L( N L )
b~ N? TIKPJKe + TIKDIKe grix) + 7353 (9= + 927K gIiK) -

We introduce the notation (; = 7.5, Z; = P-je, and Xi; = g-i;; they are, respectively, the source’s opinion of z, the expected value of the
source’s opinion of j after an observation, and an indicator variable for whether or not the source and ¢ agree that j is good. These, and the
other terms, can be rewritten in terms of s by observing that there is no dependence on the strategic identity of the observer, except transiently.
The form of Z; is
Zs = Xl/;4 +Cl/f +rvS + 0P
A B .
=ps +(x —g)vs + (¢ —r)vs,with
X = Xe,
¢ = Ce,

and the steady-state conditions are given by setting

dqs 1

d¢:F(ZS_CS)7
drs 1
15 = wa e et (G ),

dys 1
dﬁ = 7z (Cops + 7525 = 2xs + 7 (G = Xs))

dgs 2
d!,; = N2 (rsps — gs + v (xs — gs)) -

to zero. These yield

Cs :ZS7
o= Pt %
L+ 7
= Zs (ps2+7) +v(1 + Zs +7))
‘ (T+7M(2+7) ’
_PE2+ ) +2psZv(2+ ) + Zsy (L + Zs +7)

(14+7)2(2+7)

s

At this point we change variables slightly. We definet =1 —1/(1+ ), sothaty = 1/(1 —¢) — 1; sending v — 0 yields ¢« = 0, and sending
v — oo yields ¢ = 1. The preceding expressions then become

Cs = Zs>
Ts = pé(l - L) + ZsL>

Yo = Zs <ps(1L)LZS(12_L)‘H>,
— L

K 1-
gs = p§(1 — L)2 +2psZst(1 — 1) + Zo1? <Z(2L)+1) )
-

Finally, we obtain

2
gs — 12 = <2L L) Z.(1—Z,). [S12]

This is the difference between full agreement about strategy s (so that g, = r,) and fully private assessment (so that g; = r2), which
correspond to ¢ = 1 and ¢ = 0, respectively.
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‘We now return to the expression gz from the main text (Eq. 19):
B=(01-0Q) p+Q

= (1=Q%) D ROV QY Sl

seS seS

=D LA+ @ (= 1))

(We have used 7 to refer to the average reputation of strategy s denoted 75 in Eq. 19, to avoid confusion with the values of r used here.)
Denote by §o,s the component of g that is due to strategy s, divided by fs (so that, when multiplied by fs and summed, we recover g2). Then
we have (after pulling out a power of 7%, from the second term)

Go.0 = (1) + Q% (1 1))
L2 = (r)? = Q7 (1 7).

This is the same as Eq. S12 under the transformation

@i (1-r) = (52, ) 2t - 2

o2 ¢
@ 2—1
N
1+7)2+9)’
r;:Zs,

Thus, the continuous-time process described here, where interactions and consultation of the gossip source occur on overlapping time scales,
can easily be rescaled into the discrete-time process outlined in the main text, where interactions and gossip are considered as discrete processes.
The reputations used as the “input” for the gossip phase of the discrete-time process are precisely the steady-state equilibrium reputations Z in
the eyes of the gossip source z. This procedure may be iterated to obtain comparable expressions for rs, xs, and gs.
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5. The “leading eight” norms

In this section, we extend our analysis of gossip and indirect reciprocity to the “leading eight" social norms (10), which are labelled L1-L8.
Two of the “leading eight” norms have already been analyzed—L3 is Simple Standing and L6 is Stern Judging—whereas the remaining
leading eight are third-order norms, meaning that their judgment of a donor depends upon the donor’s action, the recipient’s reputation, and the
donor’s current reputation. The resulting equations for reputation dynamics are more complicated than for third-order norms but still tractable.
Our analysis below leverages the fact that a third-order norm can often be written as a mixture of two second-order norms, with a mixture rate
that depends upon the current reputation of the donor. Based on this idea, we will show that the dynamics of gossip, reputations, and behavior
are qualitatively similar for specific pairs of the third-order leading-eight norms: namely, the pairs (L1, L2), (L4, L5), and (L7, L8).

This classification can be contrasted with the dynamical analysis by Fujimoto and Ohtsuki (14), which binned third-order norms into three
categories according to how the rest of the population views an arbitrary player under private assessment; type 1 norms (L1, L3, L4, L7) in
which most players end up with good reputations, type 2 norms (L2, L5) in which some players end up with good reputations and others end
up with intermediate or bad reputations, and type 3 norms (L6, L8) in which almost everyone has either an intermediate or bad reputation.
After sending the scaled gossip rate I' — 0, our mean-field model generally agrees with their private assessment results.

For this portion of our analysis, equations are written in terms of the scaled gossip rate I' in the intercalated model of Section 4; however,
equivalent expressions for 7 in the main-text model can be derived using Eq. S11. We are aided by the fact that both models behave identically
as 7 or I' go to O or infinity.

Under third-order norms, the rule an observer 4 uses to update the reputation of a donor j depends not only on j’s action toward &k and on 7;y,
but also on r;;; that is, ¢ considers j’s current reputation when updating j’s reputation. Thus, if i’s view of j is R;; € {G, B}, i’s view of k
is Rir € {G, B}, and j performed action A, € {C, D} toward k, then the probability that ¢ assigns j a good reputation may be denoted
DRi;RirAjy - Likewise, j’s action toward k may depend not only on 7 but on r;;, i.e., 5’s view of themselves; their behavior is described by

Rj;Rjp o o i . . "
four values a;”’"~ ¥, so that the first superscript index corresponds to j’s view of j’s own reputation, and the second index corresponds to j’s

view of k. The expected value of r;; after an observed interaction is given by
Dijk = TjjTjkaGGTijTikpGGC + TjjrjkaGG"'ij(l — ik )PGBC
+rigrieas O (1= rij)rappae + rigraeas (1= rig) (1= ra)pepe
+ 15kl — af ) riripacn + rimik(1 — a5 C)ri; (1 — ri)peso
+ 11— a§ ) (1 = rij)rappap + 11— a5 ) (1 = ry)(1 = ri)pssDp
+r(1— Tjk)aJGBTijTikpGGc + 71— Tjk)ajc';Bﬁj(l — T'ik )PGBC
+rj5(1 = Tyk) (1 —1ij)rikppce + (1 — Tyk)ag (1 =7i;)(1 = ric)pBBC
+ 755 (1 = rjr) (1 = a] Byrigripaap + 15 (1 =) (1= a5 P)ri;(1 = ri)pesp
)

+ (1 = rin)(1 — afP)(1 = rij)rapsen + 155 (1 — ) (1 — a$P) (1 — 7i5)(1 = ra)pBBD

+ (1= r)rwal “rigrpace + (1 = rij)riwa; “rij(1 — ri)pese
+ (1 —rj)rea; € (1 = rig)ripsae + (1 — rj5)riwa; (1 —ri;) (1 — ri)peBC
1—r)rin(l = ai )rijripaap + i (1 —r6) (1 — a5 )rij(1 — ri)pasp
Drik(l— a3 ) (1= rij)rippan + 1551 — r6) (1 — af 9)(1 = ri;)(1 — rix)pBBED

1—rip)a; Prirapace + (1= 1) (1= r)as Prig(1 = ra)pase

—_
<

S N

LSl sl Sl

NN N N N

(

(1=rjn)a; ° (1= rij)rapsec + (1 —155)(1 = rje)a; (1 = ri;)(1 = rix)pBBC
(1= 7)1 = af PYrijrivpaap + (L — ;) (1 — rie)(1 — af P)ri;j(1 — ri)pesp
(

L= 7)1 = a7 ) (1 = rig)racpsap + (1= ) (1= 1) (1 = i’ ") (1 = rij)(1 = rix)pesD.
We will shortly see that most of these terms vanish.

s

5.1. Analysis of the self-image. One complication is that two of the norms, L1 and L2, demand that we know the donor’s “self-image’
h; = r;;, since they feature a “repentant discriminator” strategy such that af B — 1 rather than 0 that is, if  has a bad view of j, they will
defect with j, unless i believes themselves to be bad, as well. We abbreviate this strategy as rDISC. In principle, we would also need to track
the “agreement” term 1;; = h;7;;, which corresponds to a donor j who views themselves as good and is viewed as good by an observer .
Under public reputations, it is commonly assumed that r;; is the same as any other player’s view of j or, equivalently, that j conditions their
behavior on the (known) consensus view of j, not their own personal feelings. But when reputations are private, a decision must be made
regarding how to treat the self-image. We consider two possible approaches:

1. Consistent self-image: Treating the self-image as good, i.e., assuming that a player always views themselves as good. This emerges
naturally in models of private assessment (e.g., 12, 13); it corresponds to setting h; = 1 and v;; = ry;.

2. Variable self-image: Treating the self-image like any other element of the image matrix (e.g., 14). That is, 5 updates their self-image any
time they either “observe” their own action or any time they gossip with a third party about themselves.
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We analyze the dynamics of the self-image and “self-agreement” terms in a manner similar to Eqs. S5 and S6:

E[Ah;] = E[h]] — h;
<h‘7' + 5wj60j (éwep - hw)>w9p - hj

1
= 7z (&ige — h4),
E[Avs5] = B[] — i
= ((rij + 0wibo; (§wop — Two)) (hy + 6w;bos (§wvp — Tw))) o, — Vii

= 5 (ris o = hy) + hy(Eijo — i5) + 85 (€ip — Tz'j)2>p
= 5 (ris€io + hibise — 205 + 615 (€55 — 2ijpmis + m))p
5 (Tijﬁjj- + hj&ije — 2¢i; + 5ij(<£i2jp>p — 2&ijeTij + Tz‘j))

~3 (Tijfjj. + hj&ije — 29055 + 5ij(<§]2'jp>p —2§jjeh; + hj)) -

HZ‘H

] -

In the last line, we took advantage of the d;; prefactor in the last term to send 4 — j ahead of time.

5.1.1. Effect of interactions with variable self-image. Just as with second-order norms, we set £.,0, = P.¢, and obtain
1
E[AR] = 75 (Pije = i) s

1
ElAyy] = (Tijpjj- + hjpije — 2tij + 5ij(<p]2‘jp>p — 2pjjeh; + h]-)) -
Define

P§J. = <pjjp>paw
pJ. = <Py7p>

poy’

Summing yields

E[Ah;] = % (prse —hi),
[S13]

f1

1
ElAy,] = N (TIJPJ. +haprie — 21y + 0155 (p§]§, —2p% Jhy + fu)) .

The 077 term may be neglected; it yields a O(1/N) correction, and the dominant balance will be given by the preceding terms. Rewriting this
as a differential equation for a strategic type S yields

dhs 1
d¢ = ﬁ (102 - h.s) )
dips

d¢ = ]\}2 (Tqu + hsps - 2'¢)s) .

Thus, interactions cause the self-image hs to tend toward p?, and they cause the “self-agreement” 1), to tend toward (7 P+ he Ds)/2; in
steady state (with no gossip), this becomes pSps.

GG

Q
o]

norm ‘ Pccc Peep Peec Peep Pseec Psep Psec PsBD ‘ s s

L1
L2
L3
L4
L5
L6
L7
L8

e e e
o OO © ©o oo o
L e
e e e
o OO © ©O oo ©
O Ol B = RO O

O =IO O = =[O =
o Ol = O FH|Fk =
e e T
o Ol ©O ©O oo O©
e e = T Tl
o OO © O O~ =

Table S3. The “leading eight” social norms, including both assessment rules and action rules, modeled after Table 2 of Podder et al. (11).
Norm L3 is Simple Standing, and norm L6 is Stern Judging; both are symmetric with respect to the reputation of the donor and, thus, are
second-order norms.

Mari Kawakatsu™, Taylor A. Kessinger”, Joshua B. Plotkin Page 18 of 31



DISC rDISC ALLD ALLC

norm Pijr OF Py Dijk Dijk
L1 Yij(gijr — ik — ik + 1)+ hi(rjr — 1) +1 rij (1 —7ik) 1
L2 2¢5(gijk —Tik —7Tje + 1) +rii(rie — D) +hi(rje =D+ 1 i (L—ri)  rij(rie —1)+1
L3 Gijk — Tik + 1 1—rik 1
L4 rij(rik — Gijk) + 2gijr — rik — ik + 1 1—rik rij (1 —7ik) + 7k
L5 rij(Gijk — Tjk) + Gijlk — Tik + 1 1—rik rij(rie —1) +1
L6 29ijk —Tik —Tjk +1 1—rik Tik
L7 rij(L—7ik) + gijn rij(L=mik)  rig(1—rik) + ik
L8 Tij(gijk —Tik —Tik + 1) + gijk rij(1 —rik) ik

Table S4. Error-free values of p;;;, for the leading eight social norms, when j follows the strategy listed in the superscript. In the middle column,
the expressions provided are for p?j',ﬁc except for norms L1 and L2, which use the “repentant discriminator” strategy rDISC; this differs from
DISC insofar as a®B = 1 rather than 0, so that players who perceive themselves as bad cooperate even with recipients they consider bad.

norm Ppisc OF Prpisc PALLD PALLC
L1 Y(g—2r+1)+h(r—1)+1 raup(l —7) 1
L2 20(g—2r+ 1)+ (h+r)(r—1)+1 raupn(l—7r) 1—rauc(l—r)
L3 g—r+1 1-r) 1
L4 (r=g)(r—2)+1 (1-r) rauc(l—r) 47
L5 (g—r)(r+1)+1 1-7) 1—7rapc(l—7)
L6 29 —2r+1 1-7) r
L7 r(l—7)+g raup(l —7)  rauc(l—r)+r
L8 rg—2r+1)+g rap(l — 1) r

Table S5. Population-wide generalizations of p;;; in a monomorphic population of discriminators (or, for norms L1 and L2, repentant
discriminators). As in our analysis of second-order norms, assessment errors may be incorporated by multiplying p by (1 — 2u,) and adding
uq. Execution errors may be incorporated for discriminators by multiplying ppisc or prpisc by (1 — ue) and adding weparLLp-

5.1.2. Effect of gossip with variable self-image. As usual for gossip, we set £.,0p = 7p6:

1
E[AR;] = N2 (Tej — hy),

ElAvy] = % (rijrej + hyjTej — 20i5 4 0ij(rej — 2rejhy + hy))
= % (Gioj + ej — 20ij + 0 (Tej + hy — 20ej)) .
Summing yields
E[Ahy] = % (reg — hy),
E[AYr] = % (gIoJ + ey — 2915 + (slj%('f'oJ +hy — 21/1.J)) :

We ignore the ;7 term, since it yields a O(1/N) correction and is negligible compared to the dominant balance of the preceding terms. Doing
so, and rewriting this as a differential equation for a strategic type s, yields

dhs 1
dg = wr (e he)
s 1

Thus, gossip causes the “self-image” hs to tend toward r;, the population average view of s, and it causes s to tend toward gs.
Combining this with Eq. S13 yields
dhs

e = 2 (P = he 4y (= )
— % (3 +77e = (1 +7)hs)

CZ‘(;S _ % (rop® + hops — 20 + 7 (95 — ¥s))
— % (rspS + haps +79s — (2 + 7))
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The steady-state conditions are given by

Lo PR
S 1+’y

s = rsps + hsps + Y95
S 2+’y .

From our analysis of second-order norms, we know that, in order to significantly affect the reputation dynamics, I' = -y/N must be of order 1,
which means v must be of order IN. Since we are working in the large population size limit, this is tantamount to requiring v > 1. Thus, any
appreciable amount of gossip quickly causes the self-image and self-agreement to “decay” towards r, and gs, respectively. As a result, for our
“variable self-image” analysis, we set hs = rs and ¥s = ¢gs.

It is intriguing to observe that p? is not guaranteed to be 1, even in the absence of errors. For example, under both norms L7 and L8, we have
pijk = hj(1 — k) + 7j,. In each case, a player who regards themselves as good (h; = 1) but interacts with a bad player (rj, = 0) will
continue to view themselves as good, but a player who regards themselves as bad (h; = 0) and interacts with a bad player (r;, = 0) will
regard themselves as bad. This curious feature was also noted by ref. (14).

A natural extension would be to posit that the self-image h, updates more slowly in response to gossip than the general image r, for example
via a “stubbornness” parameter that controls how resistant individuals are to updating their own self-image. Setting the “stubbornness’
parameter to 0 would yield variable self-image, wherein h, updates just as quickly as rs and thus decays to r; almost immediately in the
presence of even modest gossip; setting it to 1 would yield consistent self-image, i.e., hs = 1. We restrict ourselves to these two regimes, since
they are the limiting cases.

s

5.2. Invasibility by defectors. Most of the leading eight norms—L3 through L8—employ DISC as an action rule. In a monomorphic
population of DISC, we have r» = rpisc and

TDpISC = (b — C)T‘,

TALLD = braLip,

( b ) crit r
Cc T — TALLD

The exceptions are norms L1 and L2, which employ rDISC as an action rule. Under these norms, we have r = rpisc, and the self-image
h = hpisc becomes relevant. For an arbitrary recipient following strategy s, rDISC cooperates any time they interact with a recipient they view
as good (probability rs) and any time they interact with a recipient they view as bad, provided they view themselves as bad, too (probability
(1 —=h)(1 —rs)). Thus

so that the critical b/c needed to resist invasion is

moisc = (b—¢) (r+ (1 —h)(1—71)),

warp = b (rawp + (1 — h)(1 — rawp)) ;

the critical b/c needed to resist invasion is

. S consistent self-image,
(é)cm_ 1—h(l—7r) J7r—Taup [S14]
C o h(?” — ’r‘ALLD) o 1- T(l — T)

variable self-image.
r(r — raLp)

The expression for consistent self-image is the same as for the other leading eight norms, which employ DISC. This is because, with consistent
self-image, DISC and rDISC behave identically. Solutions for 7arp can be obtained via the expressions in Table S5.

For the remainder of this analysis, we neglect execution error, but it can be implemented as in Section 4.2. In Fig. S8, we present the critical
gossip length 751 p needed to stabilize cooperation for a fixed value of b/c for each of the third-order leading eight norms.

5.3. L1 and L2 norms. The L1 and L2 norms feature a “repentant discriminator” strategy, which we abbreviate rDISC; it has a®® = 1
rather than 0. It may be decomposed as follows:

1. If j views themselves as good (h; = 1), they play DISC.
2. If j views themselves as bad (h; = 0), they play ALLC.

The assessment rule of both of these norms may likewise be summarized in terms of second-order norms as follows:
1. If ¢ views j as bad, then 7 judges j according to the Scoring norm (under both L1 and L2).

2. If ¢ views j as good, then i judges j according to Simple Standing (under L1) or Stern Judging (under L2).
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Putting these together yields

P?;;-SC’M =Tij (hjpgfgc + (- hj)PiLSLc) + (L —ry) (hjpggc + (- h’j)piﬁc)
_ ss ss sc sc
= Yuippisc + (135 — Vij)Patie + (hy — ij)ppisc + (1 — 755 — by + 1ij)parLe
= vi;(Pbisc — Patic — Poisc + Paiic) + i (Paiie — Patic) + hi(PBisc — PAtic) + Patic
= Yij(gijk — Tik — ik + 1) + hy(rje — 1) + 1,

PZ?LSC’LQ = Tij (hjpgféc +(1- hj)pilic) + (1 —riz) (hjplggc +(1- hj)pf&c)
_ SJ 57 sc sc
= Yi;pBisc + (rig — Viz)paiLe + (hy — iz)pBisc + (1 — rij — hj + vij)paric
= ij (pgléc — PhiLe — Phisc + PiLCLc) + Tij (prJLc - PiLCLc) +h; (pggc - prCLc) + patic
=20 (gije — Tit — T + 1) + 15 (rie — 1) + hy(rje — 1) + 1.

These expressions correspond to population-level averages

PrLD}sc:w(g_%"‘l)"‘h(r_l)"‘la (S15]
pibisc = 20(g —2r + 1)+ (h+7)(r — 1) +1
in a monomorphic population of rDISC.
5.3.1. Consistent self-image. When the “self-image” is always considered good, the equilibrium reputations in Eq. S15 become
pivisc = (g — 2r +2),
Pibisc = r(29 —3r+2).

We introduce assessment error by setting 7 = p(1 — 2uq) + uq; see Section 4.2. Combining this with g = r(r +T") /(1 4+ T") (Eq. S7) allows
us to show that the general solutions for r are the real-valued solutions, between 0 and 1, of the following cubic equations:

(172710.)7/‘37 <(2+F)(1_2u“)> r? +2(1 — 2ua)r +u, LI,

1+T 1+T
R I (B+T)(1 - 2ua) (1]
— 4Uq 3 + — ZUgq 2
2| ——— - — 2(1 — 2uq o L2.
(1+F)r ( a7 )7" +2( Ug)T + u

In general, the solutions to these equations cannot be expressed in terms of radicals. With no errors, they simplify to

( ! )T3—(2+F)7‘2+2r L1,

1+T Y

1\ 5 (3+T\ »
o )3 (22 o L2,
(1+F)T <1+F)r e

which do have some rational roots; for L1, the roots are r = {0,1,1 + I'}, and for L2, they are r = {0,1, (1 + I")/2}. In general, the 1
corresponds to the “physical” solution of these equations, i.e., the stable equilibrium of the reputation dynamics. When the gossip rate I" is zero
(i.e., purely private assessment), we have

(1 — 2ua)r® —2(1 — 2ua)r® +2(1 — 2ua)r + ua L1,
] 201 = 2ua)r® = 3(1 = 2ua)r? + 2(1 — 2ua)r +ua L2
The equation for L2 has an analytical solution on the interval [0, 1], namely
r=1/2

independent of w,, just like Stern Judging (L6). This is sensible; good players are judged according to Stern Judging, which has r = 1/2 for
any strategy s, and bad players are judged according to Scoring, so they gain a good reputation only by cooperating—which they will do, on
average, half the time. Finally, sending the gossip rate I' — oo yields

r=—(1—2ua)r® + 2(1 — 2u,)r + u,
for both L1 and L2, which has the solution

1 —dua+vV1—4dus+8uZ 1 V1—4duq+8ul —2u,

"= 2(1 — 2u,) =3t 2(1 — 2u,)
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‘We now obtain the condition for stable cooperation. With assessment error, we have

raLLp = racp (1 — 7) (1 — 2ua) + ua
= Ya
(1 — 2ua) + 2ua

This may be used in conjunction with Eq. S14 to obtain the general condition (b/c)™ for stable cooperation—or, equivalently, the critical
gossip rate I" needed to stabilize cooperation for a given value of b/c. We present this result in terms of 7 = log(1 4 I), consistent with the
main text, in figure Fig. S8. Surprisingly, both L1 and L2 easily admit stable cooperation even under private assessment (I" or 7 — 0), a result
consistent with ref. (14). With fast gossip (I' — o0), the condition for stable cooperation under both L1 and L2 becomes

(9)”“ _ 1+ —dug +8ud
c) 2(1 — 2u,) ‘

Under private assessment (I' — 0), it is intriguing to note that, while we have rpisc = 1/2 under L2, cooperation is nonetheless possible.
This is because 7arrp is much less than 1/2. This, in turn, is because bad individuals are judged according to the Scoring norm, under which
defection is always bad; thus, defectors who end up with a bad reputation continue to have a bad reputation indefinitely (barring errors). In
contrast, discriminators who end up with a bad reputation have the chance to ameliorate their moral standing by interacting with someone they
view as good; they cooperate and thus are assigned a good reputation.

5.3.2. Variable self-image. When the “self-image” is treated like any other element of the image matrix, the expressions for p;pisc become

pﬁ)%sc = 9(9 —2r+ 1) - 7"(1 - 7") +1,
posc = 29(g — 2r +1) = 2r(1 —r) + 1.

After introducing assessment error, the solutions are the real-valued roots (between 0 and 1) of the following quartic equations:
1—2uq \ 4 1—2uq \ 3 (1-2ua)(241)\ (1—2%)
— 2| — —_— " | 1—uq L1,
<u+ry>r <u+ry>r'*( 1+10)2 r S A

1—2uq \ 4 1—2u, \ 3 (1—-2ua)(24+T)\ » (1—2ua)
2| —— 4| — 2| ———=—" -2 —— 1—u, L2.
(u+rp>r (u+rp)r+ TESE r T A
When u, = 0, both of these equations generally have » = 1 as a root, independent of I". However, the » = 1 solution is unstable against
errors; it becomes non-physical for positive error rates. The I' — 0 limit, like the general case, does not appear to admit analytical solutions in
terms of radicals. For I' — oo, we have
r=1—1uq

for both L1 and L2; this can easily be seen from the fact that all of the non-constant terms have higher powers of I' in the denominator than
in the numerator. The condition for stability against defectors can be found via Eq. S14. A minor difference is that, under both L1 and L2,
it is more difficult to sustain cooperation under variable self-image, especially for low gossip rates I'. (For this portion of our analysis, we
present the I' — 0 solutions as a heuristic, but we caution the reader that our variable self-image model requires that the self-image decay
quickly—which means there must indeed be some gossip; I is really roughly of order 1/N.)

The reason is subtle. On the one hand, rDISC enjoys a higher reputation under variable self-image than under consistent self-image; for
example, with u, = ue = 0.02 and I" = 0, we have risc & 0.64 under variable self-image, compared to rpisc = 1/2 under consistent
self-image. The reputation of ALLD is similar in both cases, approximately 0.244 and 0.260 under variable and consistent self-image,
respectively. However, the cooperation rate toward ALLD is different. Under consistent self-image, the cooperation rate from DISC to ALLD
is simply rarLLp; under variable self-image, the cooperation rate from rDISC to ALLD is rarip + (1 — rmisc) (1 — rap) & 0.517, whereas
for rDISC to rDISC, it is risc + (1 — Trmsc)2 = 0.769. That is, under consistent self-image, DISC cooperates with ALLD about half as
often as it cooperates with other DISC (0.260 versus 1/2). Under variable self-image, it is more like two-thirds as often (0.517 versus 0.769).

5.4. L3 and L6 norms. L3 is Simple Standing and L6 is Stern Judging. Both are addressed in the main text and Section 2.2.

5.5. L4 and L5 norms. The assessment rule of 1.4 and L5 of these norms may be summarized in terms of second-order norms as follows.
Both L4 and L5 judge some donors according to Stern Judging and some according to Simple Standing. For L4, good donors are judged
according to Simple Standing and bad donors according to Stern Judging. For L5, it is the reverse. Thus

DISC,L4 _ . DISC,SS | (1—ri) DISC,SJ
ijk = TijDijk Tij)Pijk

=145(Gigi — Tik + 1) + (1 = 745) (29358 — Tk — Tk + 1)
=145 (Tik = Gijk) + 2Gik — Tik — Tk + 1,
DISC,L5 DISC, 5 J DISC, S5
Dijk = TijPijk + (1= rij)pin
=145(2gijk — ik — ik + 1) + (1 = 735)(gije — T + 1)
= 15(Gigi — k) + Gige — Tik + 1.
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Accordingly, we obtain the population-level averages

poisc = (r — g)(r —2) + 1,

posc = (g —m)(r+1)+1.

Using g = r(r +I')/(1 + I") and introducing assessment error yields
1—2uq\ 3 1—2uq\ 2 (1—2ua>
(e _o (e 1 —ua LA,
() e () A

172Ua 3 172ua
_ 1— g L5.
(1+F)T <1+F)T+ “ g

[S17]

These cubic equations do not appear to admit simple, general solutions, even with I' — 0 or v, — 0; one exception is that, for L5, sending
both u, and I to O yields

V5 —1
2 b

which is 1 divided by the golden ratio. For I' — oo, we find
r=1—1u,

for both L4 and L5. This is to be expected; both Stern Judging and Simple Standing have exactly this equilibrium reputation for DISC under
public assessment, and both L4 and L5 are just combinations of these two norms. Generally, L5 admits less cooperation under fully private
assessment (I' — 0) than L4 does and approaches the asymptotic limit more slowly as I' increases. This is reasonable, as L5 judges good
individuals according to Stern Judging, under which it is notoriously difficult to retain a good reputation under private assessment (equilibrium
r = 1/2 irrespective of strategy); thus, good individuals are easily reshuffled into being labeled as bad. In contrast, maintaining a good
reputation under Simple Standing (which L4 uses to judge good individuals) is easier.

The stability of DISC against invasion by ALLD may be probed via

rap = (1 — 2ua)(1 —7) + uq,

( b) crit B r
C T — TALLD

2r—1)(1 —uq)’

provided of course that the denominator is positive—which requires 7 > 1/2, a condition that is generally satisfied. The critical value of b/c to
prevent invasion of DISC by ALLD admits no general closed-form solution, but as I' — oo, we obtain

(b)crili 1 ‘
c T 1 —2u,’

once again, this is the same condition as under both Stern Judging and Simple Standing. L5 does not suffer the same difficulty as L6 (Stern
Judging) under private assessment; even with high error rates, cooperation can be stabilized. The relationship between b/c and the length of
gossip Ta L p Needed to stabilize cooperation against invasion by defectors can be seen in Fig. S8B.

5.6. L7 and L8 norms. The assessment rule of both of these norms may be summarized in terms of second-order norms as follows. Both
norms judge bad donors according to Shunning. However, L7 judges good donors according to Simple Standing; L8 judges good donors
according to Stern Judging. Thus

pli);zc,m = ri;poisc + (1 — 745 Piiac
=1 (gizk — rik + 1) + (1 = 1rij) gijn
=71y (1 — rik) + Gijk,

p]i:v;zC,LS = rypoisc + (1 = 74;)pbisc

=ri5(2gi6 — rar — Tk + 1) + (1 — 745)gizn
=rij(gijk — Tik — ik + 1) + Gijn-

In a monomorphic population of DISC, we have the population-level averages

phise =r(1—7) +g,
poisc =1(g —2r +1) + g;
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incorporating assessment error and using g = r(r + ') /(1 + I) yields the polynomial equations
(1—2u)T o (1 — 2ug)(1 + 2T)
- — 2| —mMmM———= a L7,
L ( i+t )7 F 1+T T
(1—2% (1= 2ua)(1+ 2T)
14T 14T

The expression for L7 is quadratic in 7; broadly speaking, the fact that good individuals are judged according to Simple Standing, whereas bad
individuals are judged according to Shunning, cancels out a prospective factor of rg, so no terms of order 7> appear. This equation admits a
simple closed form solution:

[S18]

)7’3 —(1—2ua)r2—|— r+u, LS.

1
- r
1 /T2 — dug £ 8u2) + 4u2 (1 + 2T) — 2ua(1 4 T) 2 (['=0),
r=at 2(1 — 2uq)T - L VI 8@ -2
2 201 — 2ua) '

No such closed form expression appears to be possible for L8, though there are some special cases:

. (r=1/2),
T —r

1 V1—Adug + 8u2 — 2ug

- r

2t 201 — 2ua) ([’ o0),

i.e., the limiting behavior as I' — oo is identical to that of L7, but the approach is slower. Note that the top condition is indeed I' = 1/2, not 0.
Note, further, that the I' — oo conditions are identical to those of L1 and L2.

It is instructive to observe that the solution for L8 for small I" behaves similarly to the Shunning norm, under which

1 — VI—du, + 802

14 2u,T — /T — du, + 43 (2 4 20 +12) 51— 2uy) (' = 0),
- 2(1 — 2ugq) - 1

= (T — o0).
2
That is, the cooperation rate under private Shunning increases with u,; with private assessment, it is almost impossible for DISC to maintain a
good reputation other than by accident. Errors perturb the equilibrium reputation away from 0, thus creating a small subpopulation of good
individuals with whom one may cooperate to earn a good reputation. It is sensible that L8 behaves this way under private assessment. Good
individuals are judged according to Stern Judging but bad individuals according to Shunning. Once players have fallen into having a bad
reputation, it is difficult for them to climb out other than by accident. For r < 1/2, the majority of individuals are considered bad, but errors
perturb this fraction toward 1/2.

r

Finally, we obtain the b/c condition needed for resistance to invasion by defectors. We have

pﬁ,}DL? = mjprELD +(1- Tij)pi‘g")
=rij(1 —rix),
pZLkLD‘Lg = Tijpil:ILD + (1 —ri )pfﬁn
=71 (1 — ri),
which yields
raLLp = TaLLp(l — ) (1 — 2ua) + ua

Uq
r(1—2uq) + uq

The b/c condition becomes

(9)"“ _ r2(1 — 2uq) + 21U,
c 21— 2ue) Fua(2r — 1)
Surprisingly, the condition for L7 saturates almost immediately; we have

14 2uq
) r
b crit 1 _ 2ua ( — 0)7
(E) 7Y 14 VI du, + 82 (€ = o0)
2(1 — 2uq) ’

so that even with no gossip, L7 supports stable cooperation. L8 does not, but as I' — oo, the b/c condition saturates at the same value as
under L7. This is unsurprising; both L7 and L8, by effectively applying the Shunning norm to bad players, make it difficult for ALLD to gain
a foothold. L7 is more successful at stabilizing cooperation for low I" because it is relatively tolerant of errors and disagreement among those
already considered good; L8, by contrast, is not.
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Fig. S1. Relationship between gossip with a single source versus peer-to-peer gossip. These two distinct gossip processes have the same effects on the level of
agreement and equilibrium reputations in the population under a suitable transformation of parameters. We plot the transformation 7 = — log(1 — Qz) between the duration
of gossip 7 in the peer-to-peer process and the probability @ of consulting the single gossip source (Eq. 7).
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Fig. S2. Impact of social norm on the critical gossip duration for DISC to resist ALLD. Panels show the critical gossip duration 75} , for a population of discriminators
(DISC) to resist invasion by defectors (ALLD) as a function of the benefit-to-cost ratio. Colors denote social norms, parameterized by the probability p (¢) that cooperating
with (defecting against) a bad recipient yields a good reputation. A: For a given benefit-to-cost ratio b/ c, the critical threshold 7,7, , is the smallest for Simple Standing (SS;
(p, q) = (1,1)), intermediate for Stern Judging (SJ; (p, ¢) = (0, 1)), and the largest for Shunning (SH; (p, ¢) = (0, 0)). B: The critical gossip duration decreases with
increasing p, which makes a norm more ‘lenient’ (i.e., incentivizes cooperating with ‘bad’ individuals). Parameter ¢ = 1 is fixed. C, D: Depending on parameter values, the
critical gossip duration can increase or decrease with increasing ¢, which makes a norm more ‘strict’ (i.e., incentivizes punishing ‘bad’ individuals). Parameter p is fixed: p = 0
(C) and p = 0.75 (D). Other parameters: u, = u. = 0.02.
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Fig. S4. Effects of noisy gossip on cooperation. Panels show the critical gossip duration 73, , for a population of discriminators (DISC) to resist invasion by defectors
(ALLD) as a function of the benefit-to-cost ratio, under the Simple Standing (A), Stern Judging (B), and Shunning (C) norms. Colors denote different amounts of unbiased noise
in gossip (i + v). Each orange curve indicates the critical gossip duration for noiseless transmission (1 = v = 0) under the corresponding norm. The critical threshold
TaLLp INcreases with noise under Simple Standing (A) and Stern Judging (B; see also Fig. 2A), but the trend reverses under Shunning (C). Under the Shunning norm
reputations (before gossip) are overwhelmingly negative, and this negativity tends to be self-reinforcing because donors who cooperate with bad individuals themselves gain
bad reputations; noisy gossip helps break this cycle by stochastically introducing positive gossip and, consequently, makes it easier to sustain cooperation. Other parameters:
uq = u = 0.02. Note that panel B is identical to Fig. 3A (i.e., 7" = 7, , under the Stern Judging norm) and is shown again here to facilitate comparison across norms.
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Fig. S6. Effects of biased gossip on cooperation. Panels show the critical gossip duration 77, ,, for a population of discriminators (DISC) to resist invasion by defectors
(ALLD) as a function of gossip bias (3), under the Simple Standing (A-C), Stern Judging (D-F), and Shunning (G-I) norms (denoted by colors, as in Fig. S2). Columns denote
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of transmission noise (1 = v = 0; orange curves in Fig. S4). We use b/c = 1.2in A-C and b/c = 5 in D-I based on the effects of unbiased gossip identified in Fig. S4.
Other parameters: u, = u. = 0.02. Note that panels D—F are identical to Fig. 4A-C (i.e., 7™ = 7., p under the Stern Judging norm) and are shown again here to facilitate
comparison across norms.
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Fig. S8. Critical gossip duration for the “leading eight” norms. Panels show the critical gossip duration (7, ) as a function of the benefit-to-cost ratio (b/c) for different
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Mari Kawakatsu®, Taylor A. Kessinger*, Joshua B. Plotkin Page 31 of 31



	Relationship between single-source gossip and empathetic perspective taking
	Stability of cooperation under unbiased peer-to-peer gossip
	Impact of assessment and execution errors on the critical gossip duration under the Stern Judging norm
	Equilibrium reputations at the all-DISC equilibrium under any norm
	Stability of the all-DISC equilibrium against ALLD under any norm
	Impact of paradoxical cooperators on the stability of cooperation under the Stern Judging norm

	Agreement and disagreement after biased peer-to-peer gossip
	Gossip process for a focal individual
	Population-level agreement and disagreement
	Impact of noisy gossip on cooperation under the Scoring norm

	Continuous-time model of gossip and interactions
	Notation
	Incorporating errors
	Change in image and agreement
	Effect of interactions
	Effect of peer-to-peer gossip
	Effect of interactions and peer-to-peer gossip
	Effect of interactions and consultation with a single gossip source

	The ``leading eight'' norms
	Analysis of the self-image
	Invasibility by defectors
	L1 and L2 norms
	L3 and L6 norms
	L4 and L5 norms
	L7 and L8 norms

	References

