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OSM 1 – Calculation of the Decompositions 

When calculating $%&, we use the method: 

 

$%&(() = ∫ ℓ!(-, ( − -)0-
"
# ,  (A1) 

 

with discrete approximation detailed in Guillot (2003), and $%&$ is based on Nepomuceno et al. 

(2021): 

 

$%&$(() = −∫ ℓ!(-, ( − -) ln[ℓ!(-, ( − -)]
"
# 0-,  (A2) 

where ℓ%!(( − -) is the cohort survival function calculated as: 

ℓ%!(( − -) = 	 6
&∫ ((*,,&%-*)/*!

" .  (A3) 

Sensitivity analysis was carried out using unsmoothed and smoothed age-specific mortality rate 

from HMD, and the difference generated in $%&$  was minor (around -0.0001 to 0.00001 for 

Sweden in years 1989 - 2017). 

  

Based on Vaupel and Canudas-Romo (2003), we assume the rate of change is constant, 

therefore the discrete form of the derivative regarding 8	will be written as follows, taking the 

example of Sweden and the Western European population average level (referred to below as 

average): 

9́((, ;) ≈
012#(%,'()*)+)

#(%,-.)/-0))3
4 .       (A4) 



The Western European population averages, constructed with the average mortality rate of the 

population selected and mean probability of survival at each age of the populations selected, show 

no significant difference in the sensitivity analysis (ranging approximately from 0.001 to 0.0004). 

When we are calculating derivative with respect to time using equations 5 and 6, the equations 

are as follows, according to Vaupel and Canudas-Romo (2003), as well as Preston et al. (Preston 

et al., 2001): 

9(( + ℎ/2, 8) ≈ 9((, 8)6(4/6)
123#(%45,6)#(%,6) 7

5 ,       (A5) 

and 

7[9(,-4/6,:)]
7, ≈

<=2#(%45,6)#(%,6) 3
4 9(( + ℎ/2, 8),       (A6) 

with 8 representing change across countries, and ( + ℎ/2 referring to the mid-point between time 

( and ( + ℎ. 

We only use these two equations below, which assume linear changes, when  9(,-4,:)9(,,:) < 0: 

9(( + ℎ/2, 8) ≈ 9(,-4,:)-9(,,:)
6 ,       (A7) 

7[9(,-4/6,:)]
7, ≈ 9(,-4,:)&9(,,:)

4 .       (A8) 

Among all the estimations of components for males and females from selected populations, 

approximately 19% (17 out of 88) used the latter method.  



OSM 2 – Data availability and Estimation of US mortality data before 1933 

Population in HMD Available Years 
Denmark 1835-2020 
Finland 1878-2020 
France 1816-2018 
Italy 1872-2018 
Netherlands 1850-2019 
Norway 1846-2020 
Sweden 1751-2020 
Switzeraland 1876-2020 
England & Wales 1841-2018 
Scotland 1855-2018 
US 1933-2019 

 

The HMD database only has US mortality data from 1933-2018. In order to complete the US 

series from 1900 to 1932 between ages 0-33, to construct a truncated cohort life table for our 

calculation of $%&, mortality data from the Social Security Administration, SSA (Bell & Miller, 

2005) was used.  

 Data on mortality from SSA was available for single ages for the periods and cohorts of 1900, 

1910, 1920, and 1930, and for infant mortality, all separated by sex. The single age probabilities 

of dying were the same for period and cohorts; for example, the probability for the cohort of 1908 

at age 1, denoted C> >
!(1908), is equal to the probability for the period of 1909 at age 1, denoted 

C> >
?(1909) , in notation C> >

!(1908) = C> >
?(1909) = C> > (1909) . This facilitated the 

estimation of the missing probabilities as explained below. The mortality data requirements for 

obtaining the survival component differed from cohort to cohort: the cohort of 1908 demanded the 

greatest amount of data from age 0 to 25; then the cohort 1909 from age 0 to 24; and so on until 

the cohort of 1932, only requiring data on infant mortality. To complete the information for the 

missing years we interpolated single age probabilities between two available probabilities at each 

age. For example, the single age probabilities from the year 1921 at age 1, 	 C> > (1921), were 



known as well as the single age probability in the year 1930 at the same age 	 C> > (1930), and we 

assumed a linear trend between the two. The only exception was made for the year of the Spanish 

flu (1918) which showed greater fluctuations than other years. We estimated all probabilities 

without the year 1918 and then we compared the estimations for that year with the values available: 

for the infant mortality; at age 8 from the cohort of 1910; and age 18 for the cohort of 1900. Thus, 

three ratios were obtained of available overestimated 1918 probabilities, for ages 0, 8, and 18. 

Those ratios and the mortality age-pattern obtained from our linear estimations for 1918 allowed 

us to estimate the age-pattern and level of mortality for this year. 

 The sensitivity analysis conducted shows a minor deviation around 0.03 and lower for C% 

between US and Swedish females.  

   



OSM 3 – Figures for Male Part 

Figure A1. Differences between CAL entropy of individual countries and the selected European average, males 1989−2018 

Notes: The horizontal dotted dark line represents the selected European populations’ average entropy level. The solid, dashed, and 

dot-dash lines represent the population that crosses the average entropy, and with more and less heterogeneous mortality 

distribution than the average entropy level, respectively. The standard deviation of the populations selected changed from 0.02 in 

1989 to 0.01 in 2018 

Source: Author’s calculation based on HMD data (2023) and Bell and Miller (2005). 

 

Figure A2. Decomposition of the male CAL entropy gap between the average and specific populations into longevity and lifespan 

variation. 1989-2018. 

Notes: red and blue stand for contributions from changes in lifespan variation and longevity, respectively.  

Source: Author’s calculation based on HMD (2023) and Bell and Miller (2005). 

 

Figure A3.  Decomposition of the time changes in male CAL entropy gap between the average and specific population across time 

into average entropy improvements, longevity, and lifespan variation. 1990-2018. 

Notes: Green, red, and blue stand for contributions from changes in average entropy level, and from lifespan variation and 

longevity, respectively. Contributions are multiplied by 100. 

Source: Author’s calculation based on HMD (2023) and Bell and Miller (2005). 
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Figure A1. Differences between CAL entropy of individual countries 
 and the average Western European, males 1989−2018
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Figure A2. Decomposition of the male CAL entropy gap 
               between the average and specific populations into
               longevity and lifespan variation. 1989−2018
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OSM 4 - !"# Entropy and its sensitivity 

 Similar to Keyfitz (1977) and Keyfitz and Golini (1975) on the sensitivity of life table entropy 

to the change in proportional mortality rate across all ages, we illustrate the sensitivity of $%& 

entropy to the proportional change in age-period-specific mortality rate.  

Suppose we have a cohort survival function ℓ!(-, ( − -) = expK−∫ L(-, ( − - + M)0M
%
# N, with 

L(-, ( − - + M) being age-cohort-specific mortality rate at time (, and we define the proportional 

change in age-cohort-specific mortality rate across all ages as O. Therefore, a proportional change 

in age-cohort-specific mortality will translate into L∗(-, ( − - + M) = L(-, ( − - + M)(1 + O) , 

with * denoting the new age-cohort-specific mortality rate after the proportional change. Based on 

the exponential property of ℓ!(-, ( − -) and 1 + O being a constant, we have: 

ℓ!∗(-, ( − -) = expK−∫ L(-, ( − - + M)(1 + O)0M
%
# N = [ℓ!(-, ( − -)]>-A. (A9) 

  

We will examine the sensitivity of $%&  regarding the proportional change in age-cohort-

specific mortality rate by looking at the partial derivative of (A9) respect of proportional change 

O. The derivative yields: 

/[ℓ8(%,,&%)]94:
/A = [ℓ!(-, ( − -)]>-Aln	[ℓ!(-, ( − -)]. (A10) 

Because we want to examine sensitivity concerning the variable O, we will need to take the Taylor 

series of [ℓ!(-, ( − -)]>-A  when O is in the neighbourhood of zero. This can be justified by O 

usually taking small values and therefore making [ℓ!(-, ( − -)]>-A a straight line in a dimension 

regarding O (Keyfitz, 1977; Keyfitz & Golini, 1975). By applying Taylor expansion on A10 when 

O → 0, we obtain: 

[ℓ!(-, ( − -)]>-A ≅ [ℓ!(-, ( − -)] + Oℓ!(-, ( − -) ln[ℓ!(-, ( − -)]. (A11) 

 Similar to what Keyfitz (1977) has established, and the ℋCDE established in the methods section, 

the equation (A11) can be substituted in the ratio between $%&∗ after a proportional change in all 

age-cohort-specific mortality rate and $%& before such change: 

CDE∗
CDE =

∫ [ℓ8(%,,&%)]94:/%<
"
∫ ℓ8(%,,&%)/%<
"

≅
∫ ℓ8(%,,&%)-Aℓ8(%,,&%) <=[ℓ8(%,,&%)]/%<
"

∫ ℓ8(%,,&%)/%<
"

= 1 − 	OℋCDE .     (A12) 



OSM 5 – Age- and cohort-decomposition 

Figure A4.  Age− and Cohort−Decomposition of the male CAL-entropy gap between Italian and the Western EU average, males 

1903-2013 

Notes: Each data point in the figure represents the contribution to the differences between males in Italy and Western European 

average at a given year from a specific cohort up until one specific age. The total value equals the differences in CAL entropy 

between Italy and Western European average in 2013, as observed in Figure A1. The decomposition was done using the stepwise-

replacement algorithm developed by Andreev et al., (2002). 

Source: Author’s calculation based on HMD (2022). 

 

Figure A5. Age− and Cohort−Decomposition of changes in the male CAL-entropy gap between Italian and the Western EU average, 

males 1990-2018 

Notes: The year on the x-axis represents the mid-point of the changes from the earliest period to the latest period (2004 will be the 

mid-point between 1990 and 2018). Each data point in the figure represents the contribution to the changes in differences between 

males in Italy and the Western European average from 1990 to 2018 from a specific cohort up until one specific age. The total 

value equals the changes in CAL entropy differences between Italy and the Western European average from 1990 to 2018, as 

observed in Figure A3. The decomposition was done using the stepwise-replacement algorithm developed by Andreev et al., (2002). 

Source: Author’s calculation based on HMD (2022). 
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OSM 6 – Life table entropy surface 

The relationship between lifespan variation (6$), longevity (6#), and life table entropy (ℋ?), all 

from a period perspective, can be seen in the figure below. This figure presents the combinations 

of lifespan variation and longevity level that return specific entropy values (observed as the lines 

moving from bottom left to top right with labels starting at 0.1 and reaching 0.34). Also included 

in this plot are period entropy values calculated from all the male populations in HMD, as of 2018. 

The pattern for males shows a clear upward trend from higher entropy to lower entropy across 

time, accompanied by a lower level of lifespan variation and higher longevity through time. 

However, because life table entropy measures the lifespan variation level with respect to its 

longevity level, a population with lower levels of longevity and lower levels of lifespan variation 

could achieve a similar entropy level to a population with higher levels of longevity and lifespan 

variation. This can also be interpreted as two populations achieving similar concavity in the shape 

of their respective survival curves. For example, the entropy index for Finnish males in 1985 is 

0.17 (with life expectancy of 70.5 and lifespan variation of 11.8), which is approximately the same 

as the United States male population in 2018 (with life expectancy of 76.5 and lifespan variation 

of 12.7). This result also relates to Aburto et al., (2020) and Vaupel et al., (2011).   



 

Life table entropy surface, male, 1957-2018 

Notes: the x-axis is the level of lifespan variation measure “"!”, and the y-axis is the level of period life expectancy “""”. The 
gradient-coloured area and the subscripted isoquant lines represent the degrees of entropy level. The reverse gradient-coloured 
dots represent the position of all the male populations in HMD at each year from 1957 to 2018 with respect to "! and "".  

Source: author’s calculation based on HMD (2022). 
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