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Supplemental note I: Notation and preliminaries

The following is a list of notations that we will use for the mathematical proofs in the following appendices. Here
v denotes a vector, and A a matrix.

o lvll, = O, vf)% denotes the p-norm of the vector v. In the p — oo limit, it becomes the max norm,
[v]|co = max; |v;].

e |[Allop,p is the p! Schatten norm of A i.e. the p—norm of the singular values of A. Note that ||Allop := || Allop.co

is also the operator norm of A4, i.e. the ||Allop,co = Sup, |z,=1 [[AZ||2 and [|Allop,1 denotes the trace norm, i.e.
the 1-Schatten norm of A.

e For a superoperator A, we define the [|Al|,—, = maxp o, =1 I A(O)llopp. We define the completely bounded
version of this norm, [|A||p—p.cb = sup,>s [[A ® idy|[p—p, which is stable under tensor product. Furthermore, as
is standard, we will use ||Allo := || All1=1,cb-

e vec(A) denotes the vectorization of A, i.e. the vector whose components are the matrix elements of A. The
precise order in which the matrix elements are arranged in the vector will not be relevant for our proofs, and
can be arbitrarily chosen.

e Unless otherwise mentioned, ||v||, where v is a vector, will denote its £2 norm and ||O||, where O is an operator,
will be its operator norm.

In our analysis of Gaussian fermion models, we will assume that for each site z € Z¢, there are D fermionic modes.
Suppose ay, for x € Z% and n € {1,2... D} be the fermionic annihilation operator corresponding to the n'" fermion
mode at the site 2. The Majorana operators, c2"~1, ¢2" associated with this mode will be

1 t 1 t
2n—1 2
T = ﬁ(az + a;) and ¢ = NGE (a; — aZ).
In most of the proofs, we will not need to distinguish between the two Majorana operators and will represent them

as ¢¢ with the index a € {1,2...2D}. For a Hermitian operator O expressed as a quadratic form over the Majorana
operators ¢,

0= > D dyed &)
x,y€Z a,f=1
we will denote by O the matrix of coefficients 03‘:5 , with the indices (z,«) corresponding to the rows and (y, )
corresponding to the columns. We will assume, without loss of generality and unless otherwise mentioned, that O is
a Hermitian matrix with purely imaginary matrix elements.

Unless otherwise mentioned, n will be used for the number of spins or fermionic modes in the lattice system under
consideration. For Gaussian fermionic models considered in this paper, defined on the lattice Z¢ and with D fermions
per site, we will use N = L? to denote the number of lattice sites and therefore n = DN.

We will need the following two lemmas:

* Both authors contributed equally.



Lemma 1. Let M € C**™ such that |M;;| < §,Vi,j, the rows of M have at most m, nonzero elements and the
columns of M have at most m, nonzero elements, then || M||op < /Mem, 0.

Proof. Let v € C™ be a vector, and denote R; = {j|M;; # 0}, C; = {i|M,; # 0}. Note that, by assumption,
|Ri| < m, Vi,|C;| < m. Vj. Then,

n 2
IMol> =" Y Mijo,

i=1"'jeR;
n
<2 D M Y [l
i=1 \jER; kER;
ZIR Y P < m Y Y
kER; i=1 keER;
= m, 6> Z > forl* = m,8? Z Cr|vk]?
k=11€Cy,

< m,,mc(52\|u||2 = || Mllop < v/mymco.

Lemma 2. Given bounded Hermitian operators H and H’, for any bounded operator O

: ’ . ’ . .
6’LH tOesz t ethOef'LHt

< 2/Ollopll H — H'[lopt.
op
Proof. Consider the operator O(t) = e~ #HteiH'tQe~iH'tgitlt  Note that
Z0(t) = i{e_th(H’ _ H)eiH’tOe—iH’teth _ e—theiH/toe—iH/t(H/ _ H)eth
and consequently,
|00 <21 = uion,

We then immediately obtain that

d

e e . . ~
ezH tOe—lH t ethoe—th ‘dO(S)
S

ds < 2||O[||H — H'|[t.

t
S/
0

Supplemental note II: Gaussian fermion models
A. Proof of proposition 1 (Dynamics of Gaussian fermion models)

We first derive an equation of motion for the correlation matrix I" of the Gaussian fermionic quantum simulator
model, including the non-Markovian decohering errors, described in the main text. It is convenient to consider a
system-environment Hamiltonian H (¢)

H—i—Z( ()Ljo + L Bjal(t) >+Z< QN+Q”A”())

where {Bj,x(t),B;f/x/(t’)} = 0p,2:0;50(t —t') and {4, .(t), A; ()} =616, K .(t —t'). Furthermore, we also
assume that the environments corresponding to the operators Bj,(t) and A, .(t) are independent by enforcing

{4; (1), ]T ()} = 0. Since the operators B; ,(t) are delta function correlated, it can easily be verified that



tracing out the environment correspnding to these operators effectively yields a master equation with jump operators
L; . Now, we derive a set of dynamical equations for the correlation matrix

(D)5 = 5T, €§10(0) = 5 Te(e (6, €S (D]0(0)) = Te(e3 () (11p(0)) — 560,300

where ¢ (t) = U(0,t)c2U (t,0), with U(t, s) being the propagator corresponding to H(t) and p(0) is the initial system-
environment state, which we assume to be vacuum for the environment. It is convenient to introduce the two-point
correlation matrix

(A(t, )2 = Te(c2 (£)cf (5)p(0)).

It can be noted that I'(t) = A(t,t) — I, /2 and AT (¢, t) = I, — A(t,1).

Lemma 3. Assuming that the environment is initially in the vacuum state, the correlation matrix I'(t) satisfies,

%F(t) =XI'(t)+T)XT +Y + Z(1),
where
-1 - -
X =—ill - 5(Q+Q),
- 3(@- ).
Z(t) = ;/t <ﬂ (s —t)AT(t,s) + AT (t,s)LT (s —t) — L(t — s)A(s, t) — A(s, t) LT (t — 3)> ds,
0

with Q, f/(T) € C2n*2" being given by,
(Q quzwqazz;and ZKJZ JZIJZy
Jz
Proof: Our starting point are the Heisenberg equations of motion for ¢2(¢),
i 0=z + 3 (20 40050) = 5t 60 3 (5260 - B 60)). )

where A, .(1;t) = U(0,t)A; .(T)U(t,0) and B; .(r;t) = U(0,t)B; .(7)U(t,0). Furthermore, we can also obtain and
integrate the Heisenberg equations of motion for A; .(7;t) and B;; Z( ;t) to obtain

d
dt JZ Tt _qujzy y t_T) g Ajvz(t’t) quzy y and

d
T B, (1) *712l7 VK .(tr—t) = B, .(t;t) = th ,y/ K, .(t— cg( )ds.

Since p(0) is assumed to be in the vacuum state in the environments corresponding to annihilation operators A; . (¢)
and B; ;(t), it then follows that

A, (6 6)p :_7quzyy 0) and Bj.. (t:t)p :—zquwy/K]Zt—scg()(O)d (3)

Now, we can obtain a differential equation for the correlation matrix element (F(t))gf — from its definition, it follows
that



Furthermore, using Eqgs. 2 and 3, we obtain that
d 5
Te( 23 (1) (1)p(0)
T a,fB . a a*
Si(HAG )Y i (qj,z;mTr(ci(t)p(@)A},Z@; ) + 47 Tr(cl () A (1 t>p<o>>)
3,2

i Z ( oL Te(B(Op(0)B] L (1:1) + 127, Tr(e () By o (& t)p<o>)),
ﬂ(ﬁfA(t,t));:‘;ff% > (qzmq;j;tﬂr(c:!<t>c5<t>p<o>)q;%;xq;f;;z/Tr<c5<t>czf<t>p<o>)

7,z @t

D) Z / KJ z\v <laz le z; ’I‘/Tr(c ;(S)Cg(t)ﬁ’(o)) - l;lz leaz ’I‘/Tr( ( )Cg

j,z,af ! t s
- ( — iHA(t,t) — 5(C)A(zt, t) — Q*AT(t,1)) — %/0 (L(t — s)A(s,t) — L*(s — )AT (¢, s))ds> " (4)
A similar manipulation yields that
() ped 0000
~ 1 - ~ 1 t _ B a,B
= (— Nt AT — - (A HQT — AT, 1)QT) — 7/ (A(s,t) LT (t — s) — AT (t,8)LT(s — t))d5> . (5)
2 2 Jo z,y

From Egs. 4 and 5, together with the facts that A(¢,t) = T'(¢) + I, /2, AT(t,t) = —T'(t) + I2, /2, we then obtain the

dynamical equation for I'(¢). O
Suppose that in the absence of any errors and noise, our target is to implement a spatially local Hamiltonian H

and jump operators @; .. In the presence of errors and noise we instead implement a perturbed Hamiltonian H'

described by coefficients hgf’, perturbed jump operators J ., described by coefficients ¢’ jays & well as interaction

with a decohering environment captured by the operators L; , described by coefficients [, which satisfy

) = W] < 6,15 0y = 05yl < 6 and |15, < V5.

Lemma 4. Let a¥%8,a ”” ceCfora,ycZd a,B€{1,2...2D} satisfy a¥

ZQ7

vBLahe = 0ifd(w,y) > Rand bg,, b5, €

Y iys 0.y = 0 if d(z,y) > R. Furthermore, Jag >

C for z,y € 7¢ ,]E{l,2...nL},a€{12 2D}besuchthatb
| < bO vz ' Ys jaa and 36 > 0: |ay5 _a/yﬁ| |b]zy_b/gﬁcvy| < 5Vx,y,j,oz,,8.

'|CL ! |<CLOV$ Y, 7673b0>0 |gxy
Denote by A, A’ € C?*2" the matrices formed by ama,a’zf’i with (x,«) corresponding to the rows and (y,f)

corresponding to the columns, and by B, B’ € C":N*X2" the matrices formed by b iy b’]ar , With (j, z) corresponding
to the rows and (y, «) corresponding to the columns. Then,

|A|l < 2D(2R + 1)%aq, || B|| < v/2DnL (2R + 1)y,
|A— A'| <2D(2R + 1)%6, |B'B — B''B’|| < 4Dnp (2R + 1)2%(2by0 + 6?).

Proof. The proof of this lemma is a repeated application of lemma 1. We note that the matrices A, A" have at most
2D(2R+1)¢ non-zero element in any row or column. The matrices B, B’ have at most nz,(2R +1)¢ non-zero elements
in their columns and at most 2D(2R+1)? non-zero elements in their rows. Thus, from lemma 1, we obtain the bounds

Al < 2D2R + 1)%ag, |A'|| < 2D(2R + 1)%a), | B|| < v/2Dnr (2R + 1)%y, | B'|| < v/2Dnr (2R + 1)%},.

where afy, = ag + 6 and b)) = by + § are upper bounds on the coefficients |a'¥’ ﬁ| and [b'],., | respectively. Since A — A’
also has at most 2D (2R + 1)% non-zero element in any row or column, it immediately follows that

|A — A'|| < 2D(2R + 1)4.



Furthermore, since B — B’ has at most nz (2R + 1)% non-zero elements in its columns and at most 2D(2R + 1)¢
non-zero elements in its rows

|B — B'|| < v/2Dnp(2R +1)%.
We can now estimate |[BfB — B'TB/|:

|B'B ~ BB'|| = |B'(B - B') + (B - BT)B|,
< (IBII+ B )IB — B,
< 4Dnp (2R +1)% (2006 + 62).

Finally, we provide an upper bound on Z(t) defined in lemma 3 — for this, we assume an upper bound on the

kernels are K . (1) = {B, (1), Bj .(0)}. We consider kernels which can also contain delta functions i.e. K; .(7) to be
of the form

M
Kj(r) = K§.(r) + ) _ ki o(7
i=1

where K _(7) is a continous function of 7. Then, we define a kernel K(7) by

M
K(r)= K1) + Z k'6(t — 7;) where K°(7) = sup |k]CZ(T)\ and k' = sup |k;2|

i=1 Iz J:%

The kernel K(7) can be considered as a distributional upper bound on Kj .(7) i.e. for any continuous and compactly

supported function f,
‘ / T)dr| < / K(7)|f(7)|dr.

In the following lemma, under the assumption that K (7) has a bounded integral, we provide an upper bound on Z(t).

Lemma 5. If [, K(7)dr < 1and [If,,] < V6, then || Z(t)|| < 2¢/2Dnr (2R + 1)%5, where Z(t) is defined in lemma 3.

Proof. First, we will establish that ||A(t, s)|| < 1 for any ¢,s. For this, we consider two vectors v,u € C?" and upper
bound [vfA(t, s)u|. From the definition of A(t, s), we have that

[0 A, s)ul = | Z vy Tr[eg (e (5)p(0)]uy | < |Tr(ch(B)eu(s)p0)] < llew@lllea() = lleallleall, — (6)
z,Y a,f=1
where we have defined the operator ¢, = >, Za Lv2c2. Now, to bound ||c,l||, we note that {c,,cl} = ||v||>I, and
therefore
chew = PIPT = cocl < [IPT = leull < [l (7)

Therefore, from Egs. 6 and 7, we obtain that [|[A(t, s)|| = sup, ,ccen [VTA(E, s)ul/||v]||lu]| < 1.

Let us now consider bounding Z(t) defined in lemma 3. We will provide a detailed analysis for an upper bound on
one of the four terms appearing in Z(¢) — the other terms can be bounded similarly. Consider the first term — we
have that

t t
= sup / oI L* (s — t)AT(t, s)uds| = | sup / oI L* (s — t)w(s)ds|,
v,ueC?n 0 v,ueCc?” Jo

ol llull=1 llollsllull=1

/t L*(s —t)AT (L, s)ds
0




where w(s) = AT (¢, s)u. Now, by the definition of K(s), we obtain

t
[N K 0 5t (s

/Ks—t ZZUO‘ lgij,wg,'(s) ds,

i,z | T, o
t
§/ K(S—t)|v\TLm|w(5)|ds,
0

where |v] and |w(s)| are vectors formed by taking the absolute values of v and w(s) respectively, and L, € R>"*?" is
a matrix given by

Z” zx”ljzx/

Now, from lemma 4, it follows that ||L,,|| < v2Dnr (2R + 1)45, and consequently |v|TL,,|w(s)| < v2Dn (2R +
D4S||lv|[|lw(s)|| < v2Dnr (2R +1)48|v]|||lul|, where we have used the previously shown fact of ||[A(t, s)|| < 1. Thus, we
have that

t
<+2Dnp(2R+ 1)d6|\v||Hu||/ K(s—t)ds < \/2Dnp (2R + 1)%6|v]|[|ul],
0

Performing a similar analysis to the remaining three terms in Z(t), we obtain that ||Z(¢)|| < 2v/2Dnz (2R + 1)%5

/t ol L*(t — s)w(s)ds
0

and therefore

t
/ L*(t — s)AT(t, s)ds 2Dnp (2R +1)%.
0

Proof (of proposition 1). In this proof, we will follow the notation introduced in lemma 3 and use unprimed matrices
for the noiseless (target) problem, and primed matrices for the noisy problem. From lemma 4, it follows that

|X - X'|| < ||H - H||+|Q — Q|| <6x :=2D(2R + 1)%6 + 4Dny (2R + 1)>4(26 + 62),
and
[V —Y'|| < ||Q — Q|| <8y :=4Dnp (2R + 1)%4(26 + 62).

In the absence of noise and errors, the correlation matrix I'(t) is governed by the differential equation

t
D)= X4 TXT +Y — T(0) = XT0)X ™ 4 [ Xy,
0

d
dt
Note that we have set Z(t) = 0, since in the noiseless problem there is no decohering environment. In the presence of

noise and errors, we instead obtain that

jtl“ ) =XT' ) +T'OXT +Y' + 2'(t),

from which it follows that
t
I'(t) — D(t) = / eX(t=9) <(X’ — X)) +TOX - X)T+ (Y V) + Z’(s)) eX (=9 (s, (8)
0

We have already established in lemma 5 that ||Z/(t)|| < 0z = 2v/2Dnz(2R + 1)%6. Furthermore, we note that

Xt = [|eX" ]| < [|e™FXD/2|| < 1 (theorem IX.3.1 of Ref. [1]), where we have used the fact that X + XT =< 0.
Consequently, from Eq. 8, we have that

IT'(t) = T(t)|| < t(20x + 0y +dz) < O(6t).



From this bound, we can now conclude a bound on the error in a quadratic observables. Suppose O is a quadratic
observable spemﬁed by the coefficients 0% ﬁ i.e. as per Eq. 1, O is given by

2D
.8 pB
S o).

z,y€zd o,f=1
Let O and O’ be respectively the noisy and noiseless expected values of this observable. Then,
0= 0| =Te(O(t) = T'(1))] < [OllopalIT(t) = T (1),

where O is the matrix of coefficients 02‘;5 with (z,a) corresponding to the row index and (y, ) corresponding to
the column index. Since we have already established |(t) — IV(¢)|| < O(3t), it only remains to prove that ||O]|op.1

is bounded above by a system-size independent constant. Observe that since O only acts on k sites, O has at
most 2kD nonzero eigenvalues, thus ||Ollop1 < 2kD||O]|. Assuming the observable to be normalized such that

|0l <1 = ||O|| <1, we thus obtain that |O — O’| < O(dt).

B. Proof of proposition 2 (Ground states of local Gaussian fermionic models)

In this appendix we will prove the stability of the expectation value of a translationally invariant, k-locally generated
Gaussian observable on the ground state of a quadratic Hamiltonian. We first provide a lemma that uses the translation
invariance of a local observable to provide an error bound.

Lemma 6. Consider a quadratic operator O which is translationally invariant and expressible as

0="3 700,

d
T €LY

where n = L¢ is the number of sites in Zj{, Oq is a quadratic operator with a support on at most k sites and 7, is a
super-operator that translates an operator by x, then for any quadratic operator Ay,

4D%k

’TY(OTAO)‘ < 7||Oo||\|140||op,
Proof. We note that
- 1 - _ 1 . _
Tr(O'4y) = - gZ:d Tr(Oo} (Ao)) = - gZ:d Tr(Opm—2(Ao)).

Define A =n~! Zzezi T_»(Ap). We note that A is translationally invariant on the underlying lattice — consequently,

if F'is the n x n Fourier transform matrix, then Fp = F ® Isp block diagonalizes A ie. FDAF£ will be a block
diagonal matrix with n blocks of size 2D x 2D. Then we use

Tr(OTAO)‘ -

Te(F},0'Fp FhAF,)| < Hvec(F{.,OOFD)H Hvec(F]g/iFD)Hl

where we have applied Holder’s inequality to the norms of the vectorized matrices. Now we bound each of the factors
in the right hand side. Since the operator Og has support only k sites, Og only has 2Dk x 2Dk non-zero elements.
Suppose that IIp, is a diagonal matrix with 1s on the entries that correspond to non-zero elements of Oy — it then
follows that Oy = o, OoHoo. We further note that if f; is the i*" column of Fp then

~ 2Dk
[vec(EbOuF) | = sup Mo, Ouloy 5| < 100l sup [Ty fill Mo, 131 = == 0ol

o0

where we have used that each entry of Fp has magnitude 1/4/n since it is the Fourier transform matrix. Next, since
FIT)AFD is block diagonal with N 2D x 2D blocks, and labelling by A1, A5 ... Ax these blocks, we obtain that

Hvec(FT AFp) H Z [vec(A)||, < QDZ 14,0 = 2D HFT AFp

op,1
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Supplemental Figure 1. (left) Truncated Fourier series approximation sign,,(z) to the sign(z) function, used in the proof of

proposition 2. (right) Truncated Fourier series approximation ¢ (z) to the tanh(8z) function (for 8 = 1), used in the proof of
proposition 3.

where we have used |[vec(M)||; < n||M|lop1 for an n x n matrix'. Finally, since A = ZlEZd T_x(Ao)/N, it follows

that | Alop.1 < [|Aollop,1. Combining the above estimates, the lemma statement follows.

The correlation matrix T' of the ground state of a quadratic Hamiltonian H with matrix of coefficients H (see
Eq. (1)) is given by

I = sign(H),

where sign(z) = z/|x| for # # 0 and 0 for x = 02. The sign function applied on a matrix is to be understood
as an operator function i.e. as a function acting on the eigenvalues of the argument while keeping the eigenvectors
unchanged. Our proof will rely on a Fourier series approximation to the sign function. Within the interval (—m, ),
we will investigate the approximation of sign(z) with sign,,;(z), where

1
n€ hy n = 5_
Zc  where ¢, = 5 [

—T

™

sign,, (z sign(x)e " dz.

To analyze the error between sign,,(z) and sign(z), it is convenient to express sign,,(z) in terms of the Dirichlet
kernel,

s

Dy (z — y)sign(y)dy,

—T

sign,,(x) =
where

1 sin[(M +1/2)z]
sin(z/2)

Dy

2

1
—an _
2 :Z B

Below, we provide two technical lemmas about the sign,;, function — one that quantifies the approximation error
between it and the exact sign function, and the next that quantifies the maximum value of the sign,, function. Both
of these lemmas will be used for the perturbation theory analysis of the free-fermion ground state problem.

Lemma 7. For all n < |z| <7 —nand M > 0,

1

}sign(x) — sign,, (x | < M MU

! To see this, let 0;; = sign(Mj;). Then ||o|lop < nllvec(o)|oo = n,

and |[vec(M)|l1 = Tr(e M) < |lol|op[[M|lop,1 < nl[M]lop,1-

The reader may be familiar with the equivalent formulation in
terms of complex fermions, where the function to be applied to
the Hamiltonian matrix to obtain the correlation matrix of the

ground state is of the Heaviside type, such that it populates
negative energy states and depopulates positive energy states.
The function of the sign function in the language of Majorana
fermions is exactly analogous.



Proof. We first consider z € [n, 7]. We note that
signy(e) = [ Dusla~)dy~ [ Dusla+ )y
0 0
Now, since ["_ Dy (y)dy = 1, we obtain that

/ Dl —y)dy =1 / Das(z + y)dy,
0 0

and thus

|sign,; (z) — sign(z)| = 2 / Dy(z + y)dy‘ .
0

Next, we apply integration by parts to obtain

" B 1 cos((M +1/2)(m+x))  cos((M +1/2)(7 + x))
[ Dt b vin = g v

cos(x/2) sin(z/2)
1 (7 cos((M +1/2)(x +y)) cos((x +y)/2)
2 /0 sin?((z +y)/2) dy> 7

and therefore

y | | 11 [ Jeos((x 4 9)/2)ldy
) ) DM(“?’)@’%QMH)(cos(w/2>|+|sin<x/2>| 5, (@ + )/2) )

2 1 1
< -1
S TeM ) <|cos(x/2)| T sin(z/2)] )
where in the last step we have used the integral

1/“‘“ \cos(y/2)|d B 1 1

2 sn2(y/2) Y T sin(e/2)  cos(z/2)

- 2.

Now, for € (n,7/2), |cos(z/2)| > 1/v/2 and [sin(x/2)| > x/m > n/7. Therefore, we obtain that

[} s o = i (2 )

While this bound is true for x € [, 7/2], we note that both sign,sign,, satisfy f(z) = f(7 — x) for z € [0, 7] and
consequently this bound also holds for « € [7/2, 7 — n]. Finally, since for both sign, sign,,, f(z) = —f(—x), it follows
that this bound holds for [—7 + 7, —n] U [n, ™ — n].

Lemma 8. For all z € [—m, x|, [sign,,(x)] < 5.

Proof. This proof is an adaptation of the standard technique based on Riemann integration that is used to treat Gibbs
phenomena in Fourier analysis. We repurpose that technique to provide error bounds as a function of M instead of
just concentrating on the asymptotic limit M — co. Again, we only consider z € [0, 7/2], and extend the bound on
|signj;(z)] to the remaining interval by symmetry. We divide the interval [0, 7/2] into [0, ag/M] U [ovg/M, 7/2], where
«p is a constant that we pick later.

Consider first = € [ag/M, 7/2]. An application of lemma 7 yields

lsign,, (z)] < 1+ 7r(21\;+1)(\@_ 1+ 7TM>

For large M, this bound scales as ~ 1/ag and thus does not allow us to provide an upper bound on sign,,(x) for
close to 0. For this, we use the representation of sign,,(x) as a Fourier series which approximates a Riemann integral
of sin(t)/t. Consider = € [0,a9/M) and let a = M (a < ap). Note that

. 2 2 . [(ka
sign,,(x) = = Z 7 Sin (M)

ke[1,M]|k is odd
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To bound the term in the summation, we observe that it is an approximation of the Riemann integral of sin(ax)/x
in the interval [0,1]. In particular, since sup,cp |(sinz/z)’'| < 2, Taylor’s theorem yields that

v (ke _/ISinwdx gl Ao
o\ - ST S M
ke[1,M]|k is odd

Finally, we note that

Lsin ax
dr < a < ag.
0

Thus, we obtain that for z € [0, ag/M),

. 4a
[sign,, (z)] < ap + Wo_

Thus, for the entire interval [0, 7/2], we obtain that

, 40 2 M
< — 1+ —(V2-1+ — ).
[sign, (x)] < max(a0+ VLR =TSy (\[ n = ))

Since this holds for any «q, we choose ayg = 1. We then obtain that

4 2
Isign,; (z)| < max(l +—,1+

— 2 (V2—1+4aM))<5for M>1.
M 7r(2M+1)(\[ o ))—5°r =

Proof (of proposition 2). The expectation value of the observable O in the ground state of the Hamiltonian H is given
by

Oy = Tr(é sign(ﬁ)), (OYpr = TI(O sign(ﬁ’)).

Without loss of generality, we will assume that H, H' are normalized so that | H]|, ||H'| < 5. This way all the
eigenfrequencies lie in the interval [-7, 7]. Lemma 1 guarantees that this can be done with a constant normalization

factor, i.e. one that does not depend on the system size, and does not change the ground state (note however that §
and fj, would have to be rescaled accordingly). Now, from lemma 6, it follows that

4D%*k

- 100 |llIsign(H) — sign(H")|lop,1-

(O)u = (O)ur| <

Furthermore,

Isign(H) — sign(H')[lop,1 <
Isign(H) — signy; (H)llop,1 + [lsign(H") — signa; (H")[lop1 + [lsigna, (H) — signp (H)lop.1-

We bound each term on the right hand side separately. Consider ||sign(H) — sign;(H)|op1 — denoting by A; the
eigenvalues of H and for any n > 0, we can express it as

Isign(A) — signys (M)lops = 3 Isign(h) —signy ()l + S [sign(s) — signy ()]
iAi€l—n,m] i|Xi¢[—n,m]
The motivation behind splitting the error into these two terms is that, within the interval [-7, 7], the approximation

of sign(A) by sign g (M) is only good outside the neighbourhood of 0 (see Fig. 1) — consequently, we treat the

eigenvalues of H which lie within n radius of 0 separately from the rest. It now follows that from assumption 7?7 and
lemma 8 that

> Isign(;) — signy ()] < 6nf(n) + 65(n,n).
i\ X €[—m,m)
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Furthermore, from lemma 7,

3 Isign(h) — signy (A < % <1 + 717>

i g[—n,m]
Therefore, we obtain that
1,. = . ~ k(n,n) 1 1
— H) - H)|lop1 <6 6———+—(1+—]).
~ ign( ) — signsg ()l < 6730n) + 652 4 (14 1)

We can similarly analyze ||sign(H’) — sign(H’)||lop.1. Denote by X, the eigenvalues of H' — it follows from Weyl’s
theorem and lemma 4 that [A\; — \}| < |[|[H — H'||op < cod where ¢ = 2D(2R + 1)¢. Consequently, for sufficiently
small, but ©(1), J, we obtain that

> [sign(X]) — signy (A)] < 6nfu(n + cod) + 6k(n + cod, n),
i\ €[=n.m]

and

. , . , n 1
5 ) —s N< —(1+—-).
E |sign(A;) — signy, (A;)] < M< + 77)

A [=m.m]

Therefore,
]- . ry/ . ry/
—lsign(H") — signps (H')|lop,1 < 6/n(n + cod) +6

(14 =
n JrMJr

k(1 + cod, ) 1< 1>.
n

Finally, we consider |sign,,(H) — sign, (H')|lop1 < n|signy, (H) — sign,, (H')||. Now, denoting by {cm,}mez the
Fourier series components of sign function, then

M M

Isignay (H) = signa (H)[ <7 Jemllle™ =™ < S~ meyl|H - H'|.
m=—M m=—M

Using the explicit expression for ¢,,, we can immediately conclude that |me,,| = 2/7 when m is odd, and 0 when m
is even. Therefore, we obtain that

. . 2(M +1 ~ 2(M +1
Isigngs (1) — signy (7)) < 285 gy < 2ALED
Combining all of these estimates, we obtain that
1. . - . . 2(M +1 2 1 Kk(n,n k(N + cod, n
() sign( ) ans < 20 a2 (14 1) 000 + Sl + o) + 6 T 4 EIER ),

with ¢, ¢ constants. Since this is valid for any 1 and M, choosing M = §~1/2 and = §'/*, we obtain the proposition.

C. Proof of proposition 3 (Gibbs state of Gaussian fermion models)

The correlation matrix of a thermal state of a quadratic Hamiltonian can be written in terms of the coefficient
matrix H of the latter as I' = tanh(SH). Note that the  — oo limit yields the sign function, which was used in
the previous appendix to compute the ground state correlation matrix. Indeed, the reasoning here will be similar to
that of appendix II B, replacing the sign function with the hyperbolic tangent. The next couple of lemmas discuss
the Fourier series approximation of tanh Sz, defined as

us

M
tu(z) = E cpe'™, where ¢, = %/ tanh Bze™ " du.
n=—M

—T
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Lemma 9. For M > 1, and z € [-F, %],

[tar(z) — tanh S| < %,

where ¢(3) = 127232 + 27232 + (2 + %2) B+ (% + %2) = 0(8%).
Proof. We fix the value of § and let ¢(z) be the 2w-periodic extension of tanh Sz i.e.
t(z) = tanh f(x — 2nm7), x —2nw € [-m, 7], né€Z. (9)

We use this 2m-periodic extension of tanh Sz since it will allow us to represent and approximate tanh Sz as a truncated
fourier series, which would then allow us to use the results from stability of dynamics in understanding stability of
Gibb’s state. Once again, it will be convenient to represent tjs(z) in terms of the Dirichlet kernel Djy;. We note,

™ T T

tu(z) = [ Du(x—ytly)dy= | Duytlx—y)dy= | Du(y)t(z+y)dy,

—T —T —T

where in the last step we have used the fact that Dy, is an even function (i.e. Dys(y) = Dps(—y)). Therefore, using
that the Dirichlet kernel is normalized, we write

ta) ~tara) = 5 [ Das() (2t(a) — tla =) = tlo + ) dy = [ Das) )

where in the last step we have defined f,(y) = 2t(z) — t(x — y) — t(z + y). In the integration interval [0, 7], f.(y)
is piecewise smooth with a single jump discontinuity at y = m — x. We thus split the integral into the two intervals
[0, — 2] and [r — z, 7] and apply integration by parts in each of them. For the first one,

S RS T

)
(2M +1 sin” &

Cteos((M+Y)y) L]

/0 Du(y) fo(y)dy = p oM +1 sin ¥
2 y=0

where g, (y) = 2sin § f; (y) —cos 4 f.(y). To bound this expression, we will use the following properties of the functions
f2(¥), g2(y) on the interval [0, 7 — ], where they are smooth:

F2(0) = £(0) = 0, | fa(u)] < 4, £ (w)] < 26,1 £ (w)] < 487,11 (w)] <1257,
9:(0) = 92(0) = 0, |97 (y)| < 245° +45* +  + 1.
These bounds follow from direct computation, and in the case of g, (y) they are easiest to see when expressed in terms
of f.(y). They imply (via Taylor’s theorem with second order remainder) that

2
92 (y)| < (24[33 +48% + B+ 1)%

which together with sinQ(y) > % will allow us to bound the integral. Putting it all together, we have

44/2 2
PSRRI ESIR

2433 + 4%+ B+ 1)

™=
[ putnin <
0
Now we proceed on to the second interval y € [r — 2, w| and similarly integrate by parts,

1 g cos (M + 1) y)
M+ \)w /,w =(¥) Sin2% dy-

~ teos((M+ Yy |

D (y) fu(y)dy = .
/ﬂfI ™ 2M +1 sin &

+

Now the bound on g, (y) from Taylor’s theorem no longer holds, due to the discontinuity, but since y = 0 is not in
the integration interval, we can just use the constant bound |g(z)| < 48 + 4 to obtain

| outni| < i+ it

B+1),

and putting everything together the lemma follows.
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Lemma 10. If {c, }nez are the Fourier series coefficients of tanh Sz in the interval [—m, 7], then for M > 1

M
Z [ne,| <2M(8+1).
n=—M
Proof. This follows by a straightforward manipulation of ¢, — note that ¢y = 0, and for n # 0, we obtain from

integration by parts that

4 , 1 /2 , B [T eTin®
_ h —inT _ = h —inm o~ )
Cn o ) tanh fx e dx o (n tanh S e + in ) 7cosh25x dac)

Consequently,

o < 1 (24 202) < 221

~ 2r\n n n
From this bound, the lemma follows.

Proof (of proposition 3). We bound the error between (O) i g and (O) g+ 3 using the same procedure as for the ground
state (see appendix II B) — the proof simplifies significantly because tanh Sz does not have a discontinuity near x = 0
(unlike the sign function). From lemma 6 it follows that

4D%k
n

{O)rp = (O)m ] < 100]|[[tanh SH — tanh SH||op,1-

We again split
[tanh BH — tanh SH'||op1 <
[tanh BH — tar (H)lop,1 + [tanh SBH' — tar(H)|lop,1 + [[tar(H') = tar(H)llop,1

We will assume once again that |[H||, [|[H'|| < 7, so that from lemma 9, it follows that

nq(B)

[tanh BH — tar(H)||op.1, [[tanh BH' — t (H')|Jop1 < Y

and
M ~ ~
las () = tar (H')lopa < nlltar(H) = tar(H)llop <1 Y lemllle™ T — ™.
m=—M
Furthermore, from lemmas 1, 2 and 4 we have ||eimH — gimH’ lop < mcod, where ¢ = 2D(2R+1)?. Thus, from lemma
10, it follows that
tr () = tar(H)|lop,1 < 2nM (B + 1)cod.

Thus, we obtain that for any M > 1,

{O) i, — (O)mr 5| < 4D?K||Oo|lop (2%\(46) +2(8+ 1)coM6).

choosing M = +/q(8)/co(8 + 1)0, we obtain the result.

D. Proof of proposition 4 (Fixed points of Gaussian fermiion models)

We will now consider translationally invariant local observables in the fixed point. Recall from section IT A, lemma
3 that the dynamics of the correlation matrix I'(¢) under evolution by a Gaussian master equation is governed by

%r(t) = XT(t)+T(t)XT +Y,
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where X, Y are defined in lemma 3. Assuming X to be invertible, this differential equation has a unique fixed point
which can be expressed as

Fm:/ eXtYeXTtdt.
0

We also note from lemma 3 is X + X7 is a negative definite matrix if X is invertible, and its eigenvalues can be
interpreted as a measure of the decay rates of the eigenmodes of the open system. We now restate assumption 2 in
terms of the eigenvalues of X 4+ XT.

Assumption 2 (repeated) The matrix X + X7T has no zero eigenvalues. Furthermore, if its eigenvalues are —\;, for
i€{1,2...2n} where 0 < A\; < A2...Ap, then the number of eigenvalues in the interval (0, 7], n(n) satisfies

n(n) < nfe(n) + w(n,n),
where fy is a function such that fy(n) < O(n®) for some « > 0 and k(n,n) = o(n) for any fixed 7.

This assumption is expected to be satisfied for translationally invariant systems, as well as rapidly mixing systems
where typically there would be a gap in the Lindbladian spectrum. However, it additionally includes systems where
the minimum eigenvalue could have a real part that scales as 1/n, and thus would generically need ©(n) time to reach
their fixed points.

Similar to the stability result for ground states, the observables we will consider will be translationally invariant
local observables - let Og be a k-local observable , then we consider observables O which can be expressed as
0 = ZzeZ‘i T+(Oo)/n. We will denote by O and O’ the expectation value of the observable O in the unperturbed

and perturbed fixed point i.e. O = Tr(Ol's,) and O’ = Tr(OI'.,).

Proof (of proposition 4). We start by using lemma 6 to obtain

4D?%k
n

|(9 - O/| < ||OO||0p||Fw - Féo”op,l' (10)

Furthermore,

oo o0
I = / X1y eX tdt and r, = / X'ty eX gy
0 0

For any tg > 0, it follows that
¢
/ 0 <eXtYeXTt _ eX’ty/eX/Tt>dt
0

Furthermore, we note that

1
4+ =

IToe = Thllop < = -

1 * i xT
/ eXtyeX tdt

to

o ’ /T
/ €X ty/eX tdt

to

1
4

op,1 op,1 op,1

(11)

/OO eXt(Y)eXTtdt = Xto X o,

to

Let us now estimate HeXtOFDOeXTt“ llop,1. Note that since ' is a covariance matrix, it is positive semi-definite and
satifies [|[Toollop < 1. Let T'oo = D, 0a |Va) (Va| where 0 < 0, < 1, then

eXtOPOOGXTtO _ Zaaexm v ) (va eXTto,

[e3

from which it follows that

ITool[op,1 < Zga”eXtO |Ua>||2a
«
<3 wal XXt 0,
«

< Tr(eX oeXto) = [|eXt0|2,,

< [leXHX /22
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Note that the first step follows from the variational definition of the Schatten-1 norm i.e. for any rank 1 decomposition
of a matrix A =3 ca|va) (ua| where ||vg ||, ||ua| =1, then ||Alop1 < >°,, |cal- The last step follows from theorem

IX.3.1 of Ref. [1]. Next, ||e(X+XT)t°/2||Op,2 can be written explicitly in terms of the eigenvalues of X + XT
2n
||€(X+XT)tO/2||C2)p’2 — Zef)\ito — Z 67Ait0 4 Z 672)\#0 S 7740(77) 4 2n€77]t0 + 0(’)1)
i=1 i| XA €(0,n)] i|Ai €(n,00)

Choosing 1) = t; 7 for any 8 € (0,1), we obtain that ||6(X+XT)t°/2||op, 2 < n(fo(ty™P) + Qe’tg) + o(n), which yields
that

1 i —
— / Xty eX gy < fe(tg S 2e710 + o(1). (12)
n to op,1
Following a similar procedure, we obtain that
1 R / —
- / Xty X gy < Fultg P + cod) + e + o(1), (13)
n to op,1

where ¢y = 4D(2R + 1)% + 8Dn (2R + 1)24(2 + §) < O(1) is a constant that is independent of n, but dependent on
R,D,d,nz. In arriving at this result, we just need to account for the fact that the eigenvalue \; of X’ + X'T could
differ by at-most 2||X — X'||op (which, from lemma 4, is < c¢d) from the corresponding eigenvalue \; of X + X7,
and consequently the number of eigenvalues of X’ + X’T in the interval (0,7] is upper bounded by the number of
eigenvalues of X + X7 in the interval (0, n+cod]. In particular, this implies that Ez’l)\;e(o,n} e~ Nito < Zil)\ie(o,?ﬂrcoiﬂ 1<
nfe(n+ cod) + o(n).

Let us now estimate the remaining term in ||I'ss — ', |lop,1 — We bound the Schatten 1 norm by the operator (or
Schatten co norm) in the trivial way

to T ’ 1T
/ <€XtY€X t €X tyleX t>dt
0

to

1

n

T ’ 1T
S 2D eXtYeX t —€X tyleX t

op,1 0

dt. (14)

op

Now, we can bound the error ||eXtYeXTt — eX/tY’eX/TtHOp using standard perturbation theory. We begin by noting
from lemma 4 that || X — X' ||op, [|[Y — Y |lop < O(9) and ||Yop, [|¥Y']lop < O(1) . Furthermore, from theorem IX.3.1

of Ref. [1] and the fact that X + XT, X’ + X'" are negative-definite, [|eX||op < [ TX]|op < 1 and [eX!]op <
He(Xl‘*‘X/T)tHOp < 1. Now, we note that
HeXtYeXTt N eX'tyleX/Tt”Op < ”eXt(Y _ Y/)eXTt”op + HeXty/eXTt o eX'ty/eX/Tt”Op.
We can bound both of these terms separately. For the first term, we obtain that
T T
X (Y =YX Hlop < e opllY =Y lloplle™ *llop < ¥ =Y [lop < O(5).
For the second term, we obtain that

”eXtyleXTt N €X/tY/6X,Tt||Op

t t
< / 6X(tfs) (X . Xl)eXlsyleX'TseXT(tfs) ds + / eX(tfs)eX’syleX'Ts(X - X/)TeXT(tfs) dS,
0 op 0 op
t
< 2/ X2l 121X = X lop 1Y llopds < O(81).
0
Thus, from Eq. 14, we obtain that
1 to X XT X/ X/T 2
= / (e tye* t —ertY'e t) dt < O(tg9) (15)
nlJo op,1

Using the estimates in Eq. 10, 11, 12, 13 and 15, we have that for any 5 € (0, 1).

10— O'| < O(6t2) + folty 7*7) + folty 7 + cod) + O(e710) + o(1).

Clearly, any choice of tg = 6~%, where @ < 1/2 yields an upper bound on |O — (| that is uniform in n and goes to 0
as & — 0. A concrete choice could be tq = §~1/4, and choosing 8 ~ 0, which yields |0 — O'| < O(§'/2)+0(p(5'/4)).
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Supplemental note III: Stability of spin models
A. Proof of proposition 1 (Dynamics of locally interacting spin systems)
In this section, we will consider the target problem to be a spatially local Lindbladian

L= L,

where || L4 |lo < 1, and the support of £, denoted by A, satisfies diam(A,) < R V. In the presence of coherent errors
and incoherent noise, the quantum simulator instead implements a Lindbladian

‘(t) =Y L,(t), where LI,(t) = L1, —thSEa -] with hgp, o (¢ Z LioAl () + LT JAja(t).  (16)

Here £/, is the Linbladian implemented on qubits in A, due to coherent errors, and we assume that ||L, — L, | <
d. The Hamiltonian hgg o (t) captures interaction of the qubits contained in A, with an external decohering non-
Markovian environment — the operators A, ,(t) are assumed to be bosonic annihilation operators which satisfy

[Aj,a(t),A;[.,,a, (t)] = 6;,j/00,0' K o (t) for a memory kernel K ,(t) and the operators L, , are system operators with

support in A, which also satisfy ||L; | < v/¢. Similar to the noise model assumed for Gaussian fermion models, we
assume that K o(7) can have delta function contributions i.e.

M
Kjalr) = K o(8) + ) K
i=1

where K¢ (7) is a continuous function of 7 and k! , are the amplitudes of the §—function contributions. We also
assume that

M
/R|Kj7a(r)|drg/R\K;7Q(T)\d7'+2|k§7a| <1 (17)
=1

This bound can be interpreted in a distributional sense by viewing K;, as a map that takes a continuous compact
function f and maps it to a complex number given by the integral fR K, o(1)f(1)dr. Equation 17 is then equivalent
to requiring

jal(T)f(T)dr) < sup |f(r)| for all continuous compact functions f. (18)

TE[T1,72]

The main tool that we will use to prove the stability of local observables are the Lieb-Robinson bounds for spatially
local Lindbladians.

Lemma 11 (Lieb-Robinson bounds, Ref. [2, 3]). Suppose £ = > L, is a spatially local Lindbladian defined on a
lattice Z¢ such that ||L4|lc <1 and L, is supported on sites in A, with diam(A,) < R. Suppose O is an observable
supported in Sp C Z‘é, and Ky is a super-operator satisfying Ky (I) = 0 supported in Y C Z%, then Ju,v > 0,
independent of the system size n = L%, such that

Ky (5" (0)) | < Oy oo—so0,e5 min (| X [e#SM) (et —1),1).

We also provide another lemma which can be interpreted as a generalization of the input-output equations used in
the theory of open quantum systems.

Lemma 12. Suppose E'(t,t') = T exp( ft, (s)ds) is the channel generated by the Lindbladian £/(s) in Eq. 16. Then,

Aja(®)E'(t,0)(-) = E'(,0)(A;a(t)(-)) *i/o Kja(t =)' (t,) (Lol (t',0)()])dt’.

Proof. We will begin by defining, for £ > 0 and n > m, D.[n,m| as

Dlln,m] = ﬁ (id+ /k (kH)Eﬁ’(s)ds),

k=n—1 €
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s [ []

It is also convenient to define the superoperator Aj;.(7) as the superoperator that left multiplies by A;.(7)
ie. Ajo(7)(X) = Aj (1) X. Now, from the explicit expression for £'(s), we can verify that for any operator X

[Aja(7), £ ()](X) = Aja(T) L' (5)(X) = L(5)(4).a(7)X),

and noting that

=i( = Aj.a(7)lhsgals), X] + [hsg,a(s), Aja(T)X]),
= i(—[4;,a(7), hsp,a(s)| X
:_in,a( - )LJ,aX7 (20)

where we have used the fact that [A; o (7), hsg,a(5)] = [4;,a(T), A;a(s)Lj,a] = [4ja(7), A;a(s)]Lj_’a =Kjo(t—5)Lj .
Next, note that

n—1
Aj o(T)DL[n,0] = DLn,0]A; o(T) + Z D.ln,k+ 1][A; o, DLk + 1, k]| DL[k, 0], ,
k=0

where we set DL[k, k] = id. Using Eqgs. 19 and 20, we obtain that
(k+1)e
A; o(T)DL[n, 0] = D.[n,0]A - ZZD’ n,k+1 ( / KjaolT — S)Ljyads> D[k, 0].

Taking the limit of &€ — 0 in this equation while setting n = [¢/¢], we obtain the lemma.

An immediate useful consequence of lemma 12 is the following lemma.

Lemma 13. Suppose &'(t,s) = T exp f L'(7)d7) is the channel generated by the Lindbladian £'(¢) in Eq. 16, and let
p(0) be an initial state which is vacuum in the decohering environment, then

ITre(Aja(®)E(,0)(p(0)llop1 < 2V,
where Trg is a partial trace over the decohering environment.

Proof. This lemma can be proved by using lemma 12. Since p(0) is in the vacuum state in the environment, from
lemma 12 it follows that

Aja(H)E'(t,0)( = —@/ ot —t)E (1) ([Lja, €'(t,0)(p(0))])dt’, (21)

where we have used that A; ,(s)p(0) = 0. Using Eqgs. 18 and 21 and the fact that quantum channels are contraction
with respect to the one norm, we then obtain that

1450 ()€ (5,0)(p(0)) [ g1 < Sup 1€ (s, ") (Lja€(5,0)(p(0)))llop 1 d5" < | Ljall < V6. (22)

Noting that Trg is again a contraction with respect to the one norm, we obtain the lemma statement.

Lemma 14. For any t > 0 and s € [0,¢], initial state p(0) which is vacuum in the decohering environment and local
operator O supported in Sp,

Tr (Oe‘“‘s) (Lo — Ea)g’(s,O)(p(O))> ’ < 3|So|]|O]| min ((e¥t — 1)e~#d(S0-Ae) 1) and

Tr (Oeﬁ(t_s) ([hSE’a(s), &' (s, 0)(p(0))])> ‘ < 4nr6|Sell|O|| min ((e”t — l)e_“d(SO’Aa), 1).
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Proof. The first bound follows directly from the Lieb-Robinson’s bound from lemma 11. Note that the super-operator
(Lo — L'4)1 has I in its null space, and |[(Lo — £'0) ||oomsoo.cb = [[La — Lallo < 6. Therefore, it follows from that

(0L, ~ £2)E/(5,0)(6(0) ) \ =1 (2t = £ O)E . 0)p(0))) ' |

< (L = La) (2 2 (0))],
< 815010 min(e~#dSo A (vt — 1) 1),

where we have used lemma 11 in the last step.
Next, we provide a similar upper bound on Tr(Oe“*=%)([hgg.a, & (s,0)(p(0))])). Using the explicit expression for
hsg,(t), we obtain that

Tr(0e“ =) ([hsp.a, £ (s, 0)( ) Z(Trs (Oe“=9([LT | Trg(A;, ()5'(5,0)(p(o))]))_h.c.) :

<QZ

Teg (020 (L] o, Tris(4;.a(5)€ (5,0)(p(0))])))

([ =)(0), L} ) Tr i (Aj,0(5)E (5,0) (p(0))) |
j=1
<23 e (0), L] I [ Trm (4 ()8 (5. 0) (o)) (23)

where Trg is the partial trace over the decohering environment, and by Trg is the partial trace over the system. Now,
if the initial state p(0) is vacuum in the environment then from lemma 12 we obtain

(A€ (.0 (O], (1)

(Trs (02U (L Tre (A (5)€/(5,0)(p(O)])] < e ¢=2(0), L]

We note that since the super operator [~7Lj-7a] is supported only on A, and satisfies [LL;,@] = 0 together with
II - ,L}’Q]HOC_)(XWI7 <2||Ljol < 2v/6. Therefore, from the Lieb-Robinson bound in lemma 11, we obtain the bound

110, L ]Il < 2V3]So| O] min (=450 (e — 1), 1), (25)

From Eqgs. 23, 24, 25 and lemma 13, we then obtain
RO (s, (5), €' (5, 0)(p(0)))])| < 4n161So] O] min (¢~ #4504 (et — 1), 1),

Proof (of proposition 5). Suppose O = Tr[Oe“t(p(0))] and O' = Tr[O&'(t,0)(p(0))] are the observable expectation
values in the noiseless and noisy settings respectively. We can express the error in the observable as

0" — 0] = [THO(E(£,0)(p(0) — ¢ (p(0)))]] < /
<S(/

(0602, = £,)€(5,0)0(0)))
Using lemma 14, we obtain that

ds,

Tr (Oea(t—s>(y(5) — L)' (s, O)(p(O)))

t
ds+/
0

|0 = O'| < 6t|Sol|O|(1 + 4nL) Y max(eHedSo A (et — 1) 1) < O(5tHH).

n(oew—swhsm(s),s'<s,o><p<o>>1)

is).
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B. Proof of proposition 6 (Ground states of gapped local Hamiltonians)

We will apply the formalism developed in Ref. [4] for spectral flows for families of gapped Hamiltonians. We are
interested in a target spatially local Hamiltonian H, expressed as

H=> hy,
el

where h, acts only on spins with a distance R of « € £, and ||h;|| < 1. The implemented Hamiltonian H' is assumed
to have a similar form,

H = Z (ha + va),
zel

where ||v;]| < 6 for all x € £ We assume that H is stably gapped with gap A ie. any H’ of the above form has
an energy gap between the ground state and the first excited state that is larger than A. We consider the family of
Hamiltonians, Hy, for s € [0, 1], defined by

H,=H+s(H Zh + svg,
zel

and note that the assumption of being stably gapped is equivalent to H; being gapped, with the gap being larger
than A, for all s € [0,1]. Now, the spectral flow method allows us to construct a unitary U(s) that relates the ground
state |Gs—o) of Hs—o = H to the ground state |G) of Hy as provided in the following lemma.

Lemma 15 (From Ref. [4]). Consider the unitary U(s) obtained from

d

—-U(s) = iD(s)U(s) where D(s / Wa(t)e s (H' — H)e'H=dt

where Wa € L'(R) is a real valued odd function which satisfies

(a) [Wal(t)| is bounded and satisfies

1
[Walloo = sup [Wa ()] = 5. (26)
teR

(b) For ¢ > 0, the function Ia(t) = [, |[Wa(s)|ds satisfies
IA(t) < G(AD), (27)

where G(z) falls off faster than any polynomial as z — oco.

Then, |Gs) = U(s) |Gs=o), where |G,) is the ground state of H(s).

Proof (of proposition 6). Using this result, we can straightforwardly show the stability of the quantum simulation
task of computing a local observable in the ground state of H. To see this, we note that

(Gol O1Ga) — (G| 1G] = \<GO| (o - U*<s>0U<s>> Go)

< 0~ Ul(s)0U(s)] < / 10, D(s )l ds.

It then remains to bound ||[O, D(s')]|| — we can do this by following lemma 4.7 in Ref. [4], and we reproduce this
below — we start by noting that

[0, D(s' |<Z

zel

/ Wa(t vxe”Hs]dtH .

For each term in this summation, we further split the integral and bound it as

H/ Wa(1)[O, ey, e 1H: ]dtH

WA(t)[anitHSUm o *|dt|| + WA(t)[O,e“H-*Uw —itH, “)dt| .

[t|<T

[t|>Tx
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For the first term, which only concerns with |¢t| < T, we use the Lieb-Robinson bound (lemma 11) and Eq. 26 to
obtain

—pd(50.50,) T

T
_ v e
< [IO[lllvzll[Sole "d(SO’S”m)/O (" = 1)dt < [|O]l[|vallSol

/ Wa(1)[O, e v, e~ Hsdt
[t|<T%

For the second term for [t| > T, we use Eq. 27 together with the fact that Wa is an odd function and the simple
bound |[|[O, e!Hsv, e~ ]| < 2||O||||v.| to obtain that

Note that T, can be arbitrary in the above two estimates — choosing T, = ud(So, Sy, )/2v, we obtain that

/ WA (£)[0, e e~ itHe]dt || < 2|0 o / Wa()] < 4]0]lv. | G(AT,),
[t|>T [t|>T%

H / WA (£)[0, ey, e=itHedt

S, A
‘ < [|O]l||va |l |:qj)|eltd(5'0,5um)/2 + QG(Uﬂd(SO,S%))],
and therefore, for all s’ € [0, s], we obtain the bound

S A
llo, DIl < 018> {'ﬂe—ﬂdwo’%v? +2G<U”d(so,svz)>]

zel

Noting that the summand in the above expression decreases faster than any polynomial in d(Sp, S,,), we see that it
will be upper bounded by a constant independent of the size of the lattice £, thus independent of n. This proves the
proposition. O

C. Proof of proposition 7 (Gibbs state with exponential clustering of correlations)

We begin by presenting a proof of a standard bound on the perturbation of Gibbs states of a Hamiltonian. This
follows from [5], and we state it here for the convenience of the reader.

Lemma 16. [Follows from Ref. [5]] Given bounded Hermitian operators H and V', and any bounded Hermitian operator

(observable) O,
Oc—BH Oe—BH+V)
’a(w) (% )| < HoIVI= e ATV,

Proof. This is a straightforward application of the result in appendix C of Ref. [5], in which they show that

e PH e‘ﬁH/
(e oo ) < e(=81V1),

where F(p1, p2) = ||\/P1y/P2lop,1 is the fidelity between p; and ps. Note also that ||p1 — p2llop, 1 < 24/1 — F(p1, p2),
and therefore

(%) (G )| =10

We next need the notion of exponentially-clustered correlations in a Gibbs state — which we reproduce below from
Ref. [6]. We will consider Hamiltonians on £ C Z¢ expressed as

H=Yh,

zel

e PH e~ PH
- _ < 2v/1 — e BIIVI
Tr(e=AH)  Tr(e=BH") -
op,

where h, acts only on spins within a distance R of z € £ and ||h,|| < 1. We will denote by supp(h,) C £ the support
of h;. Given X C £, we denote by Hx the operator

Hy= > ha,
z|supp(ha)CX

i.e. Hx is the Hamiltonian H obtained on restricting H to the set X.
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Definition 1. A local Hamiltonian H is said to have exponential clustering of correlations at inverse temperature 3 if
Je, co > 0 such that for all X C £ and operators A, B with supp(A),supp(B) C X with d(supp(A),supp(B)) > I,

T ((A® B)ox(8)) — Te(Aox (8)) Te(Box (8))| < ezl Al Blle™",

where ox () = e #Hx /Tr[e=#Hx] is the Gibbs state corresponding to Hx at inverse temperature 3.

An important property of Hamiltonians with exponential clustering of correlations, which relies on quantum belief
propagation [7] and is proved in Ref. [6], is that local observables can be estimated locally.

Lemma 17 (From Ref. [6]). Suppose H is a local Hamiltonian on a finite lattice £ C Z¢ with exponential clustering
of correlations at inverse temperature 5. If £ = AU B UC such that dist(A,C) > I, then 3¢}, ¢, such that

ITrs.c(0e(8)) = Tra(o.as(B))],, < 10C|che™,

where ox () is the Gibbs state corresponding to Hx and JC is the boundary between B, C.

Proof (of proposition 7). We assume that both H and H’ have exponential clustering of correlations and satisfy
lemma 17. Suppose O is a local observable with support So and consider B to be a region around Sp and C be the
remainder of the lattice. We also assume that d(C, So) > [, for some [ to be chosen later. We denote by o;(3) and
01(B) the Gibbs state, at inverse temperature /3, corresponding to Hs,us and Hg, gz respectively, and by o(j3),0'(5)
the Gibbs state corresponding to H and H’. Now, from lemma 17 it follows that

[Tx(O0(8)) — Tr(Oau(B))], [ Tr(O0’ (8)) = Tr(Oa}(B8))] < [O]|d(2l + Ro)*~" che 1",

where Rp = diam(Sp) and we have used that |0C| < d x diam(So U B)4~! < d(2] + Rp)?!. Furthermore, lemma 16
can be used to bound |Tr(Ooy(8)) — Tr(Oay(8))|. We note that |Hs,us — Hi, gl < 6(21 + Ro)? Therefore,

Tx(Oou(B)) — Tr(Ooy(B))] < 2IIOH\/1 —exp(—flHsous — Hg,upll) < 2IIOII\/l — exp(—B(2l + Ro)?9).

Thus, from the triangle inequality we obtain the bound that

[TH00(8)) ~ TH(O0'(3)] < 1O [d(2-+ Ro)* e+ 2/1 —exp(—5(21+ Rois).

For 8 = ©(1), choosing 2l + Rp = ¢, ' log(1/6), we obtain that
I Tr(Oo(8)) = Tr(00’ (8))] < [|0]|O(510g"(1/5)),

which proves the proposition. O

D. Fixed point of rapidly mixing Lindbladians

In this section, we consider spatially local Lindbladians which are also rapidly mixing as defined in Ref. [8]. We
establish that local observables measured in the fixed point are robust to both coherent and incoherent errors. We
point out that Ref. [8] already proved this statement if the incoherent errors are considered to be Markovian — we
show that this stability of local observables is retained in the more general setting of incoherent non-Markovian errors.
We first reproduce the definition of rapidly mixing Lindbladians from Ref. [§].

Assumption 1. Suppose L = ) L, is a spatially local Lindbladian on Z% where L, are supported in S,, and
let Ly, =3, s.ca, La be the Lindbladian obtained from £ by only retaining £, which are supported entirely in
sublattice A; = Z¢. Then, for any choice of A;, £, has a unique fixed point o, and

€47 () — oa, Te()lo < w(1)e ™,

where 7 > 0 is some constant and (1) < O(poly(1)).

An important consequence of this assumption, established in Ref. [8], is the local rapid mixing property which we
state below.
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Lemma 18 (Ref. [8]). Suppose £ = ) L, is a spatially local Lindbladian which satisfies assumption 1 and O is a
local observable with support Sp. Then,

1e£7(0) = I Tx(00)|| < Ollk(ISol)e ™",

for some k(1) < O(poly(l)).

Proof (of proposition 8) We will show that for any time ¢ > 0, the observable obtained by the noisy quantum simulator
is close to the true observable if assumption 1 is satisfied. Denoting by O the true observable, and by O’ the observable
in the presence of errors and noise, we start with

00|

)

/ot T (0)(L'(5) ~ D€ (5.0)0(0)) )
< Za: /O t
< za: /0 t

< Z (ea,<(ta7t) + ea,>(ta7t))' (28a)

ds,

n(eﬁ*(t-sxoma(s)(s’(s,o><p<o>>>)

ds,

T <e'~'*s<o>ca<t CE s o><p(o>>>)

where t, remains to be chosen and

min(¢,ta) ;
€a,<(ta,t) = /0 Tr(eL S(O)LL(t—s)(E'(t — s, 0)(p(0)))) ds| and (28Db)
ottt =| [ )T‘r(e‘“(om;(t =€ 5.06(0) ) (25¢)

We now separately upper bound both e (t,,t) and es (ts,t). We can use lemma 14 to obtain
o< (tast) < 0ta|Sol||Ol(1 + 4ny) min(e~rdS0-Ra) (gvta _ 1) 1), (29)

Next, consider e, s (ta,t) — for t, < ¢, it trivially follows that eq s (ta,t) = 0. For t, > ¢, we use lemma 18 —
we begin by expressing e£'$(0) = Tr(c0)I + (¢£'5(0) — Tr(¢O)I). From this decomposition and the definition of
€a,>(ta,t), we obtain that

s (tar 1) = ‘ /n :n(ma) Tr(O0) T (c;(t —9(Et s, 0)(p(0)))>d8+

9

/ Tr((eETS(O) —Tr(Oo)I) L, (t —s)(E'(t — s, O)(p(O)))) ds

min(t,ta)

; (30)

/ Tr((eﬁs(O) —Tr(Oo)I)LL(t—5)(E'(t - s,O)(p(O))))ds

min(t,tq)

where we have used the fact that since £/ (t — s) is a valid Lindbladian, it maps any operator to a traceless operator
— in particular, Tr(L,(t — s)(E'(t — s,0)(p(0)))) = 0. Next, we note that since O is a system operator and £ (the

target Lindbladian) is also only defined on the system, eUS(O) — Tr(O0o)I is an operator that does not act on the
environment. Therefore, we obtain from Eq. 30 that

[ mns((e0) - Oy mea (4 - 9t - 500000 s

min(t,ta)

6O¢,> (tom t) =

)

< / " )Ilec*s(o) — Te(O) ||| Trp (L (t — $)(E'(t — 5,0)(p(0))) ] op.1 D5,

< IIOHk(ISol)/ e Tep(Ly(t = $)(E'(t = 5,0)(p(0) | 1 s,

min(t,tq)
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where, in the last step, we have used lemma 18. Now, using the explicit expression for £/ (s), we obtain that

€a>(ta;t) < IIOIk(Isol)(/ e | Trp((La — LO)(E' (= 5,0)(p(0))) o1 ds+

min(t,tq)

2 Z/ e_’ysHL;,aTrE(Aj,agl(t -5 0)(p(0)))|op’1> '

=1 min(t,ta)

Using ||£a — £, |lo <6, || Lj.all < V6§ and lemma 13, we obtain that

t
€a,>(ta,t) < |O)k(|Sol)d(1 + 2nL)/ e "ds < ||O||k(|Sol)8(1 + 2ny)e . (31)

min(t,ta)

Finally, from Eqs. 28a, 29 and 31, we obtain that

0 - 0| <|O)I6(1 +4nL) Y (k(|So|)e_7ta + [So |to min (e7#d(S0Aa) (gvta 1), 1)).

«

Now, we make a choice of t, = ud(So, Ay)/2v, we obtain that

10— O’ < |O|I6(1 +4tng) S (k(|So|)er(SO’A“)/2” + \50|7“d(3201}’ Ao) e~d<SO>Aa>/2>.

(e

The summation in the above bound converges to a constant independent of the system size, and we thus obtain that
|0 — 0’| <0(6). 0

Supplemental note IV: Lower bounds on convergence to thermodynamic limits
A. Dynamics

In the main text, we had considered a sequence of spatially local, translationally invariant Lindbladians {£, }, where
L, acts on n qudits arranged on the d—dimensional lattice Z% with n = L% From the Lieb-Robinson bounds, it
followed that for local observables O,, at a fixed (n—independent) site on the lattice, lim,, o, Tr(O,e“*((|0)(0])®™))
exists and, for t < O(1), and converges exponentially in n i.e.

Tr(One™((|0){01)®™) = lim Tr(One*((0)(0))*")| < O(e= ")y, (32)

In particular, this convergence estimate implies that |Tr(One“*((|0)(0[)®™)) — limy 00 Tr(Ope“t((|0)(0))®™))| < €

if n > Q(log?(e~1)). In this subsection, we will exhibit a simple model on a d—dimensional lattice almost saturates
this bound. We first establish some useful technical lemmas.

Lemma 19. For p € N, it follows that
(a) If L € N is even then,

L-1
o (77 _ L (), L 2
Zsm (L)_22P(p +22p_1 Z p+ kL)

m=0 1<k<p/L

" 2
/ sin (0)dg — Z( p).
0 2P\ p

(b) The integral

Proof: (a) We begin by noting that

L—1 m L/2-1 m
cop [T _ 2 4
Z_OSIH p (L> =2 Z_O cos“P <L) —1. (33)



Next, we have that

L/2—1

Noting that

L/2—1 N/2 itk e{0,+L,+£2L...},

Z Re (eiQmLk/L) =<0 if £ is odd,

n=0 1 if kis even and k ¢ {0,£L,+2L ...},
we obtain
L/2—1
o () = () 2\, 1
Z cos = 92p+1 T 5 Z T3
= L 2rii\p) T e \ptk) T2

Part (a) of the lemma then follows from Egs. 33 and 34.

(b) We note that

T ) /2 ) 2 2p 2p w/2 2 0
in<P — P —_ ta(p—m
/0 sinP (0)dh = 2/0 cos™(0)df = > <m>/0 Re<e )de.

m=0

Noting that for q € Z,

/7\'/2 Re(eQiqa)de — {71-/2 lf q= 07
0

0 otherwise,

and thus
™ . 2p
sin??(9)db = 7T( >
| sineroyan = 5 (%

Lemma 20. For 0 < « < 7/4,

% S cos (asin (T)) > V2.

m=—L

2p
op (T _ 1 2p i2rmp—k) /L) _ L 2p i2rm(p—k)/L
Z:OCOS”<L>—QQPZZ(]€>R6<6 (» )/>—22pZ(k ZRee (p=k)/L )
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Proof: This follows from the simple observation that since [sin(7m/L)| < 1, and the cosine function is decreasing in

the interval [—7/2, /2], for 0 < o < /4, cos(asin(rm/n)) > 1/v/2 forallm € {~L,~L +1...L —1}.

Lemma 21. If L e Niseven and for 0 < o < 2\FL,

% Lz_l cos (asin (T)) - /T; cos(asin 8)dd > 4 (Cg?f (1 - 4(22[1 5

m=—L -

Proof: We begin by using the Taylor expansion of the cosine function to obtain that

m=—L

% LZ_I cos (a sin (T)) - /_: cos(ovsin 0)df) = g(_m (ngj))! (7LT ng__lL sin” (T> _/

Using lemma 19, we then obtain that

oo

u Li o <asin <T>) _ /7; cos(asin0)dd = 3 Ty (a),

m=—1L - p=1

O
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where

p(@/2)% 2
Tle) =ar=0" ) 2 <p+pkL>'

1<k<p/L
Furthermore, assuming that L is even, we note that for even p,

(a)2)2P 2p (a/2)%PF2 2p +2
Ty(a) + Ty () = 4mr = > —dr e Y :
(2p)! iz \P + kL (2p+ 2)! r<heityn \P +1+EkL

4ﬂ(a/2)2p[ < ) a/Q ( 2p+2 )]
(2p)! I<heo/L p+ kL p+2)2p+ ) \p+1+kL)]|

)
= 4 (o(zéf)i!zp [KK - (p : kL) ( e 1;12 kQLZ)ﬂ

Noting that if 1 <k < p/L, (p+1)? — k*L? > L, and for a < 2L, 1 — a?/4((p + 1)? — k?L?) > 0, and we conclude
that T, () + Tp41(cr) > 0 for all even p.

Next, we note that T,(o) = 0 for 1 < p < L. Since L is even and, as established above, T),(a) + T,11(a) > 0 for
even p, we obtain the lower bound

e (7)) oot -5 1) 22

m=—1L —T

which establishes the lemma. O
The model that we consider is simple fermionic tight-binding model on a d—dimensional lattice £¢, where £ =
{-L,—L+1...L— 1}, with imaginary hopping amplitudes

=i 3 (s, ).

zeLd m=1

where n = (2L)¢, e,, is the unit vector along the m'" lattice direction and a periodic boundary condition is assumed.
For simplicity, we will assume that L is even. This Hamiltonian can be analytically diagonalized to obtain

=Y wila
= WAy,
kegd
where

d
~ 1 ink-z/L _ . 7T]€m
akaZaaje andwk2Zsm<L .

regd m=1

We now consider the local observable O,, = a}a,, and an initial state |, (0)) = a} |vac), and provide a lower bound
on the error

= | ()] 1O M0t 15, 0)) — Tim (5 (0)] €10 4

6n(0))| (35)

Proposition 1. There exists a nearest-neighbour Hamiltonian H,, on n = (2L)? fermions (or spins) arranged on a
d—dimensional lattice, a single-site observable O,, and an initial state |¢,,(0)) and a time ¢ independent of n such that

lim,, s o Tr(O, e~ Hntp, etHnt) exists and

n—oQ

bgd(@(a_l)))
log?log(©(s—1)) )
Proof: We can obtain an expression for (t,(0)] 4510y~ 451 [, (0)) = {4 (0)] e~ 41, (0)) 2 by noting that
|9 (0)) = W > kegd al [vac), and thus,

L—1 d L-1 d
(¥ (0) e~ 4, (0) 2L oYavi Z Tkt = 1)d< Z e_QitSin(”k/L)> = (22)(1< Z cos (2tsin(7rk/L))>

kegd k=—L k=—1

wawémﬂhfm“wamw—mlwawémﬂ%fm“wamﬂészﬁnzﬁ(
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It also follows, from this expression, that

lim (1), (0)] e”“Hnt |4, (0)) = ! v (/: cos(2t sin 0)d9>d

n—00 (271')

Consider now the error &, defined in Eq. 35 — from the analytical expression for (¢|e~H»t|y)) given above, we
obtain that

1
En = (271-)2d

(/_: Cos(2tsin9)d9) g (Z nz_:l cos (2tsin(7rk;/n)))2d ,

k=—n

Note that for x,y > a > 0 and k € N, |[2F — ¢*| = |z — y|(aF L + 252y + 28392 + .. ¢* 1) > ka* 1|z — y|. From
this fact and from lemma 20, it follows that

(2d — 1)2¢
o

™ n—1
. W .
/ cos(2t sin 0)do — . E cos(2tsin(mk/n))

—T

k=—n

Finally, using lemma 21, we obtain that

En 2 “orpi T (2L = @) 1(2L +

(2d - 1)2¢ (a/2)?F (2d — 1)2¢ ea\ 2"
(3)

Now, if &, < e for small ¢, then

2041

ca/ d+1 o 2/ea 2d+1(24—1)
ﬂ : > M — (2L+1)> %6”/0(%1%‘; (78(!(2#);_15))7
ea/2 ea(2r)d-1e 2

where Wy(-) is the Lambert W function. Noting that as z — oo, Wy(x) — log(z/log(z)), we obtain that for ¢ — 0
and for a constant o, L > Q(log(0(c7!))/loglog(©(¢71))). Since n = (2L)¢ we obtain the proposition. O

B. Ground state

The AKLT Hamiltonian is an example of a Hamiltonian where the convergence of a local observable to the ther-
modynamic limit is logarithmic and tight [9]. We can also easily construct a higher dimensional model using the
AKLT model that satisfies a logarithmic convergence to the thermodynamic limit. Consider a d-dimensional lattice
£4=10,1,2... L —1}¢ with n = L? sites. At each site, we have d spin 1 systems (i.e. the local Hilbert space at each
site is ((C3)®d). We consider the following translationally invariant Hamiltonian, with periodic boundary conditions,
on this lattice of qudits —

d
H =" H, where Hy, = <§;g”b ST+ %(5;” : 5;’16,”)2)7 (36)

m=1 zeL

where 5:;" is the vector of spin 1 operators at site 2 and on the m'™ spin 1 system at this site, e,, is the unit translation
vector on the lattice along the m' direction. Note that H,, is the sum of 1D AKLT models on the m™ spin in every
row of qudits along the m" direction.

Lemma 22. Consider |GL,AKLT> = Zie{il’o}l}[‘ TI‘[AiOAil ...AiL_l] ‘io,il . ..iL_1> with AT = :l:\/2/30'i7 A0 =
—+/1/3 0., to be the ground state of the 1D AKLT model with periodic boundary conditions on L spins and the
single site observable Oy, = |0) (0| ® I®(*~1) then

1 (-ptt
(Gr,axvr|Or |Grakir) = 3 1— S )

Proof: We can explicitly compute (G axvrr|OL |G akLT) to obtain
1

(Graxer| O |Graker) = 5 Do EDTETE N GD 1)
1,7€{0,1}
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where T is the transfer tensor corresponding to the MPS |G axrr), which is a single qubit channel given by

2 2 1
T(X) = §O'+XJ_ + gO'_XO'+ + gaZXcrz.

We can note that T*(I) = I, T*(0.) = (=1/3)¥0., T*(|0) (1]) = (=1/3)¥]0) (1], T*(|1) (0]) = (—1/3)* |1) (0]. We then
obtain that

K _ _(=DF
(01T (J0) (1) [1) = (1] T*(]1) {0]) |0) = ;

3k
k _1 k 1 k 1 }(—1)k
(01 T*(0) (01)0) = 5 (O] TH(1) [0} + 5 (0] TH(02) 10) = 5 + 5=~
k 1 k 1 k Sl (=1
(T (1) ]1) = 5 AT 1) = 5 (U T o) 1) = 5 — 5
Thus,
1 —1)E-1
(Gr,akrr| Or |G akLT) = 3 (1 - (3L)1)’
which establishes the lemma. O

Proposition 2. There exists a nearest neighbour gapped Hamiltonian H,, on n qudits arranged on a d-dimensional
lattice with a unique ground state |G, ), a single site observable O,, such that

(Gn] 0, G, (Gn|On |Gn)| <& = n>Q(log?(O(e™))).

— lim
n—oo

Proof: The Hamiltonian is provided in Eq. 36. Since the AKLT Hamiltonian is known to be gapped, this Hamiltonian
is gapped as well. We choose the observable O, = (]|0) (0])®? @ I®("~1) i.e. the projector |0) (0] on all the spin 1
systems at the first site of the lattice, and identity on the remaining sites. Using lemma 22, we obtain that

G016 =51 1)d,

3\ g/

where, for simplicity, we assume that n'/? is odd. We then obtain that

(Ga| On |Gr) = lim (G| On |Gr)

(- 3})) <o = n>0(lg!(6( ),

which establishes the proposition. O

C. Fixed points

Glauber dynamics for classical Ising models are examples of Lindblad evolutions which satisfy rapid mixing, and
the convergence of local observables to the thermodynamic limit is logarithmic and tight. To construct an explicit
example, we begin with the following result, which follows directly from the transfer matrix method.

Lemma 23. Consider L spins on 1D lattice in the state py = e #7r /Tr[e™#H] where Hy = 725;11 ZiZiv1. Let
<Z122>L = TI“(Z1Z2pL), then

tanh’ =2

. \@tanhL_2
— S ‘<Z122>L — lim <le2>L’ < 6
v/2sinh 3 cosh 3 L—o0

~ sinhfBcoshf3°

Proof. The proof of this proposition follows by explicit computation using the transfer matrix method [10]. We note
that

Tr(e PH) = Z ePorozefozos | Por-ion — Tr(TLil),
oce{-1,1}%
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and

Tr(Zlde*ﬁH) = Z 0102€P71926P7205 - BoL1oL Ty — (RTLiQ),
oce{-1,1}&

where
B B B _e—B
e’ e e e
T = |:6_B eﬁ :| and R = |:—€_’6 66 :| .
Therefore, we obtain an explicit expression for (Z1 Zs)

Tr(RTL_Q) \/?( sinh 3 cosh?~2 8 + cosh 8 sinh” 2 5)
(Z1Z3)1 = -1 = -1 L1 :
Tr(T ) cosh™ " B+ sinh™ ™" 8

We note that for any 8 > 0, cosh 3 > sinh 8 and therefore limy, ;o (Z1 Z2);, = v/2tanh 8. Furthermore, from the
explicit expression for (Z;Z5) 1, we obtain that

V2
sinh (8 cosh

sinh?=2 8
sinh?™2 8 + cosh? 23|’

(Z1Z:)1 — lim <leg>L‘ -
L—oo

From this explicit expression and observing that cosh? 23 < cosh?™2 8 + sinh? ™23 < 2cosh? ™2 3, we obtain the
lemma statement.

Proposition 3. There exists a nearest neighbour Lindbladian £,, on n qudits arranged on a d-dimensional lattice with
a unique fixed point ¢,, and which satisfies rapid mixing, and a local observable O,, such that

‘Tr(anOn) — lim Tr(onOn)

n—00

<e = n>Q(log"(O(c7)).

Proof. Let us first consider the 1D setting — a spatially local rapidly mixing Lindbladian n spins, ES) =
Zz;g £$L+1m where ESLHW acts on o, (a+ 1)* spins, and a local observable that proves the proposition can be
constructed by a quantum encoding of classical Glauber dynamics preparing the Gibbs state (at any non-zero inverse
temperature ) of the classical Ising model H = — """ | Z;Z; ;1. This construction is explicitly outlined in Ref. [§]
and shown to be rapidly mixing as a quantum evolution as a consequence of log Sobolev inequalities that have been
established for the classical Glauber dynamics [11]. Furthermore, from lemma 23, it follows that the local observable
ZyZ, satisfies the convergence condition in the proposition statement.

Similar to the example of the gapped ground state, the 1D example can then be used to construct the d-dimensional
example. We consider spins arranged on the d—dimensional lattice ZdL where L = n'/? — at every lattice site, we

will have d spins (i.e. the local Hilbert space is ((C2)®d). We will consider the nearest-neighbour Lindbladian formed
by implementing the Lindbladian

d—1
£O=3"£@ where £@, = S £l wid,
m=0

O, O+
ae{0,2...L—2}4

where ﬁéll,am 41 acts on the m*™ spin at site o and the m'™ spin at the site displaced by one unit from « along the

m*™ direction. We point out that since LE}) satisfies rapid mixing, by construction, so does Eg,d ). Consider now the
observable O,,

d—1
On = H ZO,mZem,nu
m=0

where Z, , is the Z operator acting on the m™ spin at site o, amd e, is the unit vector along the m™ lattice
direction. Using lemma 23, it can be seen that

Tl“(0'n0n> = <<Z1Z2>n1/d)d,
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where (Z17Z5)1, is defined in lemma 23. Note that lim,, ., Tr(0,,0,) = (v/2tanh 8)¢. We also obtain from lemma 23
that for positive § which is ©(1) ,

l/d)

(225)0 2 V21amh(3) = O(e=*") and. |(2125) 110 — V2 tanh | = (=)

We now obtain that

d—1
Tr(6,0,) — nh_{r;o Tr(6,0,)| = ‘<Z]_Z2>n1/d — ﬁtanhﬁ‘ X Z(ZlZzﬂll/d (\/Etanhﬁ)d—l—37
j=0

> (=) x (Vatanh(g) — 0(e~0 ")) > Q(e=0""),

from which the proposition follows.

[1] Rajendra Bhatia. Matriz analysis, volume 169. Springer Science & Business Media, 2013.

[2] Matthew B Hastings. Lieb-schultz-mattis in higher dimensions. Physical review b, 69(10):104431, 2004.

[3] Sergey Bravyi, Matthew B Hastings, and Frank Verstraete. Lieb-robinson bounds and the generation of correlations and
topological quantum order. Physical review letters, 97(5):050401, 2006.

[4] Sven Bachmann, Spyridon Michalakis, Bruno Nachtergaele, and Robert Sims. Automorphic equivalence within gapped
phases of quantum lattice systems. Communications in Mathematical Physics, 309(3):835-871, 2012.

[5] David Poulin and Pawel Wocjan. Sampling from the thermal quantum gibbs state and evaluating partition functions with
a quantum computer. Physical review letters, 103(22):220502, 2009.

[6] Fernando GSL Brandao and Michael J Kastoryano. Finite correlation length implies efficient preparation of quantum
thermal states. Communications in Mathematical Physics, 365(1):1-16, 2019.

[7] Matthew B Hastings. Quantum belief propagation: An algorithm for thermal quantum systems. Physical Review B,
76(20):201102, 2007.

[8] Toby S Cubitt, Angelo Lucia, Spyridon Michalakis, and David Perez-Garcia. Stability of local quantum dissipative systems.
Communications in Mathematical Physics, 337:1275-1315, 2015.

[9] Tan Affleck, Tom Kennedy, Elliott H Lieb, and Hal Tasaki. Rigorous results on valence-bond ground states in antiferro-
magnets. Condensed Matter Physics and Ezxactly Soluble Models: Selecta of Elliott H. Lieb, pages 249-252, 2004.

[10] Theodore D Schultz, Daniel C Mattis, and Elliott H Lieb. Two-dimensional ising model as a soluble problem of many
fermions. Reviews of Modern Physics, 36(3):856, 1964.
[11] Fabio Martinelli. Lectures on glauber dynamics for discrete spin models. Lectures on probability theory and statistics

(Saint-Flour, 1997), 1717:93-191, 1999.



	Supplement to ``Quantum advantage and stability to errors in analogue quantum simulators"
	Notation and preliminaries
	Gaussian fermion models
	Proof of proposition 1 (Dynamics of Gaussian fermion models)
	Proof of proposition 2 (Ground states of local Gaussian fermionic models)
	Proof of proposition 3 (Gibbs state of Gaussian fermion models)
	Proof of proposition 4 (Fixed points of Gaussian fermiion models)

	Stability of spin models
	Proof of proposition 1 (Dynamics of locally interacting spin systems)
	Proof of proposition 6 (Ground states of gapped local Hamiltonians)
	Proof of proposition 7 (Gibbs state with exponential clustering of correlations)
	Fixed point of rapidly mixing Lindbladians

	Lower bounds on convergence to thermodynamic limits
	Dynamics
	Ground state
	Fixed points

	References


