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Supplemental material

Technical details for bivariate linkage model

Maximum likelihood estimation
Combining (3) and (4), the distribution for (Ûm, V̂m) is given by
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22 = σ2

V + s2V,m, ΣÛm,V̂m
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Vm; it is attenuated given the additional variability of (Ûm, V̂m) given (Um, Vm). The log-likelihood function for observed HIV and
marker incidence (Ûm, V̂m) for external cohort m = 1, . . . ,M is then given by
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We consider an EM algorithm treating (Um, Vm) as missing data. Specifically, in the M-step, the log-likelihood for (Um, Vm) (m =

1, . . . ,M ) is given by
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At the jth iteration, the maximizer of (µU , µV , σ2
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In the E-step, we evaluate the conditional expectation of the terms (Um, Vm, U2
m, V 2
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Based on the proceeding derivations, for each step of the EM algorithm, we updated (µU , µV , σ2
U , σ

2
V , ρ) by
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where µ̃U,m, µ̃V,m,Σ11,Σ12, and Σ22 are evaluated at the parameter value at the last step (µ̂
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We iterative between the E-step and M-step till the algorithm converges.
Let Σ̂ be the estimated covariance matrix of (µ̂U , µ̂V , σ̂2

U , σ̂
2
V , ρ̂) based on the maximum likelihood approach. By the delta method, the
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such that the variance of λ̂Y
0,k can be estimated by
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with logit-link, where nevent,k is the total number of events observed in the arm k in the trial.

Working regression model
The conditional distribution of Ûm given V̂m is given by

Ûm =αm + βmV̂m + ϵ̂m, (11)

where αm = µU − ρ σUσV

σ2
V

+s2
V,m

µV , βm = ρ σUσV

σ2
V

+s2
V,m

, and ϵ̂m ∼ N(0, (σ2
U + s2U,m)(1− ρ∗m

2)). Note that the coefficients αm and βm

are cohort-specific. This suggests that naively fitting (7) may not produce an unbiased estimate of the regression function, f . Indeed, (7) is
correctly specified if and only if s2U,m and s2V,m are the same for all m = 1, . . . ,M .

The CI for λ̂∗,Y
0,k is constructed based on a t-distribution approximation, given an asymptotic variance derived using the delta method.

The analytical variance of P̂E
∗
k is non-trivial, as it involves the ratio between asymptotically normally-distributed λ̂Y

k and approximately
t-distributed λ̂∗,Y

0,k , see e.g.46,47 Therefore, to quantify uncertainty in P̂E
∗
k we apply the bootstrap whereby M external cohorts are sampled

with replacement. Specifically, in each bootstrap iteration, we randomly sample M external cohorts with replacement and fit the working
regression model based on the sampled M external cohorts. We also sample individuals with replacement from the trial to construct an
estimate of the exposure marker λ̂Z and λ̂Y . We then estimate the counterfactual placebo incidence and prevention efficacy by applying
the bootstrapped incidence estimates to the bootstrapped working regression model.
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Additional simulation studies

Impact of violation of the conditional independence assumption
We performed additional simulations in which the conditional independence assumption is violated. We assume the joint distribution of
(Ûm, V̂m) conditional on (Um, Vm) has the following form:

(Ûm

V̂m

)∣∣∣∣(Um

Vm

)
∼ MVN2

((Um

Vm

)
,

[
s2U,m ρm
ρm s2V,m

])
, (12)

where ρm measures the cohort-specific association between Ûm and V̂m. The external cohort estimates were generated from (12), with ρm
randomly generated from U(0.4, 0.5). We implemented likelihood-based and working model estimation methods that incorrectly assume
conditional independence. As shown in Supplementary Tables S5 and S6, the performance of the counterfactual placebo incidence and
PE estimates is similar to that under a conditional independence model, suggesting that the estimation is reasonably robust to violation
of the conditional independence assumption. Similar robustness has been reported in related bivariate meta-analysis work.41 One of the
conditions that minimizes the impact of conditional dependence is small within-study variation relative to between-study variation, e.g.
due to large external cohort sizes. This condition is largely satisfied under our simulation scenarios.

External cohorts: more cohorts of smaller sizes or fewer cohorts of larger sizes?
In settings where external cohort data are available at a more granular level, e.g., when site-level data are available for multi-center studies,
a question is whether performance of the counterfactual placebo estimate can be improved when the external cohort data are analyzed
at the sub-cohort level. We conducted additional simulations for exploration. In these simulations, each of M = 20 cohorts has L = 5

sites and site-level HIV and HIV exposure marker incidences follow model (10). Person-years for each site is uniformly distributed as
U(200/L, 5000/L) = U(40, 1000). We compared results based on estimation of counterfactual placebo HIV incidence using cohort-
level vs. site-level data, where the total sample size of the external cohort data is approximately constant. We found that analyzing data
at the site level provides more precise inference, as reflected by narrower CIs with similar coverage rates (see Supplementary Table S7).
Thus, given a fixed total sample size across external cohorts, more cohorts of smaller sizes is preferred to fewer cohorts of larger size.
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Supplementary Tables and Figures

Table S1. Estimated HIV and rectal gonorrhea incidence rates for studies used as basis for simulations and analyzed in Mulick and
Murray24

Referenced Study HIV inc. cases/100 person-years Num. person-years RGC inc. cases/100 person-years Num. person-years
Morris et al.48 2.5 943.2 3.5 943.2
Jin et al.49 0.9 5160∗ 2.3 5160∗

Molina et al.50 6.6 212.1 15.5 212.1
Castillo et al.51 3.6 1000∗ 10.1 1000∗

Kelley et al.52 3.8 843.1 6.2 726.6
McGowan et al.53 6.4 50∗ 16.1 50∗

McCormack et al.54 9.0 245 33.1 596
Girometti et al.55 8.3 100∗ 33.0 100∗

∗: person-years are approximate and not explicitly reported in the referenced studies.
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ρ = 0.5 , nx = 2000
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ρ = 0.98 , nx = 2000
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Figure S1. Power for testing H0 : PE = 0.3 vs. Ha : PE = 0.6 using the counterfactual approach as a function of M , the
number of external cohorts. Given a fixed active arm size of 2000 person-years, the power based on estimating counterfactual
placebo HIV incidence with a highly correlated marker (ρ = 0.98; left) or a moderately correlated exposure marker (ρ = 0.5; right)
are shown. The size (person-years) of a placebo arm required to obtain the power shown on the left hand y-axis is shown on the
right-hand y-axis. Reflecting performance of the two estimation approaches, power is shown for the working model approach for
M = 10, 20 and for maximum likelihood (MLE) estimation with M = 20, 50, 100, 1000.
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ρ = 0.98 , nx = 1000
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Figure S2. Power for testing H0 : PE = 0.3 vs. Ha : PE = 0.75 using the counterfactual approach as a function of M , the
number of external cohorts. Given a fixed active arm size of 1000 person-years, the power based on estimating counterfactual
placebo HIV incidence with a highly correlated marker (ρ = 0.98; left) or a moderately correlated exposure marker (ρ = 0.5; right)
are shown. The sizes (person-years) of a placebo arm, required to obtain the power shown on the left hand y-axis is shown on the
right-hand y-axis. Reflecting performance of the two estimation approaches, power is shown for the working model approach for
M = 10, 20 and for maximum likelihood (MLE) estimation with M = 20, 50, 100, 1000.
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Table S2. Bias, standard deviation, and empirical coverage for estimated counterfactual placebo HIV incidence, based on M
external cohorts used to estimate the association between HIV and an exposure biomarker with correlation ρ. A total of nx

person-years follow-up accrue in the active arm of the trial. Counterfactual placebo HIV incidence varies. Performance is shown for
working model and likelihood-based estimation approaches, assuming the logit link function for marginal incidences.

ρ = 0.971 ρ = 0.5

HIV incidence (cases per 100 person-years ) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years) 7.2 12.3 17.6 4.8 13.5 26.2

Working model approach
M = 10 nx = 2000 Bias × 100 -0.01 -0.02 -0.03 0.12 0.07 0.19

Standard deviation × 100 0.35 0.41 0.56 1.04 1.05 2.09
Coverage (%) 95.7 97.3 96.7 95.2 95.2 95.0

nx = 4000 Bias × 100 0.00 -0.02 -0.02 0.14 0.06 0.27
Standard deviation × 100 0.33 0.38 0.53 1.05 1.02 2.14
Coverage (%) 94.9 96.3 97.0 95.0 95.9 95.4

M = 20 nx = 2000 Bias × 100 -0.02 -0.03 -0.03 0.05 0.01 0.06
Standard deviation × 100 0.27 0.32 0.41 0.65 0.70 1.28
Coverage (%) 94.8 96.2 97.0 95.6 95.4 95.4

nx = 4000 Bias × 100 -0.01 -0.03 -0.04 0.05 0.02 0.07
Standard deviation × 100 0.24 0.28 0.37 0.65 0.71 1.34
Coverage (%) 94.5 95.7 97.1 94.9 94.6 94.9

Likelihood-based approach
M = 20 nx = 2000 Bias × 100 0.03 0.02 0.02 0.11 0.09 0.16

Standard deviation × 100 0.26 0.31 0.41 0.66 0.71 1.33
Coverage (%) 95.3 95.2 94.8 93.9 93.9 93.8

nx = 4000 Bias × 100 0.02 0.03 0.03 0.11 0.09 0.14
Standard deviation × 100 0.22 0.28 0.36 0.65 0.69 1.31
Coverage (%) 95.3 94.2 94.6 94.1 93.8 94.3
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Table S3. Bias, standard deviation, and empirical coverage for estimates of prevention efficacy (PE) based on M external cohorts
used to estimate the association between HIV and an exposure biomarker with correlation ρ. A total of nx = 2000 person-years
follow-up accrue in the active arm of the trial. Counterfactual placebo HIV incidence and true PE vary. Performance is shown for
working model and likelihood-based estimation approaches, assuming logit link function for marginal incidences.

M PE estimate ρ = 0.971 ρ = 0.5

HIV incidence (cases per 100 person-years) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years) 7.2 12.3 17.6 4.8 13.5 26.2

Working model approach
PE = 0.3 10 Bias × 100 -1.08 -0.62 -0.85 -4.62 -2.56 -5.41
nx = 2000 Standard deviation × 100 14.76 11.44 10.62 30.04 19.23 29.27

Coverage (%) 92.8 93.3 93.2 91.7 92.2 90.2
20 Bias × 100 -0.88 -0.75 -0.67 -1.84 -1.38 -2.10

Standard deviation × 100 13.59 10.58 9.60 20.09 14.28 17.27
Coverage (%) 92.8 93.3 93.0 93.0 93.8 93.1

PE = 0.6 10 Bias × 100 -0.51 -0.34 -0.51 -2.02 -1.12 -3.07
nx = 2000 Standard deviation × 100 9.83 7.86 7.38 17.88 11.83 17.19

Coverage (%) 93.9 94.1 93.6 92.4 93.4 90.9
20 Bias × 100 -0.39 -0.55 -0.22 -0.59 -0.83 -1.22

Standard deviation × 100 9.45 7.59 6.67 12.64 9.44 11.01
Coverage (%) 93.5 93.5 93.9 93.7 94.1 92.6

PE = 0.75 10 Bias × 100 -0.21 -0.21 -0.22 -1.10 -0.53 -1.76
nx = 2000 Standard deviation × 100 7.34 6.01 5.29 12.17 8.08 11.58

Coverage (%) 93.9 93.8 94.5 92.9 93.2 92.2
20 Bias × 100 -0.14 -0.13 -0.19 -0.16 -0.37 -0.73

Standard deviation × 100 7.14 5.84 4.97 8.88 6.66 7.53
Coverage (%) 93.3 94.0 94.2 93.7 94.2 93.3

Likelihood-based approach
PE = 0.3 20 Bias × 100 -0.19 -0.03 -0.19 -0.78 -0.21 -1.31
nx = 2000 Standard deviation × 100 12.48 9.97 8.77 18.78 13.95 17.34

Coverage (%) 93.9 94.0 94.7 91.6 93.1 92.0
PE = 0.6 20 Bias × 100 0.07 0.02 -0.01 -0.42 0.03 -0.54
nx = 2000 Standard deviation × 100 8.81 7.07 6.42 11.73 9.25 10.46

Coverage (%) 94.0 94.4 93.5 92.1 92.5 92.3
PE = 0.75 20 Bias × 100 0.04 0.00 0.12 -0.26 -0.05 -0.56
nx = 2000 Standard deviation × 100 6.79 5.50 4.83 8.33 6.52 7.20

Coverage (%) 93.3 93.8 94.2 91.8 92.6 93.2

Prepared using sagej.cls

Page 19 of 26



20 Journal Title XX(X)

Table S4. Bias, standard deviation, and empirical coverage for estimates of prevention efficacy (PE) based on M external cohorts
used to estimate the association between HIV and an exposure biomarker with correlation ρ. A total of nx = 1000 person-years
follow-up accrue in the active arm of the trial. Counterfactual placebo HIV incidence and true PE vary. Performance is shown for
working model and likelihood-based estimation approaches, assuming log link function for marginal incidences.

M PE estimate ρ = 0.98 ρ = 0.5

HIV incidence (cases per 100 person-years) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years) 7.1 11.8 17.0 4.8 13.2 26.7

Working model approach
PE = 0.6 10 Bias × 100 -0.66 -0.72 -0.54 -2.28 -0.58 -2.18
nx = 1000 Standard deviation × 100 13.59 10.79 9.49 20.57 14.17 17.66

Coverage (%) 93.1 93.8 93.7 93.6 93.1 92.4
20 Bias × 100 -0.68 -0.61 -0.36 -1.13 -0.36 -0.86

Standard deviation × 100 13.49 10.6 9.18 15.83 11.77 12.72
Coverage (%) 93.0 93.4 93.5 93.9 93.9 93.3

PE = 0.75 10 Bias × 100 -0.18 -0.30 -0.23 -1.17 -0.14 -1.13
nx = 1000 Standard deviation × 100 10.24 8.18 7.18 14.31 10.07 11.84

Coverage (%) 92.8 93.8 93.7 93.3 93.0 92.9
20 Bias × 100 -0.22 -0.28 -0.12 -0.47 -0.07 -0.36

Standard deviation × 100 10.25 8.12 7.02 11.52 8.75 8.95
Coverage (%) 92.8 93.4 93.5 93.5 93.3 93.6

Likelihood-based approach
PE = 0.6 20 Bias × 100 -0.10 0.01 -0.05 -0.11 -0.45 -0.63
nx = 1000 Standard deviation × 100 12.34 9.96 8.72 14.42 11.66 12.34

Coverage (%) 95.7 95.4 94.9 95.2 94.4 93.8
PE = 0.75 20 Bias × 100 -0.07 0.00 -0.04 -0.06 -0.30 -0.41
nx = 1000 Standard deviation × 100 9.56 7.75 6.77 10.61 8.69 8.76

Coverage (%) 96.5 95.6 94.9 96.2 94.9 94.1
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Table S5. Bias, standard deviation, and empirical coverage for estimated counterfactual placebo HIV incidence, based on M
external cohorts used to estimate the association between HIV and an exposure biomarker with correlation ρ. A total of nx

person-years follow-up accrue in the active arm of the trial. Counterfactual placebo HIV incidence varies. Performance is shown for
working model and likelihood-based approaches, assuming log link function for marginal incidences. The conditional correlation ρm
are distributed uniformly in (0.4, 0.5), while the estimation procedure assumes conditional independence.

ρ = 0.98 ρ = 0.5

HIV incidence (cases per 100 person-years) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years) 7.1 11.8 17.0 4.8 13.2 26.7

Working model approach
M = 10 nx = 2000 Bias × 100 0.00 0.01 0.03 0.11 0.12 0.37

Standard deviation × 100 0.31 0.37 0.50 1.01 1.07 2.19
Coverage (%) 96.4 97.1 97.1 95.4 95.2 95.5

nx = 4000 Bias × 100 0.00 0.02 0.04 0.16 0.08 0.37
Standard deviation × 100 0.28 0.34 0.45 1.03 1.04 2.22
Coverage (%) 95.5 96.5 96.8 95.3 95.3 95.1

M = 20 nx = 2000 Bias × 100 0.01 0.01 0.02 0.06 0.04 0.16
Standard deviation × 100 0.25 0.30 0.37 0.64 0.71 1.35
Coverage (%) 95.7 96.3 96.6 94.3 95.8 95.1

nx = 4000 Bias × 100 0.00 0.01 0.02 0.05 0.06 0.19
Standard deviation × 100 0.21 0.25 0.33 0.64 0.71 1.34
Coverage (%) 95.1 96.2 96.8 94.7 94.9 95.2

Likelihood-based approach
M = 20 nx = 2000 Bias × 100 0.03 0.05 0.07 0.11 0.14 0.26

Standard deviation × 100 0.25 0.29 0.39 0.63 0.72 1.40
Coverage (%) 95 95.3 93.4 94.4 93.9 93.5

nx = 4000 Bias × 100 0.03 0.04 0.07 0.11 0.13 0.24
Standard deviation × 100 0.21 0.26 0.36 0.65 0.69 1.39
Coverage (%) 95.7 94.7 92.7 93.7 94.1 93.9
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Table S6. Bias, standard deviation, and empirical coverage for estimates of prevention efficacy (PE) based on M external cohorts
used to estimate the association between HIV and an exposure biomarker with correlation ρ. A total of nx = 2000 person-years
follow-up accrue in the active arm of the trial. Counterfactual placebo HIV incidence and true PE vary. Performance is shown for
working model and likelihood-based approaches, assuming log link function for marginal incidences. The conditional correlation ρm
are distributed uniformly in (0.4, 0.5), while the estimation procedure assumes conditional independence.

M PE estimate ρ = 0.98 ρ = 0.5

HIV incidence (cases per 100 person-years) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years) 7.1 11.8 17.0 4.8 13.2 26.7

Working model approach
PE = 0.3 10 Bias × 100 -0.74 -0.45 0.10 -4.04 -1.51 -2.96
nx = 2000 Standard deviation × 100 13.96 11.01 9.78 28.20 19.20 26.53

Coverage (%) 92.7 93.3 93.4 91.0 91.9 91.1
20 Bias × 100 -0.65 -0.18 -0.12 -1.64 -0.64 -1.14

Standard deviation × 100 13.24 10.61 9.11 19.71 14.18 17.4
Coverage (%) 92.9 92.9 93.5 92.9 94.1 92.6

PE = 0.6 10 Bias × 100 -0.20 -0.10 -0.01 -1.86 -0.71 -1.62
nx = 2000 Standard deviation × 100 9.73 7.80 6.87 17.32 12.14 15.83

Coverage (%) 93.1 93.3 93.8 92.3 92.6 91.7
20 Bias × 100 -0.45 0.05 -0.10 -0.74 -0.45 -0.69

Standard deviation × 100 9.39 7.55 6.53 12.47 9.24 10.64
Coverage (%) 93.1 93.0 93.6 93.6 94.0 93.6

PE = 0.75 10 Bias × 100 -0.03 0.06 0.04 -0.99 -0.29 -0.93
nx = 2000 Standard deviation × 100 7.30 5.77 5.13 11.70 8.12 10.30

Coverage (%) 93.1 93.7 93.8 92.5 93.9 92.7
20 Bias × 100 -0.19 -0.08 0.20 -0.32 -0.08 -0.21

Standard deviation × 100 7.11 5.63 4.89 8.80 6.63 7.34
Coverage (%) 93.0 94.0 93.5 93.7 93.9 93.4

Likelihood-based approach
PE = 0.3 20 Bias × 100 0.38 0.17 0.46 -0.31 0.57 -0.57
nx = 2000 Standard deviation × 100 12.27 9.83 8.82 18.44 13.71 17.69

Coverage (%) 94.8 95.1 94.3 93.6 93.7 91.7
PE = 0.6 20 Bias × 100 0.22 0.11 0.27 -0.23 0.15 0.14
nx = 2000 Standard deviation × 100 8.77 7.15 6.28 11.96 8.89 10.71

Coverage (%) 95.3 95.2 94.7 94.2 94.8 92.6
PE = 0.75 20 Bias × 100 0.14 -0.07 0.23 -0.14 0.04 -0.06
nx = 2000 Standard deviation × 100 6.77 5.51 4.77 8.49 6.54 7.25

Coverage (%) 95.7 95.2 94.7 94.7 94.8 94.0
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Table S7. A comparison of cohort-level vs. site-level inference. Bias, standard deviation, and empirical coverage for estimated
counterfactual placebo HIV incidence and prevention efficacy, based on M = 20 external cohorts used to estimate the association
between HIV and an exposure biomarker with correlation ρ. A total of nx = 2000 person-years follow-up accrue in the active arm of
the trial. Counterfactual placebo HIV incidence varies. Performance is shown for working model and likelihood-based approaches,
assuming log link function for marginal incidences. Each of M = 20 cohorts have L = 5 sites and the inference is compared based
on analysis of M = 20 cohorts vs. M × L = 100 sites.

ρ = 0.98 ρ = 0.5

HIV incidence (cases per 100 person-years) 3 4.5 6 3 4.5 6

Exposure marker incidence (cases per 100 person-years ) 7.1 11.8 17.0 4.8 13.2 26.7

Est. counterfactual placebo HIV incidence
Working model approach

M = 20 Cohort-level Bias × 100 -0.01 -0.02 -0.03 0.13 0.07 0.26
Standard deviation × 100 0.33 0.38 0.53 1.03 1.05 2.22
Coverage (%) 96.1 97.5 97.2 95.8 95.5 94.5

M × L = 100 Site-level Bias × 100 -0.01 -0.09 -0.18 0.02 -0.08 -0.19
Standard deviation × 100 0.23 0.26 0.3 0.31 0.34 0.60
Coverage (%) 94.2 94.3 94.3 94.4 94.6 93.6

Likelihood-based approach
M = 20 Cohort-level Bias × 100 -0.01 -0.02 -0.02 0.11 0.09 0.25

Standard deviation × 100 0.30 0.36 0.49 1.00 1.09 2.12
Coverage (%) 95.4 96.5 96.8 95.4 95.4 95.7

M × L = 100 Site-level Bias × 100 0.04 0.06 0.07 0.19 0.24 0.30
Standard deviation × 100 0.24 0.31 0.45 0.32 0.33 0.61
Coverage (%) 93.0 90.6 89.6 90.3 89.4 91.8

Est. PE, PE=0.6
Working model approach

M = 20 Cohort-level Bias × 100 -0.46 -0.33 -0.42 -1.04 -0.44 -1.05
Standard deviation × 100 9.49 7.47 6.56 12.63 9.45 11.1
Coverage (%) 93.3 93.8 93.9 93.8 93.7 93.3

M × L = 100 Site-level Bias × 100 -0.38 -1.04 -1.28 -0.09 -0.82 -1.59
Standard deviation × 100 9.38 7.59 6.52 9.42 7.72 7.38
Coverage (%) 92.9 93.5 93.8 94.2 94.0 93.9

Likelihood-based approach
M = 20 Cohort-level Bias × 100 -0.33 -0.21 -0.22 -1.14 -0.62 -1.19

Standard deviation × 100 7.48 5.95 5.29 11.8 8.30 10.38
Coverage (%) 93.3 93.9 93.6 93.0 92.9 91.9

M × L = 100 Site-level Bias × 100 0.35 0.21 0.25 2.13 2.07 1.54
Standard deviation × 100 8.68 7.25 6.68 8.67 6.74 6.82
Coverage (%) 95.3 94.3 93.3 94.7 95.2 93.5
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